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Abstract: Changes in the refractive indices of a GaAs laser chip owing to bonding strain are
investigated by two-dimensional (2D) and three-dimensional (3D) finite element method
(FEM) simulations. The strain induced by die attach (i.e., the bonding strain) was estimated
by fitting simulations to the measured degree of polarisation (DOP) of photoluminescence
from the facet of the bonded chip. Changes in the refractive indices were estimated using the
strains obtained from fits to DOP data. Differences between the 2D and 3D FEM estimations
of the deformation and of the photo-elastic effect are noted. It is recommended that 2D
FEM simulations be used as starting points for 3D FEM simulations. Elastic constants for
GaAs in plane-of-the-facet coordinate systems for 2D (plane stress and plane strain) and
3D FEM simulations are given.
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1. Introduction

Kirby, Selby, and Westbrook, using analytic expressions for deformation given surface
tractions, showed that strain affects the operation of GaAs lasers [1]. Analytic expressions
are useful [1-5], but derivation of the expressions usually involves approximations such
as semi-infinite media which might compromise the accuracy in real life applications.
In addition, not all structures of interest are planar.

Figure 1 shows false colour maps of the measured degree of polarisation (DOP) and
rotated degree of polarisation (ROP) of photoluminescence from a cleaved facet through a
photonic integrated circuit (PIC). The inset shows schematically, as a cross section, elements
that are on the top surface. The top surface is seen edge-on in the figure, and the intersection
of the facet with the top-surface is hidden by the magenta coloured areas at the tops of
the false colour images. The DOP (and ROP) are sensitive functions of strain [6]. If there
was no locally varying strain in the PIC, the DOP and ROP would be uniform and zero.
Experimentally it is found that the DOP and ROP are zero for an unprocessed, high-
quality wafer.

The constituents of the PIC align with the lobes in the false colour images of the DOP
and of the ROP. The question is how to estimate accurately the strain and the changes in
refractive index owing to the etching, dielectrics, and metal over-layers shown in the inset.
Experience has shown that strain from the over-layers and surface relief affects operation
of the PIC.

In this work, 2D and 3D finite element (FEM) simulations of a simple structure are
considered. The results from investigations on a simple structure are easier to interpret than
for a sample with multiple sources of strain and with surface relief. With a simple structure,
the chance of a discrepancy owing to incorrect boundary conditions in the FEM simulation
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or attribution of an effect to an incorrect source is greatly diminished as compared to a
more complex structure.

The goal of this work is to understand if 2D FEM estimates of the deformation and
photo-elastic effect, as obtained by fitting 2D FEM simulations to measured DOP data,
are accurate representations of the existing deformation. 2D FEM simulations require
considerably less computer resources than 3D FEM simulations; 8 s and 0.16 GB of memory
versus 280 s and 7.8 GB of memory for the 2D and 3D simulations employed in the work
reported in this paper. Fits of simulations to measured DOP data provide a method to
make deductions informed by experiment.

28 ym
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Figure 1. Maps of the degree of polarisation (DOP) and rotated degree of polarisation (ROP) in the
vicinity of waveguides. The ROP and DOP would be zero in the absence of an anisotropic strain.
The inset shows schematically the surface relief and overlayers (in green and yellow) that exist on the
top surface of the sample and that cause the measured DOP and ROP patterns.

The FEM simulations are used to compute the DOP and ROP (collectively DOP) given
assumed boundary conditions, and are fit to the measured DOP to obtain estimates of the
deformation of the sample. In this manner, the simulations are calibrated by experiment.

The measured DOP (of the photoluminescence) is obtained as

Py — P,

DOP, = 1)
where P, and P; are the measured photoluminescence from a small area (ideally, width of
order of a diffraction limited spot ) on the facet and a small depth behind the facet (depth
of order of an absorption length in the GaAs) and are polarised in the two orthogonal
directions of x and z, and the normal to the measurement surface is in the y direction.

The measured ROP is obtained in a similar manner, except that the measurement axes
are obtained by a rotation of the x, y, z Cartesian system about the y axis by —45 deg to
create an (x/,,z') measurement system [6]. The PL yield equals Py + P, = Py + P,y and is
the total PL measured for the small area and depth.

The definitions for the measured DOP and ROP, DOP, and ROPy, are general and are
independent of alignment of the measurements axes x and z, or x’ and z’, with the GaAs
crystal coordinate system that aligns with the unit cell directions of [100], [010], and [001].

The measured DOP and ROP are sensitive functions of strain in III-V materials such
as GaAs and InP and the quaternaries of the binary compounds, and the functions of strain
depend on the alignment of the measurement axes x and z, and x’ and z’, with the crystal
axes [7]. This stands in contrast to the measured DOP and ROP, as described above.
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Since the measured surface is a cleaved facet and the goal is to use DOP and ROP
measurements to calibrate simulations of deformations, and to use these simulations of
the deformations to predict photoelastic changes to the refractive indices, it is necessary
to specify the alignment of the measurement coordinate system with the crystal coordi-
nate system.

For the measurements and calculations presented here, the sample is aligned such
that the facetisa y = 0 or {011} plane with facet normal along the y or (011) direction,
the vertical direction is in the z or (100) direction, and the horizontal direction is in the x or
(011) direction and is in the plane of the facet. This (x,y, z) coordinate system is the usual
measurement (coordinate) system.

Figure 2 is composed of schematic diagrams of the sample, and the orientations of
the measurement coordinate systems and crystal coordinate systems. Note that the aspect
ratio of the sample is not correct in Figure 2. The purpose of Figure 2 is to provide a
visual representation of the information on coordinate systems that is presented in the
previous paragraph. For the front view, which is a view of the measurement surface,
DOP, measurement axes, (x,y,z), are shown in black whereas ROP, measurements axes,
(x',y,2"), are shown in red.

The cleavage planes for III-V materials such as GaAs, InP, (crystals of InP and GaAs
have a cubic structure with an F43m space group symmetry) and related quaternaries are
{011} planes [8] (Section 2.2). It is thus necessary to rotate all tensors that are determined
in the crystal coordinate system by 45 deg about the z axis to obtain values to use in
calculations in the plane of the facet. This coordinate rotation should not be confused with
the rotation of —45 deg about the surface normal to obtain the (x',y,z’) coordinate system
used to measure the ROP.

The simulated DOP and ROP are obtained from the expressions

DOPOH = —Kg(1252 Cxx — 0.8132 622)
ROPy11 = K, 1.4083 x (2ey.), %)

which are valid for a cleaved facet of GaAs and the usual measurement (coordinate) sys-
tem [7]. In this expression, K, = | —3b/4kp T| is a calibration constant and equals 58 F 0.6
at temperature T = 296 £ 3K, Kp is Boltzmann’s constant, and b is a shear deformation
potential; exy and e, are the strains along the x and z directions; and, ey is the tensor
shear strain. The calibration constant has been estimated through measurement to be
K, = 50 £ 10 for GaAs [9,10]. The subscript 110, which is an equivalent normal to a cleaved
facet, has been added to reinforce the idea that the expressions are valid for a facet and for
the usual orientation of the coordinate system. As it is cumbersome to typeset, the subscript
will be dropped when there is little chance of confusion. The expressions for DOPy;1 and
ROPyq; are based on analytic expressions for the strain dependence of the band structure
of III-V materials [11,12] and the GaAs band parameters from Vurg et al. [13].

