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Abstract 

This paper presents a combined theoretical and experimental methodology for analysing 

and validating mechanical error propagation in optical rotary encoders. A vector-based 

mathematical model is experimentally verified using a three-stage methodology compris-

ing measurement of shaft centre motion, grating disc motion and encoder angular error. 

Independent measurements of the individual mechanical error sources are combined to 

predict the encoder angular error and compared with traceable angular comparator meas-

urements. The proposed methodology achieved correlation coefficients up to 0.984 for two 

different grating disc mounting conditions, demonstrating good agreement between the 

predicted and measured angular error profiles. The results confirm that encoder angular 

error is governed by the combined contribution of multiple mechanical error sources and 

demonstrate that, once the dominant eccentricity component is minimised, optimisation 

of the circumferential optical readhead position provides an effective means of reducing 

the residual angular error. The proposed methodology provides a practical framework for 

analysing, predicting and optimising mechanical error sources during the design, assem-

bly and calibration of high-accuracy optical rotary encoders. 

Keywords: optical rotary encoder; angular error; grating disc eccentricity; shaft centre 

motion; readhead position 

 

1. Introduction 

The error sources in optical rotary encoders can be broadly classified into three cate-

gories: (I) signal level errors caused by imperfect signal interpolation, harmonic distortion, 

and noise in the electronic readout chain [1–3]; (II) graduation errors introduced during 

manufacture of the grating disc, including irregular line spacing and pitch variation; and 

(III) mechanical installation errors arising from imperfect alignment of the encoder disc 

relative to the rotation axis [4]. Understanding and reducing mechanical error propaga-

tion is therefore the central challenge for achieving high angular accuracy in practical en-

coder installations. 

A comprehensive review by Zhao et al. [5] identifies mechanical installation eccen-

tricity of the grating disc as consistently the dominant error source for optical encoders, 

significantly exceeding graduation and interpolation contributions. The eccentricity of the 

grating pattern centre relative to the nominal rotation axis has a well-understood geomet-

ric effect: a fixed offset of magnitude between the grating centre and the axis produces a 
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first harmonic (once-per-revolution) sinusoidal angular error. Behrani et al. [6] developed 

a refined three-centre variable eccentricity model that better captures the actual phase re-

lationships observed in high-precision angular sensor fine angle signals, attributing the 

eccentricity to a combination of manufacturing disc runout, clearance fit mounting, and 

bearing wobble contributions. Online eccentricity compensation strategies have been ex-

plored by several groups, including the cobweb-structured grating scale approach of Zhao 

et al. [7], which encodes radial displacement information directly onto the grating to ena-

ble real-time eccentricity parameter estimation; and the single readhead method proposed 

by Fang et al. [8] for online identification of coupled eccentricity and tilt in polar coordi-

nate encoders. Hardware embedded self-calibration solutions for angle encoders have 

also been reported [9]. 

While eccentricity-based first harmonic errors are most readily detected and compen-

sated, high-accuracy applications require attention to higher-order mechanical error com-

ponents that become significant once the dominant first harmonic is suppressed. These 

higher-order contributions arise primarily from non-circular bearing motion, that is, the 

two-dimensional trajectory traced by the shaft centre in the plane of the grating as the 

shaft rotates [10,11]. Bearing-induced radial runout, axial wobble, and cage frequency dis-

turbances all generate Fourier harmonics at integer and non-integer multiples of the rota-

tion frequency. The relationship between shaft centre trajectory harmonics and the result-

ing angular error harmonics depends on the circumferential position of the optical read-

head, creating a position-dependent transfer function that has not been systematically 

characterised in the literature. Jia et al. [12] analysed the angle measurement error mech-

anism caused by rotor runout and demonstrated the importance of its directional projec-

tion. However, the dependence of the resulting angular error on the circumferential read-

head position has received considerably less attention. 

The characterisation of rotary axis motion is well established in spindle metrology. 

Error separation methods based on reversal, multi-probe and multi-step measurements 

enable the spindle motion to be distinguished from reference artefact form errors [13]. 

Subsequent developments have achieved sub-nanometre error separation [14], simultane-

ous radial and tilt error measurement [15], and multi-degree-of-freedom spindle charac-

terisation [16]. Despite these advances, shaft motion metrology and encoder error analysis 

have generally been treated separately, and the measured shaft centre trajectory has not 

been systematically incorporated into experimental prediction of encoder angular error. 

The effect of grating disc installation on encoder accuracy extends beyond simple 

eccentricity to include disc tilt, mounting-induced deformation, and uneven fixing forces. 

Yu et al. [17] demonstrated that grating disc inclination generates a characteristic double-

cycle angular error harmonic and requires at least three readheads for complete suppres-

sion. Li et al. [18] investigated the angular error introduced by taper-mount installation, 

showing through finite element analysis that screw-induced disc deformation generates 

m cycle harmonics whose order depends on the number of fastener screws, and proposed 

a comprehensive model that addresses deformation, eccentricity, and inclination simulta-

neously. Another comprehensive analytical model incorporating rotary axis errors, eccen-

tricity, inclination, graduation errors and readhead installation errors has been developed 

to describe their combined influence on angular measurement [4,10]. 

Current encoder error compensation strategies can broadly be classified into offline 

calibration, in which systematic errors are identified using a high-accuracy reference in-

strument and stored as correction tables; and online self-correction, where multiple read-

heads or auxiliary sensing techniques continuously estimate and compensate systematic 

errors during operation. Hsieh et al. [19,20] proposed high-accuracy calibration proce-

dures based on shift-angle and dual-autocollimator methods, enabling precise generation 

of encoder correction tables using traceable reference measurements. Ishii et al. [21] 
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developed multi readhead encoder systems capable of real-time suppression of systematic 

angular errors by exploiting redundancy between multiple detecting readheads, while 

Watanabe et al. [22] introduced the SelfA concept for achieving ultra-high resolution and 

accuracy through self-calibration. In parallel, Jia et al. [23] proposed a Fourier expansion–

back-propagation neural network optimised using a genetic algorithm, reducing encoder 

errors in articulated coordinate measuring machine applications. Although these ap-

proaches significantly improve encoder accuracy, they compensate for the resulting an-

gular error rather than addressing the underlying mechanical error propagation mecha-

nisms responsible for its generation. 

More broadly, recent developments outside conventional grating encoders further 

demonstrate the increasing role of model-assisted measurement in optical metrology. 

Structured and vortex light has been investigated for rotation and angular displacement 

sensing, while reconstructive optical instruments combine compact optical encoding 

hardware with computational reconstruction [24,25]. Although these approaches employ 

different physical principles from conventional rotary encoders, they reflect a broader 

movement towards combining optical measurements with physical or computational 

models to extract metrological information. 

Despite extensive research on encoder eccentricity modelling, spindle error separa-

tion and multi readhead self-calibration, a unified experimental framework that inde-

pendently characterises the shaft-bearing system, grating disc mounting, and readhead 

position, and quantitatively links these factors to the final angular positioning accuracy 

through a validated mechanical model, has not yet been reported. Existing studies typi-

cally treat eccentricity as a single, lumped error source or investigate shaft motion and 

encoder accuracy independently, without experimentally verifying their individual and 

combined contributions to the resulting angular error. Furthermore, the effect of circum-

ferential readhead position on the projection of rotor system motion into encoder angular 

error has not been systematically investigated. 

These limitations are particularly important for open-type optical encoders, in which 

the grating disc is mounted directly on the application shaft and the stationary readhead 

is attached to the supporting structure. In such configurations, the final angular accuracy 

is determined not only by the intrinsic performance of the encoder but also by the com-

plete mechanical assembly, including shaft-bearing motion, grating disc mounting errors, 

and readhead placement. Consequently, encoder performance specified or characterised 

independently of the application mechanics may not fully represent the angular accuracy 

achieved after integration. 

Direct calibration of the complete rotary axis after encoder integration can address 

this uncertainty, but it generally requires specialised metrology equipment, such as a pre-

cision polygon with an autocollimator, an angular interferometer, or a high-accuracy ro-

tary comparator. Such equipment may not be readily available during the design, assem-

bly, and optimisation stages. This creates a practical need for an experimentally validated 

mechanical framework capable of relating independently measurable assembly parame-

ters to the resulting angular error, thereby enabling the final angular accuracy to be as-

sessed and potentially improved without relying exclusively on full system angular cali-

bration. 

This study addresses these limitations by developing and experimentally validating 

a three-stage mechanical error propagation framework for open-type optical rotary en-

coders. The proposed framework represents shaft centre motion and grating disc eccen-

tricity as separate two-dimensional displacement vectors. These vectors are combined to 

obtain the resultant grating centre motion, which is then projected onto the local tangen-

tial direction at the readhead position and converted into angular error. The shaft centre 

motion, grating disc motion and encoder angular error are measured independently using 
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orthogonal inductive probes, digital microscopy and a traceable angular comparator, re-

spectively. These independently obtained measurements are quantitatively linked 

through the proposed model to predict the encoder angular error profile. Experimental 

validation is performed under two grating disc mounting conditions with different eccen-

tricity levels, enabling the individual and combined contributions of the measured me-

chanical error sources to be evaluated. 

