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Abstract: The optimal design of distillation separation processes has become a fundamental
tool in industries in order to minimize operating costs and investments. In many cases, the
optimization stage has been carried out using metaheuristics, with the process simulation
stage carried out externally to the optimization. This paper presents an optimal design
methodology for separating the components of turpentine, a raw material of natural origin,
based on coupling a distillation process simulator with the Firefly metaheuristic as an
optimizer. Results were obtained for a distillation process to obtain α-pinene and β-pinene
(two of the main components of turpentine), meeting purity criteria in the top products
of the equipment while minimizing a measure of the total annualized cost. The results
show that the tool developed—together with the Firefly algorithm—is capable of obtaining
optimized results (although there is no guarantee of a global optimum) from a small set of
initial design configurations.

Keywords: optimization; metaheuristic; Firefly algorithm; distillation

1. Introduction
Process modeling and simulation have become extremely important in today’s indus-

try and for the development of new industrial technologies [1,2]. In separation processes,
mathematical modeling plays a key role [3–5]. In fact, the implementation of the so-called
Industry 4.0 depends on modeling, simulation and optimization tools [6].

There are currently many studies devoted to the separation of substances from natural
raw materials in environmentally sustainable processes [7]. In this context, turpentine is
an oil obtained from pine trees in the pine chemical industry, and is a natural source of
monoterpenes, such as α-pinene and β-pinene [8]. In addition to α-pinene and β-pinene,
turpentine contains δ-3-carene, limonene and p-cymene, among others. Its composition
varies depending on the type of tree analyzed [9,10].

Turpentine is usually used as a raw material for the pharmaceutical industry (produc-
tion of perfumes and deodorants, for example). On the other hand, it may be economically
interesting to separate the components present in turpentine. According to Ariono et al. [9],
the selling prices of α-pinene and β-pinene exceed the selling price of turpentine by 45%
and 74%, respectively, which justifies the study of separation processes of turpentine into
its components. The world’s largest exporters of turpentine are the United States, China
and Brazil [11]. In Latin American countries, such as Brazil, resin-harvesting activities are
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proving to be important from the point of view of family farming [12] as part of a relevant
integration between farmers and the agro-industry.

In recent studies of distillation processes design, the most modern approaches contem-
plate optimal design structures, where the purity specifications of the products of interest
are achieved while simultaneously minimizing the operating costs and an annualization of
the investment in the equipment (commonly referred to as the total annualized cost (TAC)).
In many cases, the minimization procedure is carried out with the help of a metaheuristic
employed externally to the routine for simulating the distillation process. As pointed
by Tian et al. [13], the use of sequential modular process simulators (the most common
type of process simulator) is suitable for algorithms that are not based on derivatives
(such as metaheuristics). In this situation, as discussed by Murrieta-Duenas et al. [14],
the simulation environment (as well as the calculation of the objective function) appears as
a “black-box” model. Javaloyes-Antón et al. [15] coupled a commercial simulator with the
Particle Swarm Optimization algorithm in order to obtain an optimal design configuration
for distillation processes, minimizing the TAC. Li et al. [16] applied a Simulated Anneal-
ing algorithm to the optimal design of extractive dividing wall columns in the ternary
benzene–isopropanol–water system. Hu et al. [17] used a hybrid Differential Evolution–
NSGA-II algorithm in the optimal design of separation sequences while considering two
conflicting objectives: minimizing the total annual cost and the carbon dioxide emissions.
Chia et al. [18] employed a Genetic Algorithm and the fast and elitist nondominated sorting
Genetic Algorithm (NSGA-II) to solve mono- and multi-objective optimization problems
for a hybrid distillation–pervaporation process. In the mono-objective problem, the to-
tal annualized cost (TAC) was minimized. The two components of the TAC—Capital
expenditure (CAPEX) and Operational expenditure (OPEX)—were considered as conflict-
ing objectives in the multi-objective problem. Chen et al. [19] employed an NSGA-III
algorithm in a multi-objective problem for methanol distillation, where the conflicting
objectives were the total annual cost and the carbon dioxide emissions. Tian et al. [13]
proposed an Enhanced Logic-Based Bender’s Decomposition Algorithm with the Proximity
Principle to be used in conjunction with process simulators. Results were obtained for a
methanol distillation column and an extraction/distillation process for the separation of
cyclohexane/cyclohexene. Murrieta-Duenas et al. [14] presented a comparison between
a Differential Evolution approach and Boltzmann-based distribution algorithms in the
optimization of distillation processes. The methodologies were compared using a single
distillation column for a binary mixture, a separation train (three sequential columns) and
a quaternary mixture separation in a single column.

