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Abstract: We present a practical numerical model for calculating transmittance and re-
flectance of multilayer antireflection coatings taking third-order optical nonlinearities into
account. Thereby, the impact of different types of discretization of the complex refractive
index profile on the predicted system performance is investigated. Additionally, aspects of
parallelism of the calculations are discussed. It is shown that the inclusion of nonlinearity is
essential when large laser intensities are incident to the coating. The developed method is
applied for the design of different antireflective coatings matching various types of targets.

Keywords: antireflection coatings; nonlinear optic; two-photon absorption; third-order
optical nonlinearity; coating design

1. Introduction

Today, optical coatings are applied in practically all branches of optics, with the pur-
pose of modifying optical and non-optical properties of optical surfaces [1]. Antireflection
coatings belong to the most frequently produced groups of optical coatings and are in-
dispensable in any transmissive optical system. The design of optical coatings is usually
performed in the framework of standard model assumptions [2]. In many antireflection
tasks, a broad spectral range and different illumination conditions (angle of incidence,
polarization state) must be covered [3,4]. For a wide variety of specifications, optimal
solutions are well known [5-8], and the impact of layer number and optical constants on
the expected optical performance can be estimated by empirical expressions [9].

In many applications (only performance for s-polarization is specified), in accordance
with the maximum principle [10], only two materials with maximum refractive index
contrast are required in the coating design. Additionally, further non-optical aspects such
as mechanical and environmental stability may have to be considered [11,12].

In particular, the standard model assumes the validity of linear optics, which results
in transmittance and reflectance values that do not depend on the light intensity.

However, this result is only true for incident light intensities that are small enough
for neglecting any nonlinear optical processes in the coating as well as in the substrate.
Nowadays, high-power lasers are widely available and the demand for optical components
that work at high laser intensities is increasing accordingly. Often, the most important
additional requirement is to achieve the highest possible laser-induced damage threshold
(LIDT). However, reversible changes in optical performance (for example the reflectance)
of a component could be observed in the pre-damage regime and can be explained by the
emerging significance of nonlinear effects. In [13], a reversible drop of reflectivity with
increasing intensity was observed and could be explained by two-photon absorption in
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the high refractive index component. Several approaches have been reported for including
third-order optical nonlinearities into the calculation of the coating reflectance [14-16].
While a calculation of the reflectance might be sufficient for mirrors, this is not valid in the
general case. This can be exemplified by an antireflective coating that is used to maximize
the transmittance in the presence of optical losses.

The motivation of this study is in the formulation of a design recipe for antireflection
coatings when third-order nonlinear optical effects cannot be neglected. We will have to
formulate certain model assumptions that extend the usual thin film model accordingly.

2. Theory
2.1. Considerations on the Field Strength in an Antireflection Optical Coating in Linear Optics

Let us assume that in a layered system, similar to the system shown in Figure 1, a
certain number of films (numbered by the index m) is separated from each other by flat
infinitesimally thin interfaces (the vertical lines). The light is incident from the right. In
Figure 1, the electric fields’ strength E for both travelling directions at the interfaces is visu-
alized. The contribution of the m-th layer can be calculated by the matrix method [17-20],
when the (complex) refractive indices 1, and thickness d,, are given. Here, no damping in
the two semi-infinite media substrate and ambient (superstrate) is assumed and therefore
the refractive indices ng,; and n4,,, are considered as real numbers.
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Figure 1. Definition of relevant quantities.

Transmittance T and reflectance R are defined as ratios. In the case of normal incidence,
we have the following expressions [17-20]:

_ 2 1+
_ Msup |E5ub| R = ‘EAmb‘ (1)
_ 2
|E/Amb|

 Namb |E’Zmb|2

In the case of a perfect antireflective coating, the requirement R = 0 directly leads to
’E’ Zmb’ = 0. Additionally, the semi-infinite substrate results in |EJ,,| = 0 and from T =1,
the electric field strength in the substrate is as follows:

_ 2 n _ 2
|Esupl :ﬁ‘E’AmH ()

For the antireflective coating, we can easily deduct that the electric field strength in
the substrate does not depend on the design or optical constants of the selected materials.
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In Figure 1, we focus our attention on the electric field strength, but of course, the mag-
netic field of the waves have to be included accordingly. Note that in any stratified system,
the spatial dependence of the E- and H-field must suffice for the system of equations [20,21]
(here for normal incidence and linear optics only):

‘Z—f = —iyowHi—Ij = —iggewE 3)
with angular frequency w, vacuum permeability po and vacuum permittivity &.

In the case of a single wavelength at a fixed angle of incidence, zero reflectance can
be achieved when a certain amplitude and phase conditions are fulfilled by the coating.
Theoretically, this could be achieved by a single layer coating, but the required refractive
index of the coating material is not always available in nature.

