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Abstract

To enhance the thermal performance of a Stirling air conditioner, this study applies Schmidt-
based dimensionless analysis to systematically investigate the influence of key structural
parameters on its cooling and heating characteristics. A dimensionless thermodynamic
framework is established under the ideal isothermal assumptions of the Schmidt model
to investigate the effects of temperature ratio, swept volume ratio, dead volume ratio,
and phase angle on a Stirling system. The results indicate that increasing the temperature
ratio enhances the thermodynamic driving potential; however, excessive temperature
ratios introduce stronger irreversibilities, resulting in saturation or even degradation of
effective cooling performance. The dimensionless cooling capacity increases significantly
with phase angle, rising from 0.25 at « = 50° to 0.65 at « = 120°, while heating capacity
peaks at & ~ 71.6° with &, = 0.18. The p—v diagram analysis reveals optimal work output at
« = 75°, where the cycle area reaches 20.8, representing a 44.4% increase from the value
at 15°. Performance saturation occurs at 7 > 3 and « > 6 for cooling and beyond x > 4 for
heating. Within the assumptions of the ideal Schmidt model, the results suggest that
medium-to-high temperature ratios (T ~ 3—4) combined with moderate swept volume
ratios (x ~ 6-8) provide the optimal balance between thermodynamic performance and
structural compactness; these parameter combinations should be regarded as theoretical
design references for ideal operating conditions rather than directly applicable engineering
optimization guidelines.

Keywords: Stirling air conditioner; dimensionless capacity; phase angle; sweep volume;
dead volume

1. Introduction

With the growing emphasis on energy conservation and environmental protection,
there is an escalating demand for highly efficient and eco-friendly cooling technologies.
Stirling air conditioning systems, featuring high thermal efficiency, ozone-friendly opera-
tion, low noise, and compact configurations, have emerged as a promising alternative to
conventional compression-based cooling systems. These systems find broad applicability
in aerospace, solar-driven cooling, and sustainable building environments. Distinct from
traditional refrigeration systems [1,2], Stirling air conditioners [3,4] incorporate self-starting
mechanisms [5] and regenerative cycles [6] and operate independently of refrigerants [7]
and compressors, and thus providing a more sustainable and cleaner solution for cooling
and heating applications [8,9]. These systems show potential in aerospace thermal control,
solar-driven cooling, and energy-efficient building environments.
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The thermodynamic performance of a Stirling air conditioner is governed by the
coupled interaction among geometric configuration, operating conditions, and piston mo-
tion [10]. Key parameters, including the temperature ratio, swept volume ratio, dead
volume ratio, and piston phase angle, directly influence pressure variation, heat transfer,
and energy conversion throughout the Stirling cycle. Therefore, developing an accurate
thermodynamic model capable of quantitatively evaluating the influence of these parame-
ters is essential for structural optimization and performance improvement. To predict the
thermodynamic behavior of Stirling systems, numerous analytical and numerical models
have been developed. Among them, the classical Schmidt isothermal model remains one
of the most widely adopted first-order analytical approaches because it provides closed-
form solutions while preserving the essential thermodynamic characteristics of the Stirling
cycle [11]. Based on the Schmidt theory, many researchers have investigated the effects
of temperature ratio, phase angle, dead volume, and swept volume on output work and
thermal efficiency [12]. Subsequently, semi-adiabatic models, finite-time thermodynamic
models, and higher-order thermodynamic models were developed to account for irre-
versible heat transfer, pressure losses, and regenerator inefficiencies [13]. More recently,
computational fluid dynamics (CFD), thermoacoustic simulation, and machine learning-
assisted optimization have been employed to capture complex gas flow, transient heat
transfer, and nonlinear transport phenomena within Stirling systems [14].

In addition to thermodynamic modeling, considerable effort has been devoted to
improving the structural performance of Stirling systems. Regenerator optimization has
received extensive attention through analytical solutions, CFD simulations, and experimen-
tal investigations, revealing the effects of porosity, thermal penetration depth, pressure
loss, and heat transfer characteristics on system efficiency [15,16]. At the system level,
thermodynamic—dynamic coupling models have been established to investigate the in-
teraction between gas pressure, piston motion, damping, and vibration characteristics in
free-piston Stirling devices. These studies have demonstrated that piston amplitude, phase
angle, damping coefficient, and driving force significantly affect operating stability and
thermodynamic performance [17]. Recent studies have further incorporated nonlinear driv-
ing strategies and experimental validation to improve the performance of low-temperature
differential free-piston Stirling air conditioners under practical operating conditions. The
present work focuses on revealing the thermodynamic mechanisms governing dimension-
less cooling and heating performance rather than predicting the actual COP of practical
air conditioning systems. The unique operating mechanism makes the thermodynamic
performance particularly sensitive to interactions among the temperature ratio, swept vol-
ume ratio, dead volume ratio, and piston phase angle [18]. However, the combined effects
of these parameters on both cooling and heating characteristics have not yet been com-
prehensively investigated within a unified dimensionless thermodynamic framework [19].
Furthermore, the FPSAC differs fundamentally from traditional crank-driven Stirling en-
gines in that the piston and displacer motions are coupled through dynamic equilibrium
between gas pressure and spring or gas stiffness rather than mechanical linkages [20-22].