In the context of turpentine separation, few studies have been published, and with-
out direct applications of optimization methodologies. For instance, Becerra et al. [20]
analyzed the separation of d-limonene and α-pinene from citrus and turpentine oils by
continuous and vacuum distillation with an economical analysis. Valencia et al. [8] pre-
sented a study with an experimental and simulation approach to obtain α-pinene and
β-pinene from turpentine using vacuum batch distillation. Chalier et al. [21] compared the
extraction of turpentine essential oil considering conventional- and microwave-assisted
hydro-distillation and vacuum distillation.

Proposed Current Study and Research Gap

The present study analyzed the feasibility of the separation process of turpentine
compounds through a distillation sequence (two columns) in order to obtain α-pinene (top
of the first column) and β-pinene (top of second column) from turpentine oil. Based on
this scenario, computational simulation and optimization codes were used to assess the
technical and economic feasibilities of the process, with the aim to minimize the project
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costs. All codes were developed in the Scilab language (©2025 Dassault Systèmes—all
rights reserved), an open-source platform. The developed framework was composed by a
simulation module and an optimization structure, based on the Firefly algorithm [22] (a
population-based metaheuristic). An important feature of the methodology implemented
is the use of a small number of individuals in the population due to the complexity of
the algorithm.

The main differences between the present research and the previous works were
as follows:

• The use of the Firefly metaheuristic with a small population size in the optimal design
of a distillation process: as far as we know, this is the first application of Firefly to
this type of problem, although there are publications on the use of Firefly in tuning
PID controllers in distillation columns [23]. The Firefly algorithm has some peculiar
characteristics [24] that justify its study in real engineering problems, although the
comparisons of metaheuristics in the present problem were beyond the scope of
this work.

• The vast majority of studies using metaheuristics to optimize distillation processes
used proprietary tools (commercial simulators) to simulate the process. These tools are
closed source and, in many cases, are not accessible to most industries. In this work,
open-source and free tools were used, and all the modeling necessary to implement
the methodology is presented.

• The application of the optimal design methodology for the separation of turpentine
components is also not a subject that is usually addressed in the scientific literature.
The work of Valencia et al. [8] addressed only simulation aspects. Becerra et al. [20]
presented a sensitivity analysis in order to evaluate the economic feasibility of the
process, but not a project-optimization approach. In both cases [8,20], commercial
simulation codes were used in the simulation step.

2. Mathematical Modeling
In this section, we present the mathematical modeling of the entire process, including

the thermodynamic models, the distillation process equations and the economic modeling.

2.1. Thermodynamic Modeling

This work considered a mixture made up of α-pinene, β-pinene and p-cymene. Other
substances could be included in the model, but we opted for these three substances for
computational cost reasons.

In this work, we considered the modified Raoult’s law for phase equilibrium (a
nonideal liquid phase and an ideal vapor phase). In this situation, the vapor–liquid
equilibrium ratio ki was represented by [25]

ki =
γiPsat

i
P

=
yi
xi

(1)

where the index i refers to a substance, and xi and yi refer, respectively, to the molar
fractions of the liquid and vapor phases. The choice of an ideal vapor phase model was
justified by the low operating pressure (P) in the process.

The vapor pressures of pure fluids (Psat) were calculated by an Antoine-type equation:

ln Psat
i = Ai −

Bi
T − Ci

, (2)



Modelling 2025, 6, 34 4 of 19

where Ai, Bi and Ci are the Antoine constants for substance i; Psat
i is in kPa; and T is

the temperature in Kelvin. For α-pinene and β-pinene, these values were provided by
Bernardo-Gil and Barreiros [26]. The Antoine parameters for p-cymene were tabulated by
Bernardo-Gil and Ribeiro [27].