The strains or equivalently the stresses in a sample can be estimated from a minimum
mean squared error (mmse) fit of the simulated DOP and ROP to the measured DOP
and ROP. The fits provide a calibration for calculation of the deformation in the sample.
From the calculated deformation, the changes in the refractive index of the GaAs can be
obtained as

3
n
Ay = 22 x (0.2245 exy +0.0805 ¢y + 0.1400 ::)
3
A = 2 x (0.1400 exx +0.1400 ey, +0.1650ez:) (3)
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where ey, eyy, and e, are the strains in the plane of the facet, n, = 3.521 is the refractive
index when the deformation is zero, 7, and #n, are the deformation-induced changes in the
refractive indices for light that is polarised along the x and z directions and is propagating
along the y direction [14] (pp. 241-251), [15] (p. 111), and [16-18].
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top view

[100] Z
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Figure 2. Schematic diagrams of the sample. The diagrams show the measurement coordinate
systems and the crystal coordinate systems in the plane of the facet and in the top surface.

In this work, the effect of shear strain on the refractive index has not been included.
Shear causes a rotation of the indicatrix and a rotation of the plane of polarisation as light
propagates through the regions of shear [19-21]. The non-zero regions of ROP in Figure 1
act as a spatially varying ‘wave plate’, with the sign and magnitude of the rotation varying
with the ROP values, which are displayed by a false colour mapping. However, for this
work, the propagation length in the shear field is <200 nm and neglect of the shear strain
in determination of An should not impact the results to any degree. For sufficiently long
interaction lengths, the rotation of the plane of polarisation can be appreciable.
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For light propagating the length L of a laser, the phase change A6 of the electric field of
the light is AB = 2 tn L/ A where n is the refractive index and A is the vacuum wavelength
of the light. If the light is propagating in a strain field, then the change in phase owing
to the strain is Af(e) = 27w Any L/A for light that is polarized in the x direction. For a
high-power laser, L can be of order 10 mm, A = O(1 pm), strain is typically < 0.001, which
from Equation (3) suggests An < 0.001 also, and Af(e) = O(3600 deg) for strain at the
upper level of 0.001. For this laser, propagation through the assumed strain can be similar
to propagation through multiple waveplates.

In this work, the light is created by photoluminescence (PL) and the propagation
length of the PL is of order of the absorption length of the pump light in the GaAs, which is
<200 nm. For the PL and assuming An = 0.001 as for the laser then, Af(e) = O(0.1 deg),
which is a negligible fraction of a wave plate, and the shear strain will not introduce a
significant rotation of the indicatrix over the absorption length and thus the effects of the
shear strain can be ignored.

Estimations of the photo-elastic effect (i.e., changes in the refractive index with de-
formation) are only as accurate as the underlying FEM simulation used to estimate the
deformation of the sample. Thus to ascertain the accuracy of the estimations of the photo-
elastic effect, and whether 2D simulations are adequate to the task, it is necessary to
ascertain the accuracy of the FEM simulations of the deformation of the sample. To deter-
mine the accuracy, results from 2D and 3D FEM simulations and fits of these simulations to
measured and synthetic DOP data are compared. 2D FEM approximations, such as plane
stress and plane strain approximations, can not fulfil completely boundary conditions on a
3D object.

Organisation of the Paper

The Introduction provided the rationale for the investigation and provided some
basic equations and concepts that are key to the investigation. The overarching goal of the
investigation was to determine if fits of 2D FEM simulations to measured DOP and ROP
were accurate enough to forego computer-resource expensive 3D FEM simulation.

A description of the GaAs laser sample and the results of the investigation are con-
tained in the Section entitled “Sample and FEM Simulations”, Section 2. False colour maps
of the measured DOP and ROP of photoluminescence (PL) for the simple sample are pre-
sented in this section. Tables that report the quality of fits and fit values are given, and plots
of the stresses and changes of refractive indices are contained in this section. To understand
the fits, synthetic data were created and plane strain and plane stress simulations, (i.e.,
2d FEM simulations) were fit to the synthetic data. Unlike the measured DOP and ROP,
the synthetic data had no noise to confuse interpretations.

The Conclusion provides a summary of the results obtained in this manuscript. It
is reported that 2D FEM simulations do not provide the accuracy required, particularly
within 10 to 20 um of boundaries, and thus 2D FEM simulations are probably best used
to estimate the boundary conditions for 3D FEM simulations. The 2D FEM simulations
require significantly less computer resources than 3D FEM simulations, and that is why
2D FEM simulations are useful to search by trial and error for boundary conditions that
provide results that resemble the experimental measurements, and thus provide starting
points for 3D FEM simulations.

Appendix A provides summaries of linear elasticity theory and of the GaAs elastic
constants used in this work. Appendix B provides information on the photo-elastic effect for
GaAs. If desired, Equation (3) could be rewritten as functions of stress, and the equations
to achieve the rewriting are given in this appendix.
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Appendices C and D provide developments for the elastic constants required to
implement the 2D approximations of plane strain and plane stress. In these appendices it is
shown that the plane strain and plain stress elastic constants can be obtained as the c[y, y]
or s[y, y] minors of the 3D stiffness and compliance matrices. The stiffness and compliance
matrices are given in the first appendix, Appendix A.

2. Sample and FEM Simulations

The sample is taken to be a GaAs laser chip of thickness 98 um, width of 501 pum,
and length of 5 mm, that was soldered to a sub-mount. The bottom metal did not extend
to the sides of the chip but stopped 24.5 um from the left and right edges of the chip.
The top surface of the chip was a free surface, devoid of any metal or dielectric over-layers.
The lack of top-surface forces reduced the number of degrees of freedom and thereby made
modelling and interpreting the data simpler than for a device with top-surface forces.

Assume an orientation of the GaAs chip and a coordinate system such that z is the
vertical or growth direction, y = 0 is the plane of a facet, and the x axis points to the right
and along a horizontal direction in the plane of the facet, as described in the Introduction
and shown in Figure 2.

Using the PL data to find dimensions [22] (Section 3.1), trial and error, and then grid
searches over variables, it was discovered that good agreement with the measured DOP
data would be obtained with boundary conditions, on the bottom of the chip, of biaxial
strain e = eyy = eyy and a radius of curvature R = Ry = R;. The rationale for the biaxial
strain on the bottom of the chip was to account for a mismatch in the coefficient of thermal
expansion (CTE) between the chip, solder, and sub-mount. The radius of curvature, as a
boundary condition independent of the biaxial strain, was used to account for the presence
of the sub-mount. By using ¢ and R as independent boundary conditions, it was not
necessary to waste resources on gridding the sub-mount and solving for the deformations
in the sub-mount.

The values of e and R were determined from a least squares analysis, similar to the
least squares fitting procedure described in Ref. [22] (Section 2.1), by minimising the mean
square error between the measured DOP and ROP and the FEM simulations of DOPy;4
and ROPy;1, Equation (2). It is worthwhile to remark that the boundary conditions and
hence the deformation of the GaAs laser chip were determined by fitting to experimen-
tal measurements. The results are guided by experiment and not solely by wishes or
educated guesses.

In calculations to obtain fits of the simulations to the DOP data, the first 40 columns
of data on the left-hand side of the sample were ignored. It was discovered that there is a
slight left-right asymmetry to the DOP and ROP data. Fits ignoring the first 40 columns of
data on the left-hand side or ignoring the first 40 columns of data on the right-hand side
gave similar results, with the quality of fits excluding one side or the other being better
than for fits that included both left- and right-hand sides. It was decided arbitrarily to use
fits that excluded the first 40 columns of data on the left-hand side.