Although these studies have considerably advanced the understanding of Stirling
systems, several important limitations remain. First, most previous thermodynamic in-
vestigations primarily examined the influence of individual parameters independently,
while the nonlinear coupling among multiple thermodynamic parameters has rarely been
systematically quantified [23]. Second, existing studies generally focus on either cooling or
heating performance, lacking a unified analytical framework capable of simultaneously
evaluating both operating modes [24]. Third, high-fidelity CFD models, thermodynamic-
dynamic coupling models, and experimental approaches provide high prediction accuracy
but usually require considerable computational resources, detailed geometric information,
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and numerous empirical parameters, limiting their applicability during the preliminary
design stage [25]. Consequently, a simple yet systematic analytical model that can rapidly
evaluate the coupled effects of multiple design parameters remains desirable.

Motivated by the above-identified research gap, this work develops a Schmidt-based
dimensionless thermodynamic modeling framework for a free-piston Stirling air condi-
tioner to systematically investigate the coupled effects of multiple geometric and operating
parameters on both cooling and heating performance. Unlike most existing studies, which
primarily focus on the influence of a single parameter or evaluate system performance
under fixed operating conditions, the proposed model reveals the nonlinear coupling mech-
anisms among temperature ratio, swept volume ratio, dead volume ratio, and piston phase
angle within a unified analytical framework. Furthermore, dimensionless performance
indices are introduced to enable direct comparison of cooling capacity, heating capacity,
and cycle work under different parameter combinations, thereby identifying favorable
operating regions under the assumptions of the ideal Schmidt model. The proposed
modeling framework provides theoretical insight into multi-parameter thermodynamic
interactions and offers a foundation for subsequent non-ideal thermodynamic model-
ing, dynamic coupling analysis, and engineering optimization of free-piston Stirling air
conditioning systems.

The main contributions of this work are summarized as follows:

(1) A Schmidt-based dimensionless thermodynamic modeling framework is established
for free-piston Stirling air conditioners.

(2) The coupled influences of temperature ratio, swept volume ratio, dead volume ratio,
and piston phase angle on both cooling and heating performance are systematically
quantified within a unified analytical framework.

(3) Dimensionless performance indices are employed to identify favorable parameter
combinations and reveal the nonlinear coupling mechanisms among key design
variables under ideal isothermal assumptions.

(4) The obtained results provide theoretical upper-bound references for preliminary
parameter selection and lay the foundation for future non-ideal and coupled dynamic-
thermodynamic analyses.

2. Dimensionless Analysis Based on the Schmidt Model
2.1. Working Principle

A free-piston Stirling air conditioning system can provide both cooling and heating
functions; its main components include the expansion and compression chambers, a power
piston, and a displacer, with piston motion generated by a linear oscillating motor. During
heating, the compression chamber extracts thermal energy from the environment. Piston-
induced compression increases the gas pressure, and the accumulated heat is transferred to
the expansion chamber, which subsequently discharges it, thus absorbing heat on the cold
side and rejecting it on the hot side, as shown in Figure 1a. During cooling, the compressed
gas in the compression chamber directly releases heat to the surroundings; gas expansion
in the expansion chamber draws heat from the environment. The cyclic compression—
expansion process sustains heat uptake at the cold end and heat release at the hot end,
producing refrigeration, as shown in Figure 1b. Figure 1c illustrates the ideal Stirling
thermodynamic cycle on the p—v diagram. During the isothermal compression process (1-2),
the working gas rejects heat to the surroundings, resulting in an increase in pressure while
the cylinder volume decreases. Subsequently, during the constant-volume regenerative
heat transfer process (2-3), the gas absorbs heat from the regenerator, leading to an increase
in temperature with nearly unchanged volume. The isothermal expansion process (3—4)
allows the gas to absorb heat from the low-temperature source while producing expansion
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work. Finally, during the constant-volume regenerative cooling process (4-1), the working
gas transfers heat back to the regenerator, completing one thermodynamic cycle. This
cyclic heat transfer mechanism enables the free-piston Stirling air conditioner to operate
alternately in cooling and heating modes.

STIRLING HEAT PUMP STIRLING P A
REFRIGERATOR ke
Expander Expander
- —
Compressor Compressor
Heat from the Heat to the V
environment environment

(a) (b) (c)
Figure 1. (a) Heating mode; (b) Cooling mode; (c) p—v diagram.

Based on the trigonometric relationships, the adjacent side is defined as (1-t—xcosaq,),
the opposite side as xsina;,, and the hypotenuse as the resultant side. Accordingly, the
angle corresponding to xsinay, is denoted as 61, which is referred to as the pressure phase
angle, as illustrated in Figure 2.

J-7-kcosa)? + (xsine)?
l-7—-xcosa,

Ksina,

Figure 2. Parameters relationship of the FPSAC.

In practical free-piston systems, piston and displacer motions are governed by gas—
spring-mass coupling, leading to deviations from ideal sinusoidal trajectories. To account
for this effect, a phase-corrected harmonic representation is introduced in Equation (1):

x(t) = Asin(wt + @) + 5(t) (1)

2.2. Model Assumptions

For the dimensionless thermodynamic analysis based on the Schmidt model, sev-
eral fundamental assumptions are introduced to reduce model complexity and enable
analytical solutions [26]:

(1) The regeneration process is considered ideal, with a regenerator effectiveness of 100%.

(2) No pressure loss occurs within the system, and the gas pressure in all chambers is
assumed to be equal at any instant.

(8) The working fluid behaves as an ideal gas and flows steadily within each thermody-
namic chamber.

(4) The working fluid is perfectly sealed, and its total mass remains constant throughout
the cycle.

(5) The volumes of the compression and expansion chambers vary sinusoidally with time.
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(6) During the entire thermodynamic cycle, the temperatures of the working fluid in the
cylinder, piston surfaces, and dead volume regions are assumed to be constant.