The activity coefficients in a mixture with C components were calculated by the Wilson
model [25]:

ln γi = 1− ln

(
C

∑
j=1

xjΛij

)
−

C

∑
k=1

xkΛki

∑C
j=1 xjΛkj

, (3)

where

Λij =
Vj

Vi
exp

(−aij

RT

)
, (4)

where aij are nonsymmetric binary interaction parameters and R is the universal gas con-
stant. Also, in Equation (4), Vi refers to the molar volume of component i. For the binary pair
α-pinene + β-pinene, the binary interaction parameters were obtained from [26]. The binary
parameters for α-pinene and p-cymene were tabulated by Bernardo-Gil and Ribeiro [28].
Finally, the data for β-pinene + p-cymene came from Bernardo-Gil and Ribeiro [27]. The mo-
lar volume of α-pinene was 158.5 mL/mol [29]; for β-pinene, the molar volume was
156.2 mL/mol [30]. Finally, for p-cymene, the molar volume was 155.5 mL/mol [31]. The
Wilson model was chosen by taking into account the availability of binary interaction pa-
rameters between the components of the mixture, although there were no strong deviations
from ideality.

Since the reduced temperature Tr << 1 (where Tr = T/Tc, and Tc is the critical
temperature of a pure component), it was reasonable to consider that the latent heats of
vaporization were not functions of temperature. In this sense, we considered ∆Hα-pinene

vap =

44.57 kJ/mol and ∆Hβ-pinene
vap = 45.80 kJ/mol [32]. Furthermore, we used a constant value

for the heat of vaporization of the mixtures (in order to obtain the constant molar overflow
assumptions). Considering that the mixture that was formed was mainly composed of

α-pinene and β-pinene, it was reasonable to assume that ∆Hvap ≈
∆Hα-pinene

vap +∆Hβ-pinene
vap

2 .

2.2. Column Modeling

In the following subsections, we detail how the flow rates, thermal duties, compo-
sitions and temperatures in the columns were obtained. In addition, the hydrodynamic
aspects of the column are discussed.

A typical stage j of the distillation column is presented in Figure 1. In this stage, we
considered a feed with flowrate Fj, vaporized fraction β j and composition zj. In order to
represent the condenser and the reboiler of the column, a heat duty Qj was also permitted.
The stage received liquid from an upper stage (j − 1), with a flowrate Lj−1 and liquid
composition xj−1. Similarly, a vapor flow Vj+1 from stage j + 1 with vapor composition
yj+1 entered in stage j. The liquid and vapor flows left stage j with compositions xj and yj.
Finally, we considered sidedraw removals of liquid Uj and vapor Wj. Each stage was an
equilibrium stage with temperature Tj and pressure Pj.
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Figure 1. Column stage j.

2.2.1. The Flowrate and Heat Duty Problem—(L, V, Q) Problem

In this work, we considered the constant molar overflow assumptions [33,34] as a
consequence of a linear dependence of the saturation enthalpies on the compositions.
In this situation, the changes in the molar flowrates in a section j of the column were
represented by

Vj+1 = Vj + Wj − Fjβ j −
Qj

∆Hvap
, (5)

and

Lj = Lj−1 −Uj + Fj(1− β j)−
Qj

∆Hvap
. (6)

One of the specifications usually made in distillation column simulations is the external
top reflux ratio Rr:

Rr =
L1

D
, (7)

where L1 represents the liquid returning to the column and D is the distillate flowrate.
Thus, considering that the distillate flowrate D was known (obtained from the material

balance of the entire column), as well as the value of Rr, we could calculate the value of L1,
and then, the value of L2, etc., for all the column sections. In this situation, the (L, V, Q)

problem appeared as a linear algebraic system that could be solved before solving the
compositional and temperature problems, which reduced the size of the non-linear problem.

2.2.2. Composition Problem

A component material balance in stage j represented in Figure 1 gave

Lj−1xj−1 + Vj+1yj+1 − (Lj + Uj)xj − (Vj + Wj)yj = −Fjzj. (8)

Furthermore, in each stage, we had the phase equilibrium condition in a vectorial
version of Equation (1):

yj = diag(k j)xj, (9)
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where the operator diag refers to a diagonal matrix. It must be clear that in the last
expression, k j is a vector with length C. Similarly, yj and xj refer to the vectors of molar
fractions for the vapor and liquid phases, respectively. Since k j is a nonlinear function of
xj and T, and also considering the relationship between the composition of the liquid and
the vapor in equilibrium, it is clear that the composition problem is a nonlinear algebraic
system of equations.

