ra\
%‘ﬁ applied mechanics

Article

Free Vibration of Agglomerated SiO2 Nanoparticle-Reinforced
Concrete Beams on Elastic Foundations

Hichem Rakib Sebbagh 1, Zouaoui R. Harrat 2*, Mohammad I. Al Biajawi 3, Mohammed Chatbi ¢

and Ehsan Harirchian 5

Received: 22 September 2026
Revised: 29 October 2026
Accepted: 3 November 2026
Published: 4 November 2026

Copyright: © 2026 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license.

1 Civil Engineering Department, Laboratoire de Mécanique, des structures, et stabilité des Constructions
(LM2SC), University of Science and Technology of Oran Mohamed Boudiaf (USTO-MB), B.P. 1505 El
M'naouer, Oran 31000, Algeria

2 Laboratoire des Structures et Matériaux Avancés dans le Génie Civil et Travaux Publics,

Dijillali Liabes University, Sidi Bel-Abbes 22000, Algeria

Shenzhen International Graduate School, Tsinghua University, Shenzhen 518055, China

Department of Public Works, University Mouloud Mammeri, Tizi Ouzou 15000, Algeria

Institute of Structural Mechanics (ISM), Bauhaus-Universitdt Weimar, 99423 Weimar, Germany

Correspondence: zouaoui.harrat@univ-sba.dz

% o e W

Abstract

Nano-silica can stiffen cementitious composites, but its benefit depends on how well the
nanoparticles are dispersed, and agglomeration is common in the alkaline pore solution
of cement paste. This study presents an analytical framework for the free vibration of SiO2
nanoparticle-reinforced concrete beams resting on a Winkler—Pasternak elastic founda-
tion, with nanoparticle agglomeration explicitly incorporated into the effective properties.
Agglomeration is described by two parameters: the volume fraction of nanoparticle-rich
inclusions, &, and the fraction of nanoparticles located within them, C. These parameters
enter a two-stage homogenization scheme that combines a Voigt—Reuss estimate for each
region with Paul’s model for the composite, and their admissible range is derived from
the volume-fraction constraints. The resulting properties are embedded in a three-un-
known higher-order shear deformation theory that satisfies the traction-free surface con-
ditions without a shear correction factor. The governing equations are derived from Ham-
ilton’s principle and solved analytically for simply supported, clamped—clamped and
clamped-simply supported beams. The beam formulation agrees with published bench-
marks for functionally graded beams to within 0.03% without a foundation and 0.6% on
a Winkler—Pasternak foundation. For a fixed matrix and hydration state, increasing the
SiO:z volume fraction from 0 to 0.20 raises the fundamental frequency by about 14% for all
three boundary conditions. This gain comes almost entirely from stiffening, since the
change in density contributes less than 1%. When half of the nano-silica is agglomerated
and does not contribute to load transfer, this gain falls to about 8%, so roughly half of the
dynamic benefit is lost. Over the investigated range of dimensionless foundation stiffness,
the Pasternak parameter raises the frequency more than the Winkler parameter, and
clamped—clamped beams give the highest frequencies, followed by clamped-simply sup-
ported and simply supported beams. The framework links dispersion quality, boundary
restraint and foundation support to the dynamic response of nano-engineered concrete
members.

Keywords: agglomeration effect; free vibration; higher-order shear deformation theory;
nanoparticle-reinforced concrete beam; SiO2 nanoparticles; Winkler—Pasternak
foundation
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1. Introduction

Concrete remains the most widely consumed construction material worldwide, and
civil infrastructure elements such as beams, slabs, and foundations are routinely designed
for service lives exceeding a century [1]. Despite its ubiquity, conventional Portland-ce-
ment concrete suffers from intrinsic brittleness, a relatively low tensile-to-compressive
strength ratio, and a porous microstructure that limits its durability under aggressive en-
vironmental and dynamic loading conditions [2,3]. Over the past two decades, nanotech-
nology has opened a new frontier for tailoring the microstructure of cementitious compo-
sites. Accordingly, nanoparticles such as nano-silica (5iOz2), nano-titania (TiO:z), nano-alu-
mina, nano-CaCOs, carbon nanotubes (CNTs), and graphene-based fillers have been ex-
tensively investigated as reinforcing or pozzolanic additives for concrete [4-8]. Among
these materials, SiOz2 nanoparticles have attracted particular attention because of their high
specific surface area and pronounced pozzolanic reactivity. Upon reacting with the cal-
cium hydroxide liberated during cement hydration, nano-SiO2 promotes the formation of
additional calcium-silicate-hydrate (C-S-H) gel, densifies the interfacial transition zone,
refines the pore structure, and consequently enhances compressive, flexural, and tensile
strength as well as long-term durability [9]. Recent studies have further shown that the
mechanical benefits of silica-based additives can be enhanced through hybridization with
graphene-based nanomaterials. Chen et al. [10] investigated high-volume supplementary
cementitious material systems containing ground granulated blast-furnace slag and fly
ash, and reported that the combined addition of 0.05 wt% graphene oxide and 5 wt% silica
fume refined the pore structure and promoted the formation of a hybrid nanostructure
involving low- and high-polymerized C-S-H. This synergistic interaction increased the 28-
day compressive and flexural strengths by 20.11% and 15.10%, respectively, relative to the
control mixture. Such findings underline that the mechanical efficiency of nano- and mi-
cro-silica additions is governed not only by their dosage but also by their dispersion state,
reaction products, and interaction with the cementitious matrix.

Despite these advantages, a recurring complication in nano-modified cementitious
systems is the tendency of nanoparticles to agglomerate rather than disperse uniformly
throughout the cement matrix. In the highly alkaline, calcium-rich pore solution of fresh
cement paste, electrostatic double-layer repulsion between SiO2 nanoparticles is sup-
pressed by high ionic strength and multivalent cation bridging, causing the particles to
cluster into micron-scale agglomerates [11,12]. Numerous experimental studies employ-
ing zeta-potential measurements, dynamic light scattering, and electron microscopy have
confirmed that such agglomeration alters the effective particle size distribution, modifies
pore-structure refinement, and can locally offset the mechanical benefits nominally ex-
pected from the nanoparticle content [13,14]. Because agglomerated clusters behave me-
chanically as larger, more compliant inclusions rather than as isolated stiff nanoparticles,
the effective elastic properties of the nanoparticle-reinforced matrix may deviate substan-
tially from predictions based on simple rule-of-mixtures or dilute-inclusion models [15].
This behavior highlights the need for micromechanical homogenization schemes capable
of explicitly accounting for nanoparticle agglomeration.

In this context, predicting the effective elastic properties of a composite from its con-
stituent phases has long relied on micromechanics-based homogenization schemes of in-
creasing sophistication. Early efforts by Voigt [16] and Reuss [17] established simple par-
allel and series mixing rules that provide upper and lower bounds on the effective elastic
moduli of a composite, although these bounds can be quite wide and physically unrealis-
tic for many reinforcement geometries. Hashin and Shtrikman [18] later derived tighter
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variational bounds for the elastic moduli of composite materials, improving upon the sim-
plicity of the rule-of-mixtures approach. A major advance came with Eshelby’s solution
[19] for the elastic field of an ellipsoidal inclusion embedded in an infinite matrix, which
laid the theoretical foundation for essentially all subsequent mean-field homogenization
schemes. Building on this framework, Mori and Tanaka [20] proposed a micromechanical
model that relates the average stress and strain in the reinforcement to those in the matrix
using an Eshelby-type equivalent inclusion approach. This Mori-Tanaka scheme was later
reformulated by Benveniste [21] into a more compact and widely used tensorial form.
Because the Mori-Tanaka model assumes a dilute distribution of inclusions in an infinite
matrix, it captures the effective properties of composites reasonably well at low filler vol-
ume fractions but does not explicitly account for particle-particle interactions or cluster-
ing. This limitation is particularly relevant to nanoparticle-reinforced systems, in which
nanoparticles tend to agglomerate into clusters rather than disperse uniformly within the
matrix. Consequently, several researchers have extended the Mori-Tanaka scheme to ex-
plicitly incorporate agglomeration effects when predicting the equivalent properties of
nanocomposites [22-26].