The work has two related but distinct objectives. The first is to experimentally vali-

date the proposed mechanical error propagation framework by comparing the predicted 

angular error profiles with independent angular comparator measurements and by exam-

ining how the measured parameters combine to produce the resulting encoder error. The 

second is to investigate, through numerical analysis using the experimentally measured 

rotor trajectories, the influence of circumferential readhead position on the residual angu-

lar error. This analysis identifies readhead placement as an additional design parameter 

that can potentially be used to minimise residual error in open-type encoder installations. 

2. Theoretical Model of Error Propagation 

The operating principle of an optical rotary encoder is based on the relative motion 

between a rotating optical grating and a stationary optical readhead. Ideally, the centre of 

the grating pattern coincides with the rotation axis, resulting in a purely rotational motion 

of the grating track. In practical encoders, however, the grating centre follows a non-ideal 

trajectory due to rotor system kinematic motion and imperfect grating disc centring. This 

trajectory gives rise to a tangential displacement of the grating pattern at the readhead 

position, which is interpreted as an angular measurement error [10,12]. 

As illustrated in Figure 1, the grating centre trajectory is decomposed into two dis-

placement vectors. The vector 𝑒1(𝜑)  describes the instantaneous displacement of the 

shaft centre relative to the nominal rotation axis fixed to the encoder housing. The vector 

𝑒2(𝜑) describes the eccentricity of the grating pattern centre relative to the shaft centre. 

The resulting displacement of the grating pattern centre is therefore: 

𝑒(𝜑) = 𝑒1(𝜑) + 𝑒2(𝜑), (1) 

where 𝜑 is the shaft angular position. 

In Figure 1, the point 𝑂 denotes the origin of the stationary coordinate system 𝑂𝑋𝑌, 

fixed to the encoder housing. The point 𝑂1 represents the instantaneous shaft centre po-

sition, while 𝑂2 denotes the centre of the grating pattern. The vector 𝑒1(𝜑) is associated 

with bearing imperfections, rotor geometry, assembly deviations, loading, thermal effects 

and other kinematic influences. Its magnitude and direction may vary during one revolu-

tion. By contrast, the magnitude of the grating eccentricity vector 𝑒2 is assumed constant 

because the grating disc is rigidly connected to the shaft, while its direction rotates to-

gether with the rotor. 
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Figure 1. Vector decomposition of the grating pattern centre motion and its projection at the optical 

readhead. 

2.1. Grating Centre Motion Decomposition 

A rotating coordinate system 𝑂1𝑋1𝑌1 is attached to the shaft. The shaft centre dis-

placement in the stationary coordinate system is written as: 

𝑒1(𝜑) = [
𝑥𝑂1

(𝜑)

𝑦𝑂1
(𝜑)

], (2) 

The initial grating eccentricity in the shaft-fixed coordinate system is: 

𝑒2,0 = 𝑒2 [
cos 𝜏0

sin 𝜏0
], (3) 

where 𝑒2 is the eccentricity magnitude and 𝜏0 is its initial orientation relative to the X1-

axis. During shaft rotation, this vector is transformed into the stationary coordinate sys-

tem by the rotation matrix: 

𝑀(𝜑) = [
cos 𝜑 − sin 𝜑
sin 𝜑 cos 𝜑

], (4) 

The resultant grating centre displacement is therefore: 

𝑒(𝜑) = 𝑒1(𝜑) + 𝑀(𝜑)𝑒2,0, (5) 

Equation (5) represents the combined planar trajectory of the grating centre. It com-

bines the arbitrary translational motion of the shaft centre with the rotating eccentricity of 

the grating disc and therefore forms the basis for predicting the mechanical contribution 

to the encoder angular error. 

In Cartesian form, the grating centre coordinates are: 

𝑥(𝜑) = 𝑥𝑂1
(𝜑) + 𝑒2 cos(𝜏0 + 𝜑), (6) 

𝑦(𝜑) = 𝑦𝑂1
(𝜑) + 𝑒2 sin(𝜏0 + 𝜑), (7) 
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The first terms in Equations (6) and (7) describe the shaft centre trajectory, whereas 

the second term describes the once-per-revolution motion caused by grating eccentricity. 

The resultant displacement magnitude and direction are 

𝑒(𝜑) = √𝑥2(𝜑) + 𝑦2(𝜑), (8) 

𝛼(𝜑) = 𝑎𝑡𝑎𝑛2[𝑦(𝜑), 𝑥(𝜑)] (9) 

Since the shaft rotates periodically, its trajectory is also periodic and can be repre-

sented by a truncated Fourier series [23]: 

𝑥𝑂1
(𝜑) = 𝑎𝑥,0 + ∑[𝑎𝑥,𝑛 cos(𝑛𝜑)

𝑁

𝑛=1

+ 𝑏𝑥,𝑛 sin(𝑛𝜑)], (10) 

𝑦𝑂1
(𝜑) = 𝑎𝑦,0 + ∑[𝑎𝑦,𝑛 cos(𝑛𝜑)

𝑁

𝑛=1

+ 𝑏𝑦,𝑛 sin(𝑛𝜑)], (11) 

where 𝑁 is the highest considered harmonic order; 𝑎𝑥,0 and 𝑎𝑦,0 are the mean offsets; 

𝑎𝑥,𝑛, 𝑏𝑥,𝑛, 𝑎𝑦,𝑛 and 𝑏𝑦,𝑛 are the Fourier coefficients of the n-th harmonic. 

2.2. Projection at the Optical Readhead 

The optical readhead measures the local displacement of the grating track rather than 

the overall displacement magnitude of the grating centre 𝑒(𝜑). Therefore, the resultant 

displacement vector must be projected onto the local radial and tangential directions of 

the readhead position. Let the readhead be located at the circumferential angle 𝛾, meas-

ured from the positive X-axis. The local radial and tangential unit vectors are: 

𝑛𝑟⃗⃗⃗⃗⃗(𝛾) = [
cos 𝛾
sin 𝛾], (12) 

𝑛𝑡⃗⃗ ⃗⃗ (𝛾) = [
−sin 𝛾
cos 𝛾

] , (13) 

The radial displacement at the readhead is obtained by projecting the grating centre 

displacement onto 𝑛𝑟⃗⃗⃗⃗⃗ 

𝑢𝑟(𝜑, 𝛾) = e⃗⃗(𝜑) ∙ 𝑛𝑟⃗⃗⃗⃗⃗(𝛾), (14) 

or 

𝑢𝑟(𝜑, 𝛾) = 𝑥(𝜑) cos 𝛾 + 𝑦(𝜑) sin 𝛾, (15) 

Similarly, the tangential displacement could be expressed as: 

𝑢𝑡(𝜑, 𝛾) = 𝑒(𝜑) ∙ 𝑛𝑡⃗⃗ ⃗⃗ (𝛾), (16) 

which gives: 

𝑢𝑡(𝜑, 𝛾) = −𝑥(𝜑) 𝑠𝑖𝑛 𝛾 + 𝑦(𝜑) 𝑐𝑜𝑠 𝛾, (17) 

The two components have different physical effects in an optical encoder. The radial 

component 𝑢𝑟 changes the radial distance between the readhead and the grating track. 

Depending on the optical principle and readhead design, this may affect signal amplitude, 

contrast, modulation depth, focus, and interpolation quality. Although the radial compo-

nent may influence the optical signal quality, its effect depends on the specific readhead 

design and optical transfer characteristics and is therefore outside the scope of the present 

model. 

The tangential component 𝑢𝑡 displaces the grating pattern along the sensing direc-

tion. This produces an apparent phase shift in the periodic optical signals and therefore a 
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corresponding angular measurement error. The present model considers this tangential 

effect as the primary direct mechanical contribution to the encoder error. 

Substitution of Equations (6) and (7) into Equation (17) gives: 

𝑢𝑡(𝜑, 𝛾) = −𝑥𝑂1
(𝜑) sin 𝛾 + 𝑦𝑂1

(𝜑) cos 𝛾 + 𝑒2 sin(𝜏0 + 𝜑 − 𝛾), (18) 

Thus, the tangential displacement consists of a shaft motion contribution and a grat-

ing eccentricity contribution. For a readhead positioned at 𝛾 = 0, the local tangential di-

rection coincides with the positive Y-axis direction, and Equation (18) reduces to: 

𝑢𝑡(𝜑, 0) = 𝑦(𝜑), (19) 

2.3. Conversion of Tangential Displacement into Angular Error 

Let 𝑅 denote the effective radius of the optical grating track. For the micrometre-

scale displacements considered in the optical encoders |𝑢𝑡| ≪ 𝑅. The angular displace-

ment associated with the local tangential motion can therefore be evaluated using the 

small angle approximation [4]: 

∆𝜃(𝜑, 𝛾) ≈
𝑢𝑡(𝜑, 𝛾)

𝑅
, (20) 

where ∆𝜃(𝜑, 𝛾)  denotes the predicted angular error at shaft angular position 𝜑  for a 

readhead located at circumferential position 𝛾. By substituting Equation (18), the com-

plete angular error relation is: 

∆𝜃(𝜑, 𝛾) =
−𝑥𝑂1

(𝜑) sin 𝛾 + 𝑦𝑂1
(𝜑) cos 𝛾 + 𝑒2 sin(𝜏0 + 𝜑 − 𝛾)

𝑅
, (21) 

Equation (21) is the principal angular error equation of the model, which explicitly 

relates the shaft centre motion, grating disc eccentricity, optical readhead position, and 

grating track radius to the resulting encoder error. 

