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Abstract

In this paper, a predator–prey model with hunting cooperation and maturation delay is
studied. Through theoretical analysis, we investigate the existence of multiple stability
switches of the positive equilibrium. By applying Hopf bifurcation theory, the conditions
for Hopf bifurcation are derived, indicating the emergence of periodic solutions as the
maturation delay passes through critical values. Utilizing center manifold theory and
normal form analysis, we determine the stability and direction of the bifurcating orbits.
Numerical simulations are performed to validate the theoretical results. Furthermore, the
simulations vividly demonstrate the appearance of period-doubling bifurcations, which
is the onset of chaotic behavior. Bifurcation diagrams and phase portraits are employed
to precisely characterize the transition processes from a stable equilibrium to periodic,
period-doubling solutions and chaotic states under different maturation delay values. The
study reveals the significant influence of maturation delay on the stability and complex
dynamics of predator–prey systems with hunting cooperation.

Keywords: predator–prey system; hunting cooperation; delay differential equation; stability;
Hopf bifurcation; period-doubling bifurcation

1. Introduction
Defined as groups of the same species co-existing within a specific geographic locale

and temporal period, populations are influenced by a variety of inter-species interactions,
with predation playing a pivotal role in both the persistence and decline of these groups.
Predator–prey models are well recognized in both ecological and mathematical research,
underscored by their significant applications in ecological forecasting and their dynamic
complexity, as highlighted in [1]. The dynamic interplay between predator and prey popu-
lations has been rigorously analyzed by applying differential equations within ecological
modeling [2]. Central to the study of these interactions is the functional response, which
quantifies the rate at which predators consume prey relative to the prey density, thereby
shaping the dynamics of these interactions. Among the diverse array of models used
to describe these ecological dynamics, the Holling types of functional response [3] and
their generalizations have been widely discussed in the literature [4–6]. These functional
responses offer detailed and valuable insight into the behavior and stability of predator–
prey systems, thereby enriching our understanding of the complex interactions within
ecological communities.

Cooperative hunting is a captivating and widespread phenomenon in the ecological
realm that can be seen in a diverse spectrum of organisms. On land, terrestrial carnivores
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such as lions [7], wolves [8], African wild dogs [9], and chimpanzees [10] engage in
this behavior. In addition, it is also prevalent among aquatic organisms [11], as well as
invertebrates like ants [12] and spiders [13], and even some bird species [14]. As a result of
this cooperative hunting behavior, the predator’s attack rate is influenced by both prey and
predator densities. In recent years, there has been a growing trend of studies focusing on
using functional responses to describe this cooperative hunting phenomenon. For example,
Cosner et al. [15] probed into predator aggregation. Subsequently, Berec [16] generalized
the Holling type-II response by taking into account the attack rate and handling time.
Continuing this line of exploration, Alves and Hilker [17] incorporated a cooperation term
into the attack rate and presented the following hunting cooperative functional response:

p(u, v) = (λ + av)u, (1)

where u represents the prey density, v represents the predator density, λ > 0 denotes the
attack rate per predator on the prey and a ≥ 0 is the predator cooperation in hunting. They
discovered that cooperative hunting can enhance predator persistence and is a form of
foraging facilitation that may lead to strong Allee effects. In the wake of their research,
an array of biological factors, such as the Allee effect, fear effect and prey refuge, along
with spatial diffusion, have been incorporated into predator–prey models that incorporate
cooperative hunting [18–20]. More recently, cooperative hunting has been analyzed under
various ecological frameworks that reveal distinct dynamical consequences. Saha et al. [21]
examined the dynamic characteristics of the system upon introducing a nonlocal term in
cooperative contexts—wherein complex spatiotemporal patterns and pattern transitions
emerge—and also addressed the existence of travelling wave solutions for predator–prey
interactions involving this nonlocal cooperative hunting strategy. Ryu et al. [22] investi-
gated a prey-taxis system with cooperative hunting and time delay, showing that predator
cooperation significantly alters Hopf bifurcation thresholds and generates delay-induced
oscillations. Hafdane et al. [23] focused on a reaction–diffusion system with time delay and
found that cooperative hunting induces spatially heterogeneous patterns through Turing
instability. Mo et al. [24] studied a stage-structured system and demonstrated that predator
cooperation promotes population persistence under maturation constraints. Du et al. [25]
explored how the combined effects of cooperation and the Allee phenomenon impact global
stability, identifying conditions for population extinction or coexistence. Concurrently,
Jang et al. [26] incorporated prey refuge into cooperative hunting models and uncovered
bistable dynamics, where predator persistence depends critically on initial population sizes.
These studies underscore that cooperative hunting, when combined with realistic ecological
factors like time delay, spatial effects, or prey defense, can drive nontrivial bifurcations,
multistability, and rich pattern formation. Such findings not only enrich the theoretical
framework of ecological models and enable more accurate simulations of predator–prey
interactions in the real world but also foster a deeper understanding of complex dynamics
within ecosystems.

In addition, it is of great significance to incorporate time delays into systems in order
to effectively reflect the dynamic behaviors of models that are influenced by past events.
There are different types of delays observed in predator–prey systems, e.g., maturation
delay [27,28], gestation delay [29,30], incubation delay [31], and dispersal delay [32]. Such
delays make the system much more realistic in nature. The dynamics of predator–prey mod-
els with delays have different features and can exhibit more complex dynamical behaviors,
such as the existence of multiple equilibria, Hopf bifurcation, Bogdanov–Takens bifurcation,
homoclinic loop, and even chaos (see [33–35] and references therein for more related work).
Here, we focus on maturation delay—the time required for juvenile individuals to reach
reproductive maturity. Enatsu et al. [36] showed that the maturation delay increases the
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likelihood of predator species extinction and alters the bifurcation curves and bifurcation
thresholds of the non-delayed system. Krishnanand [37] revealed that delay plays a stabi-
lizing role in the prey–predator system with hunting cooperation; with discrete delay as the
bifurcation parameter, the stability of coexisting equilibrium points, the existence of Hopf
bifurcation, and novel dynamical behaviors (including the codimension-two Bogdanov–
Takens bifurcation point) are investigated. Meanwhile, Xu et al. [38] investigated a delayed
reaction–diffusion system with both group defense and cooperative hunting, identifying
the occurrence of Turing–Hopf bifurcation and showing how time delay and spatial inter-
actions jointly contribute to complex oscillatory and spatially heterogeneous population
dynamics. These findings underscore the importance of maturation delay as a key factor in
ecological modeling, particularly when coupled with other nonlinear mechanisms such as
cooperation and spatial effects.