The constraints regarding the molar fraction vector needed to also be considered
for each equilibrium stage j:

C

∑
i=1

xi,j = 1,
C

∑
i=1

yi,j = 1. (10)

Under constant molar overflow assumptions, the energy balances and a constraint
regarding molar fractions were substituted by the two equations representing the changes
in the molar flowrates—Equations (5) and (6).

At the end of solving the compositional problem, the liquid and vapor composition
values were obtained at each stage of the column, as well as the temperature values.

2.2.3. Column Hydrodynamics

With the compositions, flowrates and temperatures calculated for each stage of the
equipment, the next step was to conduct the hydrodynamic calculations in the column.
These calculations were important to evaluate the column diameter, an essential parameter
in the economic evaluation of the column shell and trays. In this work, we followed the
procedure described by Smith [25].

The first step was to calculate the flow parameter FLV , as follows:

FLV =
MLL
MVV

(
ρV
ρL

)0.5
, (11)

where ML and MV are the liquid and the vapor molar mass, respectively. Since the
main components of the mixture (α-pinene and β-pinene) were isomers, we considered
ML = MV . The density of the liquid was considered as ρL = 858 kg/m3. The vapor density
was calculated using the ideal gas law with a temperature of 400 K (considering the typical
temperature values in this process). The quantities L and V are the molar flow rates of
liquid and vapor in the column, and were obtained by solving the (L, V, Q) problem (a
linear problem).

The terminal velocity parameter KT was then calculated using [25]

KT =
( σ

20

)
exp

[
−2.979− 0.717 ln FLV − 0.0865(ln FLV)

2

+0.997 ln HT − 0.07973 ln FLV ln HT + 0.256(ln HT)
2
]

,
(12)

where σ is the dynamic viscosity and HT is the tray spacing (m). Here, we used
σ = 25.87 mN/m.

The vapor flooding velocity (at the bottom of the column) was [25]

vT = 0.9KT

(
ρL − ρV

ρV

)
. (13)

Then, one could calculate the column diameter:

Dc =

(
4MVV

0.9× 0.8× πρVvT

)0.5
, (14)
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where the factors 0.9 and 0.8 stand for the downcomer area and the fraction of the flooding
velocity, respectively [25].

The column height was represented by

Hc = 0.7010Ne, (15)

where the factor 0.7010 represents a slack of 15% in relation to the number of stages in the
column. The tray spacing considered was 2 ft (0.6096 m).

2.3. Economic Modeling

The objective function to be minimized was a measure of the total annual cost (TAC),
represented by [17]

TAC =
capital investment

payback
+ operation cost, (16)

where the term “payback” refers to the payback time (in years). In this work, we considered
a payback time of three years [17].

The capital investment was the sum of the column costs, the column internals (trays,
in this work) and the heat exchangers (condensers and reboilers). We used some correlations
to estimate these investments.

The column cost (shell) was represented by [17]

Cshell =

(
M&S
280

)
937.6D1.066

c H0.802
c (2.18 + Fc), (17)

where M&S is the Marshall and Swift index (M&S = 1448.3 [17]; the Marshall and Swift
index is a dimensionless parameter used to take into account inflationary effects over time),
Dc is the column diameter (m) and Hc is the column height (m). The value of Fc was 3.67
(stainless steel, low pressure).

The tray costs were calculated using [17]

Ctray =

(
M&S
280

)
97.2D1.55

c HcFc, (18)

where Fc = (1 + 1.7) (sieve tray, stainless steel).
For the heat exchangers, we used [17]

Che =

(
M&S
280

)
474.67A0.65(2.29 + Fc), (19)

where A is the heat exchanger area in m2 and Fc = 3.75. The heat exchanger area was
calculated using the thermal duties of the condenser and the reboiler:

A =
Q

U∆T
. (20)

In Equation (20), Q is the condenser/reboiler thermal duty, U is the global heat transfer
coefficient and ∆T is the logarithm mean temperature difference. For the condenser, we
used U = 568.1 W/m2K [35], and cooling water entered at 32 ◦C and left the equipment at
47 ◦C. For the reboiler, we used U∆T = 35, 487 W/m2 [35].

The utility costs were the medium pressure steam cost and the cooling water cost. We
considered only medium-pressure steam, with the cost calculated by [15]

Csteam = Qreb × 8.22× 8000, (21)
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where Qreb is the reboiler thermal duty in GJ/s. The factor 8.22 represents the cost of steam
(USD/GJ). The plant operation factor was 8000 h/year. In a similar way, the cost of the
cooling water was [17]

Ccw = Qcond × 0.354× 8000, (22)

where the cost of the cooling water was 0.354 USD/GJ.