Figure 3 shows the grid in the plane of the facet upon completion of the best fit 3D
FEM simulation, and, with a magnification of 400X, the deformation of the chip in the
horizontal and vertical directions owing to the bonding stress and bottom metal on the
GaAs chip. The most notable deformation in the figure is a radius of curvature R (i.e.,
the smile) imparted to the chip by the boundary conditions that were found to give a best
fit of the measured DOP and ROP to the simulated DOP and ROP.

Note that only the right-hand half of the chip was simulated as the boundary on the
left-hand side, an x = 0 plane, is a plane of symmetry. The application FlexPDE was used
to perform the FEM simulations [23].



Optics 2025, 6, 21

7 of 25

—1—1

Figure 3. 3D grid with 400x deformations in the horizontal (x) and vertical (z) directions and
at a facet for the GaAs chip. The left boundary is an x = 0 plane and is a plane of symmetry;
only the right-hand half of the chip was simulated. The red lines show the boundaries of the chip
before deformation, and have lengths of 250.5 um in the x (horizontal) direction and 98 pum in the z
(vertical) direction.

Results

Figure 4 shows false colour maps of the data and best fit 3D simulations of DOPy;1
and ROPy;1, or just DOP and ROP for brevity, for the facet, which is a y = 0 plane. To map
data to a colour, a display gain is chosen and the product of the display gain and the data is
converted to the nearest integer, which is used to select a colour to represent a data point.
All data points are represented by a rectangle of the same size.

The top row of Figure 4 displays the PL yield for two different values of thresholding.
Part (a) shows the PL yield with thresholding of 1% of the maximum value of the PL. Areas
with PL below the threshold level are shown in magenta. This thresholding allows areas
of high noise to be suppressed. Part (e) shows the same measured PL yield, but displays
the PL yield with a threshold level of 70% of the maximum value of the PL. This threshold
was used to exclude DOP and ROP data from the fits and displays. Any DOP or ROP data
that were calculated with a value of the PL yield that was below the threshold value are
displayed with a magenta colour. The thresholded data is possibly corrupted by noise or
measurement artefacts, and are excluded as this data is considered unreliable.

Figure 4b,f display the measured DOP and ROP data. Note that the aspect ratio of the
data was not maintained in the panels of Figure 4. All panels use the same aspect ratio,
but the aspect ratio is not the 105:513 aspect ratio of the real data. The data was measured
with 105.1 um steps in the vertical direction and 171.3 pm steps in the horizontal direction.

Panels (c) and (g) display the best fit DOP and ROP to the measured data. The best fit
DOP and ROP are found by assuming boundary conditions for a 3D FEM simulation of the
deformation and using the strains determined from the 3D FEM simulation to calculate
DOPy;; and ROPy;; from Equation (2). A grid search was used to find the deformation
that yielded a minimum mean squared difference, XZ, between the measured DOP and
ROP and the simulated DOPy;1 and ROPp;1. In comparing panels (c) and (g), and, (d) and
(h), it should be noted that the ROP false colour maps were created with a display gain
that was 1.5x larger that the display gain for the DOP false colour maps. The chi-squared
values obtained from the fits are approximately the same for both ROP and DOP. In the
calculation of chi-squared, the DOP and ROP data were weighted equally.

Panels (d) and (h) display five times the residue, which was smoothed to remove
random noise, with the residue defined as the difference between the measured data and
the best fit 3D FEM simulation. The residues provide a visual means to estimate the quality
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of the fit and to make a connection between the x value and the visual quality of the
fit. The residues for a perfect fit would be zero and show as a uniform colour, with the
same colour as the green tick mark on the colour bar (i). The residues were smoothed by
convolving the data with a 3 x 3 square, i.e., by averaging each value at (1, n) over values
at (m£1,n £ 1), where (m, n) are integers that define the location of the value of interest.

An examination of panel (d) shows that the simulated DOP is a good approximation,
by virtue of the green (zero) over most of the region, to the measured DOP. The simulation is
not as good as an approximation near the bonding (lower) surface where non-uniformities
are visible. These non-uniformities indicate non-uniform bonding of the chip to the sub-
mount. There was no attempt to fit to the non-uniformities, which can be observed in (b)
and (d). The fit to the ROP does not seem to be as good, with some difficulty fitting to the
right-hand side of the chip. However, it should be remembered that the ROP is displayed
with a display gain that is 1.5 greater than the DOP display gain.

The colour bar (i) is composed of 241 uniquely coloured rectangles plus off-scale black
and grey boxes at the top and bottom of the colour bar. Any value that cannot be displayed
by one of the 241 colours is assigned to black if the value is more negative than the available
colours and grey if the value is more positive. The tic marks on the colour bar have the
same height as one unique rectangle of the 241 rectangles that make up the colour bar and
help navigate the false-colour mapping.

For the PL yield, the black square at the bottom of the colour bar represents negative
vlaues and the white colour just below the grey at the top of the colour bar represents
the maximum value that can be uniquely displayed. For displays of the DOP and ROP,
the green tic mark in the centre of colour bar represents zero. The full scale values that can
be displayed, given the display gains that were chosen, are £2.92% and £1.94% for the
DOP and ROP, respectively.

(a) PL yield (e) PL yield

B

(c) DOP fit (g) ROP fit

(d) 5x(DOP data - fit) (h) 5x(ROP data — fit) (i)

Figure 4. False colour images the PL data, the measured DOP and ROP data, and of best fit functions
to the measured DOP and ROP. For display purposes the aspect ratio has not been maintained; the
maps should be ~5x wider than the maps are to maintain the aspect ratio. The dimensions of each

panel are 513 um in the horizontal directions and 105 um in the vertical direction.
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False colour maps of the fits of 2D FEM simulations are not visually that different from
the 3D fits presented in Figure 4.

Table 1 presents results for fits of 3D FEM, 2D FEM plane stress, and 2D FEM plane
strain simulations to the measured DOP and ROP. In the fitting procedure, the mean square
error (mse), XZT, is minimised, where the subscript T stands for ‘total’. The values of xT,
Xxpop, and xrop are reported. xpop and xrop are the contributions to xr for fits to the
DOP and ROP data. R is the minimum mean square error (mmse) radius of curvature in
metres and e is the mmse biaxial strain.

Table 1.  values for fits of 2D and 3D FEM simulations to measured DOP and ROP data.

Method XT XDoP XROP R (m) e/10~4
3D 331 3.23 3.39 0.59 3.11
2D plane stress  3.157 £ 0.01 3.160 3.154 075105  3.80+04
2D plane strain 3.165 3.163 3.168 0.64 391

Appendix A provides information on the elastic constants used for the 3D FEM
simulations. Appendices C and D provide the elastic constants used for the 2D plane strain
and 2D plane stress FEM simulations.

In comparing the x values, it should be noted that the 95% confidence interval in
a calculation of the standard deviation for the mean of v 4+ 1 random draws from a unit
normal distribution is approximately 1 + /1.92/v for v > 100 [24] (Table A12). For
v = 10,828 the 95% uncertainty is £0.013.

The false colour maps of the DOP or ROP of Figure 4 contain 105 x 171 = 17,955 points.
Not all of these measurements were used in the least squares fits, as some measurements
were excluded owing to thresholding and to avoid asymmetry in the sample. For fits to the
DOP or ROP data, the degrees of freedom v = 10,828.