The development of suitable homogenization approaches is closely linked to the
need for accurate structural theories capable of describing the response of nanoparticle-
reinforced members. Beam theory has evolved considerably to balance simplicity with
accuracy in predicting structural response. The classical Euler-Bernoulli theory, formu-
lated in the mid-18th century, remains foundational for slender beams but neglects trans-
verse shear deformation, limiting its accuracy for thick or short members. To address this
limitation, Timoshenko [27] developed a first-order shear deformation theory in the early
20th century that accounts for shear deformation and rotary inertia, making it more suit-
able for thick beams and high-frequency vibration problems. However, this first-order
approach requires an empirical shear correction factor to compensate for the unrealistic
assumption of constant shear strain through the thickness, which motivated the develop-
ment of higher-order shear deformation theories (HSDT) [28]. Reddy [29] proposed a
widely used third-order shear deformation theory that better predicts the response of
thick beams without requiring a shear correction factor, while later refinements intro-
duced trigonometric [30], hyperbolic [31], and exponential [32] shear shape functions to
further improve the representation of transverse shear stress distribution across the beam
thickness.

These HSDT formulations have subsequently been extended to nanocomposite and
civil engineering applications. Zamanian et al. [33] studied the effect of nanoparticle ag-
glomeration on the buckling response of embedded concrete columns reinforced with
SiO:z nanoparticles, finding that agglomeration effects reduce the buckling load. Shokravi
[34] analyzed the buckling behavior and active control of ZnO nanoparticle-reinforced
concrete beams on elastic foundations, using hyperbolic beam theory, the Mori-Tanaka
model, and the differential quadrature method to examine the effects of nanoparticle con-
tent, voltage, boundary conditions, and beam geometry. In parallel, Jafarian Arani and
Kolahchi [35] analyzed the buckling behavior of concrete columns retrofitted with a CNT-
reinforced polymer layer using both Euler-Bernoulli and Timoshenko beam models.
Building on this trajectory, recent work has applied a higher-order shear deformation the-
ory combined with Eshelby’s model to derive equivalent nanocomposite properties and
comparatively investigate the buckling and free vibration behavior of concrete beams re-
inforced with various types of nanoparticles resting on multi-parameter elastic founda-
tions [36]. These studies underscore the growing importance of HSDT-based frameworks
for accurately capturing the coupled bending-shear response of nanoparticle-reinforced
concrete members.
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In addition to the beam formulation and homogenization approach, the mechanical
interaction between a structural member and its supporting medium plays an important
role in its dynamic response. Modeling this interaction has evolved from simple spring
analogies toward increasingly refined multi-parameter continuum representations. The
earliest and most widely used model was proposed by Emil Winkler in 1867 [37], repre-
senting the foundation as a bed of mutually independent, closely spaced elastic springs
whose reaction is proportional to the local deflection. While simple and computationally
efficient, the Winkler model’s main shortcoming is its inability to capture continuity be-
tween adjacent springs, producing unrealistic discontinuities in deflection at loaded/un-
loaded boundaries. To resolve this limitation, Filonenko-Borodich [38] introduced conti-
nuity by connecting the spring elements to a thin elastic membrane under constant ten-
sion, while Hetényi [39] achieved a similar coupling effect by embedding an elastic plate
or beam capable of bending between the springs. Pasternak [40] later proposed an alter-
native two-parameter model that introduces shear interaction between the springs
through a layer of incompressible vertical elements deforming only in transverse shear.
This model remains one of the most popular two-parameter foundation idealizations in
structural mechanics. Kerr [41] subsequently generalized these formulations into a three-
parameter model consisting of two elastic spring layers interconnected by an elastic shear
layer, showing that both the Winkler and Pasternak models can be recovered as special or
limiting cases of this more general representation. These classical foundation idealizations
have since been widely combined with beam and plate theories for soil-structure interac-
tion, railway track, and pavement problems [42] and, more recently, have been adopted
in the analysis of nanocomposite and nanoparticle-reinforced structural members [43].

Against this background, the present study does not propose a new homogenization
rule or beam theory. Its contribution is the coupled analysis, for nano-5iO: concrete, of
three effects that, to the authors’ knowledge, have not previously been examined together:
the agglomeration state of the nanoparticles, transverse shear deformation, and the sup-
port provided by a two-parameter (Winkler—Pasternak) elastic foundation. Agglomera-
tion is described by two parameters, the inclusion volume fraction £ and the fraction C of
nanoparticles located inside the inclusions, and enters the effective properties through a
two-stage homogenization scheme. A higher-order shear deformation beam theory with
three unknowns is employed to capture transverse shear effects without a shear correction
factor, and the governing equations are derived via Hamilton’s principle and solved ana-
lytically for simply supported, clamped—clamped and clamped-simply supported bound-
ary conditions. Because the solution is closed-form, the interaction between the SiO:2 vol-
ume fraction, the agglomeration parameters (&, C), the slenderness ratio L/h, the beam the-
ory (compared with FSDT using shear correction factors), and the Winkler and Pasternak
foundation coefficients can be examined systematically in terms of the dimensionless nat-
ural frequency. Applying an established formulation to nano-5iO2 concrete is not a sub-
stitution of input data: the moduli and the matrix—filler contrast differ markedly from the
polymer and metal matrices in earlier studies, so the agglomeration trends and frequency
sensitivities cannot be inferred from them. The study aims to provide design-oriented in-
sight into how nanoscale dispersion quality and foundation support jointly affect the dy-
namic performance of nano-engineered concrete beams.
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2. Materials and Homogenization
2.1. Nano-SiO2

Nanosilica can be synthesized through various methods, including the sol-gel pro-
cess, thermal decomposition, and vapor-phase deposition. Owing to its strong pozzolanic
reactivity and pore-filling capability, nanosilica has become a common additive in ce-
mentitious mixtures, where it enhances the hardening behavior of concrete. Consisting of
ultra-fine spherical particles averaging around 4 nm in diameter with a correspondingly
high surface-area-to-volume ratio, nano-5iO:z exhibits pronounced reactivity in geopoly-
merization reactions. When incorporated into alkali-activated binders, nanosilica has been
shown to accelerate hydration and polymerization processes, leading to improved me-
chanical and microstructural properties. Its three key effects in these binders can be sum-
marized as: (i) accelerated hydration, (ii) refined microstructure, and (iii) enhanced me-
chanical performance.