The two layer antireflecting coating for a single wavelength at normal incidence of
light is known as V-coating and has two primitive solutions for the layer thicknesses [22].
In the case of loss-free coatings, an infinite number of additional two-layer solutions can
be generated by increasing the optical thicknesses by an arbitrary number of halfwave
layers [18]. Thereby, the spatial electric field distributions near both semi-infinite media
(regions I and III in Figure 2) are identical for both designs. The electric field strength at
the interface between the high and low refractive index material is also identical for both
solutions (red, dotted horizontal line) and depends on the refractive indices used. The
refractive indices assumed in the present design are summarized in Table 1.
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Figure 2. Electric field strength (a,b) and refractive index profile (c,d) of both type of conventional
V-coatings.

Table 1. Assumed linear optical constants n and K and real and imaginary part of the cubic suscepti-
bility of the underlying materials for the target wavelength 532 nm.

Material n K Re x®¥/m?V-2  Imx®/m2v-2
Substrate 1.4607 0 0 0
H 2.249 0 1.86 x 10~20 2.74 x 1021
L 1.477 0 2.05 x 10~22 7.32 x 102
Ambient 1 0 0 0

In general, feasible combinations of the refractive indices can be visualized in the
Schuster plot (Figure 3) [22]. Commonly, the low refractive index material is located at the
interface to the ambient medium (here air) and has a refractive index close to that of the
substrate. In Figure 3, this area is highlighted by a green triangle and the position of the



Modelling 2025, 6, 48

40f23

assumed refractive indices (Table 1) is marked by a black diamond. As long as the refractive
index at the interface to the substrate is larger than the square root of the substrate refractive
index, the lower refractive index must be located closest to air (denoted as Sub H L). In
the area highlighted in red, this is no more fulfilled (Sub L H) but for typical optical glass
substrates, this requires optical constants commonly not available from bulk materials. The
same applies to the Sub H L region highlighted in yellow.

V1sub Nsup
2.4

n;
2.2

SubLH
1.8

1.6

1.4

1.2

1 1.2 1.4 1.6 1.8 2 2.2 2.4
nm
Figure 3. Feasible range (in green) of refractive indices for a single-wavelength double-layer antire-
flection coating at normal incidence (adapted Schuster plot [22]). Refractive index combinations in
white areas do not provide complete antireflection. Areas highlighted in red and yellow provide
antireflection, but the necessary refractive indices are hardly found in nature when the substrate
index is around 1.5.

It is obvious that for a single-wavelength antireflective coating, complete suppression
of the reflected light does not require a maximum contrast of the refractive indices.

In Figure 2, the electrical field distribution in section II is symmetric, but is different for
both types of the V-coating. In particular, the observed minimum electrical field strength
depends on the refractive index of this section. In general, the refractive index of section II
is not limited to the value of the selected high and low refractive index material and can be
replaced by a different material. Then, zero reflectance of the coating will persist when an
adapted thickness is used for the layer that replaces Section II. This finding in combination
with Herpin’s concept of an equivalent layer for a symmetrical layer sequence [23] has been
used to form further initial designs with an increased number of layers [24-28].

Figure 4 shows further types of solutions. In (a), the central layer in Section I is the
high index material, while in (b), it is the low refractive index material. One-layer thickness
can be freely selected during the design process. Here, a layer thickness of 20 nm was
chosen for the identical two layers of Section II that are adjacent to regions I and IIL

Note that the replacement of Section Il by a symmetric three-layer sequence increases
the number of layers in the coating only by two. In other words, instead of a two-layer
coating, we now obtain a four-layer coating. The replacement procedure may thus be
understood as the addition of a pair of layers and subsequent adoption of the thicknesses.
We will make use of this approach later in Sections 3.4 and 3.5.
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Figure 4. Electric field strength (a,b) and refractive index profile (¢,d) of a conventional antireflective
coatings with increased layer number, where Section II of the V-coating in Figure 2 is replaced by a
symmetric layer sequence LHL (a) or HLH (b). Dashed lines indicate the interface positions of the
symmetric layer sequence.

So far, our discussion has been restricted to linear optics. In applications with high-
power lasers, several specific aspects are relevant:

1. The high intensity of the laser can cause damage of the coating (quantified by laser-
induced damage threshold LIDT);

2. Evenin the pre-damage regime, nonlinear behavior of the materials can decrease the
optical performance;

3. Itis common that only a single wavelength or a very limited wavelength range must
be considered.

4. The substrate is not only the sheet “holding” the coating, but it may also be curved
(lens) or provide the main functionality when nonlinear effects are used to generate
light of a different wavelength (four-wave mixing: harmonic generation, sum- and
difference-frequency generation, spontaneous parametric down-conversion, etc.).
Often, the corresponding materials are optically anisotropic crystals.

Our further focus will be on the second and third points. Note that our model does only
consider reversible processes in the coating; hence, phenomena like material intermixing
at interfaces or LIDT are not included into the model. It is implicitly assumed that the
field strength at any point in the coating does not exceed a critical value relevant for
the emergence of laser damage. Concerning LIDT, we would like to refer to two more
specialized references where further information can be found [29,30].