2.4. Influence of Optical Readhead Position 

The general model Equation (21) shows that the same two-dimensional grating cen-

tre trajectory produces different angular error waveforms at different optical readhead 

positions. For the four cardinal positions: 

𝛾 = 0° ∶  𝑢𝑡 = 𝑦,
𝛾 = 90° ∶  𝑢𝑡 = −𝑥,

𝛾 = 180° ∶  𝑢𝑡 = −𝑦,
𝛾 = 270° ∶  𝑢𝑡 = 𝑥,

, (22) 

Consequently, the predicted angular error amplitude, RMS value, and harmonic con-

tent depend on the circumferential location of the readhead. This dependence is particu-

larly relevant when the shaft trajectory is not circular or is dominated by higher-order 

directional components. A readhead located near a direction of minimum tangential pro-

jection may exhibit lower mechanically induced error than a readhead installed at another 

angular position. 

3. Materials and Methods 

3.1. Experimental Workflow 

The objective of this study is to experimentally decompose the propagation of me-

chanical errors into the final angular measurement error of an optical rotary encoder. Since 

the measured encoder error is produced by the combined influence of rotor motion and 

grating geometry, these contributions cannot be separated using a single experimental 

method. Therefore, three complementary experimental stages were designed, each 
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emphasising a different part of the overall error propagation process. The complete meth-

odology is summarised in Figure 2. 

 

Figure 2. Experimental investigation and validation workflow. 

All experiments were performed using the same experimental rotary encoder assem-

bly. The assembly consisted of an aluminium housing supporting a stainless-steel shaft 

through two preloaded deep-groove ball bearings, forming the mechanical rotary system. 

An open-type 22-bit absolute optical encoder (JSC Precizika Metrology, Vilnius, Lithua-

nia) was integrated into the assembly. The encoder rotor (metal hub and glass grating 

disc) was rigidly mounted on the shaft, whereas the encoder stator (printed circuit board 

with the optical readhead and signal-processing electronics) was fixed to the housing. The 

mounting arrangement allowed the grating disc to be re-centred with respect to the shaft 

axis while maintaining the same rotor system and stator throughout all experiments. Con-

sequently, only the relative position of the grating disc changed between the investigated 

mounting conditions, whereas the optical readhead position remained unchanged. The 

nominal radius of the optical grating track is 𝑅 = 53.25 mm. All measurements were per-

formed in a temperature-controlled laboratory maintained at 20.0 ± 0.2 °C. 

The experimental methodology consists of three consecutive stages. In Stage 1, the 

two-dimensional shaft centre trajectory is measured using a precision reference hemi-

sphere and two orthogonally arranged inductive probes. The measured shaft centre mo-

tion is subsequently used to simulate its contribution to the encoder angular error at dif-

ferent circumferential readhead positions. In Stage 2, the motion of the actual optical grat-

ing disc relative to the stationary microscope is measured under two different disc mount-

ing conditions with different eccentricity levels. In Stage 3, the angular error profiles pre-

dicted from Stage 1 and Stage 2 measurements are compared with direct calibration meas-

urements obtained using a high-accuracy angular comparator. Together, these three 
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stages connect the measured mechanical motion of the encoder rotor system with the re-

sulting angular measurement error. 

3.2. Stage 1: Characterisation of the Rotor System Motion 

The objective of the first experimental stage was to characterise the two-dimensional 

motion of an idealised grating centre induced by the encoder rotor system. Instead of an 

optical grating disc, a precision reference hemisphere was mounted on the encoder shaft 

to represent an ideal grating, in which grating pitch errors, local pattern distortions, edge 

form deviations, and axial disc runout were considered negligible. Under this assumption, 

the measured trajectory represents the combined motion of the idealised grating centre 

resulting from the rotor system and its initial centring relative to the shaft. Consequently, 

the experiment provides an experimental analogue of the displacement model introduced 

in Section 2 while eliminating the influence of actual grating manufacturing errors. 

The experimental setup is shown in Figure 3. A precision 50 mm diameter polished 

glass reference hemisphere (Taylor Hobson Ltd., Leicester, United Kingdom) was rigidly 

mounted on the encoder shaft. The hemisphere had a form deviation of approximately 

0.03 µm and was calibrated with a certified uncertainty of less than 5 nm, making its geo-

metric form error negligible compared with the micrometre-scale displacements investi-

gated in this study. Consequently, the measured trajectory is dominated by the mechani-

cal behaviour of the rotor system and the imposed centring condition rather than by im-

perfections of the reference artefact. 

 

Figure 3. Stage 1 experimental setup: (a) reference hemisphere mounted on the encoder shaft; (b) 

schematic of the Cartesian displacement measurement. 

Two TESA 32.10802 inductive displacement probes (TESA SA, Renens, Switzerland), 

connected to TESATRONIC® TWIN-T10 digital display units (with a digital resolution of 

0.1 µm), were mounted orthogonally around the hemisphere and aligned with the station-

ary 𝑋 and 𝑌 axes of the measurement coordinate system. The specified indication error 

of the measurement system is within 1% of the selected measuring range. The overall 

measurement uncertainty is additionally affected by probe alignment, mounting stability, 

and environmental conditions and is reflected by the repeatability obtained from the six 

repeated measurements. 

The measuring axes intersected at the nominal centre of the hemisphere, enabling 

simultaneous measurement of the Cartesian displacement components 𝑥(𝜑)  and 𝑦(𝜑) 

during shaft rotation. Unlike conventional radial runout measurements, the two-probe 

arrangement enabled reconstruction of the complete two-dimensional trajectory of the 
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reference hemisphere as a coupled planar displacement. The measured Cartesian trajec-

tory represents an experimental analogue of the resultant displacement vector 𝑒(𝜑) , 

where the imposed hemisphere centring replaces the grating eccentricity term of the the-

oretical model. 

𝑒(𝜑) = [
𝑥(𝜑)

𝑦(𝜑)
] (23) 

To investigate the influence of grating centring, two mounting conditions were in-

tentionally prepared. In Condition A, the hemisphere was carefully centred with respect 

to the shaft axis, representing a well centred grating. In Condition B, a larger initial eccen-

tricity was introduced before tightening, representing a poorly centred grating. Since both 

measurements were performed using the same rotor system, the principal difference be-

tween the two trajectories is the magnitude of the introduced centring component. This 

approach enables the influence of initial grating centring to be investigated independently 

of the intrinsic mechanical behaviour of the rotor system. Increasing the number of angu-

lar positions could improve trajectory reconstruction and higher-order harmonic estima-

tion by reducing interpolation and aliasing effects. However, it would not change the dis-

placement resolution of the inductive probe system at each individual position. 

For each mounting condition, six complete shaft revolutions were measured at six-

teen equally spaced angular positions over one revolution. The repeated measurements 

were used to evaluate repeatability, determine the mean two-dimensional trajectory and 

estimate the associated confidence intervals. This sampling scheme provided a practical 

compromise between angular resolution and the duration of the manually positioned 

measurements and repeated experimental series. It was sufficient to evaluate the har-

monic content up to eight harmonics considered in this study. 

Based on the theoretical model represented by Equations (10) and (11), the first har-

monic contains the combined contribution of the rotor system first harmonic motion and 

the initial hemisphere centring eccentricity. Because Conditions A and B differ primarily 

in their initial centring, this dominant component was removed to enable comparison of 

the remaining higher-order motion associated with the rotor system. For each condition, 

the mean coupled two-dimensional trajectory was fitted by linear least squares using the 

sine and cosine terms corresponding to 𝑛 = 1. The fitted first harmonic components were 

then subtracted component-wise from x and y displacement data of every measured rep-

etition within the corresponding condition. Thus, the same first harmonic component, es-

timated from the mean trajectory of each condition, was removed from all its repetitions 

while preserving repeat-to-repeat differences. 

Discrete Fourier decomposition was subsequently applied separately to quantify and 

compare the harmonic content before and after first harmonic removal. Comparison of 

the resulting trajectories from Conditions A and B provides an experimental assessment 

of the similarity of the remaining higher-order rotor motion under different initial cen-

tring conditions. 

Numerical Investigation of Optical Readhead Position 

The experimental measurements described in the previous subsection provide the 

complete two-dimensional trajectory of the idealised grating centre in the stationary Car-

tesian coordinate system. Since the trajectory is represented by both displacement compo-

nents (𝑥(𝜑) and 𝑦(𝜑)), it can be numerically projected onto the tangential direction of an 

optical readhead located at an arbitrary angular position without requiring additional ex-

periments. 

According to the mathematical model presented in Section 2, the tangential displace-

ment observed by an optical readhead positioned at an angular location 𝛾 is obtained by 
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projecting the measured displacement vector onto the local tangential direction using 

Equation (17). The corresponding angular measurement error is then determined from 

Equation (20). This approach enables the experimentally measured rotor system motion 

to be evaluated for any virtual readhead position around the encoder circumference while 

preserving exactly the same measured mechanical trajectory. Consequently, the influence 

of optical readhead location can be investigated independently of the rotor system itself, 

since only the projection direction changes whereas the measured displacement vector 

remains unchanged. 