The uncertainty for x should be 0.707 x the uncertainty in xpop or xrop as there are
twice as many degrees of freedom in the calculation of xt as there for xpop or xrop-

The 3D x values listed in Table 1 when associated with the residues, panels (d) and (h)
of Figure 4, allow one to assess visually the quality of the fit. Since the 2D yx values differ
from the 3D values by <0.1 in 3.25, or roughly 1 part in thirty, it is unlikely that a difference
between the quality of fits for 2D and 3D simulations can be determined visually.

If one accepts that the uncertainty in x7 is ~0.010 from random fluctuations (i.e.,
noise—see the confidence interval estimation presented four paragraphs above) in the data,
then from Table 1 it would appear that the two 2D FEM simulations fit the data similarly,
and that the 2D FEM simulations fit better than the 3D FEM simulation.

It is interesting to note that the best fit values for R and e vary for the three different
methods of simulation. The uncertainty in the best-fit values for e were estimated for fits
of 2D plane stress simulations to real and synthetic data by holding R equal to the best fit
value and varying e until y1 changed by 0.01. A similar procedure was used to estimate the
uncertainty in R. It is assumed that these 2D plane stress uncertainties are representative of
the uncertainties for all best-fit values.

To understand the numbers provided in Table 1, synthetic data were created and
used as inputs to the FEM simulations. The synthetic data were created using the values
for R and e found from fits of the 3D FEM simulation to the measured DOP and ROP.
These R and e values were used in a 3D FEM simulation to produced DOPy;1 and ROPy11,
from Equation (2). No noise was added to the synthetic data.

The results for fits of the synthetic data for 2D and 3D simulations are contained in
Table 2.
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Table 2. x values for fits of 2D and 3D FEM simulations to synthetic data.
Method XT XDoP XROP R (m) e/10~*
3D 0.004 0.003 0.004 0.612 3.059
2D plane stress  0.984 = 0.01 0.968 1.001 12703 2.85+02
2D plane strain 0.969 0.956 0.982 1.2 2.85

The fits 3D simulations to the synthetic data are as expected. The x values are near
zero; for a perfect fit the x values would be zero. The values for R and e are within 0.02 and
0.05 of the values used to create the synthetic data. In an ideal world, the values for R and e
would match. However, there is ‘noise” in the synthetic data owing to convergence and
gridding issues, and to interpolation issues as the FEM simulations do not use the same
grid as the data. Since the variables are not orthogonal, the fitting routine can alter the two
variables to minimise the mean square error, x. In mmse fits, there is no guarantee that the
mmse fit parameters have the most physical explanation; the best fit parameters are the
ones that minimise x. One hopes that the best fit parameters are accurate representations
of the physical world [25] (Section 7.3).

Clearly the 2D FEM simulations do not fit well to the synthetic data. Since the external
noise that exists in the measurements has been eliminated, the contributions to x are from
the quality of the fit, and convergence and gridding issues. It is known from the 3D fits
that the convergence and gridding noise add at most 0.004, it is reasonable to assume
that the remainder of the contribution to x comes from the quality of the fit. The 2D FEM
simulations used a finer grid and a smaller convergence limit than the 3D FEM simulations,
so one might reasonably expect the convergence and gridding noise to be less in the 2D
FEM simulations as compared to the 3D FEM simulations.

The best fit values for R for the 2D FEM simulations are 1.207 and 1.0222 as compared
to a true value of R = 0.59. These R values are significantly different. The best fit values for
e/107% are 2.827 and 2.930, which are not that different than the true value of 3.11.

It is interesting to note that the plane strain approximation (xt = 0.968) appears to fit
the synthetic data better than the plane stress approximation (x7 = 0.984). This might be
somewhat unexpected in that the facet is a free surface with ¢, = 0, which is the condition
that defines plane stress, and in that the PL data is generated near the facet, in a region
where 0, = 0. The stresses as calculated by 3D FEM simulations are given in the next two
figures. The second figure is a plot of the stresses using an expanded scale near the facet.

One could try to fit the DOP data with plane stress FEM simulations and use these
fits parameters with the plane strain FEM simulations. The concept is that plane stress has
the proper boundary condition, oy, = 0, and the plane strain approximation should be
appropriate to the chip, far from the boundaries of the chip. This result of this approach
was unremarkable in that results were not that different from solely plane stress or solely
plane strain simulations.

If one accepts that 3D FEM simulations, once calibrated by fits to the measured DOP
data, are a reasonable approximation to the deformation in the sample, then one must
conclude that the 2D FEM simulations of the measured DOP at the surface are inadequate.

Figure 5 plots 3D estimations of the stresses owing to bonding strain as a function
of the distance y behind the facet. The stresses are plotted for a line that is 5 pm above
the bonding surface (the bonding surface is the plane z = —98 pym) and that is at the
midpoint (x = 0) of the chip. 2D FEM simulations are independent of y as the two
dimensions considered are x and z. For a plane stress 2D FEM simulation, oyxy = 31.6 MPa,
02z = —3.19 MPa, and 0y = 0 MPa. The 2D plane strains values of oy, = 32.8 MPa,
02z = —3.11 MPa, and 0, = 0.70 MPa are similar to the plane stress values. The long tic
marks on the right-hand side of Figure 5 mark the stresses from the 2D plane strain (grey)
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and plane stress (magenta and cyan) approximations. The plots of the 2D values should
extend for all values of y, but this makes the figure too cluttered.

501 Oxx
— Oy
40 — Oz
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£ 30
wn
v
@ 201
2
(0]
101
0,
0 100 200 300 400 500

distance behind facet, y (um)

Figure 5. Stresses as calculated from a 3D FEM simulation of the bonded chip. The stresses are
presented along a line that is 5 um above the bonding surface and for x = 0. Data for only one half of
the chip are plotted; the plane y = 500 um is a plane of symmetry.

Figure 6 plots the same information as Figure 5 but on an expanded y scale and only
near the facet, which occurs at y = 0. Since the facet is assumed to be a free surface (the
surface tractions are set equal to zero), the normal component of stress must equal zero,
i.e., oyy = 0. The zoomed version of Figure 5 clearly shows that the 3D FEM simulation
meets the boundary condition of 0,y = 0 at the facet, that the deformation of the sample is
not uniform along the optic axis (i.e., the normal to the facet or y direction), and that this
non-uniformity extends for a significant distance (>50 wavelengths) beyond the facet.

Note the ‘noise” associated with the curves in Figure 6 . This is the gridding, conver-
gence, and interpolation noise mentioned in the discussion of the x values for fits of 3D
FEM simulations to the synthetic data, Table 2.

50

) w »
o o o

stresses (MPa)

=
o

Q

]

00 25 50 75 100 125 150 17.5 20.0
distance behind facet, y (um)

Figure 6. Stresses as calculated from a 3D FEM simulation of the bonded chip and displayed with an
expanded y axis to highlight the changes along the y-axis. The stresses are presented along a line that
is 5 um above the bonding surface and at the mid-width (x = 0) of the chip. The long tic marks on

the right-hand side indicate the stresses from the 2D plane strain (grey) and plane stress (magenta
and cyan) approximations.

Figure 7 plots 2D and 3D estimates of the changes in the TE (1) and TM (n,) refractive
indices for a line 5 pm above the bonding surface and in a plane perpendicular to the
facet but at the midpoint of the chip. The 2D simulation and the 3D simulation at the
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midpoint (c.f. y =~ 500 um for Figure 7) are similar in shape in that the 3D values approach
a straight line at the midpoint of the chip but the magnitudes differ by up to >100%. The 2D
predictions are indicated by straight lines as 2D simulations assume no y dependence in
the material that is being simulated. The magenta-coloured line near 0.69 is 1000 x n, for
a plane stress (2D) FEM simulation whereas the cyan coloured line near 0.26 is 1000 x 7,
for the same simulation. The grey lines are values obtained from a plane strain (2D)
FEM simulation.