Nanosilica (nano-SiO2) is the most widely used nanomaterial in alkali-activated bind-
ers [44]. Studies have shown that adding 1% nanosilica to a metakaolin-based geopolymer
can produce a significant increase in compressive strength (CS), on the order of 52% after
60 days. However, raising the nanosilica content to 3% led to a decrease in CS, attributed
to poor dispersion of unreacted nanoparticles within the matrix and the resulting nano-
interaction energy [45]. For coal fly ash (FA)/slag-based geopolymer binders, the optimal
nanosilica content was found to be around 2%. It has also been observed that nanosilica
inclusion causes a slight delay in hydration while promoting additional calcium-alu-
mina-silicate-hydrate gel formation, which in turn reduces the porosity of the alkali-acti-
vated geopolymer [46]. Furthermore, nanosilica has been shown to enhance the degree of
geopolymerization, yielding a denser geopolymer paste [47]. Figure 1 presents the micro-
morphology and microhardness of recycled mortar modified with nanosilica at a cement-
to-sand ratio of 1:1. Six points were examined on each specimen: points 1-2 on the recycled
fine aggregate, points 3—4 within the interfacial transition zone, and points 5-6 in the hard-
ened cement paste. The microhardness followed the order recycled fine aggregate > ce-
ment paste > interfacial transition zone, confirming that the interfacial transition zone rep-
resents the weakest region of the mortar. Increasing the nanosilica content from 0% to 2%
progressively enhanced the microhardness of all regions, with the 2% mixture reaching a
maximum value of 1326 HV. At this content, the interfacial transition zone exhibited a
dense and regular microstructure, with pores and microcracks effectively filled by hydra-
tion products. In contrast, increasing the nanosilica content to 3% promoted particle ag-
glomeration and reduced dispersion, limiting the pore-filling effect and slightly decreas-
ing the microhardness of the interfacial transition zone and cement paste. The correspond-
ing micrographs also revealed pronounced nanosilica accumulation, indicating a lower
modification efficiency at excessive nanosilica content.

In practice, nano-silica does not replace the concrete as a whole: it partly replaces the
cement binder, fills the pores and reacts pozzolanically with calcium hydroxide to form
additional C-S-H gel, which changes the degree of hydration and the structure of the ma-
trix. These mechanisms are not resolved in the present work. The properties of the matrix
are those of the concrete at a given mix and curing age, which already include its hydra-
tion state, and the nano-silica is represented as an additional elastic phase defined by its
volume fraction. These observations show that agglomeration is a measurable, property-
degrading phenomenon above an optimum dosage. They provide the physical basis for
describing the dispersion state by the parameters & and C in Section 2.2. The microhard-
ness values themselves are not inputs of the model.
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Aggregate

Figure 1. Micromorphology of nano-modified recycled fine aggregate mortar at different NS con-
centrations: (a) 0%; (b) 1%; (c) 2%; (d) 3% [48].

2.2. Two-Stage Homogenization and Agglomeration Effect

In recent years, the use of nano-silica in concrete has garnered increasing attention.
Nano-silica is considered to have much finer particle sizes and higher pozzolanic reactiv-
ity than silica fume, making it more effective as a filler, pozzolan, and seed material
[49,50]. However, nanoparticles in powder form often exist as aggregated (tightly bound
clusters) or agglomerated (loosely bound clusters) particles, with final grain sizes ranging
from submicron to as large as 100 um due to their very high specific surface area and
energy (see Figure 2). Even in well-dispersed colloidal suspensions, nanoparticles still
tend to agglomerate, with grain sizes remaining in the submicron range [51]. It is often
assumed that using colloidal silica sol, which contains mono-dispersed nanoparticles, can
enhance their effectiveness as fillers and seeds compared to the agglomerates found in
powder form or in ordinary dispersions [52,53].

The Voigt model is a micromechanical homogenization approach used to estimate
the effective elastic properties of a composite material. It assumes that all phases within
the representative volume element (RVE) experience the same strain. Under this iso-strain
assumption, the stress carried by each phase is proportional to its elastic modulus and
volume fraction. Consequently, the Voigt model generally provides an upper-bound esti-
mate of the effective stiffness of the composite [54].

In the present study, the composite consists of a concrete matrix reinforced with
nano-silica particles. The nano-silica particles are assumed to be isotropic. Therefore, any
anisotropy associated with their shape or internal structure is neglected. Agglomeration
is incorporated by assuming that the nanoparticles are concentrated within spherical re-
gions distributed throughout the concrete matrix. These nanoparticle-rich regions are
treated as inclusions with elastic properties different from those of the surrounding
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material [55]. The nano-silica is treated as an elastic reinforcing phase, and the chemical
reaction with the cement hydration products is not modelled; the results therefore refer to
a fixed matrix and hydration state.

Nano-Silica
agglomerate

Nano-Silica
agglomerate

(b) (€)

Figure 2. Homogenization procedures of a biphasic material (ordinary concrete + SiO2 nanoparti-
cles) considering agglomeration effect: (a) Sufficient amount of NS; (b) Smaller Agglomerates of NS;
(c) Larger Agglomerates of NS.

Let V denote the total volume of the RVE, Vindusion the total volume occupied by the
spherical inclusions, and Vr the total volume of nano-silica particles. The total volume of
nano-silica is divided into two contributions:

V"= Vip + Vour @™

where Vj;, is the volume of nano-silica located inside the spherical inclusions and Vg, is
the volume of nano-silica dispersed in the matrix outside the inclusions.
The overall volume fractions of nano-silica and concrete are defined as

VT

C, ()

Cn=1-0C 3)

where C, is the total nano-silica volume fraction and C,, is the volume fraction of the
concrete matrix.

Two parameters are used to quantify the degree of nanoparticle agglomeration. The
first parameter, &, represents the volume fraction of the spherical inclusions within the
entire composite,

%4 inclusion

f =T (4)

The second parameter, C, represents the fraction of all nano-silica particles that is lo-
cated inside these inclusions:

_Vin
¢ =y )

Thus, & describes the size or spatial proportion of the nanoparticle-rich regions,
whereas C describes how much of the total nano-silica is concentrated within those re-
gions.

The volume fraction of nano-silica inside an inclusion is obtained by dividing the
nano-silica volume inside the inclusion by the following inclusion volume:
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Eout - Qq

r
Vin

ro_
bin = V/ inclusion

(6)

Similarly, the volume fraction of nano-silica dispersed in the material outside the in-
clusions is
" t
bour = % @)
For the model to be physically meaningful, both local particle concentrations must
satisfy

OS(I)lTnSl, OS(I)gutSl (8)

These restrictions ensure that the amount of nano-silica assigned to each region does
not exceed the volume available in that region.

The limiting values of £ and C have a direct physical interpretation. When & =1, the
inclusion occupies the entire RVE and no region exists outside it. The mass balance then
requires C = 1, and the two-region model reduces to a single phase. Uniform dispersion
corresponds to C = &. When & <1, the nanoparticles are concentrated in part of the compo-
site whenever ( > £.

When C =1, all nano-silica particles are located inside the spherical inclusions, mean-
ing that no nanoparticles remain dispersed in the surrounding matrix. When 0 < <1, the
nano-silica is divided between the inclusion regions and the surrounding matrix. A larger
value of (, particularly when C > &, indicates that the nanoparticles are more highly con-
centrated within the inclusions than they would be under a uniform distribution. There-
fore, increasing C or decreasing & generally represents stronger nanoparticle agglomera-
tion.

The relationship between the agglomeration parameters and the local nano-silica
concentrations can be expressed as
Gy

$
B = 0 (10)

From Equations (8)—(10), the admissible values satisfy CCr < £ <1 - (1 — C)Cr. These

expressions show that, for a fixed total nano-silica content, reducing the inclusion volume

bin = ©)

fraction ¢ increases the local concentration of particles inside the inclusions. This provides
a direct mathematical representation of the fact that smaller nanoparticle-rich regions pro-
duce more severe local agglomeration.

In the first stage, the effective Young’s modulus of each region is estimated by com-
bining the Voigt and Reuss bounds with weights of 3/8 and 5/8, which accounts for ran-
domly oriented reinforcement. Let En denote the Young’s modulus of the concrete matrix
and Er the Young’s modulus of the nano-silica reinforcement.