To evaluate this influence, the measured trajectories obtained under mounting Con-

ditions A and B were projected onto optical readhead positions distributed around the 

full circumference. The projection angle 𝛾 was varied from 0∘ to 360∘ with a constant 

angular increment of 1∘, and for each position the corresponding tangential displacement, 

predicted angular error, its peak-to-peak value and root-mean-square (RMS) value were 

calculated. 

Because the initial centring error primarily contributes to the first harmonic of the 

displacement trajectory, the numerical analysis was performed for both the complete 

measured trajectories and the trajectories after removal of the first harmonic. This enabled 

the influence of optical readhead position to be investigated under two representative 

conditions: the total idealised grating centre motion, including the initial hemisphere cen-

tring error, and the residual rotor system motion after compensation of the dominant 

once-per-revolution component. Comparison of these two cases allows the contribution 

of initial centring to be distinguished from the influence of the intrinsic higher-order rotor 

system motion. 

3.3. Stage 2: Measurement of Grating Motion Using a Digital Microscope 

Following the characterisation of the shaft centre motion in Stage 1, the second ex-

perimental stage focused on the displacement of the optical grating itself. Unlike the ref-

erence hemisphere experiment, which isolated the mechanical motion of the rotating 

shaft, this stage investigated the combined effect of shaft motion and grating mounting 

eccentricity observed directly at the grating pattern. The objective was to experimentally 

determine the tangential displacement of the grating at the optical readhead position and 

to predict the corresponding angular error. 

Figure 4 illustrates the experimental arrangement and the adopted measurement 

principle. The measurements were performed using a Dino-Lite AM7515MT8A digital 

microscope (AnMo Electronics Corporation, Taiwan, China)mounted above the encoder 

disc while the encoder shaft was rotated manually through one complete revolution. The 

microscope was rigidly fixed to the experimental frame to eliminate any relative move-

ment between the optical system and the encoder housing during the measurements. The 

microscope was focused on the outer edge of the grating pattern, and the displacement of 

the same grating line was tracked throughout the rotation. 
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Figure 4. Stage 2 experimental setup for measuring grating pattern motion: (a) digital microscope 

used to measure the tangential displacement of the grating pattern; (b) schematic of the measure-

ment principle and its relation to the optical readhead sensing direction. 

The microscope observes only a small region of the optical grating; therefore, it 

measures the displacement of an individual grating line rather than the complete two-

dimensional trajectory of the grating centre. To directly measure the tangential displace-

ment relevant to encoder operation, the microscope was positioned at a circumferential 

location approximately 90∘ from the optical readhead. At this position, the local tangen-

tial direction of the circular grating coincides with the global 𝑌-axis, allowing the tangen-

tial displacement to be measured directly as the vertical image displacement: 

𝑢𝑡(𝜑) = 𝑢𝑌(𝜑) (24) 

This measurement configuration eliminates the need for any coordinate transfor-

mation of the recorded displacement while remaining fully consistent with the theoretical 

model. The measured tangential displacement was subsequently converted into the cor-

responding angular error using the relationship given by Equation (20). Thus, the micro-

scope experiment provides a direct experimental estimate of the mechanical contribution 

of grating centre motion to the encoder angular error. 

The microscope images were acquired using the same angular sampling scheme of 

sixteen equally spaced angular positions over one shaft revolution, including the repeated 

closing position at 360∘. Five independent measurement series were performed for each 

investigated mounting condition. Two different grating disc mounting conditions were 

investigated. Condition D1 corresponded to the more centred mounting of the grating 

disc. To establish Condition D2, the disc was rotated to a different angular orientation 

relative to the shaft and deliberately remounted with a larger centring offset. Therefore, 

D1 and D2 differed in both the magnitude and initial orientation of the grating disc eccen-

tricity vector relative to the rotor system. The shaft-bearing system, housing, and optical 

readhead position remained unchanged. These two conditions were subsequently used 

throughout numerical analysis and compared with the encoder calibration results ob-

tained in Stage 3. 

The displacement of the selected grating line edge was determined directly from the 

microscope images using the calibrated measurement scale displayed in the DinoCapture 

2.0 software (AnMo Electronics Corporation, Taiwan, China). The displacement was eval-

uated relative to the initial angular position using the visible 1 µm measurement grid, 

which represented the principal limitation of the measurement resolution. Additional 
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uncertainty sources include local variations in the grating-line geometry (edge roughness, 

line-width variations and manufacturing non-uniformity), image noise, illumination and 

focus variations, edge identification repeatability, and residual mechanical instability of 

the experimental setup. Therefore, the repeatability obtained from the five repeated meas-

urements provides a practical estimate of the combined uncertainty of the complete meas-

urement procedure. 

3.4. Stage 3: Angular Error Measurements 

The final stage of the study was performed to experimentally validate the proposed 

mechanical error propagation model by comparing the predicted angular error with the 

actual error measured using an industrial rotary encoder calibration system (angle com-

parator developed by JSC Precizika Metrology, Vilnius, Lithuania). The comparator used, 

shown in Figure 5, consists of a precision air-bearing rotary table equipped with a high-

accuracy reference encoder and is intended for traceable calibration of rotary encoders. A 

detailed description of the comparator design, calibration procedure, and metrological 

characteristics is available in our previous work [26]. 

The encoder under investigation was mounted on the comparator using the same 

mechanical assembly employed throughout Stages 1 and 2, ensuring that the shaft posi-

tion, grating disc orientation and optical readhead configuration were maintained un-

changed during the corresponding measurements. For each grating disc centring condi-

tion (D1 and D2), five complete revolutions were measured. The mean angular error pro-

file and Fourier harmonic decomposition were then calculated. 

 

Figure 5. Stage 3 experimental setup for encoder angular error measurement: (a) magnified view of 

encoder under test; (b) angular comparator used for encoder calibration. 

The comparator measurements were subsequently used as the experimental refer-

ence for validation of the proposed mechanical error propagation model. The measured 

encoder angular error profiles were compared with the angular error predicted from the 

grating disc motion (Stage 2) and with the combined mechanical model incorporating the 

higher-order rotor system motion identified in Stage 1. The agreement between the meas-

ured and predicted angular error profiles was quantified using Pearson’s correlation co-

efficient: 

𝑟 =
∑ (∆𝜃𝑝𝑟𝑒𝑑,𝑖 − ∆𝜃̅̅̅̅

𝑝𝑟𝑒𝑑)(∆𝜃𝑚𝑒𝑎𝑠,𝑖 − ∆𝜃̅̅̅̅
𝑚𝑒𝑎𝑠)𝑁

𝑖=1

√∑ (∆𝜃𝑝𝑟𝑒𝑑,𝑖 − ∆𝜃̅̅̅̅
𝑝𝑟𝑒𝑑)

2
∑ (∆𝜃𝑚𝑒𝑎𝑠,𝑖 − ∆𝜃̅̅̅̅

𝑚𝑒𝑎𝑠)
2𝑁

𝑖=1
𝑁
𝑖=1

 
(25) 
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and the root-mean-square error (RMSE): 

RMSE = √
1

𝑁
∑ (∆𝜃𝑝𝑟𝑒𝑑,𝑖 − ∆𝜃𝑚𝑒𝑎𝑠,𝑖)

2𝑁

𝑖=1
 (26) 

where ∆𝜃𝑝𝑟𝑒𝑑 and ∆𝜃𝑚𝑒𝑎𝑠 denote the predicted and comparator measured angular errors 

respectively; ∆𝜃̅̅̅̅
𝑝𝑟𝑒𝑑 and ∆𝜃̅̅̅̅

𝑚𝑒𝑎𝑠 are their respective mean values; and 𝑁 is the number 

of evaluated angular positions. Pearson’s correlation coefficient characterises agreement 

in waveform shape, whereas RMSE quantifies the pointwise difference between the pre-

dicted and measured angular error profiles. 

Furthermore, the higher-order residual waveforms and their harmonic content were 

compared to evaluate the individual contributions of the rotor system and grating disc 

geometry to the total encoder angular error. The repeatability of the comparator measure-

ments was also evaluated to confirm the reliability of the experimental validation. 

3.5. Statistical Analysis of Model Validation 

Confidence intervals for the correlation coefficients were estimated using a non-par-

ametric repeat level bootstrap procedure. The resampling unit was a complete measured 

revolution rather than an individual angular point, because the angular samples within 

each periodic waveform are not statistically independent. Treating individual angular po-

sitions as independent observations would therefore underestimate the uncertainty of the 

correlation coefficients. 

The bootstrap analysis was performed separately for Conditions D1 and D2. In each 

bootstrap iteration, five complete comparator repetitions, five microscope repetitions, six 

hemisphere A repetitions, and six hemisphere B repetitions were independently sampled 

with replacement from their respective datasets. The number of sampled repetitions was 

thus equal to the number available in the original experiment. The selected repetitions 

were averaged pointwise, after which the combined model prediction and correlation cal-

culation sequence was repeated. A total of 5000 bootstrap iterations were performed. The 

95% confidence intervals were obtained from the 2.5th and 97.5th percentiles of the result-

ing bootstrap distribution [27,28]. 