Figure 7 shows that there is little difference in the predicted photoelastic effect for a
plane strain and a plane stress simulation, but there is a large discrepancy between the
predicted strain-induced refractive index changes (i.e., photoelastic effect) for 3D and 2D
FEM simulations.

2.00 1 — Any
— An;

1000 x An

= = = =
[=] N w ~
) o o o

\
0.75 \_/,,/—

0.50 4

0.251

0 100 200 300 400 500
distance behind facet, y (um)
Figure 7. 2D (horizontal lines) and 3D predictions of the changes in the refractive indices along the
length of the device, 5 um above the bonding surface, and in a plane x = 0, which is perpendicular to
the facet and at the mid-width of the chip.

Figure 8 plots the estimated photoelastic index changes in the plane of the facet (i.e.,
the plane y = 0), from the bonding surface at z = —98 um to the top of the chip atz =0,
and at mid-width (x = 0) of the GaAs chip. For the 3D simulations, the refractive index
changes, Any and An;, are ~8 x 1072 near the bonding surface and decrease rapidly as z
increases from —98 pm to say —90 um and then decrease slowly to the top of the chip.

Note that this chip was a specially prepared chip. There was no metal or dielectric
coatings on the top surface at z = 0. Any photoelastic effects from surface tractions on
the top surface would add to the effects caused by the bonding. By the principle of linear
superposition, one would expect any contribution from the top surface to add linearly
as the FEM model is a linear model of elasticity. This sample is somewhat ideal for this
investigation in the sense that the simple boundary conditions remove some degrees of
freedom and hence simplify explanations and modelling.

The plane stress 2D FEM simulation show that the 2D photoelastic predictions are
similar to the 3D predictions far away from the bonding surface but deviate substantially
from the 3D predictions within about 15 um from the bonding surface. This behaviour
is similar to stresses in Figure 6 and the refractive index changes when plotted along v,
as shown in Figure 7.

Figure 9 plots the 2D and 3D photoelastic effects in the plane of the facet (i.e., the y = 0
plane) from the mid-width at x = 0 to the edge of the chip at x = 250.5 pm. The data
are plotted for a line that is 5 pm above the bonding surface. The 2D FEM photoelastic
predictions are smaller in magnitude that the 3D FEM photoelastic predictions and are
significantly different than the 3D predictions near the free surface at x = 250.5 pm, which
is the side wall on the right-hand-side of the chip. These differences between the 2D and
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3D predictions near a surface are consistent with the results presented in Figures 7 and 8,
and the stresses presented in Figures 5 and 6.
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Figure 8. 2D and 3D predictions of the changes in the refractive indices at the facet, from the bonding
surface at z = —98 pm to the top of the chip at z = 0 for a line along x = 0. The plane x = 0 is at the
mid-width of the chip and is a plane of symmetry.

2.0

151
o
[
(o]
©
£
O
= 1.0
£
ot
©
s
5 0.5
= — Any
= — An,

0.0

—— An, 2D
—— An; 2D
0 50 100 150 200 250

distance across facet, x (um)

Figure 9. 2D and 3D predictions of the changes in the refractive indices at the facet and as a function
of x, for 5 um above the bonding surface. x = 0 pm is a plane of symmetry.

3. Conclusions

Two dimensional (2D) and three dimensional (3D) finite element method (FEM) simu-
lations of the degree of polarisation (DOP) and of the rotated degree of polarisation (ROP)
were fit to measurements of the DOP and ROP of photoluminescence (PL) (see Equation (1))
from a facet of a GaAs laser that was soldered to a sub-mount. The soldering to a submount
induces deformation in the laser chip, and this deformation causes distinct patterns in the
DOP and ROP.

Fits to the distinct patterns in the DOP and ROP of luminescence provides a method
to deduce the strain in luminescencent III-V materials by fits of simulations to the mea-
sured data. Since the DOP and ROP for III-V materials are highly sensitive functions of
shear strain and of the difference of the normal components of strain (see Equation (2)),
the presence of shear strains and differences of normal components of strain >5 x 107> can
be established and analysed by fitting simulations to the measured DOP and ROP patterns.
A strain value of 5 x 10> is well above the typical noise floor.

It was shown through fits of FEM simulations to synthetic DOP and ROP data, which
were created by 3D FEM simulations using deformations calibrated by the fits to experi-
mental data, that the 2D FEM simulations do not fit the facet data well. Thus deformations
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(i.e., strains or the stresses causing the strains) obtained by 2D analyses of facet DOP data
might not represent well the true state of deformation of the sample under study. This lack
of representation is particularly acute within ~20 um of free or loaded surfaces.

The deformations obtained by fits to measured data were used to predict the strain-
induced changes (or photoelastic effects) for two orthogonal refractive indices. It was found
that the 2D FEM simulations did not predict the photoelastic effect well, which is consistent
with the ability of the 2D methods to predict the deformation.

Although 2D FEM simulations and analytic methods require significantly less com-
puter resources than 3D FEM methods, it is recommended that the 2D methods be used to
provide starting points for 3D FEM investigations. This is particularly true when results
are required for distances close (say within 50 wavelengths or more) to surfaces.

Funding: This research received no external funding.

Data Availability Statement: The raw data supporting the conclusions of this article will be made
available on request.

Conflicts of Interest: The author declares no conflicts of interest.

Appendix A. Stress and Strain

This Appendix provides an overview of linear elastic theory, a summary of notation,
and the origin of the elastic constants used in the simulations and the other Appendices.

Stress o and strain ¢, which are symmetric, three dimensional (3D), second-rank
tensors, are related to each other by fourth rank compliance s and stiffness c ten-
sors [14] (p. 132):

eij = Sijk1 Okl = Y, Sijkl Okl (A1)
]

Tij = Cijki €kl = Y, Cijikl €kl » (A2)
Kl

withi = 1..3,j = 1.3, k = 1..3, and | = 1..3. The Einstein convention of summa-
tion over repeated indices is explicitly indicated by the sums on the right hand sides of
Equations (A1) and (A2) [14] (p. 7).

Tensors are defined based on how components of the tensor transform under rotation
of the underlying coordinate system [14] (p. 14). Both symmetric, 3D, second-rank tensors
and the coefficients of a quadric transform the same under rotation of the underlying
coordinate system. Thus, the components of stress and strain tensors can be written as
symmetric 3 X 3 matrices and a quadric provides a means to visualize symmetric, second
rank tensors.

A quadric is a second degree surface, such as Y., , Amn XmXn = Apn Xmxn = 1,
m = 1..3,n = 1..3, and with A;;; = Aum, where the three mutually orthogonal variables
are x1, x2, x3. The coefficients A, of a quadric form a symmetric 3 X 3 matrix [14] (p. 16).
For a symmetric, 3D second-rank Cartesian tensor T, Ty, X Xy = £1 where the sign is the
same as the sign of the determinant of the matrix representation of T [26] (p. 35).