2.2. Basic Assumptions to Consider Nonlinear Effects

In conventional thin film optics, the electric dipole approximation and optically
isotropic materials (without magnetic response) are assumed. Thereby, the time-dependent
electric field E induces a macroscopic polarization P in the medium as follows [31]:

P(t) —eo | K(@E(t - )iz 4)

Thereby, « is the real response function of the medium, ¢ the time and the integration
variable ¢ stands for the time delay.
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In the case of nonlinear optics, the macroscopic polarization can be generalized
as follows [31]:

P(t) PV + P2+ PO 4 =gy [k — &)dE+
SOHK )(&1,8)E(t — §1)E (f—Cl—Cz)d§1d62+

SOJH K3 (81,80, 83)E(t— E1)E(t— &1 — &)E(t — & — & — &3)d8dldEs + -

In the more common frequency domain, the corresponding formulation of the macro-
scopic polarization is

P=PY +P@ 4+ PO 4 = egxWE+ eoxPE2 + eox B + - -- (6)

with (linear) susceptibility W, quadratic susceptibility x? and so on. In the case of
third-order nonlinearity addressed in this article, the contributions to the macroscopic
polarization are limited to xW and x©.

The spectral dependence from the angular frequency w of the linear susceptibility y(!)
can be expressed by the complex dielectric function &, the complex refractive index 7 or the
(ordinary) refractive index n and the extinction coefficient K using the following equations:

tw) =14 xV(w) = #(w)* = [n(w) +iK(w)]? )

In the case of a monochromatic input, the cubic susceptibility x(®) is related to the
nonlinear refractive index n, and two-photon absorption coefficient § by the following set
of equations:

(o) — 3poc 3) () 4 K@) 16

2() 4[n(w)? + K(w)’] [Rex ST RN )} .
_ Spow @ (o) — KW po(3)

pe) z[n(w)2+1<(w)2] [I ) ”(W)RX (V)]

Thereby, ¢ is the velocity of light in a vacuum.
For simplification, in further equations, the absence of linear absorption (K(v) = 0)
will be assumed. In a stratified medium, the Maxwell equations can be reduced to a
boundary value problem of two differential equations. In the case of normal incidence,
and neglecting all other possible nonlinear optical effects except nonlinear absorption and
refraction phenomena, the following wave equations can be obtained as a generalization of
Equation (3):
£ = —ipowH
p 'dz 3 012 )
i —iggewE — 1 ieowx |E|°E

The system of Equation (9) is an expression of specific model assumptions, namely the
significance of linear optical processes combined with nonlinear refraction and absorption,
while neglecting all other nonlinear interactions. In contrast to the linear case, in this model,
each material is characterized by a set of four optical constants, namely 7, K, Rex(®) and
Im)( (see Table 1).
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2.3. Iterative Approach for Calculation of the Spectral Response
2.3.1. Runge-Kutta Calculation

In the case of a semi-infinite substrate, no back travelling wave will occur and
the boundary conditions at the interface coating/substrate (i.e., at z = 0 in Figure 1)
can easily be formulated. Then, the Maxwell equations can be numerically solved by
Runge-Kutta [16]. The resulting spatial distribution of the electric and magnetic field can
be used for the calculation of transmittance and reflectance according to the corresponding
definition as intensity ratios.

This approach is very efficient when the intensity dependence of transmittance and
reflectance is calculated. Calculation of the response to a given intensity of the incident
light is more challenging because this requires defining a boundary condition at the inter-
face coating/ambient, i.e., at z = dy,;. In this case, the following iterative approach can
be used [16]:

1. Calculate transmittance of the coating for the linear case;

2.  Estimate the expected electric field strength at z = 0 according to the definition of
the transmittance;

3. Calculate spatial distribution of the electric and magnetic field for the given electric
field strength at z = dy;

4. Adapt electric field strength at z = 0 according to the remaining discrepancy in the
electric field at z = d;o;

5. Repeat with step 3 until the discrepancy is below a certain threshold.

2.3.2. Iterative Matrix Method

This is a rather tedious procedure, and therefore, an alternative approach seems
prospective and has been already successfully applied for high reflective coatings [15].
Basically, all layers are sliced in sufficiently thin homogeneous layers and the linear optical
constants are replaced by “effective” optical constants calculated based on individual
average electrical field strength (see Figure 5, compare Equations (10) and (11)). Here,
“sufficiently thin” means that the slice thickness must not exceed a certain threshold value
dmax, obtained as a compromise between calculation time and accuracy. Considerations on
the choice of d,;,;» form the content of Section 3.1.

The electric field strength at the boundaries of the slices can be calculated directly as
outlined in [32-34].