For the nanoparticle-rich inclusion region, the effective modulus is

E, = 3 C.CE C.QE > $Emby
= GO E + €~ GOE + g e a1
For the material outside the inclusions, the effective modulus is
Cr(l - O Cr(l - () 5 (1 - f)ErEm
I e+ |1 -2k =
1-¢ v +[ 1-¢ ] ’”}+8{[(1—€) —6A-QIE + G —c)Em} (12)
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Beam Width ‘b’

y
Shear Layer Ks

Winkler Springs Kw

In the second stage, the agglomerates are treated as inclusions of volume fraction &
embedded in the surrounding material, and the homogenized modulus is obtained from
Paul’s model [56], as follows:

E _ Eout + (Ein - Eout)€2/3
rom = ROU B it + (Biy — Eoue)E23(1 — £173)

(13)

Because the Reuss term of the first stage and the second stage are non-linear in £ and
C, the agglomeration parameters do not cancel, and Ej,,, depends on both of them. A
pure two-stage Voigt average would make Ej,,, independent of £ and C.

3. Mathematical Modeling of the Beam
3.1. Beam Theory

To establish the analytical model of the beam, the beam geometry and the associated
Cartesian coordinate system are first defined, as shown in Figure 3. The longitudinal co-
ordinate x is oriented along the beam axis and varies over 0 < x < L, where L denotes the
beam length. The transverse coordinate y is measured across the beam width and belongs
to the interval 0 < y < b. The coordinate z is measured through the beam thickness and
varies between —//2 and /2, where b and & represent the beam width and thickness, re-
spectively.

Cross Section A-A’

Beam Length ‘L’ .
g Si02

A Nanoparticles

SiO2
Agglomerations

(a) (b)

Figure 3. Reinforced concrete beam on a two-parameter elastic foundation: (a) geometry of the beam
and orientation of the Cartesian coordinate system, (b) transverse cross-section showing reinforce-

ment distribution and agglomeration zones.

The kinematic assumptions adopted in this study are based on a higher-order shear
deformation beam theory (NHSDT) formulated with only three (03) primary unknowns.
The displacement field is therefore conveniently expressed as the superposition of a clas-
sical kinematic part u'® (x, z), and a higher-order contribution u™ (x, z). Accordingly, the
total displacement vector W(x,z) is decomposed as

Y(x,z) =u®(x,z) +u®(x,2) (14)

The classical component of the displacement field is defined by

dwy(x)
U@ (x,2) = [0~ 2, (15)
wo (%)
The higher-order contribution is expressed as
u(x,2) =~k f ) |1 00 4] (16)

Here, uy(x) and wy(x) denote the axial and transverse displacements of the refer-
ence axis, respectively; 6(x) represents the higher-order deformation variable; k,; is a
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shear-related coefficient and f(z) is a prescribed thickness-dependent shape function,
which is introduced as follows [29]:

473
f(z) = Z—m (17)

By differentiating the displacement field with respect to the spatial coordinates, the
axial strain &, and the shear strain y,, are obtained as functions of uy(x), wy(x), 0(x),
and f(2),

£ dug_ dWo 000
o e 18)
~kyf'(2) ] 6(x) dx

The constitutive relationship between the stress and strain components is written in
matrix form as
axx 177-17" 0 ] EXX
o(x,z) = [ ] = [ { } 19
( ) Txz 0 ;nsr Vxz (19)

In this expression, QY and Q¥

ficients of the reinforced-concrete beam. These effective properties may be evaluated us-

denote the effective axial and shear stiffness coef-

ing the Voigt homogenization model, where the superscripts m and r identify the matrix
and reinforcement contributions, respectively.

3.2. Equations of Motion

The governing equations of motion are derived by applying Hamilton’s principle to
the reinforced beam resting on a two-parameter elastic foundation. Hamilton’s principle
states that the time integral of the difference between the virtual kinetic energy and the
virtual total potential energy must vanish over the time interval [ty, t,], as follows:

3
s| Gx-6pdt=0 (20)

ty
The virtual variation in the total potential energy is defined as

&R = 8U, + 6U; (21)

where 6U, and Uy representing the virtual variations in the internal strain energy of
the beam and the strain energy of the elastic foundation, respectively, and dy represents
the virtual variation in the kinetic energy of the beam.

The virtual strain energy of the beam is given by

L
n/2
6U, = j f (Oxx O€xx + Tyy OVyz) dA dz (22)
—h/2
0

Here, 0,, and T,, are the axial and shear stress components, while e, and 8y,,
are the corresponding virtual strain components. The limits of integration account for the
beam length and thickness.

Substitution of the displacement field into Equation (22) gives

L

h/2

8U, = f j L0 (8 Do) + 5 (¥) B (V)] dA dz (23)
0

where &,,(¥) and y,,(¥) are the axial and shear strains derived from the NHSDT dis-
placement field ¥ (x,z). Using the expressions for the axial and shear strains from the
displacement field, the virtual strain energy of the beam can be written explicitly as
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(e du, dw, d(6ug)  d*(6wy)
6Ub = j J-_h/z[Qll (E_Zm_klf(Z) H(X))( dx —Z dx? _klf(z) SH(X)) (24)
0

+ QI (ki f (2] 0(x) dx)(—k1f'(2) 66(x) dx)]dz dx
By introducing the resultant stiffness coefficients, the contributions of the beam cross-
section and the higher-order NHSDT terms can be represented in a compact form. Specif-
ically, N© denotes the axial stiffness coefficient, M® the bending stiffness coefficient,
S™ the higher-order axial contribution due to the NHSDT term, and P™ the shear con-
tribution associated with the thickness-dependent shear deformation. These coefficients
are defined as integrals through the beam thickness

h/2
N© = f Q" dz (25)
—h/2
h/2
M© = f z Q" dz (26)
-h/2
h/2
s™ = f(2) Qff dz (27)
—h/2
h/2
P = f'(2) Q55" dz (28)
—h/2

Accordingly, the virtual strain energy of the beam can be expressed in compact form
as

5U, = N© dug d(8u,) - Y© d?wy d?(8wy) %dz(dwo) B d?w, d(8ug)
dx dx dx?  dx? dx dx? dx? dx
axial deformation bending contribution
d(Suy) d?(6wy)  dug d?w,
| — -2 _
+5 ( 6 — "+ O+ 280 —— 560 + k, 656 29)

higher-order NHSDT contribution

+ PMEk, [ 6(x)dx [ 66(x)dx|dx

shear contribution

The stress resultants are subsequently expressed in terms of the primary displace-
ment variables and the effective stiffness coefficients. These resultants account for the con-
tributions of axial deformation, bending, higher-order deformation, and shear defor-
mation, as follows:

2
0“wy(x,y,t) by duy(x,y,t) (30)

N© =k, F; 0(x,y,t) — Ay Ox2 $ 0x

0*wq(x,y,t) 4 ouy(x,y,t)

M© =k, F,,6(x,y,t)— B, Ox? 1 0x Gh
azW (xl y; t) au (x' y‘ t)
SMW =k Ky11 0(x,7,t) — Fpuq oaxz Ry — dx 2
29(x,y,t
PM™ =y A, Vyss 00y, 1) (53)

ox

The sectional stiffness coefficients appearing in Equations (30-33) are defined as
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/2
Fu= [ om @f@dz (34)
—h/2
h/2
An=—[ o @zdz (35)
—h/2
h/2
Koi= [ O @) dz (36)
—h/2
h
o (Af (2N
Vass = f & @ (%) dz 37)
h/2
Fyun = j Z QI (Df (2) dz (38)
—h/2
)2
By, = Qﬂr (Z)ZZ dz (39)
—h/2
ny2
V= [ @ (@) dz (40)
—n/2