3. Computational Modeling
This section is devoted to the description of the computational tools employed in the

solution of the mathematical models of the process. Essentially, two main blocks were
developed: a simulation module and an optimization module (based on a metaheuristic
called the Firefly method [22]).

3.1. Column Simulation Strategy

The first step of the column simulation was the solution of the (L, V, Q) problem. Since
this problem is linear, we employed a simple matrix inversion of the Scilab based on the
Lapack DGETRF and DGETRI routines [36].

The compositional problem was solved by a damped Newton method [37], with the
Jacobian matrix evaluated by finite differences (with the perturbation size h = 1× 10−6).
We used a constant damping factor, with an initial value of 0.7, in order to avoid divergence
in the initial iterations. When the absolute error between two consecutive iterations was
less than 1 (also an arbitrary value), the damping factor was increased to 1 in order to speed
up the convergence of Newton’s method in the vicinity of the solution. If the inverse of the
Jacobian matrix did not exist (divergence condition), the objective function value was set
to 1× 107. Considering the size of the problem, where Jacobian matrices with dimensions
greater than 200 by 200 were easily obtained, the compositional solution stage was one of
the “slow” steps in the process.

3.2. Optimization Strategy—Metaheuristic Method

After developing the simulation tool, the next step involved implementing the opti-
mizer using a stochastic optimization approach (metaheuristics).

In this work, we used the Firefly metaheuristic [22] as the optimization algorithm
for the process optimal design. The Firefly algorithm mimics the behavior of fireflies
in nature, where a “brighter” element attracts other, less “bright” elements. A brighter
individual, in a minimization context, refers to a point with a lower objective function
value. A very important feature in the Firefly algorithm is its innate ability to divide the
population into subpopulations in a multiswarm scheme, as pointed out by Yang and
He [24]. Platt et al. [38] demonstrated this pattern in the calculation of a double azeotrope
(a problem with two solutions). Details of the Firefly algorithm can be found in Yang [22].

In the situation where firefly i is attracted by firefly j, its movement is represented by
the following equation:

θt+1
i = θt

i + β0 exp(−γr2
ij)⊙ (θt

j − θt
i ) + αt ⊙ ϵt

i , (23)

where β0 is the attractiveness for two collapsing fireflies (rij = 0), γ is the light absorption
coefficient, αt is the randomization parameter vector and ϵi presents a uniform distribution
in the interval [−0.5; 0.5]. In this equation, t represents the number of generations (or
movements) for the fireflies and the symbol ⊙ is a Hadamard product.

The algorithmic structure of Firefly is presented in Algorithm 1. As pointed out by
Zhang et al. [39], the time complexity of the Firefly algorithm is O(m2tmax) (where m is the
number of fireflies and tmax is the number of generations), as a consequence of the double
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loop in the internal structure. Thus, considering the computational cost of the simulation
step, the number of fireflies has to be small. Some authors have recently addressed the
issue of time complexity for the Firefly algorithm. For instance, Wang et al. [40] proposed a
Neighborhood attraction Firefly algorithm (NaFa), avoiding the so-called “full attraction”
model of the original proposal. Bei et al. [41] presented an Improved Hybrid Firefly
algorithm with a Probability Attraction Model (IHFAPA), also devoted to the reduction in
the time consumed in the attraction-between-fireflies stage. Cheng et al. [42] proposed a
Hybrid Firefly algorithm with group attraction (HFA-GA), avoiding oscillations caused by
a large number of attractions. Therefore, the issue of the high number of attractions in the
algorithm can be addressed, but the central point of this work was to verify whether Firefly
is capable of solving—in its canonical form—the optimal design problem of the separation
system under study. The ranking of the fireflies (considering the values of the objective
functions) is performed by a typical bubble sort algorithm [43].