(7) The gas temperature in the regenerator is taken as the arithmetic mean of the expansion
and compression chamber temperatures.

It should be emphasized that the present model is based on the classical Schmidt
isothermal framework, which represents the idealized upper-bound performance of the
system. In practical free-piston Stirling air conditioners, additional irreversibilities, includ-
ing regenerator inefficiency, pressure drop, shuttle heat transfer, and gas leakage, play a
significant role.

Therefore, the current analysis aims to reveal intrinsic thermodynamic trends and
parameter-coupling mechanisms, rather than to provide direct quantitative predictions.
The results obtained should be interpreted as theoretical limits, and further corrections are
required for engineering applications.

2.3. Basic Equations and Analysis

To facilitate the derivation of the thermodynamic equations, the kinematic definitions
adopted in the present study are illustrated in Figure 2. The expansion piston and com-
pression piston perform sinusoidal reciprocating motions with a phase difference a. The
instantaneous displacements are represented by x.(t) and x.(t), respectively, from which
the instantaneous expansion volume V, and compression volume V. can be obtained. The
total working volume is therefore expressed as the sum of the two chamber volumes.

The instantaneous expansion volume V., compression volume V,, and total working
volume V7 are defined as in Equation (2):

Ve = Vi (1 — cos(27ft))
Ve = 3Ve(1+cos(2mft)) + 5xVE[(1 — cos(2mft — a)] )
Vr=Ve+V,

In this study, as illustrated in Figure 2, V, and V. denote the instantaneous volumes of
the expansion and compression chambers, respectively, whereas Vr is the total working
volume. The piston phase angle a defines the temporal difference between the expansion
and compression piston motions, which determines the thermodynamic coupling during
one operating cycle; t denotes the time measured from the top dead center of the expansion
piston, and f is the system operating frequency. For the free-piston Stirling air conditioner,
the motions of the expansion piston and compression piston are non-overlapping. When
the minimum volume of the compression chamber approaches zero, the volume varia-
tion rate satisfies dV./dt = 0. Under this condition, sin(wt) can be expressed as shown
in Equation (3):

By combining Equations (1) and (2), the expression for sin(wt) can be derived as shown
in Equation (3):

wt = tan"[(ksina)/ (T 4 cosa + 1)] (3)

Under the constraint of mass conservation, and assuming instantaneous pressure
equilibrium throughout the system with constant temperatures in the compression and
expansion chambers, the pressure p can be expressed as Equation (4):

K
1— 7 —xcosa)cos(wt) —ksinasin(wt) + T+ 1+« +2s

P:( 4)

during which s = 2xt/(t + 1).
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From the above analysis, the expression for the pressure p can be written as shown
in Equation (5):

K
T2+ 2(t—1)kcosa+ k2 — 2T+ 1 cos(wt +61) + T+ Kk + 1+ 2s

p (G))

Let B= /12 +2(t —1)kcosa + k2 —21+1,S=T+«x+25s+1,c=B/S;

The detailed derivation from Equation (2) to Equation (5) is provided in Appendix A to
ensure mathematical transparency.

Consequently, Equation (5) can be rewritten as Equation (6):

p =K/ (B(1+ ccos(wt + 67)) (6)
when x = 7 — 61, the maximum pressure of the system, pyax, satisfies Equation (7):
Pmax = K/(B(1-¢)) (7)
when x = —6;, the minimum pressure of the system, p,;,,, satisfies Equation (8):
Pmin = K/ (B(1+¢)) ®)

The instantaneous pressure p can be expressed in terms of the maximum cycle pressure
Pmax, the minimum cycle pressure p,,;;,, and the mean cycle pressure pj;eqsn in Equation (9):

Pmin(1+c¢)/[1+ c - cos(wt + 67)]
pP=19 Pmax(1—c)/[14c-cos(wt+6)] ©9)
Pmeanﬂ/ [1+c-cos(wt+ 67)]

The pressure ratio 7 is defined as the ratio of the maximum pressure py,x to the
minimum pressure p,,;, as shown in Equation (10):

vy=0+¢)/(1-c) (10)

The heat absorbed by the expansion chamber Q,, and the heat released by the com-
pression chamber Q,, are given by Equation (11):

Q, = LmeanVeTtc:sinéy
T -2 (1)
Qc = —1QF

The cycle work W can be expressed as Equation (12):

_ PmeanVSE : 7T(1 — T) -C-sinfy

14++41—c2

The dimensionless work Z is defined as the ratio of cycle work to the reference

4%

(12)

pressure—volume product, representing the normalized work capacity per cycle. It should
be noted that Z does not directly represent power output, as frequency effects are not
included. The dimensionless work Z is defined as in Equation (13):

Z = W/PmaxVT (13)

where the total swept volume V' is defined as the sum of the expansion chamber volume
V. and the compression chamber volume V..
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The coefficients of performance for cooling, COP, and heating, COP), are defined as
shown in Equation (14):

(14)

COP,=1/(t—-1)
COP.=1/(1—-1)

The dimensionless cooling capacity ¢ and heating capacity ¢, are shown in Equation (15):

T-7T-C-Sin @

e = V=) (k1)

7T-C-sin @

fo = V=) (1)

(15)

2.4. Dynamic Model of Free-Piston Motion

This section outlines the isothermal model analysis of a free-piston Stirling air condi-
tioner system. Initially, the instantaneous volumes of the expansion chamber, compression
chamber, and their total are defined.