The properties of quadrics, such as transformation, principal axes, eigenvalues, eigen-
vectors, and principal invariants, which are the trace, the determinate, and A1 A +
AxpAszs + Aj1Ass — A2, — A2, — A3, are known. Thus, by analogy, the properties of
symmetric, second-rank tensors are also known.
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To minimise the number of subscripts, the components of stress and strain tensors can
be written in matrix form using a Voigt notation. In Voigt notation the components of the
strain tensor e are written with a single subscript and are given by

€1 € ¢65 €xx Cxy Exz €11 €12 €13
e=|e e e | = | ey ey ez | = | en exn ex3 |- (A3)
€5 €4 ¢€3 €xz Cyz €zz €13 €23 €33

The last two matrices in Equation (A3) give the components of the strain tensor e in x, v, z
and x1, X2, x3 Cartesian coordinate systems.

It is common practice to write the stress and strain relations in a matrix form, with the
stiffness matrix [C] and the compliance matrix [S] being 6 x 6 matrices [14] (p. 134).
le] = [S]le], [¢] = [C]le], and [C] and [S] are matrix inverses: [C] = [S]~! and
[S] = [C]~L. The strain matrix [e] is [eq, o, €3,2 e4,2 €5,2 e5] T Whereas the stress matrix [o] is
[0’1, 0>,03,04,05, 0'6]T, so that

[ o1 ] [(Ci1 Cia Ciz3 0 0 0 |[ e ]
053 Cp Cpn C3 0 0 O e
o3 | _ | C3 C3 Gz 0 0 0 e3 (Ad)
0y 0 0 0 C44 0 0 264
(% 0 0 0 0 C55 0 26’5
L (U ] L 0 0 0 0 0 C66 1L 26’6 ]

The engineering shear strains are 4 = 2e4,75 = 25, and ¢ = 2 e where ey, €5, and eg are
the tensor shear strains. The engineering shear strains equal the decrease in angle between
two lines that were perpendicular prior to application of the influence that induced the
deformation [14] (p. 102).

The matrix representations of fourth rank compliance and stiffness tensors do not
transform under rotation of the coordinate axes the same as fourth rank tensors [14] (p. 135).
One must return to the tensor notation to find the components of the matrix representations
of the compliance and stiffness tensors in a rotated coordinate system. Symmetric second
rank tensors transform the same as the matrix representation of the tensor [14] (p. 102).

For a cubic crystal such as InP or GaAs, and in the crystal coordinate system, the com-
ponents of the stiffness matrix [C] are

[ Ci1 Cp Cp 0 0 0 ]
Cp Cyp C2 0 0 O
Cp Cpp Cp O 0 0
C| = Ab
(€] 0 0 0 Cyq O 0 (A5)
0 0 0 0 C4q O
0 0 0 0 0 Cu|
and the components of the compliance matrix [S] are, since [S] = [C] 1,
[ S11 Sz S;2 0 0 0 ]
S2 S22 Sn 0 0 0
S| = A6
15] 0 0 0 Sy 0 0 (A6)
0 0 0 0 Sy 0

0 0 0 0 0 Sy
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with
Sy = Ci1+Ci2
(C11 = C12)(C11 +2Cpp)
—Cr2
S1p = A7
7 (Cyyp — C12)(Cyy +2Cn2) (A7)
1

For GaAs, the three independent coefficients in the crystal coordinate system are
C11 =118 £ 0.4 GPa, Cjp = 53.5+ 1.5 GPa, and Cyq = 59 £0.2 GPa [27].

In the facet coordinate system, which is obtained by a 45 deg rotation about the crystal
coordinate z or ‘3" axis, the stiffness matrix is (from rotation of the tensor)

[ (Ci1+C12)/2+Cay (C11+Cp2)/2—Cy Ciz 0 0 0 ]
(Ci1+C12)/2—Cas (C11+C12)/2+Cy Cp 0 0 0
Ci2 Ci Cn O 0 0
(A8)
0 0 0 Cyqg O 0
0 0 0 0 Cy 0
i 0 0 0 0 0 (Cn—Ci)/2 |
which we write as ~ _
cn ¢z c3 0 0 O
¢z ¢ci1 o c3 0 0 0
[C} _ C13 C(C13 (33 0 0 0 (A9)
0 0 0 Cq4 0 0
0 0 0 0 Cq4 0
| 0 0 0 0 0 ce |

with c11 = (Ci1 + C12)/2 + Caa, c12 = (C11 + C12)/2 — Cay, c13 = Cip, ca4 = Cyy, and
ce6 = (C11 — C12)/2.
The compliance matrix in the facet coordinate system is

S11 S12 S13 0 0
S12 S11 513 0 0
0 0

[s] = $13 513 833 (A10)
0
0

o © O

0 0 0 1/Cyq O
0 0 0 0 1/Cy
0o 0 0 0 0 2/(Ci—Cpn) |

with

_Ci® +CiCip +2Ci Cyy —2Cpp°

511
4Cyq (Cn2 +C1Cp—2 C122>
S1p = — Ci1® 4 Ci1 C1p —2C1y Cyy —2C°
4Cyy (C112 +C1Cp—2 C122) (A11)
513 = — Ciz
C11% + Ci11 Cra — 2Cp0?

Ci1+Ci2

533

T C1? 4 Cpy Cip —2Cpp%
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In a facet coordinate system and for GaAs

[ 14475 26750 535 0 0 0
26750 14475 535 0 0 0
535 535 118 0 0 O
[clGaas = GPa (A12)
0 0 0 59 0 0
0 0 0 0 5 0
0 0 0 0 0 32250 |
8303 172 —3686 0 0 0 ]
172 8303 —3686 0 0 0
on — —3686 —3686 11817 0 0 0 106 A13)
0 0 0 16949 0 0 GPa
0 0 0 0 16949 0
0 0 0 0 0 31008 |

It is common in engineering to write the relations in terms of Young’s modulus E and
Poisson’s ratio v. The relations can be written in two different formats: the major Poisson
format (or row normalized format)

1 _ _
€xx = £ (Uxx — Vxy Oyy — Vxz Uzz) (A14)
x

and the minor Poisson format (or column normalized format)

== - =2 . A15
Cxx E, Ey E, ( )
The standard relation for shear strain, regardless of Poisson format, is
1o
Yy = 2€xy = i (A16)

ny

where Gy, is the rigidity modulus, -y, is the engineering shear strain, and ey, is the tensor
shear strain. G = E/(2 x (1 4 v)) in isotropic material.

Similar equations hold for ey, e, ey, and ey;.

The GaAs constants in major and minor Poisson format, and in a facet coordinate
system, are

Ex=1/s11 =120.44 Vyy = —s12/s11 = 0.021 vy, = —s13/511 = 0.444
Ey =1/sp$p =120.44 Vyx = —521 /s = 0.021 Vyz = —823/820 = 0.444
E; =1/s33 =84.62 7V, = —s31/s33 = 0.312 Vay = —8372/833 = 0.312
ny = 1/566 = 32.25
ze = 1/555 = 59.00
Gyz = 1/544 = 59.00

(A17)
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and
Ex =1/s11 = 120.44 E, = 1/sp0 = 120.44 E; =1/s33 = 84.62
Vyy = —812/822 = 0.021 vy, = —s13/s33 = 0.312
Vyx = —821/811 = 0.021 vy = —s23/533 = 0.312 (A18)
Vzx = —331/511 = 0.444 Vzy = —832/522 = 0.444
ny =1/s¢6 = 32.25 Gyz = 1/s55 = 59.00 Gyz = 1/544 = 59.00
respectively.

Appendix B. Photoelasticity

Nye [14] (Ch. XIII Section 2.2) explains that strain affects the refractive index
and that this is modelled from changes to the relative dielectric impermeabilities,
B;, i = 1...6, in matrix notation. The refractive indices are related to the impermeabili-
ties by B; = ni_z, i=1.3.