In the initial stage, the resulting “effective” optical constants are as follows:

3
0 () = 00 (2) 4 2R o)

50 () e e

(10)

3
K () () — 3 Imy® ’ (0)‘2

T80 ()0 = B(2)1(z)

In subsequent iterations, the corresponding spatial distribution of the electric field
strength is used to update the “effective” optical constants:

3Rex(3)’ i

(eff,(7) (z) = 5(0)
n (Z) n (Z) + SH(O)(Z) 0

(11)

3 .
Kl () () = 3Tmx | (H)’z

8 n(0) (z) 0
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Figure 5. (a): Polyline representation of the spatial distribution of the electric field in the linear case;
(b): linear (blue) and effective refractive index (red) for 10° W/cm? of the sliced layers 1 (green
background) and 2 (yellow background) of the conventional V-coating. Boundaries of the slices are
marked by dotted lines.

2.4. Design Process

There are currently no established design approaches that consider the nonlinear be-
havior of the materials. For better differentiation, the terms “conventional” and “nonlinear”
are used below to distinguish whether nonlinear effects are also considered or not.

The partial discrepancy function DF(Y') use a weighted difference between modelled

value Y"odlled and target value Y8 and is commonly [19] defined as follows:

1
1N Y]modelled _ ytarget\ P v

— J
DF(Y) = N}; AY, (12)

Thereby, N is the number of target values, AY are the corresponding tolerances and p
is the power (often 2).

In the following section, it will be useful to introduce various target functions Y*, Y?,
and Y*, which will be minimized by different designs. They are introduced in Equation (13).
For Y? (= R) and Y° (= (1 — T)), the common target value for an antireflection coating is
zero and the modelled values for both quantities are always non-negative. For this reason,
a power of 1 is a natural choice for the discrepancy function and represents the weighted
average value. For the design calculations performed here, the quantities were weighted
equally and therefore, AY = 1.

Y* =R

13
Yo =[RY =1-T 13)
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(a)

d, /nm

(c)

d, /nm

It is obvious that the number of required parameters must be increased to consider
the nonlinear effects. Besides the layer thicknesses, in conventional designs, the refractive
index and the extinction coefficient are commonly used. In the nonlinear case, knowledge
on the real and imaginary parts of the cubic susceptibility (we neglect the tensor character
of x® for simplicity here) are required as well.

The simplest way to generate a nonlinear design is to refine a conventional design [35].

While in most cases, we will use targets Y? and Y¢, for a special specification, Y?
turned out to deliver the best results.

As long as the number of parameters is small, a “brute force” approach could be used
to find the global minimum of the function. Thereby, the value of the discrepancy function
is calculated at each point of a sufficient fine multidimensional grid. In conventional
designs for a single wavelength, halfwave layers will have no effect and can be eliminated
from the design. In the nonlinear case, an additional halfwave layer will mainly increase
the absorption. For this reason, commonly, the optical thickness of individual layers should
not exceed the halfwave optical thickness.

In Figures 6 and 7, a logarithmic plot of the discrepancy function is shown for different
light intensities. Therefore, different kind of targets and p = 1 have been used. On the
left, target Y* is used, while on the right, target Y° is relevant. In the case of an intensity of
10° W/cm?, both representations are very similar and show a nearly periodic dependence
when the thickness is increased by integer multiples of the halfwave optical thickness [36].
The zoomed view (Figure 6¢,d) of a local minimum shows that the corresponding layer
thicknesses at the minimum are nearly identical for both discrepancy functions.

(b) , 1

1072
1074
107

1078

d, /nm

d, /nm

dl/nm dl/nm

Figure 6. Logarithmic presentation of reflectance (a,c) and transmittance (b,d) of two layer coatings
for different layer thicknesses for 10° W/cm?.
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(a)

(b)

d, /nm

dz/nm

()

d, /nm

dy /nm

d, /nm

dy/ nm » dy/nm

Figure 7. Logarithmic presentation of reflectance (a,c) and transmittance (b,d) of two layer coatings
for different layer thicknesses for 101" W /cm?.

In the case of an intensity of 10!' W/cm?, the quasi-periodicity persists only when
target Y is used. The layer thickness of the high refractive index material decreases
and is different for both discrepancy functions. Additionally, the area of discrepancy
function below 10~8 (estimated numerical precision of floating-point calculations) shrunk
for reflectance and completely disappeared for transmittance.

In the conventional design process, various methods summarized as gradual evalua-
tion are a well-established approach [37]. Thereby, either a new layer is added, or the layer
thickness of an already existing layer is increased until a different local minimum of the
discrepancy function is reached. In this case, the layer number is kept constant or increased
by one. If the new layer is added on an arbitrary position, the layer number is increased by
two. In the case of very thin layers, this is known as the needle algorithm [38].

In the case that only a single intensity is specified, the concept of effective optical
constants enables a straightforward implementation of established design approaches to
the nonlinear case. In the case of a limited number of required intensities, an extension of
the multi-environment concept implemented in OptiLayer [39] and OTF Studio [40] seems
to be prospective.