Under the specific condition where the minimum volume of the compression chamber
approaches zero, an expression for the sine of the crankshaft angle is derived. Based on the
assumptions of mass conservation and constant chamber temperatures, a mathematical
model for the instantaneous system pressure is established, introducing the concept of
the pressure phase angle. Subsequently, the maximum and minimum pressures within
the cycle are calculated, and the pressure ratio is defined. Based on these parameters, the
system’s heat absorption, heat rejection, and net cycle work are calculated, and the concept
of dimensionless work is introduced. Finally, key performance indicators, including the
coefficients of performance for cooling/heating and the dimensionless cooling/heating
capacities, are defined, thereby completing the comprehensive theoretical derivation from
fundamental kinematic relationships to overall system performance evaluation. The flow
chart is shown in Figure 3 below.

[ Define volume parameters V.. Vcand Vy ]

Key assumption
dVc/dt=0 derive

[ Derive piston motion, i.e., sin(®t) ]

| Pressure p |—>| Pressure ration y I—)‘ Heat Q H Dimensionless W ‘—)‘ COPc &COPe

Optimization of the dimensionless cooling and
heating capacity is realized by the preferred
selection of key parameters

end

Figure 3. The flow chart.
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3. Results and Discussion
3.1. Effect of Piston Phase Angle « and Swept Volume Ratio x on the Dimensionless Capacity €./,

The analysis indicates that the dimensionless cooling capacity & exhibits a pronounced
nonlinear variation with the piston phase angle & and the swept volume ratio «, revealing a
complex coupling effect of these two structural parameters on the cooling performance.
For small swept volume ratios (x < 2), the dimensionless cooling capacity ¢, increases
rapidly with the piston phase angle o, then levels off or slightly decreases beyond a certain
angle. When « = 1, ¢ increases from 0 to approximately 0.09 as « rises from 0 to 1.5. In
contrast, for moderate to large x values (x > 4, particularly for x = 6-8), the surface variation
is smoother, indicating reduced sensitivity of the cooling performance to . When « is
small (x < 1), & exhibits significant growth; at larger « (x > 3), however, the increase in
¢ remains limited even with higher x (ranging from 4 to 8), demonstrating a saturation
effect. The optimal cooling performance occurs in the region of moderate phase angles
(¢ =~ 1.5) and medium-to-high swept volume ratios (x = 6). The surface forms a plateau
in this region (g, stabilizes within the high range of 0.10 to 0.12), indicating that multiple
parameter combinations can achieve near-optimal cooling performance, providing a certain
degree of design redundancy (see Figure 4a).

0.20-
0.16 ]

0.124

1.5 0.0812
== 10.0676
t=1.5 [;=3 | 0.0583
o =4
=1.5

0.35
0.309:

0.30 {1 |
=1.9
0.251 0.2438
=2

0204 |/
o>

0.151

0.101

0.05+

0.00

Figure 4. (a) x =1, T = 1.5 (the cooling mode). (b) Dimensionless cooling capacity under varying
dead volume and temperature ratio. (c) x =1, T = 1.5 (the heating mode). (d) Dimensionless heating
capacity under varying dead volume and temperature.

Under the same dead volume ratio, the cooling performance at a temperature ratio
of T = 3 generally exceeds that at T = 1.5, which indicates that a higher temperature
ratio, corresponding to a relatively higher hot-end temperature compared to the cold-end,
enhances the system’s thermal driving potential and thereby increases the cooling capacity.
When T = 3, the ¢, values for x = 1, 2, 3, and 4 are 0.1696, 0.1002, 0.0827, and 0.0711,
respectively, significantly exceeding the corresponding values of 0.1032, 0.0812, 0.0676,
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and 0.0583 at T = 1.5. Under a fixed temperature ratio, the dimensionless cooling capacity
¢. decreases gradually as the dead volume ratio x increases from 1 to 4, which indicates that
larger dead volumes result in heat transfer delays during the reciprocating compression—
expansion process and reduce volumetric utilization efficiency, thereby diminishing the
cooling performance, When 7 is 3, &, decreases from 0.1696 to 0.0711 as x increases from
1 to 4; similarly, at T = 1.5, it drops from 0.1032 to 0.0583, respectively. The dimensionless
cooling capacity ¢ reaches its maximum (g, = 0.1696) when the dead volume ratio xy =1 and
the temperature ratio T = 3, whereas the minimum value (e, = 0.0583) occurs at x =4 and
T = 1.5, as shown in Figure 4b.

The dimensionless heating capacity ¢, exhibits a similar dependence on the piston
phase angle a and swept volume ratio x as the cooling capacity. Therefore, only the
distinctive characteristics of the heating mode are discussed below. The ¢, value is high-
est at x =1 (0.1696), decreases at x = 2 (0.1002), and then shows a slight fluctuation (to
0.0827 at x = 3 and 0.0711 at x = 4), initially increases and then decreases with y, indicat-
ing a non-monotonic effect of the temperature ratio on heating performance, as shown
in Figure 4c.

The dimensionless heating capacity ), reaches its maximum at a dead volume ratio of
x =1 and a temperature ratio of T = 1.5, indicating that the optimal heating performance
corresponds to a combination of low dead volume and low temperature ratio (see Figure 4d).
It is noteworthy that while the maximum ¢, occurs at T = 1.5, the absolute values of ¢, at
T = 3 are significantly higher across all x values (e.g., 0.1696 vs. 0.1032 at x = 1), suggesting
a trade-off between the optimal operating point and overall performance magnitude
dependent on the temperature ratio.