The statistical significance of the RMSE reduction obtained by incorporating rotor 

system contributions was evaluated using a paired comparison between the microscope-

only and combined model predictions. These predictions were evaluated against the same 

five comparator repetitions at identical angular positions and differed only by the addi-

tion of the rotor system contribution. For each comparator repetition, RMSE was calcu-

lated for both predictions, and the paired reduction was defined as: 

∆RMSE𝑗 = RMSE𝑚𝑖𝑐𝑟𝑜𝑠𝑐𝑜𝑝𝑒,𝑗 − RMSE𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒,j (27) 

where 𝑗 denotes the comparator repetition and a positive value ∆RMSE𝑗 indicates an im-

provement produced by incorporating the rotor system contribution. The null hypothesis 

that the mean paired RMSE reduction was zero was evaluated separately for Conditions 

D1 and D2 using a two-sided paired t-test. The 95% confidence interval of the mean RMSE 

reduction was additionally estimated from 5000 bootstrap resamples of the five paired 

differences. Statistical significance was evaluated at 𝛼 = 0.05. 

All numerical processing, least-square fitting, Fourier decomposition, readhead po-

sition projection, statistical analysis and figure generation were performed using 

MATLAB R2022b (The MathWorks, Inc. Natick, MA, USA). 
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4. Results and Discussion 

The results are presented according to the three-stage experimental procedure de-

scribed in Section 3. Section 4.1 characterises the shaft centre motion using the reference 

hemisphere measurements described in Section 3.2. Section 4.2 evaluates the influence of 

circumferential readhead position using the numerical projection procedure introduced 

in Section Numerical Investigation of Optical Readhead Position. Section 4.3 examines the 

grating disc motion measured by microscope according to Section 3.3. Section 4.4 vali-

dates the mechanically predicted angular error profiles against the angular comparator 

measurements described in Section 3.4, with the associated statistical analysis performed 

according to Section 3.5. Finally, the practical implications, limitations and directions for 

future work are discussed in Section 4.5. 

4.1. Separation of Rotor System and Eccentricity-Induced Motion (Stage 1) 

Figure 6 presents the measured Cartesian displacement components 𝑥(𝜑) and 𝑦(𝜑) 

obtained under the two investigated centring conditions. For both conditions, the six re-

peated measurements show excellent agreement, resulting in narrow 95% confidence in-

tervals over the entire revolution. The mean two-dimensional repeatability was 0.137 µm 

for Condition A and 0.187 µm for Condition B, confirming that the observed trajectories 

were highly repeatable and that the measured differences between the two conditions 

originate primarily from the imposed centring rather than from measurement uncertainty. 

 

Figure 6. Measured Cartesian displacement trajectories for Conditions A (a) and B (b). 

The principal characteristics of both investigated conditions are summarised in Table 

1. The influence of the intentionally introduced centring error is clearly visible in the meas-

ured trajectories. The well-centred assembly Condition A produced a trajectory diameter 

of 2.50 µm, whereas the intentionally decentred assembly Condition B increased the tra-

jectory diameter to 7.94 µm. Similarly, the combined first harmonic amplitude increased 
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from 0.69 µm to 4.49 µm, indicating that the deterioration of centring is predominantly 

expressed through the first harmonic of the measured displacement. 

Table 1. Summary of the measured motion characteristics for Conditions A and B. 

Parameter Condition A Condition B 

2D trajectory repeatability, (µm) 0.137 0.187 

Mean trajectory diameter, (µm) 2.50 7.94 

1st harmonic amplitude, (µm) 0.69 4.49 

Residual trajectory diameter, (µm) 2.17 2.26 

The centred trajectories together with their fitted first harmonic approximations are 

shown in Figure 7a, while the corresponding residual trajectories after first harmonic elim-

ination are presented in Figure 7b. As anticipated from the theoretical model, removing 

the first harmonic suppresses the dominant contribution of the initial centring while pre-

serving the higher-order components associated with the rotor system. 

A comparison of the residual trajectories demonstrates that the remaining shaft cen-

tre motion is nearly identical for both centring conditions. The residual X and Y displace-

ment components shown in Figure 7c,d exhibit very similar waveform shapes throughout 

the complete revolution. Quantitatively, the Pearson correlation coefficients between the 

residual displacement components reached 0.995 for the X direction and 0.965 for the Y 

direction. The overall two-dimensional trajectory cosine similarity was 0.988, while the 

residual two-dimensional RMSE between both trajectories was only 0.107 µm, with a max-

imum point-wise difference below 0.20 µm. 

 

Figure 7. Experimental characterisation of the rotor system motion using the reference hemisphere: 

(a) measured trajectories and fitted first harmonic components; (b) residual trajectories after first 
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harmonic removal; (c) residual X direction displacement; (d) residual Y direction displacement; (e) 

harmonic content of the measured motion. 

The harmonic spectra of the measured trajectories are compared in Figure 7e. The 

first harmonic represents the dominant component in both assembly conditions, account-

ing for approximately 41.1% of the total harmonic amplitude in Condition A and 96.1% in 

Condition B. In contrast, the amplitudes of the second and higher harmonics remain 

nearly identical despite the substantially different initial centring conditions. Conse-

quently, the correlation between the residual harmonic spectra (second to eighth har-

monic) reaches 0.998, with a cosine similarity of 0.999, confirming that the higher-order 

harmonic content is practically independent of the imposed centring. 

Although the imposed centring condition strongly affects the magnitude of the first 

harmonic, the remaining higher-order shaft centre motion is an intrinsic characteristic of 

the encoder rotor system. Consequently, after suppressing the first harmonic, both assem-

bly conditions converge to nearly identical residual trajectories. This observation provides 

the experimental basis for the subsequent investigation of optical readhead position, in 

which both the complete measured trajectories and their first harmonic free residuals are 

used to predict the resulting encoder angular error. 

4.2. Influence of Readhead Position on the Predicted Angular Error 

The predicted angular error for representative readhead positions is presented in Fig-

ure 8a,d,g,j. For each investigated case, three characteristic positions are shown: the refer-

ence readhead position (𝛾 = 0∘ ), the numerically determined optimum position corre-

sponding to the minimum peak-to-peak error, and the worst position producing the max-

imum error. Although the measured mechanical trajectory remained unchanged, the pre-

dicted angular error varied considerably with readhead position because at each different 

position, the optical readhead observes a different tangential projection of the same two-

dimensional displacement vector. Consequently, identical mechanical motion can pro-

duce substantially different angular errors depending solely on sensor location. 

The influence of readhead position is quantified by the peak-to-peak angular error 

distributions shown in Figure 8b,e,h,k, whereas the complete angular error fields over one 

shaft revolution are presented in Figure 8c,f,i,l. The peak-to-peak error exhibits a smooth 

periodic variation with readhead position, indicating that the sensitivity is governed by 

the spatial characteristics of the measured rotor motion rather than by random measure-

ment variations. The heat maps further illustrate that changing the readhead position 

modifies the projection of the measured displacement trajectory without altering its fun-

damental mechanical behaviour. 

The numerical optimisation results are summarised in Table 2. Before first harmonic 

removal, the influence of readhead position was relatively limited. For Condition A, the 

predicted peak-to-peak error varied from 5.61 arcsec to 9.63 arcsec, corresponding to an 

improvement ratio of 1.72 between the optimum and worst readhead positions. For Con-

dition B, where a larger initial centring error was intentionally introduced, the predicted 

peak-to-peak error ranged from 20.63 arcsec to 31.12 arcsec, resulting in an improvement 

ratio of 1.51. These results indicate that large eccentricity-induced first harmonic motion 

masks the influence of readhead position. Under such conditions, relocation of the optical 

readhead provides only limited improvement because the overall angular error is domi-

nated by the eccentricity component rather than by the higher-order rotor system motion. 

A markedly different behaviour is observed after removing the first harmonic from 

the measured trajectories. The minimum predicted peak-to-peak error decreases to 3.12 

arcsec and 3.23 arcsec for Conditions A and B respectively, whereas the corresponding 

maximum errors remain approximately 8.40 arcsec and 8.86 arcsec. Consequently, the 
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sensitivity to readhead position increases substantially, with improvement ratios of 2.69 

and 2.75, respectively. These results demonstrate that, once the dominant centring-related 

component has been compensated, the remaining higher-order rotor system motion be-

comes strongly dependent on the projection direction, making the selection of the optical 

readhead position considerably more important. 

An important observation is that, despite the substantially different initial centring 

conditions, the predicted optimal readhead positions become nearly identical after first-

harmonic removal. The optimum positions differ by only 2° (353° for Condition A and 

351° for Condition B), while the corresponding peak-to-peak sensitivity curves exhibit a 

Pearson correlation coefficient of 0.977. Similarly, the RMS distributions show a correla-

tion coefficient of 0.980, indicating that the remaining position-dependent behaviour is 

almost entirely governed by the intrinsic higher-order motion of the rotor system rather 

than by the initial centring condition. 

These results confirm the hypothesis established in Section 4.1 that the dominant low-

order error is primarily associated with grating eccentricity, whereas the remaining 

higher-order motion represents an intrinsic characteristic of the rotor system. Conse-

quently, once the eccentricity component has been minimised through precise mechanical 

centring or compensation, the residual encoder accuracy is governed predominantly by 

the rotor system motion. Under these conditions, the circumferential position of the opti-

cal readhead becomes an important design parameter because it determines the projection 

of the residual motion into the measured angular error. The proposed methodology there-

fore provides a practical tool for evaluating and optimising readhead placement during 

the design and assembly of high-accuracy optical rotary encoders. 