Before symmetric material is deformed, the indicatrix is a sphere, B, x; x; = 1 with
B, = 1/n2 where 1, is the refractive index of the unstrained material [14,15]. For GaAs,
a value of n, = 3.521 was assumed. After deformation, the indicatrix is Bj; x; x;, which
in general is an ellipse. The off diagonal elements of B;;, are related to shear deformation
in the material. If the shear is non-zero, then the principal axes of the indicatrix do not
align with the (x1, xp, x3) Cartesian coordinate system. Propagation of light in material
with non-zero shear can lead to a rotation of the plane of polarisation [20,21].

Strain induced changes in [B] are given by

ABi = pl] 6]' = 71'1'/' (7]' (A19)
and the changes in refractive index are given by

3AB'
An; = —”02 Li=1.3. (A20)

In the crystal coordinate system and in matrix notation, measured values for the
three unique GaAs elasto-optical coefficients of the fourth rank photo-elastic tensor are
P1; = —0.165, P;; = —0.140, and Py = —0.072 at a wavelength of 1.15 um [17,18]. Similar
to the use of ¢ and C for the stiffness constants (see Appendix A), here capital [P] represents
the matrix of the elasto-optical coefficients in the crystal coordinate system and [p] refers to
the matrix of the elasto-optical coefficients in the plane of the facet.

Tables 9 and 15 in Nye [14] (Ch. XIII Section 2.2) show that the photo-elastic matrix
[P] for GaAs (GaAs has symmetry F43m) has the same symmetry as the stiffness matrix
[C]. Therefore, the [p] matrix in the plane of the facet can be found by substitution in
Equation (AS8).

In the plane of the facet and for GaAs,

[ —02245 —0.0805 —0.1400 0 0 0
~0.0805 —0.2245 —0.1400 0 0 0
] = —0.3400 —0.(1)400 —0.(1)650 —0?)720 8 8 (A21)
0 0 0 0 —00720 0
0 0 0 0 0 —0.0125 |
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and using [p| = [7] [c] and [7r] = [p] [s], since [s] is the matrix inverse of [c],
[ 1334 -01137 —05301 0 0 0 ]
—0.1137 —-1.334 —0.5301 0 0 0
(] = —0.5301 -0.5301 —-0.9177 0 0 0 «10°12, (A22)
0 0 0 —1.2203 0 0
0 0 0 0 —1.2203 0
0 0 0 0 0 —0.3876

The expressions for [p] or [77] are used with Equations (A19) and (A20) to specify the
photo-elastic response. If shear strain is present, then it might be necessary to take the
shear-induced rotation of the indicatrix into account [19-21].

From the Kramers-Kronig relations, which follow from causality, the [P] and hence
the An are expected to be wavelength dependent, with magnitudes increasing as the
wavelength of the light approaches the band gap from the wavelength at which the P were
measured [16], [28] (p. 364), [29] (p. 93), and [30] (p. 360).

Appendix C. Plane Strain

Plane strain is an approximation to reduce a 3D problem to a 2D problem, wherein
one assumes one principal component of strain is zero and two shear strains are zero.

Appendix C.1. Plane Strain in the Plane of the Facet

Adopt a facet coordinate system in which y is a normal to the facet, z is the vertical or
growth direction, and x is the horizontal direction.

Assume e,y = 0 and ey, = ey; = 0. The assumption that e, = 0 places a constraint
on oyy:

—521 0 —523 0
Uy}/ _ XX + zZz .

A23
522 522 (A29)

Equation (A23) written in terms of the three stiffness constants from the crystal coordi-
nate system is

—C11? + (—Ci2 + 2 Cyq)Cy1 + 2 Cyp?
C11% + (C12 + 2 Caq)Cyy — 2 C12?
4 C12 Cyy
C112 4 (C12 +2Cyy)Cpy — 2Cp?

Oyy = xx

(A24)

+ o_zz.

For GaAs, 0y = 0.0207 0y + 0.4440 02, for ey, = 0.
Use Equation (A23) to eliminate ¢y, from the 3D expressions for ey, and e, to find

€xx =511 Oxx + 512 Oyy + 513 02z

S12 S S12 S
= (sll -2 21) Oxx + <513 -2 23) Ozz
522 522 (A25)

= (8302.75 — 3.563) 0xx + (—3686.48 — 76.357) 0, GaAs
=8299.19 0xx — 3762.77 0, GaAs

and
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€zz =531 Uxx + 532 Oyy + 533 Uz

532 521 532 523
= (531 - ) Oxx + (533 - ) Ozz
522 522 (A26)

= (—3686.48 — 76.357) 0y + (11817.40 — 1636.348) 0. GaAs
— —3762.77 0y + 10180.58 0, GaAs

The numerical coefficients in Equations (A25) and (A26) must be multiplied by 10~°
given stresses in GPa.
Equations (A25) and (A26) can be written in matrix form:

l Cux ] $11 —S$12521/82  $13 — S12523/52 [ Uxx ] (A27)

€zz Ozz

S31 —532521/522  $33 — $32523/522

For GaAs, by matrix inversion of Equations (A25) and (A26),

Oux | _ 144.75 53.5 Cxx (A28)
Ozz 53.5 118.0 €7z
This result seems strange as it gives the same values for cxy, Cxz, €2y, and c; as before the

plane strain changes—see Equation (A12) for the original values for [c]. The inverse of the
2 x 2 matrix in Equation (A28) is

(A29)

8299.19 —-3762.77 10-°
[s2p] =

—3762.77 10180.6 % GPa’

which is indeed the 2D compliance matrix, scaled by 10 (must multiply the values by
107 to get units of GPa~!, as shown). This identification of Equation (A29) as the 2D
compliance matrix [syp| can be confirmed by comparing Equations (A25) and (A26) with
Equation (A29).

To find plane strain values for E and v when e, = 0, simply invert the 2D [c] matrix,
which is found by deleting the y column and the y row, to find the 2D [s] matrix and use
the components of the 2D [s] matrix to find values for E and v. This approach is easier than
the approach outlined in Appendix C.3.

Values for Poisson’s ratios for GaAs, as calculated from the inverse of the 2D |c]
matrix, are

7y, = —o0(L2 37628 ) yonng

sp[1,1] 82992 (A%0)
_ —sp1,2] 37628 -
Ve = g 2,2] 82992 20960 = v

These are the same values as found in Appendix C.3 for the major Poisson (row normalized)
and the minor Poisson (column normalised) formats. The values for GaAs for E and G are
also correct: Ex = 1/spp[1,1] = 120.49 GPa and E; = 1/s5p|2,2] = 98.226 GPa. The values
for the rigidity G do not change.

Appendix C.2. Plane Strain Summary: Matrix Inversion

To find the plane strain material constants for e;; = 0, create a 2D stiffness matrix
[cop] by removing the y column and the y row from the 3D stiffness matrix [c], i.e., form
the c[y, y] minor [24] (p. 241), and remove the columns and rows associated with the shear
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terms. The matrix [c] is block diagonal in terms for the principal strains and the shear strain
terms, and thus the principal strains and the shear strain are decoupled. Let

c11 €13
[cop] = (A31)
C31 €33
then
C33 —C13
1 11633 —C€13C13  €11€33 —C13C13
[cap] ™" = [s2p] = (A32)
—C31 C11
€11C€33 —C€13C13  €11€33 —C13C13
and

— —SZD[l,Z} C13 53.5
= = — = .4 =
ol 1] 1180 439 =va

(A33)

—SZD[Z, 1} Cﬂ . 53.5 o o
22 oy 14475 036960 =13,

V31 =
in agreement with values calculated earlier, Equation (A30).