The virtual strain energy of the two-parameter elastic foundation consists of two con-
tributions: the Winkler foundation component, which provides a restoring force propor-
tional to the local transverse displacement, and the Pasternak component, which accounts
for shear interaction between adjacent points of the foundation. Thus,

L owy(x,y,t) 06wy (x,y,t
§Us = f [KW wo(x,7, ) Swy(x, v, t) + K, 0%y, £) 0@y, 0 (41)
0 ox ox
The Winkler foundation coefficient is defined as
.Bw A110
K, = —z (42)

where f,, is the Winkler foundation parameter and A1 is the extension stiffness of a ho-
mogeneous beam made entirely of the matrix material.
The Pasternak shear-layer coefficient is defined as

Ks = Bs A110 (43)

where B is the shear-layer parameter. The quantity dwy(x,y,t) denotes the virtual
transverse displacement. The parameters f,, and f; characterize the normal springs and
the shear layer, respectively.

The Winkler and Pasternak coefficients have different physical dimensions.

K,, is a subgrade reaction modulus, whereas K characterizes the shear stiffness of
the foundation layer. Therefore, their relative contributions to the natural frequency can-
not be assessed by comparing their dimensional values directly. In the nondimensional
formulation, both coefficients are normalized by the same reference flexural stiffness of
the beam and the appropriate powers of the beam length, so that the resulting parameters
represent the relative importance of the local Winkler restoring force and the Pasternak
shear-coupling mechanism in the beam—foundation system.

The virtual variation in the kinetic energy of the beam is expressed as
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L h/2 . .
ox = f P™ ()| (it (x, £) = 2o (x, 1) — kaf (2) 6(x,£)) 8 (tho (x, ) — 2Virp (x, 1) — k1 f(2) O(x, 1))
, hr (44)

+ W (x, t) SWo(x, t))]dA dz dx

Here, p™ (z) denotes the mass-density distribution through the homogenized beam
thickness, and an overdot indicates differentiation with respect to time. The functions
u;(x,z,t) and uz(x,zt) represent the axial and transverse displacement components as-
sociated with the adopted NHSDT kinematics.

For convenience, the following mass-related coefficients are introduced:

h/2
Iy = J.h/ p(z)dz (45)
—h/2
/2
h= [ p@zar (46)
—h/2
h/2
Jo = j p(@) f(2) dz (“7)
—h/2

The coefficient I, represents the total mass per unit length of the beam. The coeffi-
cient [, is the first mass moment about the reference or neutral axis and describes the
inertial coupling between axial and transverse motions. The coefficient J, represents the
mass contribution associated with the higher-order deformation variable 6.

Using these coefficients, the virtual kinetic energy can be written in a reduced form
as

L
6X = f [IO WO 6W0 + IO uo 6u0 - 11 Wo 6u0 - 11 uo 6W0 - k]_]O 9 6u0]dx (48)
0

Substitution of Equations (29), (41) and (44) into Hamilton’s principle, followed by
the application of integration by parts and collection of the coefficients associated with the
independent variations u,, wy, and 8, yields the governing equations of motion:

aN© ,
5u0: = IO 'uo _11 WO _kljog (49)
0x
9*M© " N
SWO: W - KWWO + KSVZWO = IO Wqo — Il Uy (50)
92s® ap™
66: — klA W + klA ox = kl]O Uy (51)
For compactness, the following parameters are introduced:
’ 1 2
A= 7 ky=a (52)

3.3. Closed Form Solutions

The analytical solution for the reinforced beam is obtained using Navier’s method.
The displacement variables are expanded as trigonometric series selected to satisfy the
boundary conditions at the beam ends. The assumed harmonic displacement fields are

- dX(x) .
up(x,t) = Z Un (t) %e“‘” (53)
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wo (e, t) = ) W (£) X()el™* (54)
n=1
0(x,t) = Z 0, (1) %e“‘” (55)

Here, Ux, Wy, and O: are the generalized modal amplitudes to be determined. The
quantity w is the natural angular frequency associated with the mode under considera-
tion, and i = V-1 is the imaginary unit used to represent harmonic motion in the fre-
quency domain.

The free-vibration behavior of the reinforced concrete beam is investigated under
three boundary configurations: simply supported (5-S), clamped-clamped (C-C), and
clamped-simply supported (C-S). These configurations represent different levels of end
restraint and are considered to evaluate their influence on the dimensionless natural fre-
quencies. Table 1 summarizes the corresponding boundary conditions and the assumed
spatial functions adopted in the analytical formulation.

Table 1. Boundary conditions and assumed functions [57].

Boundary Condition Conditions X(x)
S-S wo=0and M=0 at x=0 and L sin(1x)
C-C Ug=Wg=W, =@=0at x=0 and L 1 — cos(21x)
C-S Ug=wo=wy =@p=0atx=0;, wy=0and M=0 at x=1 sin(Ax)(cos(2Ax) — 1)

After substituting the assumed trigonometric expansions into the governing equa-
tions and collecting the coefficients of the corresponding modal terms, the resulting alge-
braic system can be written as this generalized eigenvalue problem:

DX =w?YX (56)

In this equation, @ is the stiffness matrix, 1" is the mass matrix, and

Un
X = {an} (57)
0y

is the vector of generalized modal amplitudes. The eigenvalues w? provide the squared
natural frequencies of the beam, while the associated eigenvectors describe the corre-
sponding mode shapes.

The stiffness matrix @ represents the structural stiffness of the reinforced beam to-
gether with the restoring effects introduced by the two-parameter elastic foundation. It is
expressed as

© © n
D Py P —Ys,a? A a? Fiik,a
® = Cbl(;) CDZ(;) ¢2(§) =| Apa® —By,a? —Fy kya? (58)
d)l(;l) d)z(;l) (Ds(g) Fukia  —Fikia®  —A*Vsski*a® — K1k

The mass matrix ¥ represents the inertial properties of the beam. It includes the in-
ertia associated with axial motion, transverse motion, and the higher-order deformation
variable. Each entry Yij describes the inertial coupling between the i-th and j-th general-
ized coordinates. For the m-th mode, the mass matrix is given by

© O M
LEPRR P A Iy -, =k,

r=ny % nli=l-h Lo 0 (59)
(CERRORRRO —k 0 k2,
Y‘13 Y‘23 Y‘33 1]0 1Y 2z55
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The negative diagonal terms appearing in the stiffness matrix are associated with the
sign convention adopted for the third governing equation, which corresponds to the
higher-order kinematic variable. They do not indicate a physical instability. The general-
ized eigenvalue problem is solved consistently in the form (® — w?Y)X = 0, and all eigen-
values obtained for the configurations considered are positive, yielding physically mean-
ingful natural frequencies. The positive definiteness of the mass matrix and the positivity
of the computed eigenvalues were verified numerically.

4. Results and Discussion
4.1. Verification of the Beamn Model

To verify the formulation and the Navier solution of the present beam model, the
results are compared with published solutions for functionally graded beams. The verifi-
cation is carried out independently of the nanoparticle homogenization of Section 2.2, be-
cause no published results exist for the complete problem of agglomerated SiO2-rein-
forced concrete beams on an elastic foundation.