Algorithm 1: The Firefly algorithm

Require: f (θ), m, β0,tmax,γ, α0,t
1: for i = 1 to m do
2: θi ← generate initial solution
3: end for
4: while t < tmax do
5: for i = 1 to m do
6: for j = 1 to m do
7: rij ← calculate the Euclidean distance between θi and θj

8: ϵt
i ← generate random vector in the interval [−0.5; 0.5]

9: if f
(
θj
)
< f (θi) then

10: θt+1
i ← θt

i + β0 exp(−γr2
ij)⊙ (θt

j − θt
i ) + αt ⊙ ϵt

i
11: end if
12: end for
13: end for
14: αt+1 ← 0.997αt

15: t← t + 1
16: Rank the fireflies and find the best element (bubble sort).
17: end while

One point to note is that this work was not intended to compare metaheuristics
in the optimal design problem, but to demonstrate how this class of algorithms can be
used to obtain practical results in engineering problems without specific adaptations for
the problem.

3.3. Proposed Framework

Considering the implementation of simulation and optimization tools, a structured
approach was proposed to solve the problem.

Each vector θ was then formed by the optimization variables N1, Fs,1, Rr,1, N2, Fs,2

and Rr,2. Since the number of stages and the feed stages were integer variables, we simply
considered rounding to the nearest integer in these cases. Thus, Firefly worked with real
variables, and the simulation module performed the rounding procedure.

The proposed framework was then composed of a simulation module—responsible
for the simulation of the entire process (the two distillation columns)—an economic module
and an optimization module (the Firefly algorithm), according to Figure 2. At first, a set of
initial estimates of stage numbers (N1 and N2), feed stages (Fs,1 and Fs,2) and reflux ratios
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(Rr,1 and Rr,2) was generated by the Firefly algorithm (the optimization module). With this
information and the process design specifications (turpentine feed flow rate, turpentine
feed composition and bottom flow rates of the two columns), it was then possible to carry
out the process simulation. As already mentioned, the simulation was performed in two
stages: initially, the problem of calculating flow rates and thermal duties was solved in the
form of a linear algebraic system. Then, the compositional problem was solved using a
damped Newton method. At the end of the simulation stage, all the variables relevant to the
process had been calculated, which then allowed the total annualized cost to be calculated.
If the molar fraction of α-pinene in the first column was less than 0.9 or the molar fraction
of β-pinene in the second column was less than 0.9, the project was considered unfeasible,
and a value of 1× 108 was assigned to the objective function. The Firefly algorithm then
ranked the elements of the population using a bubble sort algorithm. If the maximum
number of generations tmax was reached, the best firefly was the optimal solution to the
problem. Otherwise, the algorithm moved the fireflies to the next iteration.

Economic Module

Total Annual Cost

(L,V,Q) Simulator

Compositional
Simulator

Simulation Module

Optimization Module

Firefly Algorithm

yes
Optimal
Solution

no

Figure 2. Block diagram of the proposed framework.

4. Results
In this section, we present the computational results for a process devoted to obtaining

α- and β-pinene from turpentine. As pointed out previously, we considered only three
components in turpentine (α-pinene, β-pinene and p-cymene). Considering a greater
number of components (many of them in very low concentrations) implies a significant
increase in the computational cost without adding important differences in the process
design. The objective was to obtain α- and β-pinene with minimum purities of 90% (in
molar quantities) in the top of the two distillation columns with a minimum TAC.
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We considered the following parameters for the process:

• Turpentine flow rate (saturated liquid): 100 kmol/h;
• Turpentine molar composition (z): z = [0.45 0.45 0.10]t;
• Bottom flow rate (first column): 52 kmol/h;
• Bottom flow rate (second column): 40 kmol/h;
• Operation pressure: 60 kPa;
• Minimum purity—α-pinene: 90% (molar);
• Minimum purity—β-pinene: 90% (molar).

It should be made clear that these parameters were simulation specifications (in this
study) and were not subject to optimization. Any changes to these specifications will
produce different design configurations.

4.1. Firefly Configuration/Calibration

The first step to obtain results was to determine the Firefly control parameters. As
pointed out by Joy et al. [44], adjusting the parameters of the Firefly algorithm can be
performed in different ways, including Monte Carlo simulations, the Latin hypercube
method, manual adjustment and empirical adjustment. Considering that the aim was
to avoid configurations that did not meet the design specifications (top α- and β-pinene
purities in the columns), the algorithm’s control parameters were adjusted in such a way
as to produce “neighbors” of the initial estimates, avoiding large “jumps”. Therefore,
an empirical adjustment of control parameters was used. The variables involved in the
problem had similar dimensions (number of stages, feed stage and reflux ratios) so that the
values of the elements of β0 and α were similar. The number of elements in the population
(m, the number of fireflies) and the number of generations were essentially limited by the
computing time, mainly considering that each element of the population represented an
entire simulation of the process. As pointed out previously, the number of fireflies is a
critical parameter considering the time complexity of the algorithm. In this sense, we opted
for a small quantity of fireflies—five elements in the population—also considering that
the simulation step involved solving high-dimensional non-linear algebraic systems (the
compositional problem).