In the case of a specification that only contains a single wavelength, the concept of
Herpin [24] is a well-suited approach to increase the layer number [24-27,37,41,42]. Ata
single wavelength, a symmetrical three-layer sequence with d; = d3 and n; = n3 performs
identical to a single layer with equivalent thickness and refractive index. Adding such a
layer sequence at the interface to air, the linear optical response of the coating remained
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(a)

constant when the equivalent refractive index was identical to the refractive index of the
ambient media. For the assumed optical constants of the high and low refractive index
materials, this can be achieved for various thickness combinations (Figure 8).

-
\?y N

7.

0 0.2 0.4 0.6 0.8 1
QWOT1

Figure 8. Thickness combinations for a symmetrical three-layer system resulting in an equivalent
refractive index of 1.

3. Results
3.1. Impact of the Maximum Slice Thickness

For each individual layer with thickness d,,;, the number of slices Nf,fice is calculated
according to the maximum thickness of slices d;;x and used to generate slices with an
equal thickness dslice (see Figure 5).

N]s%lice — ’7 dm “

dmax
dm
Nrsr{ice

(14)

slice __
a5l =

In the case of the V-coating specified for a wavelength in the visible spectral range
(VIS), a maximum thickness of slices dy;,x = 1 nm was sufficient (Figure 9). The situation
is similar to the design of rugate filters, when inhomogeneous layers are replaced by
homogeneous slices during the design process [43]. In the VIS, this is consistent with the
condition d, <€ A.

x107° (b)
8.08 . . : 0.257 . ;
8.06 -
0.256
8.04 -
802l 0.255
x
8r 0.254
7.98
0.253 F
7.96
7.94 : - : 0.252 - : :
1073 1072 107 1 10 1073 1072 107" 1 10
dmax / nm dmax / nm

Figure 9. Dependence of the calculated reflectance from maximum allowed slice thickness for a
conventional V-coating for 532 nm at 10" W/cm? (a) and 1012 W/cm? (b).

For larger values of d;,x, the ceiling in Equation (14) has only a small impact on the
number of slices N5/ of the thin high refractive index layer and the calculated reflectance
values of the coating remain nearly constant (Figure 9) until the resulting number of slices
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(a)

0.8

0.6

0.4

0.2

is further decreased. Even with a maximum slice thickness of 10 nm, the relative deviation
for the reflectance is only ~1.5% for both intensities.

3.2. Convergence

When implementing the iterative matrix method, the required number of iterations
until convergence of the result is important. In the case of the investigated antireflective
coatings, for intensities corresponding to small deviations between linear and effective
optical constants, only ~3 iterations are required (Figure 10a). In the case of very high
intensities, the basic assumptions are no longer valid. For an intensity of 10'> W/cm?,
the method still converges and reaches its final value after approximately 50 iterations
(Figure 10b). Nevertheless, the correctness of the result is questionary.

(b)

1

><’IQ’3
r 9 1 0.8F 1
r 8.5 q 06| 4
e
o ’
L 8 . ] J
0 10 0.4
r / 1 0.2 j
0 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 10 20 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
iteration iterations

Figure 10. Interim values during iterative calculation of a conventional V-coating for 532 nm at
101 W/cm? (a) and 1012 W/cm? (b).

Similar results are obtained when investigating the convergence of the calculated
transmittance.

3.3. Normal Incidence, Single-Wavelength AR-Coatings Optimized for a Single Intensity

As already explained, the additional specification of the intensity is required to take
nonlinear effects in the coating design into account. Wavelengths, angles of incidence, polar-
izations and light intensities must therefore be specified for an antireflection coating. In the
following section, we will first consider the simplest case: The antireflection coating should
only be applied for a single wavelength, normal incidence of light and a specified light
intensity. The discrepancy function with target values Y* and Y? according to Equation (13)
are practically the same for this problem, because the target light intensity 10'! W/cm?
only acts as a scaling factor. Due to the losses caused by the two-photon absorption, the
discrepancy function with target values Y” and Y* according to Equation (13) are different
and lead to different solutions accordingly. The conventional V-coating is also sufficient for
laser applications [44] and was used as the starting design for the refinement in both cases.
The intensity-dependent performance for both target values and conventional V-coating
has recently been published in [2] and is shown in Figure 11. Layer thicknesses for the
three different designs are summarized in Table 2.

While the conventional V-coating shows a monotonic increase in both target values
with the light intensity, the optimized designs show a clearly pronounced minimum in
reflectivity. For the R-optimized design, this minimum is naturally observed at the specified
light intensity and achieves values in the range of the numerical accuracy. The design for
maximum transmittance, on the other hand, only reaches its minimum reflectance at a
slightly higher light intensity and, although it has a low reflectance, R is significantly larger
than for the design optimized for minimum reflectance. Both optimized designs have an
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almost constant transmission and reflectivity at low light intensities, but this is significantly
worse than with the conventional V-coating.