 

Figure 8. Numerical investigation of the influence of the optical readhead circumferential position 

on the predicted angular error: (a–c) Condition A with the complete rotor system motion; (d–f) 

https://doi.org/10.3390/applmech7040087


Appl. Mech. 2026, 7, 87 19 of 29 
 

https://doi.org/10.3390/applmech7040087 

Condition A after first harmonic removal; (g–i) Condition B with the complete rotor system motion; 

and (j–l) Condition B after first harmonic removal. The left column shows the predicted angular 

error profiles for the reference (𝛾 = 0°), optimum, and worst readhead positions; the centre column 

shows the corresponding peak-to-peak error as a function of readhead position; and the right col-

umn presents the predicted angular error field over the complete range of rotor angles and readhead 

positions. 

Table 2. Influence of optical read head position on the predicted angular error. 

Parameter Condition A 

Condition A 

(1st Harmonic Re-

moved) 

Condition B 

Condition B 

(1st Harmonic Re-

moved) 

Best readhead position 𝛾, (°) 143 353 151 351 

Min. peak-to-peak error, (″) 5.61 3.12 20.63 3.23 

Worst readhead position 𝛾, (°) 59 74 65 79 

Max. peak-to-peak error, (″) 9.63 8.40 31.12 8.86 

Improvement ratio 1.72 2.69 1.51 2.75 

4.3. Grating Eccentricity and Predicted Angular Error (Stage 2) 

The measured tangential displacement of the grating for the two investigated disc 

mounting conditions is presented in Figure 9a,b. Five repeated measurements were per-

formed for each condition, and the mean displacement and corresponding 95% confidence 

interval were calculated at each angular position. The repeated curves show good agree-

ment over the complete revolution. The maximum pointwise standard deviation was 0.71 

µm for condition D1 and 0.84 µm for condition D2, while the mean standard deviations 

were 0.24 and 0.44 µm, respectively. These values are small relative to the measured peak-

to-peak displacements and indicate that the differences between the two conditions are 

predominantly systematic rather than being caused by measurement scatter. 

A pronounced difference was observed between the two different disc installations. 

The more centred condition D1 exhibited a tangential displacement of 6.4 µm peak-to-

peak, whereas the less centred condition D2 reached 22.4 µm peak-to-peak. The displace-

ment range therefore increased by a factor of approximately 3.5. The waveform measured 

for D2 was strongly dominated by a once-per-revolution component, indicating that the 

changed mounting condition introduced a substantially larger effective eccentricity con-

tribution. Because the disc was also rotated relative to the shaft during remounting, the 

phase relationship between the disc eccentricity vector and the rotor system motion was 

different from that under D1. 

The resulting error waveforms are shown in Figure 9c,d, together with the fitted first 

harmonic and the residual obtained after first harmonic removal. The complete predicted 

angular error was 24.79 arcsec peak-to-peak for D1 and 86.75 arcsec peak-to-peak for D2. 

The corresponding RMS values were 7.48 and 28.88 arcsec. Thus, the less centred installa-

tion increased the complete predicted peak-to-peak error by approximately 3.5 times and 

the RMS error by approximately 3.9 times. 

The main difference between the two conditions was associated with the first har-

monic. Its amplitude increased from 9.32 arcsec for D1 to 40.47 arcsec for D2, correspond-

ing to an increase by a factor of approximately 4.3. The first harmonic accounted for 77.8% 

of the total fitted harmonic energy in D1 and 98.3% in D2. Consequently, the complete 

error of the less centred condition was almost entirely governed by the once-per-revolu-

tion component associated with the grating disc installation. After first harmonic removal, 

the two predicted error waveforms became considerably more similar. The residual peak-

to-peak error was 13.65 arcsec for D1 and 15.54 arcsec for D2, while the corresponding 

RMS values were 3.53 and 3.92 arcsec. The residual peak-to-peak and RMS values 
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therefore differed by only approximately 14% and 11%, respectively, despite the much 

larger difference in the complete errors. 

 

Figure 9. Experimental characterisation of grating disc motion for the two centring conditions: (a,b) 

measured tangential displacement, including individual measurements, mean profiles, and 95% 

confidence intervals for conditions D1 and D2, respectively; (c,d) corresponding predicted angular 

error profiles, fitted first harmonic components, and residual errors after first harmonic removal; 

and (e) harmonic content of the predicted grating centre motion. 

It should be noted that D2 was produced not only by increasing the grating disc cen-

tring offset, but also by rotating the disc relative to the shaft. The two conditions therefore 

represent different vector superpositions of the disc fixed contributions and the common 

rotor system motion. First harmonic removal suppresses the dominant effect of the 

changed eccentricity magnitude and orientation, explaining why the residual profiles be-

come substantially more similar. However, disc fixed higher-order components were also 

rotated relative to the shaft reference, while remounting may have introduced small 

changes in disc seating, inclination or deformation. These effects, together with micro-

scope measurement uncertainty, explain why the residual amplitudes do not coincide ex-

actly. 

The magnified harmonic view in Figure 9e shows that the dominant higher-order 

terms were also of comparable magnitude for the two installations. The second harmonic 

amplitudes were nearly identical, reaching 4.14 arcsec for D1 and 4.15 arcsec for D2. The 
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fourth and fifth harmonic amplitudes were likewise similar, with values of 1.83 and 1.69 

arcsec for D1 and 2.00 and 1.57 arcsec for D2, respectively. Larger relative differences oc-

curred in some of the smaller components, particularly the seventh and eighth harmonics; 

however, their absolute amplitudes remained substantially lower than the first harmonic. 

These results show that changing the disc mounting condition primarily affected the 

first harmonic component, whereas the residual higher-order structure remained compar-

atively stable. The higher-order components may contain contributions from repeatable 

shaft motion, local grating pattern geometry, and the microscope measurement process 

and therefore should not be attributed exclusively to a single physical source. 

4.4. Experimental Validation Using an Angular Comparator (Stage 3) 

The proposed mechanical error propagation model was experimentally validated by 

comparing the predicted encoder angular error with direct measurements obtained using 

a high-precision angular comparator. Figure 10 presents five repeated measurements for 

the two grating disc centring conditions. The measured peak-to-peak angular error was 

27.91 arcsec for D1 and 86.57 arcsec for D2. The corresponding repeatability RMS values 

were 1.33 and 0.50 arcsec, respectively, indicating sufficient measurement stability for 

comparison with the mechanically predicted error profiles. 

 

Figure 10. Repeated angular comparator measurements for the two investigated grating disc mount-

ing orientations: (a) D1 and (b) D2. 

Two levels of mechanical prediction were considered in the validation presented in 

Figure 11. The microscope prediction was obtained directly from the grating disc motion 

measured in Stage 2 and therefore represents the angular error predicted from the meas-

ured tangential motion of the actual grating pattern. The combined mechanical prediction 

retained the first and second harmonic components obtained from Stage 2 and incorpo-

rated the third and higher-order rotor system motion identified independently in Stage 1. 

Conditions A and B were not paired with Conditions D1 and D2. Instead, they represented 

two reference hemisphere centring conditions measured on the same shaft-bearing sys-

tem. After removing the first and second harmonic components, the residual A and B tra-

jectories, referenced to the same shaft angle position, were averaged pointwise to estimate 

the common higher-order motion of the rotor system. The same averaged rotor system 

contribution was used for both D1 and D2, whereas their condition-specific low-order 

components were obtained from the corresponding Stage 2 measurements. The tangential 
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component of the averaged Stage 1 residual at the optical readhead was converted into 

angular error and combined with the low-order Stage 2 prediction. The first two Stage 1 

harmonics were excluded to prevent double counting because the Stage 2 grating motion 

measurements already contained the first and second harmonic contributions associated 

with the actual grating disc mounting condition. 

Figure 11a,b compare the comparator measurements with the microscope and com-

bined mechanical predictions. The repeat level bootstrap analysis showed that the micro-

scope prediction reproduced the measured angular error profiles with correlation coeffi-

cients of 0.871 for D1, with a 95% confidence interval of (0.832–0.893), and 0.977 for D2, 

with a 95% confidence interval of (0.975–0.978). Incorporation of the independently meas-

ured higher-order rotor system contribution increased the correlations to 0.897 (95% CI: 

0.870–0.910) and 0.984 (95% CI: 0.982–0.986), respectively. These intervals were obtained 

by resampling complete experimental repetitions rather than individual angular points 

and therefore account for the observed repeat-to-repeat variability while preserving the 

dependence of the samples within each periodic waveform. 

The corresponding RMSE values, calculated from the mean comparator profiles, de-

creased from 3.68 to 3.22 arcsec for D1 and from 6.21 to 5.12 arcsec for D2 after the higher-

order rotor system contribution was incorporated. The simultaneous increase in correla-

tion and decrease in RMSE under both conditions indicate that the independently meas-

ured rotor system motion contains a measurable contribution to the final encoder error 

and improves the predictive capability of the proposed model. The consistency and sta-

tistical significance of this improvement across the individual comparator repetitions are 

assessed separately below. 