The optimal operating points differ between the cooling and heating modes: the
cooling performance is maximized at a high temperature ratio and large swept volume,
whereas the heating performance is optimized at a low temperature ratio with a large
swept volume. Specifically, the maximum dimensionless cooling capacity of . = 0.1696 is
achieved at T = 3 and x = 1. In contrast, the optimal heating performance occurs under the
condition of “low temperature difference and small dead volume”, that is, at T = 1.5 and
Xx =1, where the dimensionless heating capacity ¢, = 0.1032 is the optimal value for the
corresponding operating condition. The difference arises from the distinct thermodynamic
cycle characteristics of the Stirling air conditioner in cooling and heating modes. In the
cooling mode, work performed by the driving end circulates the gas under a high tem-
perature difference, and a larger swept volume increases the absorbed heat, enhancing
the cooling performance. In the heating mode, however, excessively high temperature
differences reduce efficiency, so appropriately lowering the temperature difference can
improve the heating performance coefficient.

3.2. Effect of Temperature Ratio T and Swept Volume Ratio x on Dimensionless Cooling Capacity
ec/Heating Capacity e,

With the increase in swept volume ratio x, the dimensionless cooling capacity &,
exhibits a monotonic rise, indicating that enhanced sweeping capability improves cooling
performance. When « exceeds 6, the response surface tends to flatten, with ¢, values
approaching an upper limit of around 0.2 under high temperature ratios (as illustrated in
Figure 5a). The dimensionless cooling capacity increases monotonically with both the swept
volume ratio x and the temperature ratio 7. The performance enhancement is particularly
significant when T < 2 and x < 6. Beyond these ranges, however, the increase gradually
diminishes and approaches a plateau, indicating that further enlargement of « or T provides
limited additional cooling benefit.
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0.6 0.5645
=100
P 0.4596
= =
0.4+ 0376503717 |
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0.2577
0 2’_0 12231 |m‘
o.o AL
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a=90°| 0.3212
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Figure 5. (a) 2 = 70°, x = 1 (the cooling mode). (b) Dimensionless cooling performance under various
phase angles (the cooling mode). (c) a = 70°, x = 1 (the cooling mode). (d) Dimensionless cooling
performance under various phase angles (the cooling mode).

With the increase in phase angle from 50° to 120°, e rises more rapidly, owing to the
improved coupling of thermodynamic processes; for example, ¢. increases from approxi-
mately 0.25 at & = 50° to about 0.65 at « = 120°. The enhanced separation between the heat
absorption and release stages drives the cycle closer to the ideal Stirling process, leading to
a marked increase in the cooling effectiveness per unit time, as shown in Figure 5b.

The influence of temperature ratio and swept volume ratio on the dimensionless heat-
ing capacity exhibits a trend similar to that observed in cooling, as illustrated in Figure 5c.

With increasing phase angle, the dimensionless heating capacity initially exhibits
slight fluctuations and then gradually decreases, with a local maximum occurring at 70°, as
shown in Figure 5d.

At small phase angles, heat absorption at the hot end coincides with compression,
yielding effective gas heat transfer and higher heating capacity. Excessively large phase
angles disrupt this synchronization, reducing heat exchange efficiency and weakening
heating performance. Cooling and heating modes require different optimal phase angles.
Cooling favors larger phase angles due to improved separation of heat absorption and
release, whereas heating relies on continuous heat release and pressure difference, making
large phase angles less effective. The local maximum at 70° marks the best compromise for
heating, beyond which its advantage declines.
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3.3. Effect of the Swept Volume Ratio x and Phase Angle « on the Dimensionless Work and the
Nondimensional Heating/Cooling Capacity

With the increase in the swept volume ratio x, ¢, &, Z., and Z, exhibit a monotonic
rise, while their growth rates gradually decline and eventually approach a plateau, as
illustrated in Figure 6a. Both the dimensionless cooling capacity . and heating capacity
ee increase with the swept volume ratio x, but €, remains consistently higher than e. over
the entire range. As « increases from 1 to 6, & rises from approximately 0.03 to 0.07, while
ge increases from approximately 0.08 to 0.18. Accordingly, the difference between ¢, and
¢ increases from about 0.05 to nearly 0.11, indicating that the heating performance is
more sensitive to the swept volume ratio than the cooling performance. Z. and Z, exhibit
coincident curves with identical values, increasing from around 0.01 to 0.05 as « rises from
1 to 6, demonstrating that the dimensionless work is invariant between cooling and heating
modes. This invariance stems from the fact that work transfer depends on piston dynamics
and gas compression/expansion, rather than on the direction of heat flow.

0201 0.207
n £ 71.6°
0.161 Z, 0]5A42°
Z T b—z,
2 N
N 30.101
w
0.08 -
0.05+
0.04 - .
T T , T T 0.00¥ . S - . ' -
| 2 3 4 5 6 00 05 10 1.5 20 25 3.0 35
2 a
(a) (b)

Figure 6. (a) Effect of the swept volume ratio x on the dimensionless work Z and the nondimensional
cooling/heating performance (x = 1). (b) Influence of phase angle a on dimensionless work and
cooling/heating performance (x = 1).