The number of generations was another important control parameter in the algorithm.
Figure 3 illustrates a typical convergence pattern for a run with 50 generations. It was
clear that after 30 generations, the reductions in the objective function were less significant
(nearly marginal). The number of 30 generations was therefore adopted.

The Firefly algorithm, like all other metaheuristics, should not be run only once. In this
case, the method was run 20 times in order to obtain a minimum statistical relevance.
The parameters used were as follows:

• Number of runs: 20;
• Number of fireflies (m): 5;
• Number of generations (tmax): 30;
• γ = 0.02 (light absorption coefficient);
• β0 = [2 2 1 2 2 1]t (attractiveness for two collapsing fireflies);
• α0 = [1 1 1 1 1 1]t (randomization parameter vector).

We also considered random initial estimates in the vicinity of a “feasible” (but non-
optimized) design in order to avoid a situation where all fireflies represented a non-feasible
condition with respect to the minimum purities. The ranges used in the initial estimates
are presented in Table 1.
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Figure 3. Typical convergence pattern from 50 generations.

Table 1. Initial estimates (uniform distribution).

Ne1 Fs,1 Rr,1 Ne2 Fs,2 Rr,1

Interval [45, 55] [20, 30] [5, 7] [55, 65] [30, 40] [4, 6]

4.2. Computational Results

Table 2 contains the computational results for 20 independent runs.

Table 2. Computational results (20 independent runs).

Mean Standard
Deviation Best Solution Worst Solution

Objective
function (TAC)

(USD/year)
1,782,095.3 8930.4 1,765,566.6 1,804,858.8

We also conducted a Shapiro–Wilk test [45] to verify the normality of the results
obtained in the 20 runs of the algorithm. The Shapiro–Wilk test was appropriate given
the small number of elements in the sample. We obtained W = 0.899 (the Shapiro–Wilk
statistic) and the p-value = 0.039, which indicates that there was a significant deviation
from the normal distribution (since p-value ≤ 0.05).

Figure 4 presents a typical convergence pattern considering the swarm of fireflies.
For reasons of graphic visualization, the maximum value of the objective function was
set to 2.2 × 106 USD. We can observe that some elements of the population (typically
firefly 4 and firefly 5) reached the maximum value of the objective function several times,
which corresponded to projects that did not meet the minimum purity criteria for α- and
β-pinene at the tops of the columns and/or when there were convergence problems in the
algorithm. This situation was desirable during the convergence process, as it denoted the
diversification characteristic of the Firefly method.
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Figure 4. Convergence patterns (objective functions) for a typical swarm of fireflies.

A three-dimensional projection of the same convergence trajectory is shown in Figure 5.
The dots in green represent higher values of the objective function, whereas those in dark
blue indicate lower values. Once again, it can be seen that fireflies 4 and 5 were far from
those with the lowest values of the objective function, which once again pointed to a
diversification characteristic. The axes in Figure 5 refer to the parameters of the first column
(N1 is the number of stages, Fs,1 is the feed stage and Rr,1 represents the reflux ratio).

Figure 5. Projection in the space N1 × Fs,1 × Rr,1 of the convergence patterns for a typical swarm
of fireflies.

Figure 6 shows a comparison in percentage terms of the costs involved in capital
investment and operating costs for the best and worst solutions found. It can be seen that
the percentages of operating costs and investment capital were close when comparing the
best and worst solutions found.
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Capital investment/payback (40.16%)

Operation cost (59.84%)

Shell (16.48%)

Trays (1.57%)Heat exchangers (22.11%)

Steam (57.79%)

Water (2.05%)

(a)

Capital investment/payback (39.21%)

Operation cost (60.79%)

Shell (15.45%)

Trays (1.46%)Heat exchangers (22.20%)

Steam (58.69%)

Water (2.10%)

(b)

Figure 6. Donut charts for capital investment and operation cost elements: (a) best solution;
(b) worst solution.