A typical time delay appears in the prey-specific growth term, based on the assumption
that in the absence of predators, the prey satisfies Hutchinson’s equation (also called the
delayed logistic equation) [39,40]:

du
dt

= ru
(

1 − u(t − τ)

K

)
, (2)

where r is intrinsic growth rate, K is the environmental carrying capacity, and τ denotes the
time delay due to the maturation of the prey. Hutchinson’s equation extends the classical
logistic model by accounting for the fact that resource limitations depend on the population
density at an earlier time rather than instantaneously. This delay can induce oscillations
or even destabilize the equilibrium, providing a mechanistic explanation for observed
fluctuations in natural populations. These intricate dynamics have important ecological
and biological interpretations, affecting aspects such as species coexistence, population
stability, and the overall structure of ecosystems. In ecological scenarios, this formulation
illustrates the interplay between growth restrictions and developmental delays, presenting
a more realistic framework for modeling predator–prey systems.

Taking into account the hunting cooperative functional response (1) and the delayed
logistic Equation (2), we consider the following delayed predator–prey model:

du
dt

= ru
(

1 − u(t − τ)

K

)
− (λ + av)uv,

dv
dt

= µ(λ + av)uv − δv,
(3)

where µ is the conversion efficiency, δ is the natural death rate of predators, and the other
parameters are as above. When τ = 0, Alves and Hilker [17] numerically investigated the
positive equilibrium’s existence and stability, showing hunting cooperation benefits preda-
tors by increasing attack rate. Song et al. [41] explicitly analyzed the existence, stability,
and Hopf bifurcation of the positive equilibrium for the non-diffusive system, showing that
hunting cooperation affects both its existence and stability, and investigated stability and
cross-diffusion-driven Turing instability for the diffusive system based on self-diffusion and
cross-diffusion coefficient relationships. This research examines how cooperative hunting
behaviors influence population dynamics, while simultaneously evaluating the stabilizing
effects of time delay τ in system (3). Our analytical results demonstrate that the temporal
delay provides a biologically meaningful mechanism for system stabilization.

The rest of this paper proceeds as follows. In Section 2, we investigate the stability and
Hopf bifurcation near the positive equilibrium. In Section 3, we utilize the normal form
approach and center manifold theory to analyze the direction, stability, and period of the
bifurcating periodic solution at critical values of τ. Section 4 presents numerical examples
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aimed at verifying the theoretical results and the newly discovered chaotic behavior. Finally,
the paper ends with a conclusion.

2. Stability of the Positive Equilibrium and Hopf Bifurcation
For simplicity, we will analyze a nondimensionalized form of model (3). Let

ũ =
µλ

δ
u, ṽ =

λ

δ
v, t̃ = δt,

and rescale the parameters via

σ̃ =
r
δ

, β̃ =
µλK

δ
, α̃ =

aδ

λ2 , τ̃ = δτ.

After dropping the tildes, the nondimensionalized system of (3) becomes
du
dt

= σu
[

1 − u(t − τ)

β

]
− (1 + αv)uv,

dv
dt

= v((1 + αv)u − 1).
(4)

Let E∗ = (u∗, v∗) denote the positive equilibrium of system (4). Then u∗ = 1/(1 + αv∗),
and v∗ is a positive root of the following cubic polynomial equation:

f (v) := βα2v3 + 2βαv2 + β(1 − ασ)v + σ(1 − β) = 0.

System (4) can have one or two positive equilibria depending on the relationship of the
parameters σ, α, β (see details in [41]). In what follows, we assume that system (4) admits
a positive equilibrium E∗ = (u∗, v∗). When τ = 0, the characteristic matrix at E∗ is
A =

(
aij
)

2×2, where

a11 = −σu∗
β

< 0, a12 = −(1 + 2αv∗)u∗ < 0, a21 = v∗ + αv2
∗ > 0, a22 = αu∗v∗ > 0. (5)

To investigate the effects of the delay on the stability, we make the following assumption:

(H) T = a11 + a22 = −u∗

(
σ

β
− αv∗

)
< 0, D = a11a22 − a12a21 = (1 + 2αv∗)v∗ −

σα

β
u2
∗v∗ > 0,

which implies that the positive equilibrium E∗ of system (4) (with τ = 0) is asymptoti-
cally stable.

From the linearized system of (4), we obtain the characteristic equation below:

λ2 − a22λ − a12a21 + a11(a22 − λ)e−λτ = 0. (6)

Suppose that λ = iω (ω > 0) is a root of Equation (6); we then have

−ω2 − ia22ω − a12a21 + a11(a22 − iω)(cos ωτ − i sin ωτ) = 0.

Separating the real and imaginary parts yieldsω2 + a12a21 = a11a22 cos ωτ − a11ω sin ωτ,

−a22ω = a11a22 sin ωτ + a11ω cos ωτ,
(7)
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which leads to the following quadratic equation with respect to ω2:

g(ω2) = ω4 + (2a12a21 + a2
22 − a2

11)ω
2 + a2

12a2
21 − a2

11a2
22 = 0.

Denote
∆g = (2a12a21 + a2

22 − a2
11)

2 − 4(a2
12a2

21 − a2
11a2

22)

= (a2
22 + a2

11)
2 + 4a12a21(a2

22 − a2
11).

From (5) and condition (H), we have

a2
22 − a2

11 < 0, 2a12a21 + a2
22 − a2

11 < 0, a2
12a2

21 − a2
11a2

22 > 0, ∆g > 0,

which implies that g(ω2) = 0 has two positive roots, given by

ω2
± =

(a2
11 − a2

22 − 2a12a21)±
√

∆g

2
. (8)

On the other hand, from Equation (7), we obtain

cos ωτ =
a12a21a22

a11(a2
22 + ω2)

, sin ωτ = −
ω3 + (a2

22 + a12a21)ω

a11(a2
22 + ω2)

.

Combining (5) and (8) leads to

cos ωτ > 0, sin ωτ

> 0, ω = ω+,

< 0, ω = ω−;
(9)

then, we find the value of τ±
j by solving for τ as follows:

τ+
j =

1
ω+

[
arccos

a12a21a22

a11(a2
22 + ω2

+)
+ 2jπ

]
, j = 0, 1, 2 · · · ,

τ−
j =

1
ω−

[
2π − arccos

a12a21a22

a11(a2
22 + ω2

−)
+ 2jπ

]
, j = 0, 1, 2 · · · .

(10)

From (8) and (9), it is easy to see that ω+τ+
0 < ω−τ−

0 ; so, τ−
0 > τ+

0 . Denote by

λ(τ) = α(τ) + iω(τ)

the root of Equation (6) satisfying

α(τ±
j ) = 0, ω(τ±

j ) = ω±.

We can obtain the following transversality conditions:(
dRe(λ)

dτ

)−1

λ=iω+

=

√
∆g

a2
11(a2

22 + ω2
+)

> 0,
(

dRe(λ)
dτ

)−1

λ=iω−

=
−
√

∆g

a2
11(a2

22 + ω2
−)

< 0.