The higher-order kinematics are verified first, for a thick beam without foundation.
Jia et al. [58] computed the fundamental frequency of simply supported (5-S) functionally
graded beams with Reddy’s third-order shear deformation theory and compared it with
the results of Simsek [59], who used several higher-order beam theories. The beam is made
of aluminium (Ew =70 GPa, @n =2702 Kg/m?3) and alumina (E. =380 GPa, ¢. = 3960 Kg/m?),
with a constant Poisson’s ratio of 0.3 and a power-law variation in the ceramic volume
fraction through the thickness, of index p. The case p = 0 corresponds to a homogeneous
alumina beam. The span-to-thickness ratio is L/h = 5, for which shear deformation has a
strong effect. The through-thickness variations in the Young’s modulus, density and shear
modulus enter the stiffness and mass coefficients of Equations (25-28), (34-40) and (45—
47). The results are given in Table 2.

Table 2. Verification of the fundamental frequency & of a simply supported Al/Al2Os beam without
foundation, L/h =5.

Beam Theory Power Law Index “p” 0 0.2 1 10

CBT Present 0.21933  0.20408  0.16884  0.14236
ESDT (Xs = 5/6) Present 0.20610  0.19222  0.15961 0.13254
NHSDT Present 0.20611  0.19232  0.15962  0.13126
NHSDT Jia et al. [58] 0.20611  0.19232  0.15962  0.13126
HSDT Simsek [59] 0.20611  0.19237  0.15962  0.13126

The foundation terms are verified next against the results of Jia et al. [58], who ana-
lysed simply supported functionally graded beams on a Winkler—Pasternak foundation
with Reddy’s third-order shear deformation theory. Their foundation results are pre-
sented graphically. The values of the undamped fundamental and higher frequencies are
read from their figures for a beam with p = 1 and L/h = 20, for two foundation stiffness
combinations, and are therefore accurate to within about 2%. Their frequency parameter
is normalized by the properties of alumina, and the foundation parameters by the bending
rigidity of the alumina section. The reference values are converted to the dimensionless
frequency of the present study, using the properties of aluminium as reference, and the
foundation parameters are converted to the coefficients 5, and fs of the present model,
so that the comparison is made on the same physical beam and foundation. The compar-
ison is given in Table 3.

Table 3. Verification of the dimensionless frequency @ of a simply supported Al/AL2Os beam (p =
1, L/h = 20) on a Winkler-Pasternak foundation.
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Winkler-Pasternak

Mode Elastic Foundation Jia et al. [58] Present NHSDT
1 Kw=25,Ky,=5 0.0167 0.0166
2 Kw =100, Ky =10 0.0242 0.0242
3 Kw =100, Ky =10 0.0539 0.0540
4 Kw =100, Ky =10 0.1035 0.1036

Table 3 compares the present frequencies with those read from the figures of Jia et al.
[58] for a simply supported Al/Al20s beam with p =1 and L/h =20 on a Winkler—Pasternak
foundation. The reference results show that the fundamental frequency rises from 0.0167
to 0.0242 when the foundation stiffness is increased from Kw =25, Ky, =5 to Kvw = 100, Ky =
10, and that the frequencies increase strongly with the mode number, reaching 0.0539 for
the second mode and 0.1035 for the third mode on the stiffer foundation. The present re-
sults reproduce both trends, with a maximum difference of 0.6% from the reference val-
ues. Since the reference values are read from graphs, which limits their accuracy to about
2%, differences in this order are not significant, and the agreement confirms that the Win-
kler and Pasternak foundation terms and the third-order shear kinematics of the present
model are correctly implemented for a beam of moderate slenderness.

4.2. Effects of Agglomeration, Slenderness and Foundation Stiffness

The agreement obtained in Section 4.1 shows that the higher-order beam formulation,
the foundation terms and the Navier solution reproduce published results for functionally
graded beams, both without foundation and on a Winkler—Pasternak foundation. The for-
mulation is now applied to the problem that motivates this work: the free vibration of
concrete beams reinforced with SiO2 nanoparticles, in which the effective stiffness is gov-
erned by the nanoparticle content and by the agglomeration state described by the param-
eters £ and C. The effects of the SiO2 volume fraction, the agglomeration parameters, the
slenderness ratio, the beam theory and the Winkler and Pasternak foundation coefficients
on the dimensionless natural frequency are examined in the following. The computational
program verified in Section 4.1 is employed for the numerical investigation. A concrete
beam is considered, with a matrix elastic modulus Ex = 20 GPa and density pm = 2500
Kg/m3, reinforced by SiO: nanoparticles characterized by an elastic modulus E- = 70 GPa
and density pr = 2334 Kg/m?. The matrix modulus represents a normal-strength concrete
at a fixed mix proportion and curing state, whereas the nanoparticle modulus is a repre-
sentative value for amorphous silica. These material properties are adopted to investigate
parametric trends rather than to predict the response of a specific commercial mixture.
Because the effective stiffness of the nanoparticle phase and its interphase depends on
particle size, surface chemistry, dispersion, degree of reaction, and curing age, experi-
mental calibration would be required for mixture-specific predictions.

The following dimensionless properties are used in presenting the numerical results
in graphical forms for vibration analysis:

Pm

o = wh
[) w Em

(60)

The influence of the agglomeration parameters C and & on the effective Young’s mod-
ulus, as a function of the nano-silica volume fraction, is plotted in Figures 4 and 5. In the
two-parameter micromechanical model adopted here, the nanoparticles are assumed to
form spherical clusters embedded in the matrix: £ is the volume fraction of the nanopar-
ticle-rich inclusions and C is the fraction of the nanoparticles located inside them (Equa-
tions (4-5)). Uniform dispersion corresponds to C = &, and agglomeration increases as C
exceeds &. Figure 4 considers the limiting case & =1, in which the nanoparticle-rich phase
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occupies the entire representative volume element. In this degenerate limit, the two-re-
gion partition of Equations (4)-(10) is no longer applicable because no distinct matrix re-
gion exists outside the inclusion. Therefore, C is not interpreted as the fraction of nanopar-
ticles located inside a separate agglomerated region, but as the fraction of the nominal
nano-SiO:2 content that is effectively incorporated into the load-transferring solid phase.
The remaining fraction (1 - C)Cr represents inactive or poorly bonded nanoparticle mate-
rial that does not contribute to the effective stiffness. Accordingly, the effective Young's
modulus in Figure 4 is evaluated using the single-phase Voigt mixture

Ehom = Em (1 - Cr () + Er (Cr () (61)

with the admissibility condition 0 < CrC < 1. For all cases considered, Cr < 0.20; hence the

full range 0 < { < 1 is physically permissible.
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Figure 4. Effect of the effective nano-SiO: participation parameter C on the effective elastic modulus
in the limiting one-phase case £ = 1. Here, C denotes the fraction of the nominal nanoparticle content

that actively contributes to load transfer; the remaining fraction is treated as inactive.
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Figure 5. Effect of nano SiO: agglomeration on the effective elastic modulus with C=0.5.

Figure 5 presents the more general case, for a fixed value of C = 0.5, in which both
agglomeration parameters, C and &, are varied to fully describe the agglomeration state of
the nano-SiO2 particles. For a given (, decreasing & concentrates a larger share of the total
nanoparticle volume into the cluster regions, converting what would otherwise be well-
distributed stiff inclusions into isolated, particle-rich cores surrounded by a nanoparticle-
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depleted matrix. Since the reinforcing action of a filler is governed primarily by the conti-
nuity of the particle-matrix interface, rather than by the intrinsic stiffness of the filler alone,
this redistribution systematically lowers the effective modulus for any fixed total nano-
particle content. The results confirm that nanoparticle agglomeration exerts a pronounced
detrimental effect on the effective elastic properties of the reinforced beam, underscoring
that the quality of nanoparticle dispersion, and not the nanoparticle content alone, gov-
erns the mechanical benefit of nano-reinforcement.