 

Figure 11. Experimental validation of the proposed mechanical error propagation model: (a,b) com-

parison of the measured comparator error with the microscope-based prediction and the combined 

model prediction for D1 and D2, respectively; (c,d) comparison of the comparator residual after 

removing the first and second harmonics with the averaged hemisphere residual; (e,f) comparison 
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of harmonic amplitudes for the measured comparator error, microscope prediction, combined 

model prediction, and averaged hemisphere residual. 

The different prediction accuracy obtained for D1 and D2 is consistent with their har-

monic composition. Condition D2 is strongly dominated by the first harmonic associated 

with grating disc eccentricity. Consequently, the principal shape of its angular error pro-

file is already captured by the Stage 2 microscope measurement, resulting in a correlation 

of 0.977 before the rotor system contribution is incorporated. In the more centred D1 con-

dition, the eccentricity-related component is substantially smaller, and the higher-order 

components represent a greater proportion of the total error. The prediction is therefore 

more sensitive to measurement uncertainty, harmonic reconstruction, and mechanical ef-

fects not represented by the simplified model. Nevertheless, incorporation of the Stage 1 

rotor system residual improves both the correlation and RMSE for D1. 

The relationship between the independently measured rotor system motion and the 

higher-order encoder error was examined separately in Figure 11c,d. After removal of the 

dominant low-order components from the comparator measurements, the remaining er-

ror profiles were compared with the averaged Stage 1 hemisphere residual. Pearson cor-

relation coefficients of 0.820 for D1 and 0.817 for D2 were obtained. These values indicate 

a clear similarity in the angular distribution of the residual waveforms. The corresponding 

RMSE values of 1.16 arcsec for D1 and 2.18 arcsec for D2 confirm that amplitude differ-

ences remain, particularly for D2. The residual comparison therefore supports a relation-

ship between the periodic rotor system motion and the higher-order encoder error, while 

indicating that the rotor system measurement alone does not fully reproduce the magni-

tude of the measured residual error. 

The residual correlation coefficients should therefore be interpreted only as measures 

of similarity in waveform distribution. They do not demonstrate amplitude equivalence, 

establish the measured rotor system motion as the unique cause, or provide a complete 

explanation of all residual harmonics. Different superimposed mechanical and grating-

related sources may produce components with similar harmonic orders and angular dis-

tributions. 

The harmonic comparison in Figure 11e,f provides further information on this rela-

tionship. Several higher-order harmonics identified from the Stage 1 hemisphere meas-

urements are also present in the comparator measurements; however, their amplitudes 

do not generally coincide. Therefore, the harmonic results should not be interpreted as 

demonstrating that the higher-order encoder error originates exclusively, or predomi-

nantly, from the measured rotor system motion. Instead, they show that periodic rotor 

system motion contributes to the higher-order error structure. The remaining differences 

may include higher-order grating imperfection effects, measurement uncertainty, and 

other mechanical contributions not represented by the simplified model. Importantly, de-

spite these differences at individual harmonic orders, incorporation of the Stage 1 residual 

improves the prediction of the complete angular-error waveform for both centring condi-

tions. The quantitative validation results are summarised in Table 3. 

Table 3. Summary of the experimental validation results. 

Parameter Condition D1 Condition D2 

Comparator peak-to-peak error (arcsec) 27.91 86.57 

Comparator repeatability RMS (arcsec) 1.33 0.50 

Microscope prediction r (95% CI) 0.871 (0.832–0.893) 0.977 (0.975–0.978) 

Microscope prediction RMSE (arcsec) 3.68 6.21 

Combined model r (95% CI) 0.897 (0.870–0.910) 0.984 (0.982–0.986) 

Combined model RMSE (arcsec) 3.22 5.12 
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Higher-order residual r (95% CI) 

(averaged A and B hemisphere measurements) 
0.820 (0.722–0.825) 0.817 (0.785–0.838) 

Higher-order residual RMSE (arcsec) 

(averaged A and B hemisphere measurements) 
1.16 2.18 

Because the RMSE values in Table 3 were calculated from the averaged comparator 

profiles, an additional paired analysis was performed to determine whether the improve-

ment obtained by incorporating the rotor system contribution was consistent across the 

five individual comparator repetitions. The results are summarised in Table 4. 

Table 4. Paired per-repetition assessment of the RMSE reduction. 

Parameter Condition D1 Condition D2 

Microscope prediction RMSE * (arcsec) 3.863 6.225 

Combined model RMSE * (arcsec) 3.436 5.141 

Mean reduction (arcsec) 0.427 1.084 

Reduction (%) 11.1 17.4 

95% Bootstrap CI (arcsec) (0.405–0.453) (1.073–1.094) 

Paired t-test 𝑝 = 6.12 × 10−6 𝑝 = 5.06 × 10−9 

NOTE: * Values are the means of RMSE values calculated separately for the five comparator repeti-

tions. They differ slightly from the RMSE values calculated from the averaged profiles reported in 

Table 3. The confidence intervals were obtained from 5000 bootstrap resamples of the paired RMSE 

differences. 

The paired analysis confirmed that incorporating rotor system contribution reduces 

RMSE in all five comparator repetitions under both conditions. The mean reductions were 

0.427 arcsec (11.1%) for D1 and 1.084 arcsec (17.4%) for D2, and both were statistically 

significant according to the paired t-test. However, the D1 reduction was smaller than the 

comparator repeatability RMS of 1.33 arcsec and should therefore be interpreted as statis-

tically consistent but practically modest. In contrast, the D2 reduction exceeded the corre-

sponding repeatability RMS of 0.50 arcsec, indicating a more practically relevant improve-

ment. 

4.5. Measurement Uncertainty Estimation 

Measurement uncertainty was estimated separately for each experimental stage. 

Type A uncertainty was determined from the repeated complete measurements and char-

acterises the experimentally observed variability of the mean measurement profiles. The 

standard uncertainty of the mean was obtained by dividing the reported repeatability by 

the square root of the number of repetitions. Six complete repetitions were available for 

each Stage 1 condition, while five repetitions were available for each Stage 2 and Stage 3 

condition. 

Type A estimate reflects the combined short-term variability of the complete meas-

urement procedure. Depending on the experimental stage, this includes the influence of 

sensor repeatability, instrument resolution, feature localisation, manual angular position-

ing, mounting stability and local measurement variation to the extent that these effects 

varied between repetitions. Type B contributions were evaluated from instrument speci-

fications, resolution limits, reference artefact data and the previously characterised per-

formance of the angular comparator. 

Limits specified as ±𝑎 were represented by rectangular distributions. A resolution 

interval q was treated as a rounding interval of ±𝑞 2⁄ . Where several Type B contributions 

were identified for the same experimental stage, they were combined by the root-sum-of-

squares method. Type A and Type B estimates were subsequently compared rather than 
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combined because the repeated complete measurements already incorporate part of the 

variability associated with the measurement equipment and procedure. 

For Stages 1 and 2, displacement uncertainty was converted into angular uncertainty 

according to 

𝑢𝜃 = 𝑢𝑑

206,264.806

𝑅
, (28) 

where 𝑢𝑑 is the displacement standard uncertainty in micrometres and 𝑅 = 53,250 μm 

is the grating track radius. The corresponding displacement-to-angle sensitivity coeffi-

cient was 3.8735 arcsec/μm. The resulting uncertainty estimates are presented in Table 5. 

For Stage 1, the probe indication error limit was calculated as 1% of the complete 10 

µm span of the selected ±5 µm measuring range, giving an indication error limit of ±0.10 

µm. The 0.1 µm probe resolution corresponds to rounding limits of ±0.05 µm. The refer-

ence hemisphere form deviation was represented as ±0.03 µm. After the conversion into 

angular units, the combined instrument-based standard uncertainty was 0.259 arcsec for 

both conditions. 

The experimental Type A uncertainty was 0.217 arcsec for Condition A and 0.296 

arcsec for Condition B. These values are comparable to the instrument-based estimate, 

indicating that the observed repeatability is consistent with the expected measurement 

capability of the probe and reference artefact arrangement. The slightly higher Type A 

value for Condition B reflects the greater repeat-to-repeat variability observed for the less 

centred hemisphere installation. 

For Stage 2, the 1 µm visual grid interval corresponds to rounding limits of ±0.5 µm. 

With a rectangular distribution, this gives a displacement standard uncertainty of 0.289 

µm, equivalent to 1.118 arcsec. The contribution associated with the assumed microscope 

scale accuracy of ±2% depends on the measured displacement amplitude and was there-

fore evaluated separately for D1 and D2. The resulting contributions were 0.086 arcsec for 

D1 and 0.333 arcsec for D2. The combined instrument-based standard uncertainties were 

consequently 1.121 and 1.166 arcsec, respectively. 

The experimental Type A uncertainties of the mean microscope profiles were 0.416 

arcsec for D1 and 0.762 arcsec for D2. These values are lower than the corresponding in-

strument-based estimates. This indicates that repeated measurements produced stable 

mean waveform profiles, while the absolute localisation of the grating line position re-

mained primarily limited by the microscope measurement scale. The visual grid resolu-

tion is therefore particularly relevant when interpreting the amplitudes of small higher-

order harmonics, whereas the dominant low-order waveform remains clearly distinguish-

able from the measurement uncertainty. 