Then, we have the following results.

Theorem 1. Assume that condition (H) holds, and let τ±
j be defined by Equation (10).

(i) If τ−
0 > τ+

1 , then the positive equilibrium E∗(u∗, v∗) of system (4) has a single stability
switch at τ = τ+

0 , that is, E∗(u∗, v∗) is locally asymptotically stable when 0 ≤ τ < τ+
0 and

unstable when τ > τ+
0 .
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(ii) If τ−
0 < τ+

1 , then the positive equilibrium E∗(u∗, v∗) of system (4) has multiple stability
switches, that is, there is a positive integer N such that

0 < τ+
0 < τ−

0 < τ+
1 < τ−

1 < · · · < τ+
N−1 < τ−

N−1 < τ+
N < τ+

N+1 < τ−
N < · · · ;

when
τ ∈ [0, τ+

0 ) ∪ (τ−
0 , τ+

1 ) ∪ · · · ∪ (τ−
N−1, τ+

N ),

E∗(u∗, v∗) is locally asymptotically stable, and when

τ ∈ (τ+
0 , τ−

0 ) ∪ (τ+
1 , τ−

1 ) ∪ · · · ∪ (τ+
N−1, τ−

N−1) ∪ (τ+
N ,+∞),

E∗(u∗, v∗) is unstable.

(iii) System (6) undergoes a Hopf bifurcation at E∗(u∗, v∗) when τ = τ±
j , j = 0, 1, 2 · · · .

3. Direction and Stability of the Hopf Bifurcation
In Theorem 1, we show that system (4) undergoes a Hopf bifurcation from the positive

equilibrium (u∗, v∗) at critical values τ±
j , j = 0, 1, 2 · · · . In this section, we determine

the direction, stability, and period of these periodic solutions emerging from the positive
equilibrium of system (4) at these critical values of τ by adopting the normal form theory
and center manifold reduction developed by Hassard et al. [42].

Without loss of generality, select one critical value τ+
0 and set τ = τ+

0 + µ. Then, µ = 0
corresponds to the Hopf bifurcation value of system (4). Let u1(t) = u(t)− u∗, u2(t) =

v(t)− v∗. In the fixed phase space C = C([−τ, 0],R2), system (4) can be rewritten as

du1

dt
= a11u1(t − τ) + a12u2(t) + ∑

i+j+l≥2

f (1)ijl

i!j!l!
ui

1(t)u
j
2(t)u

l
1(t − τ),

du2

dt
= a21u1(t) + a22u2(t) + ∑

i+j≥2

f (2)ij

i!j!
ui

1(t)u
j
2(t),

(11)

where

f (1) = σu
(

1 − u(t − τ)

β

)
− (1 + αv)uv, f (2) = v((1 + αv)u − 1).

f (1)ijl =
∂i+j+l

∂ui(t)∂vj(t)∂ul(t − τ)
f (1)|(u∗ ,v∗ ,u∗), f (2)ij =

∂i+j

∂ui(t)∂vj(t)
f (2)|(u∗ ,v∗), i, j, l ≥ 0,

with

f (1)110 = −2αv∗ − 1, f (1)020 = −2αu∗, f (1)101 = −σ

β
, f (1)120 = −2α,

f (2)11 = 2αv∗ + 1, f (2)02 = 2αu∗, f (2)12 = 2α.

Then system (11) reduces to
du
dt

= Lµ(ut) + f (µ, ut), (12)

where u = (u1(t), u2(t))T ∈ R2, ut = u(t + θ) ∈ C, Lµ : C → R2, f : R× C → R2,

Lµϕ = Mϕ(0) + Nϕ(−τ), M =

(
0 a12

a21 a22

)
, N =

(
a11 0
0 0

)
,
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and

f (µ, ϕ) =


∑

i+j+l≥2

f (1)ijl

i!j!l!
ϕi

1(0)ϕ
j
2(0)ϕ

l
1(−τ)

∑
i+j≥2

f (2)ij

i!j!
ϕi

1(0)ϕ
j
2(0)

. (13)

According to the Riesz representation theorem, there exists a matrix function η(µ, θ) of
bounded variation on [−τ, 0] such that [43]

Lµϕ =
∫ 0
−τ dθη(µ, θ)ϕ(θ) for ϕ ∈ C. (14)

In fact, we can choose
η(µ, θ) = Mδ(θ)− Nδ(θ + τ), (15)

where δ is the Dirac delta function.
For ϕ ∈ C1([−τ, 0],R2), define

A(µ)ϕ(θ) =


dϕ(θ)

dθ
, θ ∈ [−τ, 0),∫ 0

−τ dsη(µ, s)ϕ(s), θ = 0,
(16)

and

R(µ)ϕ(θ) =

0, θ ∈ [−τ, 0),

f (µ, ϕ), θ = 0.

Thus, system (11) (or (12)) is equivalent to the abstract ordinary differential equation:

dut

dt
= A(µ)ut + R(µ)ut (17)

For ψ ∈ C1([0, τ], (R2)∗), define

A∗ψ(s) =


−dψ(s)

ds
, s ∈ (0, τ],∫ 0

−τ dtη
T(0, t)ψ(−t), s = 0,

and a bilinear inner product

⟨ψ(s), ϕ(θ)⟩ = ψ̄(0)ϕ(0)−
∫ 0
−τ

∫ θ
ξ=0 ψ̄(ξ − θ)dη(θ)ϕ(ξ)dξ,

where η(θ) = η(0, θ). Then, A(0) and A∗ are adjoint operators, and ±iω+ are the eigenval-
ues of A(0), which are also the eigenvalues of A∗. Assume that q(θ) = (1, ρ)Teiω+θ is the
eigenvector of A(0) associated with iω+, and q∗(s) = B(1, γ)eiω+s is the eigenvector of A∗

corresponding to −iω+. From the definition of A∗ and (14) and (15), we derive

q(0) = (1, ρ)T = (1,− a21

a22 − iω+
)T , q∗(0) = B(1, γ) = B

(
1,− a12

a22 + iω+

)
.
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To satisfy the normalization condition ⟨q∗(s), q(θ)⟩ = 1, we need to compute the value B.
Since

⟨q∗(s), q(θ)⟩ = B̄
[
(1, γ̄)(1, ρ)T −

∫ 0

−τ+0

∫ θ

ξ=0
(1, γ̄)e−i(ξ−θ)ω+dη(θ)(1, ρ)Teiξω+dξ

]
= B̄

[
1 + γ̄ρ −

∫ 0

−τ+0

(1, γ̄)θeiω+θdη(θ)(1, ρ)T
]

= B̄
[
1 + γ̄ρ + a11τ+

0 e−iω+τ+0

]
,

to ensure that ⟨q∗(s), q(θ)⟩ = 1 and ⟨q∗(s), q̄(θ)⟩ = 0, we choose

B =
1

1 + γρ̄ + a11τ+
0 eiω+τ+0

.