The convergence patterns for the best and worst solutions are depicted in Figure 7.
It can be seen that both the best and worst solutions started from high objective function
values when compared with the final solutions.

Figure 7. Convergence patterns for the best and worst solutions.

The results for each column, corresponding to the best solution found, are detailed
in Figure 8. We can observe that the constraints regarding the purities of α- and β-pinene
at the top of the two distillation columns were satisfied. In the first column (Figure 8a),
practically all the α-pinene was removed at the top of the equipment. The temperature
profile in the first column is presented in Figure 8b. There was a considerable difference
in temperature between the top and bottom of the column, which was consistent with the
large difference in composition between the ends of the equipment. Figure 8c illustrates
the composition profile for the second column. In this case, the differences in composition
between the top and bottom were less pronounced compared with the first column, mainly



Modelling 2025, 6, 34 15 of 19

because there were reduced amounts of α-pinene. Consistently, the temperature differences
were narrow (less than 2 ◦C), as indicated by Figure 8d.

(a) (b)

(c) (d)

Figure 8. Composition and temperature profiles for the optimal design: (a) composition
profile—column 1; (b) temperature profile—column 1; (c) composition profile—column 2; (d) tem-
perature profile—column 2.

The final flowsheet, with details of each of equipment (number of stages and feed
stages) and energy consumption, is shown in Figure 9.
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Turpentine

Cooling
water

Cooling
water

By-product

Steam

P=60 kPa

Steam

P=60 kPa

Figure 9. Final flowsheet—optimal design.

5. Discussion
The results obtained show that even with a small number of elements in the population

(i.e., a small initial set of design configurations), the optimization strategy promoted a
significant reduction in the total annualized cost in comparison with the initial estimates.
Since there was a compromise between the size of the equipment (number of equilibrium
stages) and the operating costs (in fact, several authors have treated this problem as a
multi-objective optimization [18]), a diversity of solutions was to be expected, even with
the evolution of the algorithm’s generations. Another point to be highlighted is that Fire-
fly’s characteristic is a certain diversification of the population (even at the end of the
process) [24], unlike what occurs, for example, with the Differential Evolution algorithm
(where all the elements of the population tend to collapse, reducing the diversity [46]).
As already mentioned, one strategy for reducing population diversity would be to increase
the number of generations—since αt+1 ← ξαt, with ξ = 0.997, the algorithm lost its diversi-
fication characteristic and increased its intensification at the end of the process—but such a
measure significantly increases the computational cost with marginal reductions in the ob-
jective function. Another possibility would be to reduce the parameter ξ in order to reduce
the portion corresponding to the random movement of the Fireflies more quickly. On the
other hand, such a strategy can cause the population to become trapped in regions of local
minima. Thus, as with metaheuristics, there is a difficult trade-off between diversification
and intensification [47]. Because the simulation stage is computationally costly, this balance
becomes even more complicated to achieve.

In addition, the difference between the objective function value for the best and worst
solution is around 2% of the TAC value, indicating that the algorithm has found a promising
region in terms of minimization. Naturally, the best solution found can be included as one
of the candidates in subsequent optimization strategies in order to refine the results found.
It should also be noted that the optimization problem in question could be described in a
multi-objective format, with a conflict between minimizing the capital investment while
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minimizing the operating costs. In such a situation, a Pareto curve would represent the set
of nondominated solutions to the problem and, ultimately, the project engineer would be
able to determine the number of stages of the equipment and determine the reflux ratios
from them.

With regard to the performance of the proposed framework, a comparison between
open-source and proprietary tools in this context would be complicated for a number
of reasons (although it is a pertinent question). Scilab is an interpreted programming
language (typical of prototyping), while commercial process simulators are implemented
in other programming languages. Furthermore, the connection between an optimization
tool (typically a metaheuristic) and a commercial simulation code is also a non-trivial task.
Therefore, we considered that performance comparisons between this proposal and other
approaches were beyond the scope of this work.

6. Conclusions
In this paper, we present a simulation and optimization methodology for the optimal

design of distillation separation systems based on the Firefly algorithm. The developed
framework was applied in a process to obtain α-pinene and β-pinene from turpentine,
a raw material of natural origin.

The results indicate that the application of the methodology was effective at obtaining
a process flowsheet that was able to obtain α- and β-pinene with the purities established
while minimizing the total annualized cost.
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