The nanoparticle volume fraction Cr is defined with respect to the total volume of the
homogenized solid composite. It should not be confused with the common practical dos-
age expressed as a percentage by mass of cement or binder. For a given mix design, the
binder-based mass dosage can be converted to Cr using the densities and volumes of ce-
ment, aggregates, water, and nano-5iOz. The upper bound Cr is used as a parametric limit
to examine the sensitivity of the homogenized response and is not proposed as a recom-
mended practical dosage.

The effect of nanoparticle agglomeration on the dimensionless frequency of the
beam, as a function of the volume fraction of SiO2 nanoparticles, is illustrated in Figures 6
and 7. Since the natural frequency of a vibrating beam scales with the square root of the
ratio between its effective bending stiffness and its mass, the lower frequency obtained
when agglomeration is taken into account is a direct dynamic consequence of the stiffness
reduction discussed above: nanoparticle clustering lowers the effective elastic modulus of
the reinforced concrete without a corresponding reduction in mass, so the stiffness-to-
mass ratio, and hence the frequency, decreases relative to the ideally dispersed case. Con-
versely, the frequency increases with increasing nano-SiO2 concentration for both models,
because a higher nanoparticle content raises the effective stiffness of the composite; the
increase in the frequency with the SiO2 content is caused almost entirely by the stiffening
of the composite. In the present model the density changes little: for the largest content
considered (Cr = 0.20) the mass density decreases by only 1.3%, which contributes about
0.7% to the frequency, whereas the increase of the effective modulus contributes about
14%. The effect of the density depends on the density assumed for the nano-silica and on
the mix design, and is not a distinguishing feature of this reinforcement.

0.80 T T T T T T T T T 0.80
—O—('ﬂ 0.05
0.78 - —Q@—C,=0.10 - 0.78
—Q—C =015
0.76 - —9-C, =020 4076
>
-
0.74 [ - 0.74
072 F 4 0.72
0.70 [ 0.70
O O O
0.68 b hd hd 0.68
0,66 1 1 1 1 1 1 1 1 1 0.66
050 055 060 065 070 075 080 085 090 095 100

Figure 6. Agglomeration effect on the dimensionless frequency of reinforced concrete beam (L/h =
5 Bw=Bs=0,C=0.5).
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Figure 7. Agglomeration effect on the dimensionless frequency of reinforced concrete beam (L/h =
5, pw=Ps=0).

Figure 8 presents the effect of the length-to-thickness ratio L/h on the dimensionless
natural frequency of the reinforced concrete beam for several nano-5iOz volume fractions,
with £ =C=0.5. For a fixed beam length, increasing L/h corresponds to reducing the beam
thickness and therefore increasing the beam slenderness. Beams with higher nanoparticle
volume fractions exhibit higher frequency values, owing to their greater effective elastic
modulus. In contrast, the dimensionless natural frequency decreases as L/l increases. This
trend arises because, at a fixed length, a smaller thickness reduces both the cross-sectional
moment of inertia and the mass per unit length; however, the reduction in flexural stiff-
ness dominates, leading to a lower stiffness-to-mass ratio and hence a lower natural fre-
quency. The sensitivity to L/h is most pronounced in the moderately thick range, approx-
imately L/h = 5-15, where transverse shear deformation remains significant. For larger
values of L/h, the frequency decreases more gradually as the beam approaches the slender,
shear-insensitive limit.
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Figure 8. Effect of the length-to-thickness ratio L/k on the dimensionless natural frequency of the

reinforced concrete beam for various nano-SiO:z volume fractions (¢ = C = 0.5).

For comparison purposes, Figure 9 illustrates the influence of different beam theories
on the predicted natural frequencies of the concrete beam. Because the FSDT assumes a
transverse shear strain that is uniform across the beam thickness, whereas the true
through-thickness shear strain predicted by elasticity theory, and captured directly by the
NHSDT through its higher-order displacement field, is parabolic and vanishes at the free
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surfaces, a shear correction factor X; is introduced to compensate for this simplification,
matching the strain energy of the assumed uniform shear-strain state to that of the true
parabolic distribution. It is evident that adopting Xs = 5/6 in the first-order theory, the
value obtained from this energy-equivalence condition for a rectangular cross-section,
yields results in very good agreement with the NHSDT, whereas a correction factor of X
=1/2 corresponds to a cruder estimate of the shear stiffness and therefore underestimates
the frequency values; this discrepancy diminishes, and the results approach those of the
NHSDT, as the slenderness ratio increases, because the relative contribution of transverse
shear deformation to the total deformation energy shrinks as the beam becomes more
slender, so the choice of correction factor becomes progressively less influential. These
findings confirm that, when the appropriate shear correction factor xs = 5/6 is used, the
FSDT predictions agree closely with the NHSDT results over the considered range of L/h.
It should be emphasized that the natural frequency itself remains strongly dependent on
L/h, since increasing slenderness reduces the beam’s flexural stiffness-to-mass ratio. What
becomes nearly independent of L/h is the relative difference between the FSDT (xs = 5/6)
and NHSDT predictions: as L/h increases, transverse shear deformation contributes less
to the total strain energy, so the difference between the two theories diminishes. By con-
trast, FSDT with xs = 1/2 underestimates the shear stiffness and therefore produces a more
noticeable deviation from the NHSDT results, particularly for lower L/h values, where
shear deformation is more significant. The comparison with FSDT is intended as an inter-
nal consistency check of the higher-order kinematics, whereas the independent verifica-
tion of the beam formulation and foundation terms is provided in Section 4.1 through
comparison with the analytical results of Jia et al. for functionally graded beams on elastic

foundations.
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Figure 9. Dimensionless frequency of reinforced concrete beams reinforced with nano silica under
different theories (£ = C=0.5).

Figure 10 illustrates the variation in the dimensionless fundamental frequency with
silica-particle volume fraction for concrete beams under simply supported (SS), clamped-
clamped (CC), and clamped-simply supported (CS) boundary conditions, considering a
slenderness ratio of (L/h =5) and fixed agglomeration parameters (£ = (= 0.5). For all three
boundary configurations, the dimensionless frequency increases monotonically as the sil-
ica-particle volume fraction rises from 0 to 0.20, exhibiting an approximately linear trend
over the investigated range. The frequency increases by approximately 14.4% for each
boundary condition, indicating a consistent reinforcement-induced modification of the
dynamic response. This behavior reflects the combined influence of silica-particle
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incorporation on the effective elastic properties and mass density of the composite, as de-
scribed by the two-stage homogenization model.
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Figure 10. Variation in the dimensionless fundamental frequency with silica-particle volume frac-

tion for different boundary conditions at (L/h = 5), with fixed agglomeration parameters (£=_=0.5).

The results further demonstrate the significant influence of boundary restraints on
the fundamental frequency, with the clamped-clamped configuration exhibiting the high-
est values, followed by the clamped-simply supported and simply supported configura-
tions. This hierarchy is consistent with the increasing kinematic constraints imposed on
the beam, which enhance its effective structural stiffness. The nearly identical relative fre-
quency increments across the three configurations suggest that the effect of silica-particle
content remains approximately proportional to the baseline frequency within the investi-
gated range. Since the agglomeration parameters are maintained constant, these results
isolate the influence of silica-particle volume fraction for a prescribed agglomeration state
rather than quantifying the independent effects of agglomeration.