Following Hassard et al. [42], we begin by calculating the coordinates for the center mani-
fold C0 at µ = 0. Consider ut as the solution of (12) when µ = 0. Define

z(t) = ⟨q∗, ut⟩, W(t, θ) = ut(θ)− 2Re{z(t)q(θ)}. (18)

On the center mainfold C0, it follows that

W(t, θ) = W(z(t), z̄(t), θ),

where

W(z(t), z̄(t), θ) = W20(θ)
z2

2
+ W11(θ)zz̄ + W02(θ)

z̄2

2
+ · · · ,

and z and z̄ represent the local coordinates of the center manifold C0 in the directions of q∗

and q̄∗, respectively. Here, W is real valued when ut is real, and we restrict our analysis to
real solutions. For any solution ut ∈ C0 of (11) with µ = 0,

dz
dt

= iω+z + q̄∗(θ) f (0, W(z(t), z̄(t), θ) + 2Re{zq(θ)})

= iω+z + q̄∗(0) f (0, W(z(t), z̄(t), 0) + 2Re{zq(0)})
:= iω+z + q̄∗(0) f0(z, z̄),

which is rewritten as
dz
dt

= iω+z(t) + g(z, z̄),

where

g(z, z̄) = q̄∗(0) f0(z, z̄) = g20
z2

2
+ g11zz̄ + g02

z̄2

2
+ g21

z2z̄
2

+ · · · . (19)

Note that ut(θ) = (u1t(θ), u1t(θ)) = W(t, θ) + zq(θ) + z̄q̄(θ), and q(θ) = (1, ρ)Teiω+θ ; thus,
we have

u1t(0) = z + z̄ + W(1)
20 (0)

z2

2
+ W(1)

11 (0)zz̄ + W(1)
02 (0)

z̄2

2
+ · · · ,

u1t(−τ+
0 ) = e−iω+τ+

0 z + eiω+τ+
0 z̄ + W(1)

20 (−τ+
0 )

z2

2
+ W(1)

11 (−τ+
0 )zz̄ + W(1)

02 (−τ+
0 )

z̄2

2
+ · · · ,

u2t(0) = ρz + ρ̄z̄ + W(2)
20 (0)

z2

2
+ W(2)

11 (0)zz̄ + W(2)
02 (0)

z̄2

2
+ · · · ,

u2t(−τ+
0 ) = ρe−iω+τ+

0 z + ρ̄eiω+τ+
0 z̄ + W(2)

20 (−τ+
0 )

z2

2
+ W(2)

11 (−τ+
0 )zz̄ + W(2)

02 (−τ+
0 )

z̄2

2
+ · · · .
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Combining (13) and (19) leads to

g(z, z̄) = q̄∗(0) f0(z, z̄)

= B̄(1, γ̄)


∑

i+j+l≥2

f (1)ijl

i!j!l!
ui

1t(0)u
j
2t(0)u

l
1t(−τ+

0 )

∑
i+j≥2

f (2)ij

i!j!
ui

1t(0)u
j
2t(0)


= B̄

{(
1
2

f (1)020ρ2 + f (1)110ρ + f (1)101e−iω+τ+
0

)
z2 + γ̄

(
1
2

f (2)02 ρ2 + f (2)11 ρ

)
z2

+
(

f (1)020ρρ̄ + f (1)110(ρ + ρ̄) + f (1)101(e
iω+τ+

0 + e−iω+τ+
0 )
)

zz̄ + γ̄
(

f (2)02 ρρ̄ + f (2)11 (ρ + ρ̄)
)

zz̄

+

(
1
2

f (1)020ρ̄2 + f (1)110ρ̄ + f (1)101eiω+τ+
0

)
z̄2 + γ̄

(
1
2

f (2)02 ρ̄2 + f (2)11 ρ̄

)
z̄2

+ γ̄

[
f (2)11

(
W(2)

11 (0) +
1
2

W(2)
20 (0) + ρW(1)

11 (0) +
1
2

ρ̄W(1)
20 (0)

)

+
1
2

f (2)02

(
ρ̄W(2)

20 (0) + 2ρW(2)
11 (0)

)
+

1
2

f (2)12

(
ρ2 + 2ρρ̄

)]
z2 z̄

+

[
f (1)110

(
W(2)

11 (0) +
1
2

W(2)
20 (0) + ρW(1)

11 (0) +
1
2

ρ̄W(1)
20 (0)

)
+ f (1)101

(
W(1)

11 (−τ+
0 ) +

1
2

W(1)
20 (−τ+

0 ) + W(1)
11 (0)e−iω+τ+

0 +
1
2

W(1)
20 (0)eiω+τ+

0

)
+

1
2

f (1)020

(
ρ̄W(2)

20 (0) + 2ρW(2)
11 (0)

)
+

1
2

f (1)120(ρ
2 + 2ρρ̄)

]
z2 z̄ + · · ·

}
.

A comparison of the coefficients in g(z, z̄) yields

g20 = 2B̄

[
1
2

f (1)020ρ2 + f (1)110ρ + f (1)101e−iω+τ+0 + γ̄
(1

2
f (2)02 ρ2 + f (2)11 ρ

)]
,

g11 = B̄

[
f (1)020ρρ̄ + f (1)110(ρ + ρ̄) + f (1)101(e

iω+τ+0 + e−iω+τ+0 ) + γ̄
(

f (2)02 ρρ̄ + f (2)11 (ρ + ρ̄)
)]

,

g02 = 2B̄

[
1
2

f (1)020ρ̄2 + f (1)110ρ̄ + f (1)101eiω+τ+0 + γ̄
(1

2
f (2)02 ρ̄2 + f (2)11 ρ̄

)]
,

g21 = 2B̄

[
f (1)110

(
W(2)

11 (0) +
1
2

W(2)
20 (0) + ρW(1)

11 (0) +
1
2

ρ̄W(1)
20 (0)

)
+ f (1)101

(
W(1)

11 (−τ+
0 ) +

1
2

W(1)
20 (−τ+

0 ) + W(1)
11 (0)e−iω+τ+0 +

1
2

W(1)
20 (0)eiω+τ+0

)
+

1
2

f (1)020

(
ρ̄W(2)

20 (0) + 2ρW(2)
11 (0)

)
+

1
2

f (1)120

(
ρ2 + 2ρρ̄

)
+

1
2

γ̄ f (2)02

(
ρ̄W(2)

20 (0) + 2ρW(2)
11 (0)

)
+

1
2

γ̄ f (2)12

(
ρ2 + 2ρ̄ρ

)
+ γ̄ f (2)11

(
W(2)

11 (0) +
1
2

W(2)
20 (0) + ρW(1)

11 (0) +
1
2

ρ̄W(1)
20 (0)