102;

@ 1074k

1076 ¢

10—87 ! I R T S S R | L | I T T S S
10° 100 10™ 10'?

-2
I0 / Wecm

(b)

1072

T 10 E

107° = 3

10-3_ . L . L . e ]
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Figure 11. Reflectance (a) and transmittance (b) of a conventional V-coating (black) and optimized
designs for minimum reflectance (red) and maximum transmittance (green) at 10T W/cm?.
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(a)

200

Table 2. Layer thicknesses for the calculated 2-layer coating.

d/nm
Layer . R-Optimized  T-Optimized
Number Material V-Coating Design Design
(Target Y*) (Target Y°)
1 H 17.5 11.7 8.4
2 L 121.5 122.4 125.8

Figure 12 shows the spatial distribution of the electric field strength (a,b), the effective
refractive index (c,d) and the effective extinction coefficient (e,f) for the conventional
V-coating and the design with minimum reflection for the specified light intensity of
10! W/cm? and for an increased light intensity of 1012 W/cm?.

(b)

150 |
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Figure 12. Conventional V-coating (left column) and optimized design (right column) for mini-
mum reflectance at 101! W/cm? for 532 nm wavelength at different intensities: 1011 W/cm? (blue)
and 102 W/cm? (red) (a,b): normalized electric field strength, (c,d): effective refractive index and
(e,f) effective extinction coefficient.

For the intensity of 10! W/cm? (blue curves in Figure 12), the curves deviate only
slightly from those calculated in the linear optics range as shown in Figure 2a,c. For the
conventional V-coating, for example, the electric field strength at the interface to air is
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slightly higher than in the linear case, which corresponds to 100%. For the optimized
design for minimum reflection at this intensity (right column), the spatial field strength
distributions look similar to the conventional case. Additionally, the effective optical
constants remain close to their linear counterparts. For the intensity of 1012 W/cm? (red
curves in Figure 12) on the other hand, the deviations in Figure 2 are already significant.
This is consistent with the estimated upper limit for the light intensity due to the poor
convergence in the previous section.

3.4. Normal Incidence, Single-Wavelength AR-Coating Optimized for Two Intensities

The AR coating from the previous chapter demonstrated that almost complete anti-
reflection can be achieved for a single light intensity with a two-layer system. However,
even small deviations from the specified intensity led to a significant increase in reflectivity,
so that in practice, somewhat more complex and therefore less sensitive design solutions
appear desirable.

For antireflective coating at high intensities, the possibility of using an additional pair
of layers to achieve almost complete anti-reflective coating for a further light intensity
was investigated. It was found that a minimum reflectance for intensities 10° W/cm? and
1011 W/cm? for a wavelength of 532 nm and normal incidence of light are required. The
dependence of the reflectance from light intensity for the deducted design (Table 3) is shown
in Figure 13. A sharp drop of the reflectance for both specified intensities can be observed.
Again, the reflectance level at lower intensities nearly remains constant, but is significantly
lower in comparison to the optimized two-layer coating from the previous section.

Table 3. Layer thicknesses for the calculated 4-layer coating.

Layer Number Material dinm
1 H 16.5
2 L 37.3
3 H 37.3
4 L 95.6

10—5 L

10—10 -

10—15 | M | P | N | L
107 108 10° 1010 10" 10"2

-2
I0 /Wem

Figure 13. Reflectance of a 4-layer normal incidence AR-coating optimized for intensities 10° W/cm?
and 101 W/cm?.
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3.5. Normal Incidence, Single-Wavelenth AR-Coatings Optimized for an Intensity Range

This section presents different design solutions for the intensity range 10° W/cm? to
10! W/cm?. The 201 discrete intensities used form a geometric series and are therefore
equally distributed in the logarithmic representation. Although the high number of support
points for the light intensity is associated with a significantly increased computational
effort, it improves convergence, as an almost complete antireflection coating only appears
possible for a few discrete intensities due to the limited number of layers. Additionally, the
reflected intensity Y? instead of the reflectance Y* (compare to Equation (13)) was used to
reduce problems with numerical stability when a sum of very small value is calculated.

Again, initial design solutions for up to eight layers have been created this way. Layer
thicknesses for the generated designs are outlined in Table 4.

Table 4. Layer thicknesses for the calculated design solutions.