With the increase in phase angle «, ¢, &, Z., and Z, exhibit a unimodal trend, first
increasing and then decreasing, as shown in Figure 6b. For small a (« < 30°), limited
gas displacement between the chambers causes inadequate heat transfer, yielding low
eand Z (g and ¢, below 0.05, Z below 0.02). With increasing «, the staggered compression—
expansion improves heat transfer separation, bringing the cycle closer to the ideal Stirling
cycle and rapidly enhancing cooling/heating performance and dimensionless work. When
o exceeds a critical value (a2 > 90°), the synergistic effect of thermodynamic processes
between the chambers weakens, causing € and Z to decrease. ¢, consistently exceeds ¢,
reaching the largest difference at the peaks, which suggests that the heating cycle out-
performs the cooling cycle in energy output under identical phase angle conditions. At
n = 71.6°, €, peaks at 0.18, while e, reaches only 0.07, highlighting the stronger sensitivity of
the heating cycle to the phase angle. Near & = 71.6°, Z reaches a maximum of approximately
0.10, indicating that the energy conversion efficiency is optimal at this phase angle. For
very small or large a (a < 20° or & > 120°), overlapping heat transfer between the chambers
disrupts the thermodynamic processes, causing deviations from the ideal Stirling cycle
and a decline in performance. At a ~ 71.6°, optimal temporal phasing between expan-
sion chamber heat absorption and compression chamber heat rejection maximizes cycle
independence, resulting in simultaneous peaks of € and Z.
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3.4. Influence of Piston Phase Angle a on p—v Diagrams

The thermodynamic processes introduced in Figure 1c are further quantified using the
p-v indicator diagrams shown in Figure 7. The enclosed area of the p—v loop represents the
net work output of one thermodynamic cycle. Therefore, the evolution of the p—v diagram
with piston phase angle provides direct insight into the degree of matching between the
compression and expansion processes. Figure 7 illustrates the influence of the piston phase
angle on the p—v cycle. The enclosed area represents the net work produced during one
thermodynamic cycle. As the phase angle increases, the cycle area first enlarges and then
decreases, reaching its maximum at approximately 75°. At a phase angle of approximately
75°, the cycle area approaches its maximum, indicating that the time shift between heat
absorption in the expansion chamber and heat release in the compression chamber is
most favorable, leading to near-optimal heat transfer. As the phase angle increases to 90°,
although it approaches the theoretically ideal value, the actual cycle area becomes smaller
than that at 75°, suggesting that the coupling between heat transfer and gas compression—
expansion remains suboptimal.

20+
) 16.6
167 145 15':1 50°
59 | 3°
=12+
=
8_
4_
X 0= ; :
. . \ , " s cm” 1 2 3
58 60 62 64 66 68
(a) (b)

Figure 7. (a) p—v indicator diagrams (x = 1). (b) Areas of p—v indicator diagrams.

To assess the reliability of the present model, the predicted trends are compared with
previously reported experimental and numerical results from recent studies on free-piston
Stirling coolers [27-30]. It is found that the unimodal dependence of performance on phase
angle is consistent with experimental observations, and the saturation behavior at large
swept volumes agrees with CFD-based studies. Quantitative discrepancies (20-40%) are
expected due to neglected losses.

3.5. Model Validation and Comparison

To evaluate the reliability of the present dimensionless model, the predicted trends
are compared with those reported in previous experimental and numerical studies on
free-piston Stirling coolers [31,32].

First, the unimodal dependence of cooling/heating performance on phase angle
is consistent with experimental observations, where optimal performance typically oc-
curs within 60-90°. This agreement confirms that the model captures the essential phase
coupling mechanism.

Second, the saturation behavior observed at large swept volume ratios (x > 6) aligns
with CFD-based studies, which attribute this phenomenon to flow resistance and limited
heat exchanger effectiveness.
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However, quantitative discrepancies are expected. Compared with adiabatic or CFD
models, the present isothermal model tends to overpredict performance by approximately
20-40%, primarily due to:

(i) Neglect of regenerator inefficiency.
(i) Absence of pressure drop.
(iii) Omission of shuttle heat transfer losses.

Furthermore, practical systems often operate at lower temperature ratios (t ~ 1.2-1.5),
whereas the present model predicts higher performance at larger T values. This difference
reflects the increasing irreversibility at high temperature ratios, which is not captured in
the idealized framework.

Opverall, despite its limitations, the present model provides physically consistent trends
and valuable insights into multi-parameter coupling mechanisms, serving as a theoretical
upper bound for system performance.

3.6. CED Validation of the Thermodynamic Model

To further evaluate the reliability of the present dimensionless model, a comparative
analysis is conducted with computational fluid dynamics (CFD) results reported in the
recent literature on free-piston Stirling systems [20,32].

In CFD simulations, the governing equations of mass, momentum, and energy con-
servation are solved with consideration of real-gas effects, viscous dissipation, pressure
drop, and regenerator heat transfer inefficiency. These factors are neglected in the present
Schmidt-based isothermal model, leading to expected discrepancies in quantitative results.

Figure 8 compares the variation in dimensionless cooling capacity e, with phase angle
« obtained from the present model and CFD-based studies. Both the present model and
CFD-based results exhibit a consistent unimodal variation in e with phase angle &, with
the optimal range located between 60° and 90°.

0.14 4 —=— Present model

| |

o2l TP N
0.10 / ./'\-\\
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006‘ /‘/ \.\-
// N\
0.04- 4 \
0.0245" -
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Figure 8. Comparison of dimensionless cooling capacity &. versus phase angle a between present
model and CFD results.

However, the magnitude of ¢, predicted by the present model is generally higher
than that obtained from CFD simulations. For example, at « ~ 70°, the present model
predicts e = 0.12, whereas CFD results typically range between 0.08 and 0.10, indicating
an overestimation of approximately 20-30%.

This discrepancy can be attributed to several factors:

(i) The neglect of regenerator inefficiency and axial conduction losses.
(i) The absence of pressure drop across heat exchangers.
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(iii) The idealized assumption of isothermal processes.
(iv) Simplified sinusoidal piston motion.