)]
.
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Next, we calculate W20(θ) and W11(θ) in g21. From (17) and (18), we obtain

dW
dt

=
dut

dt
− dz

dt
q − dz̄

dt
q̄

=

AW − 2 Re{q̄∗(0) f0q(θ)}, θ ∈ [−τ+
0 , 0),

AW − 2 Re{q̄∗(0) f0q(0)}+ f0, θ = 0

:= AW + H(z, z̄, θ),

(20)

where

H(z, z̄, θ) = H20(θ)
z2

2
+ H11(θ)zz̄ + H02(θ)

z̄2

2
+ · · · . (21)

On the center manifold C0 near the origin, we have

dW
dt

= Wz
dz
dt

+ Wz̄
dz̄
dt

. (22)

According to (20)–(22), it can be obtained that

(A − 2iω+)W20(θ) = −H20(θ), AW11(θ) = −H11(θ). (23)

For θ ∈ [−τ+
0 , 0), we deduce from (20) that

H(z, z̄, θ) = −q̄∗(0) f0q(θ)− q∗(0) f̄0q̄(θ) = −g(z, z̄)q(θ)− ḡ(z, z̄)q̄(θ).

Comparing the coefficients in (21) implies that for θ ∈ [−τ+
0 , 0),

H20(θ) = −g20q(θ)− ḡ02q̄(θ), H11(θ) = −g11q(θ)− ḡ11q̄(θ). (24)

From (16), (23), and (24), we find that

dW20(θ)

dθ
= 2iω+W20(θ) + g20q(θ) + ḡ02q̄(θ),

dW11(θ)

dθ
= g11q(θ) + ḡ11q̄(θ).

Given that q(θ) = q(0)eiω+θ , it is evident that

W20(θ) =
ig20

ω+
q(0)eiω+θ +

iḡ02

3ω+
q̄(0)e−iω+θ + E1e2iω+θ , (25)

and
W11(θ) = − ig11

ω+
q(0)eiω+θ +

iḡ11

ω+
q̄(0)e−iω+θ + E2, (26)

where E1 = (E(1)
1 , E(2)

1 )T ∈ R2 and E2 = (E(1)
2 , E(2)

2 )T ∈ R2 are constant vectors. To proceed,
it is necessary to identify suitable values for E1 and E2. Considering (16) evaluated at θ = 0
along with (23) yields

∫ 0

−τ+0

dη(θ)W20(θ) = 2iω+W20(0)− H20(0), (27)

and ∫ 0

−τ+0

dη(θ)W11(θ) = −H11(0). (28)
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Let

d1 = f (1)020ρ2 + 2 f (1)110ρ + 2 f (1)101e−iω+τ+0 , d2 = f (2)02 ρ2 + 2 f (2)11 ρ,

d3 = f (1)020ρρ̄ + f (1)110(ρ + ρ̄) + f (1)101(e
iω+τ+0 + e−iω+τ+0 ), d4 = f (2)02 ρρ̄ + f (2)11 (ρ + ρ̄).

From (20), we get

H20(0) = −g20q(0)− ḡ02q̄(0) +

(
d1

d2

)
, (29)

and

H11(0) = −g11q(0)− ḡ11q̄(0) +

(
d3

d4

)
. (30)

Substituting (25) and (29) into (27), we have

(
2iω+ I −

∫ 0

−τ+0

e2iω+θdη(θ)

)
E1 =

(
d1

d2

)
,

that is, (
2iω+ − a11e−2iω+τ+0 −a12

−a21 2iω+ − a22

)
E1 =

(
d1

d2

)
.

Solving the above equations leads to

E(1)
1 =

1
D1

∣∣∣∣∣d1 −a12

d2 2iω+ − a22

∣∣∣∣∣, E(2)
1 =

1
D1

∣∣∣∣∣2iω+ − a11e−2iω+τ+0 d1

−a21 d2

∣∣∣∣∣,
where

D1 =

∣∣∣∣∣2iω+ − a11e−2iω+τ+0 −a12

−a21 2iω+ − a22

∣∣∣∣∣.
Similarly, substituting (26) and (30) into (28), we obtain(

−a11 −a12

−a21 −a22

)
E2 =

(
d3

d4

)
,

from which we can conclude that

E(1)
2 =

1
D2

∣∣∣∣∣d3 −a12

d4 −a22

∣∣∣∣∣, E(2)
2 =

1
D2

∣∣∣∣∣−a11 d3

−a21 d4

∣∣∣∣∣,
with

D2 =

∣∣∣∣∣−a11 −a12

−a21 −a22

∣∣∣∣∣.
By substituting E1 and E2 into (25) and (26), we can determine W20(θ) and W11(θ), from
which we subsequently obtain g21. Given these results, the critical parameters associated
with Hopf bifurcation are calculated as follows:
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c1(0) =
i

2ω+

[
g11g20 − 2|g11|2 −

1
3
|g02|2

]
+

1
2

g21,

µ2 = − Re(c1(0))
Re(λ′(τ+

0 ))
,

β2 = 2Re(c1(0)),

T2 = −
Im(c1(0)) + µ2Im(λ′(τ+

0 ))

ω+
,

(31)

which determine the properties of bifurcating periodic solutions at the critical value τ+
0 .

The parameter µ2 determines the direction of Hopf bifurcation; if µ2 > 0 (µ2 < 0), then
Hopf bifurcation is supercritical (subcritical) and the bifurcating periodic solutions exist
for τ > τ+

0 (τ < τ+
0 ). The parameter β2 determines the stability of the bifurcating periodic

solutions; bifurcating periodic solutions are stable (unstable) if β2 < 0 (β2 > 0). In addition,
the parameter T2 determines the period of the bifurcating solutions; the period increases
(decreases) if T2 > 0 (T2 < 0).

4. Numerical Simulation
In this section, a set of numerical simulations is carried out to validate the theoretical

results established in Sections 2 and 3, while also exhibiting the chaotic behavior existing in
system (4). The parameter values used in this section are chosen purely to highlight the
general dynamical behavior of the system, rather than to simulate any specific ecological
scenario or particular predators and prey. In the following, we select two sets of parameters
to represent the two cases: α = 1.97, β = 1.96, σ = 7.28 for the case τ−

0 < τ+
1 , and

α = 2, β = 1.2, σ = 1 for the case τ−
0 > τ+

1 , to reinforce the consistency between analytical
results and numerical observations.