Number of Layers

Y Material 2 4 6 8 10
d/nm d/nm d/nm d/nm d/nm
1 H 13.9 16.3 11.9 3.6 0.005
2 L 122.1 37.8 44.5 64.1 79.8
3 H 36.8 75.6 16.2 4.3
4 L 95.6 7.9 32.8 56.1
5 H 16.9 98.3 16.7
6 L 71.6 441 30.9
7 H 1.5 97.2
8 L 32.7 445
9 H 1.6
10 L 32.3
Figure 14 (a,b) (c,d) (ef) (gh) (i,j)

For the design with 10 layers, a different approach has been applied. In this case, an
100-layer coating with identical layer thickness for all layer has been used as a starting
design for the refinement. In the intermediate results, the layers with a thickness of almost
zero were removed from the design. Finally, a 10-layer design was found. It is obvious that
the thickness of the first layer is too small for a practical realization of the design, so this
layer should be removed. Then, the small contrast between the new initial layer and the
substrate can be used to eliminate the former 10th layer as well without a serious impact
on the discrepancy function. The resulting design contains eight layers and is close to the
already deducted solution for an eight-layer coating. After a further refinement, the designs
become identical.

In Figure 14, the dependence of the reflectance from light intensity and the spatial
electric field distribution for the limiting value of the light intensities are shown for all
designs from Table 4. Within the specified range of the light intensities, only up to three
reflectance minima are observed. This could be an indication that the number of minima
could not be further increased by adding a pair of layers.

Nevertheless, an increased number of layers results in a significant drop in the dis-
crepancy function (Figure 15).
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Figure 14. Reflectance (left column) and electric field strength distribution (right column) of nor-
mal incidence AR-coating optimized for intensities in the range from 10° W/cm? (orange line) to
10 W/cm? (blue line). Dashed lines indicate positions of the interfaces.
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Figure 15. Dependency of the discrepancy function of the average reflected intensity from the
underlying number of layers for designs from Table 4.

3.6. Parallelism of the Calculations

The hardware in modern computers supports the parallel processing of calculations.
Commercially available processors contain several processor cores that enable different
parts of a task to be processed simultaneously. Hyperthreading further increases the number
of tasks that can be performed simultaneously. Many modern graphics cards contain a
large number of graphics processors that can also be used for calculations. This means
that a significant acceleration can be achieved by dividing the calculations appropriately.
The additional effort involved in organizing and coordinating the tasks can negate the
performance advantage of parallelization if the division is too small.

For this reason, the iterative calculation of the characteristic matrix of the film stack [17]
at a given intensity was not parallelized. In contrast, local optimization offers a significantly
higher potential for parallelization, as the calculation of the discrepancy function and its
partial derivatives requires only a small exchange of data. With an Intel i9-13900 processor,
an acceleration of the calculations by a factor of 2-3 could be achieved.

Methods adapted to multilayers for global optimization [45,46] that use different
starting points are also suitable and have led to almost complete processor utilization.

Parallelization can be achieved particularly easily for the anti-reflection coating for
an intensity range, as the calculations of the discrepancy function for the 201 specified
interpolation points can be carried out independently and in any order. Almost complete
processor utilization was also achieved here. During a calculation lasting several hours
the processor temperature rising to 94 °C despite water cooling, thus remaining only just
below the maximum permitted processor temperature. The measured clock frequency
was stable at 5500 MHz and thus at the maximum turbo boost frequency. With this
approach, the parallel implementation was accelerated by a factor of ~9 compared to the
sequential algorithm.

4. Discussion

Let us emphasize at this point that we have presented model calculations in order to
investigate challenges and chances of antireflection designs specially suited for light inten-
sities where nonlinear optical effects become significant. Our model essentially considers
the effect of nonlinear absorption, while other possible nonlinear optical interactions have
not been taken into account. Even in this case, sample heating by the absorbed light is
also to be expected and may result in additional thermal effects [13]. In the simplest case,
the temperature coefficient of the refractive index leads to further reversible changes, but
irreversible changes, such as those known from post-deposition tempering, can also occur.
The thermal conductivity and further properties of the materials, the sample geometry and
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environmental conditions additionally become relevant for modelling these effects. For
simplification, however, all these effects have not been included in the current study.

At the moment, we cannot present experimental data for confirmation or falsification
of the thus obtained simulation results. In the case of reflectors, the previously published
dependences of the reflectance [15] were consistent with the experimental data published
in [13]. The basic experimental setup for a test is identical to a spectrophotometric measure-
ment in the linear case, but intensity-dependent measurements of transmission or reflection
are required [47]. Similar experimental setups are provided in [14,48,49]. For an indirect
verification, intensity-dependent measurements of the absorption can be used [50]. One
challenge is the elimination of other effects not taken into account in the model during
experimental verification. While the measurements on single layers of titania reproduce
the expected linear behavior [50], a more complicated relationship is found for hafnia [51].
Furthermore, often only pulsed laser sources with sufficient power are available, but in the
model, a cw laser source is assumed.

Let us further emphasize that our approach is designed for the consideration of weak
nonlinearities. This has been emphasized when discussing convergence topics, and it is
consistent with the chosen structure of Equations (5) and (7).