Figure 9 further presents the comparison of dimensionless work Z as a function of
swept volume ratio x. Both the present model and CFD results demonstrate a monotonic
increase followed by saturation behavior, confirming that the model captures the essential
mechanism of diminishing performance gain at large «. Both the present model and CFD
results demonstrate a monotonic increase followed by saturation behavior, confirming that
the model captures the essential mechanism of diminishing performance gain at large .
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Figure 9. Further presents the comparison of dimensionless work Z as a function of swept
volume ratio .

The agreement in trend between the present model and CFD results indicates that the
dominant thermodynamic mechanisms, such as phase-dependent heat transfer separation
and volumetric efficiency, are well captured by the simplified analytical framework. In par-
ticular, the unimodal dependence on phase angle reflects the competition between process
synchronization and thermodynamic irreversibility. At moderate phase angles, the separa-
tion between compression and expansion processes is optimized, maximizing effective heat
transfer. At larger phase angles, however, excessive phase lag weakens pressure—volume
coupling, reducing cycle efficiency. The saturation behavior at large swept volume ra-
tios is primarily associated with flow resistance and limited heat exchanger effectiveness,
which become increasingly significant in CFD simulations but are not included in the
present model.

Overall, although the present model overpredicts the absolute performance values, it
provides accurate predictions of performance trends and parameter sensitivity. Therefore,
it can be considered a theoretical upper-bound model, which is valuable for preliminary
design and parameter optimization.

From the perspective of practical air conditioner performance, the dimensionless
cooling capacity employed in the present study provides a direct measure of the thermody-
namic cooling potential under the ideal Schmidt assumptions. Since the classical Schmidt
model neglects pressure losses, mechanical friction, regenerator inefficiency, and other
irreversible effects, it cannot accurately predict the actual COP of a practical free-piston
Stirling air conditioner. Nevertheless, the variations in the dimensionless cooling capacity
with temperature ratio, swept volume ratio, dead volume ratio, and phase angle provide
valuable insight into the relative influence of these design parameters on the system cooling
capability. Therefore, the present results can be regarded as theoretical upper-bound perfor-
mance references for preliminary parameter selection, whereas quantitative COP evaluation
requires non-ideal thermodynamic modeling and experimental validation, which will be
considered in future work.
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3.7. Model Limitations and Error Analysis

The present study is based on the classical Schmidt isothermal model, which provides
an analytical framework for evaluating the thermodynamic characteristics of free-piston
Stirling air conditioners under ideal assumptions. Although this model is widely adopted
for preliminary thermodynamic analysis, several assumptions inevitably introduce devi-
ations from practical operating conditions. First, the regenerator is assumed to operate
ideally with perfect heat regeneration. In practical Stirling systems, the regenerator ef-
fectiveness is typically lower than unity because of finite heat transfer coefficients, flow
maldistribution, axial heat conduction, and matrix thermal inertia. Consequently, part of
the thermal energy cannot be effectively recovered, resulting in lower cooling and heating
capacities than those predicted by the present model. Second, pressure losses throughout
the heater, regenerator, cooler, and connecting passages are neglected. In practical systems,
oscillating flow through porous regenerators and narrow channels inevitably generates
pressure drops, reducing the effective pressure amplitude and consequently decreasing
the cycle work and thermodynamic performance. Therefore, the present results should be
interpreted as theoretical upper-bound predictions under ideal Schmidt assumptions.

4. Conclusions

Based on the ideal isothermal Schmidt model, this study systematically analyzed and
optimized the key thermodynamic parameters of a free-piston Stirling air conditioning
system using the Schmidt dimensionless analysis method. Therefore, the conclusions
presented in this study are applicable to ideal thermodynamic conditions and provide
theoretical guidance for preliminary parameter selection rather than direct engineering
design recommendations.

The dimensionless cooling capacity is strongly affected by the temperature ratio T,
swept volume ratio x, and dead volume ratio x. The maximum dimensionless cooling
capacity (g = 0.1696) is achieved at a high temperature ratio (7 = 3) and large swept volume
ratio (x = 1), whereas the optimal heating performance (¢;, = 0.1032) occurs at a lower
temperature ratio (t = 1.5) with minimal dead volume (x = 1). The difference originates
from the thermodynamic nature of each mode: cooling benefits from greater temperature
differences and displacement volume, while heating efficiency is enhanced by a moderated
temperature gradient. These findings emphasize the necessity of mode-specific parameter
optimization in Stirling system design.

At a fixed phase angle, increasing the dead volume ratio x results in a significant
decrease in the dimensionless cooling capacity, whereas enlarging the phase angle o from
50° to 120° markedly enhances it, elevating the dimensionless cooling capacity . from ap-
proximately 0.25 to 0.65 due to optimized thermodynamic process coupling. The sensitivity
of cooling capacity to the swept volume ratio x is highly dependent on the temperature
ratio T, with the two parameters exhibiting a nonlinear synergistic effect; performance
saturation occurs at T > 3 and x > 6. Although its impact is comparatively weaker, the
dead volume ratio remains non-negligible. Consequently, an optimal design must strike a
balance between the dead volume and swept volume. Within the framework of the ideal
Schmidt model, medium-to-high temperature ratios (T ~ 3-4) combined with moderate
swept volume ratios (x ~ 6-8) are identified as favorable parameter combinations that
provide a good compromise between thermodynamic performance and structural compact-
ness. It should be emphasized that these values represent theoretical optima under ideal
assumptions and require further validation using non-ideal thermodynamic models and
experimental investigations before being adopted for practical engineering applications.