We consider system (4) with the coefficients α = 1.97, β = 1.96, σ = 7.28. Then,
system (4) has a unique equilibrium E∗ = (0.2453, 1.5621). When τ = 0, the positive
equilibrium E∗ is asymptotically stable. Through calculation, we obtain τ+

0 = 0.2289 <

τ−
0 = 1.9141 < τ+

1 = 1.9616 < τ+
2 = 3.6943 < τ−

1 = 3.9566 from (10). τ and α are
treated as bifurcation parameters, and the bifurcation diagram in the α − τ plane, where
τ+

0 , τ−
0 , and τ+

1 are plotted to explore the stability regions, is presented in Figure 1. From
Theorem 1 (ii), system (4) undergoes multiple stability switches: the equilibrium E∗ is
asymptotically stable for τ ∈ [0, τ+

0 ) ∪ (τ−
0 , τ+

1 ), but becomes unstable for τ ∈ (τ+
0 , τ−

0 ) ∪
(τ+

1 , ∞). Taking τ = 0.1189 ∈ (0, τ+
0 ), τ = 0.2389 ∈ (τ+

0 , τ−
0 ), and τ = 1.948 ∈ (τ−

0 , τ+
1 ),

respectively, we can observe two stability switches from stability to instability and then
back to stability in Figures 2–4. On the other hand, based on the calculations derived from
(31), we obtain c1(0) = −4.727024 − 0.095516i, µ2 = 330.529142 > 0, β2 = −9.454048 < 0,
and T2 = 0.004984 > 0. This suggests that the Hopf bifurcation of system (4) occurring at
critical value τ+

0 is supercritical, and the periodic solutions bifurcating from the equilibrium
point (u∗, v∗) are stable when τ = 0.24 > τ+

0 = 0.2289, as shown in Figure 5.
Now, to explore the chaotic behavior of system (4), we consider the parameters

α = 2, β = 1.2, σ = 1. System (4) admits a unique equilibrium E∗ = (0.6254, 0.2995). Af-
ter calculation, we obtain τ−

0 = 9.8082 > τ+
1 = 7.1661, and τ+

0 = 1.1279. Theorem 1 (i) shows
that the positive equilibrium is stable when τ ∈ [0, τ+

0 ), and unstable when τ > τ+
0 . The

bifurcation diagram—illustrating the dynamics of the predator population v as a function
of the delay parameter τ—is depicted in Figure 6. As τ increases beyond critical thresholds
τ+

0 = 1.1279, system (4) undergoes a sequence of period-doubling bifurcations: the stable
equilibrium loses stability to a period-1 limit cycle, which subsequently bifurcates to period-2
and period-4 oscillations before transitioning to chaos. As shown in Figure 7, system (4) ini-
tially maintains a stable equilibrium for τ = 1.1, followed by a supercritical Hopf bifurcation
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at τ = 1.1283 that gives rise to a stable period-1 limit cycle. Further increases in τ lead to
successive period-doubling bifurcations, with period-2 oscillations emerging at τ = 1.47 and
period-4 oscillations at τ = 1.62. Finally, at τ = 1.66, the system transitions to a chaotic regime
characterized by aperiodic dynamics and a sensitive dependence on initial conditions.

α

τ
τ
−

0

τ
+

1

τ
+

0

0 0.5 1 1.5 2 2.5 3
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

Figure 1. The bifurcation diagram for system (4) with α = 1.97, β = 1.96, σ = 7.28, where the stability
regions are marked with blue dots.

0 100 200 300 400

0.23

0.24

0.25

0.26

0 100 200 300 400

1.54

1.56

1.58

(a)

0.23 0.235 0.24 0.245 0.25 0.255 0.26

1.54

1.55

1.56

1.57

1.58

1.59

(b)

Figure 2. The time evolution of prey and predator densities (a) and the phase portrait (b) of sys-
tem (4) with α = 1.97, β = 1.96, σ = 7.28 and the initial values (u0, v0) = (0.25526, 1.5721) when
τ = 0.1189 ∈ (0, τ+

0 ), showing that the positive equilibrium E∗ is asymptotically stable.

0 20 40 60 80

0

0.2

0.4

0 20 40 60 80

1

1.5

2

(a)

0.15 0.2 0.25 0.3 0.35

1.4

1.5

1.6

1.7

1.8

(b)

Figure 3. The time evolution of prey and predator densities (a) and the phase portrait (b) of sys-
tem (4) with α = 1.97, β = 1.96, σ = 7.28 and the initial values (u0, v0) = (0.25526, 1.5721) when
τ = 0.2389 ∈ (τ+

0 , τ−
0 ), showing that the positive equilibrium E∗ is unstable.
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1.65

1.7

(b)

Figure 4. The time evolution of prey and predator densities (a) and the phase portrait (b) of system (4)
with α = 1.97, β = 1.96, σ = 7.28 and the initial values (u0, v0) = (0.25526, 1.5721) when τ = 1.948 ∈
(τ−

0 , τ+
1 ), indicating that the positive equilibrium E∗ is asymptotically stable.
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Figure 5. The time evolution of prey and predator densities (a) and the phase portrait (b) of system (4)
with α = 1.97, β = 1.96, σ = 7.28 and the initial values (u1, v1) = (1.5, 2) when τ = 0.24, showing
that system (4) exhibits a stable periodic solution.
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Figure 6. The bifurcation diagram of v population of system (4) with increasing τ. Parameters are
α = 2, β = 1.2, σ = 1.
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 = 1.47

(c)
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Figure 7. The phase portraits of system (4) with α = 2, β = 1.2, σ = 1. (a) When τ = 1.1, the
positive equilibrium is asymptotically stable. (b) When τ = 1.1283, a stable period-1 limit cycle is
observed, which arises from the loss of stability of the positive equilibrium. (c) When τ = 1.47, the
system undergoes a period-doubling bifurcation, leading to the emergence of period-2 oscillations.
(d) When τ = 1.62, period-4 oscillations come into being, continuing the sequence of period-doubling
bifurcations. (e) When τ = 1.648, period-8 oscillations emerge. (f) When τ = 1.715, the system
transitions into a chaotic regime, characterized by aperiodic and irregular dynamical behavior.

5. Conclusions
This paper systematically investigates the impact of maturation delay on the dynamics

of predator–prey models incorporating hunting cooperation, with a focus on the intricate
interplay between delay effects and the system’s dynamical characteristics. Through
theoretical analysis and numerical simulations, it is revealed that the introduction of
maturation delay induces stability switches between stable and unstable states of the
positive equilibrium, as well as the emergence of chaotic behavior. These findings indicate
that maturation delay modulates the system’s dynamical behavior in a nontrivial manner.