Figure 11 shows the variation in the dimensionless natural frequency with the di-
mensionless Winkler and Pasternak foundation parameters. Because these parameters are
nondimensionalized using the same reference beam stiffness and length scales, their val-
ues can be compared on a consistent basis. For the range of dimensionless foundation
stiffness considered, an increase in the Pasternak parameter produces a larger increase in
the dimensionless natural frequency than an equal increase in the Winkler parameter. This
trend reflects the different deformation mechanisms activated by the two foundation com-
ponents: the Winkler component resists local transverse deflection, whereas the Pasternak
component resists the gradient of deflection and therefore interacts directly with the cur-
vature-dominated deformation field of a vibrating beam. Since beam vibration modes are
governed primarily by bending curvature, the Pasternak shear-coupling term can contrib-
ute more efficiently to the overall stiffness-to-mass ratio than the local Winkler term over
the investigated parameter range.

Physically, the Winkler term adds a distributed elastic foundation stiffness propor-
tional to the local deflection, while the Pasternak term adds a stiffness contribution pro-
portional to the second derivative of the deflection. Because the modal deflection of a
simply supported beam varies sinusoidally, its curvature is of the same sinusoidal form
but scaled by (nm/L)? consequently, the Pasternak contribution becomes increasingly im-
portant for higher vibration modes and shorter wavelengths.
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Figure 11. Dimensionless frequency of reinforced concrete beam with different variations on spring
constant (L/h =5, Cr=0.10).

The present framework isolates the mechanical effect of nanoparticle dispersion and
agglomeration on the elastic stiffness and free-vibration response of a nano-5iO: -modified
concrete beam. It does not simulate the coupled chemo-mechanical evolution of the ce-
mentitious matrix. In real concrete, nano-5iO2 may increase stiffness not only through its
intrinsic elastic stiffness but also through pozzolanic C-S5-H formation, hydration modifi-
cation, pore refinement, and improvement of the interfacial transition zone. These mech-
anisms can make the experimentally observed stiffness gain larger or smaller than the
purely elastic homogenization estimate, depending on dosage, dispersion method, water-
to-binder ratio, cement replacement level, and curing age.

Consequently, the predicted frequencies should be interpreted as trends for a fixed
matrix and hydration state. For practical design, the matrix modulus should be measured,
or predicted using a hydration model, for the specific nano-SiOz -modified mixture and
curing age. The present model is best viewed as a structural-scale tool that quantifies how
a given effective stiffness, once determined experimentally or through a multiscale chemo-
mechanical model, is translated into beam vibration response under different agglomera-
tion states, slenderness ratios, and foundation conditions.

5. Conclusions, Limitations and Future Research Directions
5.1. Conclusions

This study developed a closed-form analytical framework for the free vibration of
SiO2 nanoparticle-reinforced concrete beams resting on a two-parameter Winkler—Paster-
nak elastic foundation, explicitly accounting for nanoparticle agglomeration through a
Voigt-Reuss-Paul two-stage homogenization scheme (&, (). Beam kinematics were de-
scribed using a higher-order shear deformation theory (NHSDT) that satisfies zero-trac-
tion conditions at the beam surfaces without a shear correction factor, and the governing
equations, derived via Hamilton’s principle, were solved in closed form using Navier’s
method for different boundary conditions. The results refer to an idealized two-phase rep-
resentation of nano-silica-modified concrete at a fixed matrix and hydration state, and
should be read as trends in the response and not as predictions for a specific mix. The
main findings can be summarized as follows:

e  The dimensionless natural frequency increases consistently with the SiO2 volume
fraction, but nanoparticle agglomeration systematically degrades this stiffening ef-
fect; for C < 0.4 the reinforcement contribution becomes practically negligible.
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Maximum reinforcement efficiency, and the corresponding peak effective elastic
modulus, is achieved when the agglomeration parameters are equal (C = £ = 0.5), that
is when nanoparticle distribution inside and outside the cluster regions is essentially
uniform.

The Pasternak shear-layer coefficient exerts a markedly stronger influence on the nat-
ural frequency than the Winkler modulus, reflecting the former’s coupling to beam
curvature rather than local deflection alone.

The dimensionless natural frequency decreases with increasing length-to-thickness
ratio L/h, with the strongest variation occurring in the moderately thick range L/h =
5-15. The difference between the NHSDT and FSDT predictions with xs = 5/6 de-
creases as L/h increases, reflecting the reduced relative contribution of transverse
shear deformation in slender beams.

The boundary conditions significantly affect the fundamental frequency, with the CC
configuration exhibiting the highest values, followed by CS and SS. This hierarchy
reflects the increasing constraints on beam deformation, which enhance structural
stiffness and raise the natural frequency.

Benchmarking against first-order shear deformation theory (FSDT) confirmed that a
shear correction factor of X = 5/6 reproduces the NHSDT frequencies with excellent
accuracy, whereas X = 1/2 leads to a consistent underestimation, validating the reli-
ability of the proposed higher-order formulation.

Collectively, these results demonstrate that the quality of nanoparticle dispersion,

not merely the nanoparticle content, governs the dynamic performance of nano-engi-

neered concrete beams, and that foundation type and beam geometry must be considered

jointly with agglomeration state in design.

5.2. Limitations

The effective elastic properties were obtained with a semi-empirical two-stage
scheme (a Voigt-Reuss combination followed by Paul’s model), which does not ex-
plicitly capture interfacial debonding, imperfect bonding, or particle—particle contact
mechanics.

Nanoparticles and agglomerates were idealized as isotropic and spherical. Actual ag-
glomerate morphology and size distribution in cementitious matrices are more irreg-
ular.

The nano-silica is modelled as an elastic reinforcing phase defined by its volume frac-
tion in the homogenized solid. Porosity, packing density, the pozzolanic reaction, the
formation and structure of C-S-H gel, the change in the degree of hydration and the
partial replacement of cement are not modelled, and the density of the mixture fol-
lows the rule of mixtures.

The formulation is restricted to linear elasticity and small deformations. Material
nonlinearity, micro-cracking, and time-dependent effects (creep, shrinkage, curing-
age evolution) were not considered.

The Winkler-Pasternak foundation was treated as linear, elastic, and time-invariant,
without foundation damping or nonlinear soil-structure interaction.

The analysis is limited to free (undamped) vibration. Forced vibration, structural
damping, and dynamic loading (moving loads, seismic excitation) were outside the
present scope.

No experimental validation was performed.

5.3. Future Research Directions

Several extensions of the present work are worth pursuing. The framework can be

extended to other geometries using numerical approaches such as the Ritz method,
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differential quadrature or finite elements, where closed-form Navier solutions are una-
vailable. The homogenization can be refined in two directions: agglomeration-aware
schemes of the Mori-Tanaka or Eshelby type should be benchmarked against the two-
stage scheme adopted here, and the coupling of the model with hydration and C-S-H
models, in which the reacted fraction of nano-silica and the properties of the reaction
products evolve with curing age, calibrated against nanoindentation and porosimetry
data. Experimental campaigns on nano-SiOz-reinforced concrete beams are also needed,
both to validate the predicted frequencies and to calibrate the effective properties and the
agglomeration parameters £ and C against measured microstructural data (SEM, DLS) and
beams of known mix proportions. Finally, the model could be extended to forced and
damped vibration, nonlinear large-amplitude response, through-thickness functionally
graded nanoparticle distributions, hybrid nanofiller systems (5iO2 combined with CNTs
or graphene) and plate and shell configurations, and it could account for the long-term
aging and environmental effects on the agglomeration state and the dynamic perfor-
mance.
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