Appendix C.3. The Hard Way

In the major Poisson format, the plane strain condition at a facet is ey, = 0, which
means 0y, = Vyx Oxx + Vy; 0z;. Substitute this relation into the expressions for the two
non-zero strains to obtain

1 _ _
€xx = E7x (Uxx —Vxy Oyy — Vxz Uzz)
1 _ _ _
= Fx (Uxx (1 — Vxy Vyx) - (nyVyz + sz) U-ZZ) (A34)
1—vy 7, VxyV, v
VeV o VeVt Ve
E, 1-— Vay Vyx

€zz = E (*sz Oxx — Vzy Oyy + U'zz)
: (A35)

=7 (= (Vax + Vay Uy ) Ox + (1 = Uy Uyz) 022)
z

which would suggest for GaAs that

E, B E,
1—Vxy Uy 1—0.021 x 0.021
ViyVyz +Vxz  0.021 x 0.444 + 0.444

E, « = 1.0004 E,

- — 0.4534
Ye T e 1-o0m2ix0021 0P
c - (A36)
E = = - = 1.1608 E
F T 1Ty, 1-0312x 0444 08 E-
Vax + oy Ty 03124 0.312 x 0.021
vy o Lzx T VayVyx 031240312 0021 00

1— Uy Uy 1- 0312 x 0.444

if using the major Poisson format (row normalized) for plane strain with e;, = 0. The sym-
bols to the left of the arrow would be used in Equation (A14) and the expression for e, that
is obtained by replacing x with z in (A14).
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For a minor Poisson format (column normalized),
oo = e Yy Oy Vxz0z
Y E, E, E,
A37
C O (L= vy vye) (Vi vz +vi) (1= vy vy2) 022 (A37)
E, (1 —vzyvyz) Ez
e, — _ YO  VayOyy | Czz
= E, E, E.
A38
| (a1 (L v ) 0 0 (1 vy ) (4%
(1= vay vy ) Ex E.
which would suggest for GaAs that
Ey Ey
Ey + = = 1.0004 E
T 1—vyvye  1-0.021 x0.021 !
VayVyz +Vxz  0.021 x 0.312 40312
= = 0.3696
T A vy vye) | 10444 %0312
E E (A39)
E. + = = = = 1.1608 E
71—y  1-0444 %0312 z
Vgy V v . . .
zy yx+ zx70444><0021—|-044420‘4534

% =
T A S iy vy) | 1—0021 x 0.021

if using the minor Poisson format (column normalised) for plane strain with e, = 0.
The symbols to the left of the arrow would be used in Equation (A15) and the expression
for e;, that is obtained by replacing x with z in (A15).

It is a lot less work to calculate a 2D matrix inverse to find E and v!

Appendix C.4. 3D Limit

The plane strain constants can be found from the inverse of the 3D stiffness matrix.
Consider a stiffness matrix g in a facet coordinate system:

811 812 813
&= | &2 811 813 |- (A40)
813 813 833
The inverse of this matrix is
833811 — 813 —833 812 — 813° —813 (811 — §12)
% —833812 — 813° 83381 — §13° —g13 (811 — §12) (A41)

—813(811 —812) —813(g11 —812) (811 — &12) (811 + §12)

with the determinant D = (811 e ng) (g33 811 + 833812 — 2g13 gl?))-
Assume plane strain with the z component = 0. Take the limit of the g~ '[z, z] mi-
nor [24] (p. 241) as g33 — 0 and g13 — 0. In this limit, the 2 x 2 submatrix (or ¢~ '|z, 2]

minor) is
gll _812
+ - + -
(g1 +812) (§11 —&12) (811 + 812) (811 — §12) , (A42)
—g12 gll

(811 +812) (811 — 812) (811 +812) (811 — §12)

which is equal to the 2D compliance matrix, i.e, the limit is equal to the matrix inverse of the
2 x 2 stiffness matrix formed by removing the z row and z column of Equation (A41). Thus
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one can find the 2D stiffness or compliance matrix by taking the limit of the 2 x 2 ¢~ 1|z, z]
minor of the inverse of the 3D compliance or stiffness matrix as the z terms go to zero.

Appendix D. Plane Stress in the Plane of a Facet

Adopt a facet coordinate system in which y is a normal to the facet, z is the vertical or
growth direction, and x is the horizontal direction and in the plane of the facet.

Assume that the facet is a free surface and thus ¢y, = 0 and 03y = 0y = 0. The as-
sumption that 0, = 0 places a constraint on ey,:

—C21 €xx —C23 €27
+ .
€22 C22

eyy (A43)

Use Equation (A43) to eliminate e, from the 3D expressions for yx and ¢z, to find

Oxx = €11 €xx + C12 €yy + C13 €22

c1pC c1pC
= (Cll — 2 21) exx + (C13 -2 23) €2z
€22 (%] (A44)

= (147.65 — 4.9434) exy + (53.5 — 9.8869) e, GaAs
= 139.81 exy +43.6131e,;, GaAs

and
Ozz = C31 €xx 1 €32 €yy + €33 €22

C32 €21 C32C23
(om0 e (e - 22 o,
€22 €22 (A45)

= (53.5 — 9.8869) e,y + (118 — 19.7737) e,, GaAs
= 43.6131 eyy + 982263 €., GaAs

Equations (A44) and (A45) can be set in matrix form (the numerical values are
for GaAs):

oxx | | 139.8065630 43.61312608 exx (A46)
02 || 43.61312608 98.22625216 €z
The inverse of the 2D stiffness matrix in Equation (A46) is
8302.75 —3686.48 106
= : A47
2] [ 368648 1181740 | GPa (447)

The compliance values in [s;p] are the same as the corresponding values in the original 3D
compliance matrix [s], which is displayed as Equation (A13). If a 2D compliance matrix
is created from the s[y, y] minor [24] (p. 241) of [s] by removing the y columns and rows,
and the matrix inverse of this 2D compliance matrix [spp] is obtained, then the plane stress
adjusted stiffness matrix from Equations (A44) and (A45) is obtained. This is demonstrated
below, where s;; are components from the 3D compliance matrix in the plane of the facet
and for GaAs, Equation (A13). As usual, x and ‘1’ label the same direction, y and ‘2" label
the same direction, and z and ‘3’ label the same direction.

[ s s13 1 o [ 139.8065630 43.61312608 | _ (A45)

S31 533 | 43.61312608 98.22625216
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Summary: Plane Strain and Plane Stress
For =xor{=yor¢ =z
the plane strain constants for ezz = 0 can be found from the c[¢,&] mi-

nor [24] (p. 241) of the 3D stiffness matrix [c|. The corresponding compliance
matrix [s] is found as the inverse of the c[¢, {] minor of the 3D stiffness matrix [c];

and,

the plane stress constants for ozz = 0 can be found from the s[¢,&] mi-

nor [24] (p. 241) of the 3D compliance matrix [s]. The corresponding stiffness

matrix [c] is found as the inverse of the s[¢, ] minor of the 3D compliance ma-

trix [s].

The plane strain or plane stress constants can also be found by taking the limit, as the
¢ components equal zero, of the (&, &) minor of the matrix inverse of the appropriate 3D
matrix, as demonstrated in Appendix C.4.
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