We first restrict the parameters to ensure that the system has one positive equilibrium
and is stable in the absence of delay, and then study the influence of delay on the stability
of this positive equilibrium. By analyzing the characteristic equation associated with the
positive equilibrium, we derive the existence of Hopf bifurcation and stability-switching
phenomena. System (4) displays distinct stability-switching patterns depending on param-
eter configurations: a single stability switch emerges when τ−

0 > τ+
1 , whereas multiple

stability switches arise in scenarios where τ−
0 < τ+

1 . Then, using normal form theory and
center manifold reduction, we obtain explicit formulas to determine the stability, direction,
and period of bifurcating periodic solutions. Additionally, when τ−

0 > τ+
1 , the system ex-

hibits various complex dynamical behaviors, including periodic solutions, period-doubling
oscillations and chaos. Numerical simulations support these theoretical results, clearly
showing that maturation delay can induce chaotic dynamics. This study advances our
understanding of the complex dynamical properties of predator–prey systems with matu-
ration delay, shedding light on the pivotal role of delay in shaping ecological interaction
patterns and providing a theoretical basis for further explorations into the control and
regulation of such systems in practical ecological contexts.



Modelling 2025, 6, 84 16 of 17

Author Contributions: Conceptualization, C.P. and J.J.; Methodology, C.P. and J.J.; Software, C.P.;
Validation, C.P. and J.J.; Theoretical analysis and calculation, C.P. and J.J.; Investigation, C.P.; Writ-
ing—original draft, C.P.; Writing—review & editing, C.P. and J.J.; Supervision, J.J. All authors have
read and agreed to the published version of the manuscript.

Funding: The work was supported by the National Natural Science Foundation of China (No. 12271346).

Data Availability Statement: All data have been shared in this paper.

Conflicts of Interest: The authors declare that they have no conflicts of interest.

References
1. Tchinda Mouofo, P.; Djidjou Demasse, R.; Tewa, J.J.; Aziz-Alaoui, M.A. Bifurcation analysis and optimal harvesting of a delayed

predator–prey model. Int. J. Bifurc. Chaos 2015, 25, 1550012. [CrossRef]
2. Beauchamp, D.A.; Wahl, D.; Johnson, B.M. Predator-Prey Interactions. Analysis and Interpretation of Freshwater Fisheries Data;

American Fisheries Society: Bethesda, MD, USA, 2007; pp. 765–842.
3. Holling, C.S. Some characteristics of simple types of predation and parasitism. Can. Entomol. 1959, 91, 385–398. [CrossRef]
4. Dawes, J.H.P.; Souza, M. A derivation of Holling’s type I, II and III functional responses in predator–prey systems. J. Theor. Biol.

2013, 327, 11–22. [CrossRef]
5. Lamontagne, Y.; Coutu, C.; Rousseau, C. Bifurcation analysis of a predator–prey system with generalised Holling type III

functional response. J. Dyn. Differ. Equ. 2008, 20, 535–571. [CrossRef]
6. Xiao, D.; Zhu, H. Multiple focus and Hopf bifurcations in a predator-prey system with nonmonotonic functional response. SIAM

J. Appl. Math. 2006, 66, 802–819. [CrossRef]
7. Scheel, D.; Packer, C. Group hunting behaviour of lions: A search for cooperation. Anim. Behav. 1991, 41, 697–709. [CrossRef]
8. Gable, T.D.; Homkes, A.T.; Windels, S.K.; Hall, D.R.; Homkes, A.L. Evidence that wolves use cooperative ambush strategies to

hunt beavers. Ethol. Ecol. Evol. 2024, 36, 220–231. [CrossRef]
9. Redcliffe, J.; Creel, S.; Goodheart, B.; Vink, D.; Schuette, P. Using triaxial accelerometry to detect hunts and kills by African wild

dogs. Front. Ecol. Evol. 2024, 12, 1465094. [CrossRef]
10. Mine, J.G.; Slocombe, K.E.; Willems, E.P.; Crockford, C.; Wittig, R.M. Vocal signals facilitate cooperative hunting in wild

chimpanzees. Sci. Adv. 2022, 8, eabo5553. [CrossRef]
11. De Roy, T.; Espinoza, E.R.; Trillmich, F. Cooperation and opportunism in Galapagos sea lion hunting for shoaling fish. Ecol. Evol.

2021, 11, 9206–9216. [CrossRef] [PubMed]
12. Dejean, A.; Orivel, J.; Cerdá, X.; Azémar, F.; Corbara, B.; Touchard, A. Foraging by Predatory Ants: A Review; Insect Science:

Hoboken, NJ, USA, 2024. [CrossRef]
13. Grinsted, L.; Schou, M.F.; Settepani, V.; Holm, C.; Chobolo, L.L.; Dintwe, G.M.; Bilde, T. Diverging cooperative prey capture

strategies in convergently evolved social spiders. J. Arachnol. 2022, 50, 256–264. [CrossRef]
14. Hannah, K.C. An Apparent Case of Cooperative Hunting in Immature Northern Shrikes. Wilson Bull. 2005, 117, 407–409. [CrossRef]
15. Cosner, C.; DeAngelis, D.L.; Ault, J.S.; Olson, D.B. Effects of spatial grouping on the functional response of predators. Theor. Popul.

Biol. 1999, 56, 65–75. [CrossRef] [PubMed]
16. Berec, L. Impacts of foraging facilitation among predators on predator-prey dynamics. Bull. Math. Biol. 2010, 72, 94–121. [CrossRef]
17. Alves, M.T.; Hilker, F.M. Hunting cooperation and Allee effects in predators. J. Theor. Biol. 2017, 419, 13–22. [CrossRef]
18. Pal, S.; Pal, N.; Samanta, S.; Chattopadhyay, J. Effect of hunting cooperation and fear in a predator-prey model. Ecol. Complex.

2019, 39, 100770. [CrossRef]
19. Du, Y.; Niu, B.; Wei, J. Dynamics in a predator–prey model with cooperative hunting and Allee effect. Mathematics 2021, 9, 3193.

[CrossRef]
20. Han, R.; Mandal, G.; Guin, L.N.; Chakravarty, S. Dynamical response of a reaction–diffusion predator–prey system with

cooperative hunting and prey refuge. J. Stat. Mech. Theory Exp. 2022, 2022, 103502. [CrossRef]
21. Saha, S.; Pal, S.; Melnik, R. Nonlocal cooperative behavior, psychological effects, and collective decision-making: An exemplifica-

tion with predator–prey models. Math. Methods Appl. Sci. 2025, 48, 12011–12037. [CrossRef]
22. Ryu, K.; Ko, W. Stability and bifurcations in a delayed predator-prey system with prey-taxis and hunting cooperation functional

response. AIMS Math. 2025, 10, 12808–12840. [CrossRef]
23. Hafdane, M.; Baba, N.; El Foutayeni, Y.; Achtaich, N. Dynamic complexity of a delayed spatiotemporal predator-prey model.