In agreement with the restriction to weak nonlinearities, the natural choice was to start
design development from well-established AR design solutions in linear optics. We there-
fore started from traditional V-coatings, restricting our attention to almost homogeneous
and absorption-free traditional optical coating materials [52]. We mention in this context
that AR solutions based on heterogeneous coating materials (porous coatings, motheye
structures [53,54]) have been developed in the past, thus extending the range of accessible
refractive index combinations shown in Figure 3. Such heterogeneous materials have not
been addressed in our study, particularly because we have no reliable information about
their nonlinear optical properties.

This brings us to the basic critical point in our study, namely the acquisition of optical
constants. While in linear design, the knowledge of two optical constants n and K might
provide a complete description of the material response, in our model, already four optical
constants need to be known. Nonlinear optical material characteristics such as x(®) may be
measured, but this requires complicated and cost-efficient equipment [51,55]. Fortunately,
manageable theoretical models for the frequency dependence of these quantities exist,
and we would like to refer in this connection to the model of Sheik-Bahae [56]. With a
few reliable experimental points available for calibration, such models may be used for
predicting the nonlinear optical constants at any wavelength of interest. Then, T and R
may be calculated at any wavelength of interest.

Two-photon absorption represents the basic specific loss mechanism in our approach.
Therefore, in order to maximize the performance of the coatings, the efficiency of two-
photon absorptions should be minimized. When remembering Equation (5), we must take
the following equation into account:

PO = ¢ox®ER (15)

In principle, in Equation (6), higher order terms may be taken into account as well.
However, to our knowledge, the contribution for higher order susceptibilities is weaker [57]
and the data basis is even poorer than in the case of x®) [58], so this would be a rather
academic extension of the presented model. From here, we see two basic research directions
in this connection, which are outlined below.

Material design: reduction in the imaginary part of x(®). As two-photon absorption
occurs when the incident light photon energy exceeds half the optical gap of the corre-
sponding material [56], optical materials with a tailored value of their optical gap seem
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promising. Recently, several studies explored the potential of optical nanolaminates for
optical band gap engineering by explicit use of confinement effects [59,60]. We see such
nanolaminates as potential materials for constructing superior antireflection coatings for
use at large light intensities [61].

Coating design optimization: Reduction in E. The effect of absorbing fractions in a design
may also be minimized by a suitable choice of the individual layer thicknesses [62,63]. For
that, the absorbing fractions must be minimized in thickness, and electric field strength
maxima should be spatially removed from the absorbing fractions. This is essentially
the path we took in our study. Note that the incident light intensity now appears as an
additional design parameter: the obtained design is best suited for the assumed light
intensity but may be unsuitable for use at other light intensities. This offers space for
the definition of unconventional reflection (or transmission) targets. One might try to
design coatings optimized for a certain set of light intensities, or even a certain intensity
range. So far, these are conclusions from the presented numerical study only, but they offer
perspectives for designing antireflection coatings especially suited for applications when
large light intensities are employed.

In practice, it is not only the theoretical optical performance that is of relevance.
Sensitivity to deposition errors can be addressed by computational manufacturing [64-66].
Additionally, other non-optical aspects such as durability of the coating, the cost of the
coating material and the available deposition technique also play an important role and
should also be taken into account when thinking on practical implementations of the
algorithm.

Note that our algorithm can be generalized to oblique incidences as demonstrated
in [67]. Additionally, corresponding cosine terms appear in Equation (1).

5. Conclusions

In this paper, we have discussed various aspects for the modelling, simulation and
design of antireflective coatings where third-order nonlinearities must be considered. This
is particularly important for laser applications. In this case, only a single wavelength needs
to be taken into account. In the theoretical section, a brief description of the underlying
theoretical model was given. Additionally, two different approaches for the implementation
were outlined. The presented iterative matrix method has proven to be advantageous, as it
can be realized as an add-on to the usual software packages in the field of linear optics. Not
only transmittance and reflectance can be calculated, but also all other quantities supported
by the underlying software, such as phase, group delay and group delay dispersion. In
addition, build-in design approaches can provide some support in accounting for third-
order nonlinearities when using the concept of effective optical constants.

The developed method has been applied to generate different design solutions for
antireflective coatings at high light intensities. The conventional V-coating can be adapted
to a single light intensity through refinement, but reacts sensitively to intensity fluctuation.
The sensitivity can be reduced if a larger number of layers (~6-8) are used. The concept of
Herpin's equivalent layer can be applied for this purpose. A larger number of layers also
leads to a significant reduction in the average reflected light intensity.

Additionally, it turned out that a slice thickness of ~1 nm is sufficient for accurate
calculations in the visual spectral range and that only a few iterations are required for the
assumed optical constants and a light intensity up to 10! W/cm?. With the developed par-
allel implementation of the discrepancy function, the calculation was accelerated by a factor
of ~9 compared to the sequential algorithm. A further acceleration seems to be achievable
when a graphics processing unit (GPU) is used for parallelism in the implementation of the
matrix algorithm.
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