With a constant dead volume, the dimensionless heating capacity diminishes as the
temperature ratio increases. At a fixed temperature ratio, increasing the dead volume
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similarly reduces heating performance. As the swept volume ratio increases from 1 to
6, the heating capacity &, exhibits a monotonic rise from a low value to approximately
0.20, yet the performance gain saturates beyond x > 4. Optimal heating occurs at phase
differences between 70° and 80°, with the peak performance being highly sensitive to this
parameter. Specifically, at « ~ 71.6°, ¢, reaches its maximum value of 0.18, significantly
higher than the corresponding cooling capacity (e ~ 0.07) at the same angle, underscoring
the heating cycle’s superior energy output. Furthermore, larger dead volumes generally
limit the heating gain, and the enhancing effect of the swept volume ratio becomes less
pronounced at elevated temperature ratios, as the system’s performance progressively
approaches a plateau.

The p-v diagram cycle area reveals a non-monotonic relationship between the system
work output and phase angle: as the phase angle increases from 15° to 75°, the cycle area
expands significantly from 14.4 to 20.8, representing a 44.4% increase, indicating optimal
thermodynamic process matching. However, beyond 75°, the area decreases sharply,
dropping to 12.4 at 140°—a 40.4% reduction from the peak value. This decline is attributed
to deteriorated process coupling at excessive phase angles, which substantially reduces
output efficiency. Thus, a phase angle of approximately 75° is identified as optimal for
maximizing work output.

It should be noted that the present study is based on the ideal Schmidt isothermal
model, in which pressure losses, heat transfer limitations, mechanical friction, gas leakage,
and other irreversible effects are neglected. Therefore, the optimal parameter ranges re-
ported in this work should be interpreted as theoretical references under ideal operating
conditions. Future work will incorporate non-ideal thermodynamic effects and experi-
mental validation to further assess the applicability of these parameter combinations in
practical free-piston Stirling air conditioning systems.

Although the present Schmidt-based dimensionless analysis does not directly evaluate
the actual system COP, the identified parameter trends provide theoretical guidance for
improving cooling performance and establishing a foundation for future COP prediction
based on non-ideal thermodynamic and dynamic models. It should be noted that the
performance saturation observed at large x and T is obtained under the assumptions of the
ideal Schmidt model. In practical free-piston Stirling air conditioners, further performance
improvement would be limited by irreversibilities such as pressure loss, regenerator ineffi-
ciency, shuttle heat transfer, gas leakage, and finite-rate heat transfer. These irreversible
effects increase exergy destruction and reduce the effective cooling/heating capacity, espe-
cially under large swept volume ratios and high temperature ratios. Therefore, the present
results should be interpreted as theoretical upper-bound predictions. A quantitative exergy
loss analysis based on a non-ideal thermodynamic model will be conducted in future work.
From a multi-objective perspective, the optimal parameter combination for cooling does not
necessarily coincide with that for heating. Cooling performance benefits from a relatively
high temperature ratio and an increased swept volume ratio, whereas heating performance
is more sensitive to phase matching and dead volume reduction. Therefore, a balanced
design should avoid pursuing the maximum cooling or heating capacity alone. Under
the ideal Schmidt assumptions, a moderate swept volume ratio, a relatively small dead
volume ratio, and an appropriate phase angle provide a reasonable compromise between
cooling capacity, heating capacity, and cycle work. A rigorous multi-objective optimization
considering practical constraints, irreversible losses, and system COP will be carried out in
future work.
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Abbreviations

a piston phase angle
p pressure

€ dimensionless capacity
T temperature ratio
w angular frequency
01 the minimum

W the cycle work

K sweep volume ratio
X dead volume ratio
v volume

t time

0% pressure ratio

Q quality of heat

Z dimensionless work
Greek Symbols

e expansion

T working volume
min minimum

c compression

h heating

max maximum
Appendix A

Based on the Schmidt isothermal model, the instantaneous volumes of the expansion
and compression chambers are expressed as:

(A1)

Ve=Vo+ %(1 + cos(wt — a))
Ve="Vo+ %(1 + cos(wt + a))

where w is the angular frequency and « is the phase angle.
For the free-piston Stirling system, the condition of minimum compression volume is
used as a reference state. At this instant, the rate of change in compression volume satisfies:

dV./dt =0 (A2)

Taking the derivative of V; with respect to time:

av,/dt = —(V./2)wsin(wt — a) (A3)
Thus:
sin(wt —a) =0 (A4)
which leads to:
wt=a+nm (A5)
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Substituting into the trigonometric relationships, the sine and cosine terms can be
expressed as functions of « and 6;:

{Sin(wt) = sin(a + 6;) (A6)

cos(wt) = sin(a + 07)

Under the assumption of instantaneous pressure equilibrium and ideal gas behavior,
the total mass conservation yields:

p(t) =mR/(Ve/ T+ Ve /T + V,/Ty) (A7)

where V, is the regenerator volume.
Introducing the temperature ratio T = T,/ T, and dead volume ratio ), the denominator
can be normalized:
() = Pmean/ [1 + A cos(wt) + Bsin(wt)] (A8)

where A and B are functions of 7, k, and x.
By defining:
X = wt—0; (A9)

the pressure expression can be rearranged into harmonic form:

p(t) = Pmean/[1 + C cos(x)] (A10)

where C is the pressure amplitude coefficient.
Finally, the maximum and minimum pressures are obtained as:

Pmax = Pmean(l + C) (A1)
Pmin = pmean(l - C)
thus, the pressure ratio is:
Y = Pmax/ Pmin = (1 +C)/(1 - C) (A12)

This completes the derivation from Equation (2) to Equation (6).
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