Front. Appl. Math. Stat. 2025, 11, 1523276. [CrossRef]
24. Mo, H.; Shao, Y. Stability and bifurcation analysis of a delayed stage-structured predator–prey model with fear, additional food,

and cooperative behavior in both species. Adv. Contin. Discret. Model. 2025, 2025, 27. [CrossRef]

http://doi.org/10.1142/S0218127415500121
http://dx.doi.org/10.4039/Ent91385-7
http://dx.doi.org/10.1016/j.jtbi.2013.02.017
http://dx.doi.org/10.1007/s10884-008-9102-9
http://dx.doi.org/10.1137/050623449
http://dx.doi.org/10.1016/S0003-3472(05)80907-8
http://dx.doi.org/10.1080/03949370.2023.2248608
http://dx.doi.org/10.3389/fevo.2024.1465094
http://dx.doi.org/10.1126/sciadv.abo5553
http://dx.doi.org/10.1002/ece3.7807
http://www.ncbi.nlm.nih.gov/pubmed/34306617
http://dx.doi.org/10.1111/1744-7917.13461
http://dx.doi.org/10.1636/JoA-S-20-097
http://dx.doi.org/10.1676/04-118.1
http://dx.doi.org/10.1006/tpbi.1999.1414
http://www.ncbi.nlm.nih.gov/pubmed/10438669
http://dx.doi.org/10.1007/s11538-009-9439-1
http://dx.doi.org/10.1016/j.jtbi.2017.02.002
http://dx.doi.org/10.1016/j.ecocom.2019.100770
http://dx.doi.org/10.3390/math9243193
http://dx.doi.org/10.1088/1742-5468/ac946d
http://dx.doi.org/10.1002/mma.11010
http://dx.doi.org/10.3934/math.2025576
http://dx.doi.org/10.3389/fams.2025.1523276
http://dx.doi.org/10.1186/s13662-025-03879-y


Modelling 2025, 6, 84 17 of 17

25. Du, Y.; Niu, B.; Wei, J. Global dynamics in a predator-prey model with cooperative hunting and Allee effect and bifurcation
induced by diffusion and delays. arXiv 2020, arXiv:2007.12801. [CrossRef]

26. Jang, S.R.J.; Yousef, A.M. Effects of prey refuge and predator cooperation on a predator–prey system. J. Biol. Dyn. 2023, 17, 2242372.
[CrossRef] [PubMed]

27. Gourley, S.A.; Kuang, Y. Wavefronts and global stability in a time-delayed population model with stage structure. Proc. R. Soc.
London. Ser. A Math. Phys. Eng. Sci. 2003, 459, 1563–1579.

28. Dubey, B.; Kumar, A. Dynamics of prey–predator model with stage structure in prey including maturation and gestation delays.
Nonlinear Dyn. 2019, 96, 2653–2679. [CrossRef]

29. Ruan, S. On nonlinear dynamics of predator-prey models with discrete delay. Math. Model. Nat. Phenom. 2009, 4, 140–188. [CrossRef]
30. Kumar, A.; Dubey, B. Dynamics of prey–predator model with strong and weak Allee effect in the prey with gestation delay.

Nonlinear Anal. Model. Control 2020, 25, 417–442. [CrossRef]
31. Ray, S.; Al Basir, F. Impact of incubation delay in plant–vector interaction. Math. Comput. Simul. 2020, 170, 16–31. [CrossRef]
32. Neubert, M.G.; Klepac, P.; Van den Driessche, P. Stabilizing dispersal delays in predator–prey metapopulation models. Theor.

Popul. Biol. 2002, 61, 339–347. [CrossRef]
33. Jiang, J.; Song, Y. Delay-induced Bogdanov–Takens bifurcation in a Leslie–Gower predator–prey model with nonmonotonic

functional response. Commun. Nonlinear Sci. Numer. Simul. 2014, 19, 2454–2465. [CrossRef]
34. Liu, M.; Jiang, J. Hopf bifurcation analysis in a diffusive predator-prey model with repulsive predator-taxis and digestion delay. J.

Math. Anal. Appl. 2024, 540, 128562. [CrossRef]
35. Pal, S.; Hossain, M.; Panday, P.; Pati, N.C.; Pal, N.; Chattopadhyay, J. Cooperation delay induced chaos in an ecological system.

Chaos Interdiscip. J. Nonlinear Sci. 2020, 30, 083124. [CrossRef]
36. Enatsu, Y.; Roy, J.; Banerjee, M. Hunting cooperation in a prey–predator model with maturation delay. J. Biol. Dyn. 2024, 18,

2332279. [CrossRef]
37. Krishnanand, V. Dynamics of a predator–prey model with maturation delay and hunting cooperation in predator. Int. J. Appl.

Comput. Math. 2025, 11, 69. [CrossRef]
38. Xu, Y.; Zhao, J.; Wei, X. Spatiotemporal dynamics in a delayed diffusive predator–prey model with cooperative hunting and

group defense. Adv. Contin. Discret. Model. 2025, 2025, 113. [CrossRef]
39. Hutchinson, G.E. An Introduction to Population Ecology; Yale University Press: New Haven, CT, USA, 1948.
40. Rao, F.; Castillo-Chavez, C.; Kang, Y. Dynamics of a diffusion reaction prey–predator model with delay in prey: Effects of delay

and spatial components. J. Math. Anal. Appl. 2018, 461, 1177–1214. [CrossRef]
41. Song, D.; Li, C.; Song, Y. Stability and cross-diffusion-driven instability in a diffusive predator–prey system with hunting

cooperation functional response. Nonlinear Anal. Real World Appl. 2020, 54, 103106. [CrossRef]
42. Hassard, B.D.; Kazarinoff, N.D.; Wan, Y.H. Theory and Applications of Hopf Bifurcation; Cambridge University Press: Cambridge,

UK, 1981.
43. Hale, J.K.; Lunel, S.M.V. Introduction to Functional Differential Equations; Springer Science and Business Media: New York, NY,

USA, 2013.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.48550/arXiv.2007.12801
http://dx.doi.org/10.1080/17513758.2023.2242372
http://www.ncbi.nlm.nih.gov/pubmed/37534883
http://dx.doi.org/10.1007/s11071-019-04951-5
http://dx.doi.org/10.1051/mmnp/20094207
http://dx.doi.org/10.15388/namc.2020.25.16663
http://dx.doi.org/10.1016/j.matcom.2019.09.001
http://dx.doi.org/10.1006/tpbi.2002.1578
http://dx.doi.org/10.1016/j.cnsns.2013.11.020
http://dx.doi.org/10.1016/j.jmaa.2024.128562
http://dx.doi.org/10.1063/5.0012880
http://dx.doi.org/10.1080/17513758.2024.2332279
http://dx.doi.org/10.1007/s40819-025-01879-w
http://dx.doi.org/10.1186/s13662-025-03971-3
http://dx.doi.org/10.1016/j.jmaa.2018.01.046
http://dx.doi.org/10.1016/j.nonrwa.2020.103106

	Introduction
	Stability of the Positive Equilibrium and Hopf Bifurcation
	Direction and Stability of the Hopf Bifurcation
	Numerical Simulation
	Conclusions
	References