For Stage 3, the Type A standard uncertainty of the mean comparator profile was 

0.595 arcsec for D1 and 0.224 arcsec for D2. The comparator used in the present study was 

characterised independently in previous work [26]. After calibration and direction-aware 

compensation, its remaining unidirectional positioning error was 1.61 arcsec peak-to-

peak. This residual error was represented by limits of ±0.805 arcsec. Assuming a rectan-

gular distribution, the corresponding Type B standard uncertainty was 0.465 arcsec. 

The Stage 3 comparison shows that the D1 Type A uncertainty was slightly greater 

than the equipment-based estimate, indicating a stronger influence of repeat-to-repeat 

variation. For D2, the Type A uncertainty was lower than the comparator-based estimate. 

In both cases, the comparator-related uncertainty was substantially smaller than the com-

plete measured peak-to-peak encoder error of 27.91 arcsec for D1 and 86.57 arcsec for D2. 

Overall, the uncertainty estimates are consistent with the experimentally observed 

stability of the three measurement stages. For Stage 1, the Type A and Type B estimates 

are closely comparable. For Stage 2, the principal equipment-related limitation is the 
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microscope visual grid resolution, although averaging repeated measurements provides 

stable waveform estimates. For Stage 3, the experimental repeatability is comparable to 

the residual positioning capability of the compensated angular comparator. These results 

support the identification of the dominant angular error components and provide a quan-

titative basis for interpreting differences in the smaller residual harmonics. 

Table 5. Stage-specific experimental and instrument-based standard uncertainty estimates. 

Uncertainty Source Input Quantity Type/Distribution 

Condition 

A or D1 

(arcsec) 

Condition 

B or D2 

(arcsec) 

Stage 1:     

Experimental repeatability of the mean profile A: 0.137 µm/B: 0.187 µm Type A/Normal 0.217 0.296 

Probe resolution q = 0.1 µm Type B/Rectangular 0.112 0.112 

Probe indication error ±0.10 µm Type B/Rectangular 0.224 0.224 

Reference hemisphere form 

deviation 
±0.03 µm Type B/Rectangular 0.067 0.067 

Combined instrument-based uncertainty - Type B 0.259 0.259 

Stage 2:     

Experimental repeatability of the mean profile D1: 0.24 µm/D2: 0.44 µm Type A/Normal 0.416 0.762 

Microscope grid resolution q = 1 µm Type B/Rectangular 1.118 1.118 

Microscope scale accuracy 
2% of measured displace-

ment amplitude 
Type B/Rectangular 0.086 0.333 

Combined instrument-based uncertainty - Type B 1.121 1.166 

Stage 3:     

Experimental repeatability of the mean profile 
D1: 1.33 arcsec/ 

D2: 0.5 arcsec 
Type A/Normal 0.595 0.224 

Compensated comparator residual 

positioning error 

1.61 arcsec 

peak-to-peak [26] 
Type B/Rectangular 0.465 0.465 

4.6. Practical Implications, Limitations and Future Work 

The proposed approach provides an engineering estimate of encoder accuracy from 

mechanical and optical measurements before demanding final system calibration. The 

strong agreement with the comparator measurements, with correlations reaching 0.984, 

shows that the method can identify the dominant mechanical contributions. It can there-

fore support decisions concerning disc centring, bearing quality, shaft and hub design, 

and assembly tolerances. This is particularly useful for open-type encoders and integrated 

axes, where the final error is influenced by the application mechanics and cannot be de-

termined from the encoder components alone. 

The measured error behaviour is qualitatively consistent with previous studies of 

circular grating encoders. The increase in peak-to-peak error from 27.91 arcsec for D1 to 

86.57 arcsec for D2, together with the increasing dominance of the first harmonic, agrees 

with a coordinate-based model identifying grating eccentricity as a principal once-per-

revolution error source [4,6,10,12]. The higher-order components and the remaining dif-

ferences between the predicted and measured residuals are also consistent with reported 

effects of grating disc inclination, mounting-induced deformation and rotor system mo-

tion [17,18]. Unlike multi readhead self-calibration and output compensation approaches 

[21,22], the presented method used independently measured mechanical trajectories to 

predict error propagation and evaluate readhead placement before final calibration. Di-

rect comparison of absolute error values is limited by differences in encoder geometry, 

mounting conditions, resolution and validation metrics among the reported values. 
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The readhead position analysis provides a potentially useful installation parameter. 

For the measured trajectories, the numerical projection produced an approximately 2.7-

fold difference between the minimum and maximum predicted residual errors depending 

on circumferential readhead position. This result identifies calculated candidate positions 

at which the measured rotor trajectory produces a smaller tangential projection and indi-

cates that favourable placement could improve the achievable accuracy of a single read-

head encoder without the additional optical channels, electronics, space, and cost required 

for multi readhead self-compensation methods. However, this result represents a numer-

ical sensitivity analysis for the specific investigated mechanical assembly rather than a 

universally applicable or fully experimentally validated design recommendation. The cal-

culated favourable position depends on the measured mechanical trajectory and should 

be verified through physical readhead repositioning and recalibration. 

Measurement-related variability was controlled through repeated complete meas-

urements, fixed experimental arrangements within each stage and controlled environ-

mental conditions. The stage-specific uncertainty estimates presented in Section 4.5 pro-

vide a quantitative basis for interpreting the agreement between the predicted and meas-

ured error profiles. Repeat-to-repeat variability was also propagated into the validation 

statistics by resampling complete experimental repetitions. Fixed installation conditions 

supported a consistent relative assessment of D1 and D2, while local grating pattern var-

iations were retained as part of the measured disc motion. Together, the uncertainty esti-

mates, repeatability results and bootstrap confidence intervals indicate that the observed 

differences between the two mounting conditions substantially exceed the measurement 

variability, whereas differences between small residual harmonic components should be 

interpreted more cautiously. 

The main modelling limitation is that the method reproduces the high-order residual 

encoder error only partially. The remaining harmonics may arise from a combination of 

shaft-bearing motion, grating pattern and form imperfections, disc positioning and 

mounting-induced deformation, and readhead interaction. Because these contributions 

were not measured independently, their individual effects on the residual amplitude 

could not be separated quantitatively. Moreover, the axial runout and disc inclination 

were not measured or represented separately in the present planar model. Although the 

general modelling framework is transferable, the quantitative results are specific to the 

investigated encoder assembly. In particular, the calculated favourable readhead position, 

angular error magnitudes and relative improvements depend on the grating track radius, 

bearing assembly and shaft design, disc mounting quality, rotational speed and operating 

conditions. The present experiments were conducted under controlled quasi-static condi-

tions, in which dynamic, vibration and thermal effects were not experimentally verified. 

Future work should therefore include multiaxial disc motion measurements, more de-

tailed characterisation of the grating pattern, improved automated angular positioning 

and microscope image evaluation, and experimental validation of the predicted optimum 

readhead position. Measurements of additional assemblies under dynamic and thermal 

operating conditions would further extend the method from quasi-static design evalua-

tion towards broader prediction of encoder performance in practical applications. 

5. Conclusions 

A combined theoretical and experimental methodology for analysing mechanical er-

ror propagation in optical rotary encoders has been developed and experimentally vali-

dated. Independent measurements of shaft centre motion, grating disc motion and en-

coder angular error enabled quantitative verification of the proposed model. 

The principal findings of this study are as follows: 
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1. The proposed methodology enables the dominant encoder angular error to be pre-

dicted from independently measured kinematic error sources. The experimental val-

idation under two different grating disc mounting conditions produced correlations 

between 0.897 and 0.984, demonstrating that the measured mechanical behaviour of 

the encoder assembly can reproduce the main shape of the resulting angular error 

profile. 

2. The experimental results support the proposed superposition of individual mechan-

ical error sources. Deterioration of grating disc centring increased the measured 

peak-to-peak angular error by more than three times, confirming the dominant influ-

ence of eccentricity. Incorporating the higher-order rotor system contribution re-

duced the prediction RMSE by up to 18%. However, the residual harmonics were 

reproduced only partially, indicating additional contributions not represented by the 

present planar model. 

3. As the dominant eccentricity component is reduced, the relative importance of the 

remaining mechanical errors and readhead position increases. For the investigated 

optical encoder, the predicted residual error varied by a factor of approximately 2.7 

with circumferential readhead position. This demonstrates the potential of readhead 

position selection as a practical means of improving the achievable accuracy of a sin-

gle readhead encoder. 

Author Contributions: Conceptualisation, A.K. (Albinas Kasparaitis) and D.G.; methodology, A.K. 

(Albinas Kasparaitis); software, D.G.; validation, A.K. (Albinas Kasparaitis) and A.K. (Artūras 

Kilikevičius); formal analysis, D.G.; investigation, D.G.; writing—original draft preparation, D.G.; 

writing—review and editing, D.G.; visualisation, D.G.; supervision, A.K. (Albinas Kasparaitis). All 

authors have read and agreed to the published version of the manuscript. 

Funding: This research received no external funding. 

Data Availability Statement: The data presented in this study are available from the corresponding 

author on reasonable request. 

Conflicts of Interest: Author Albinas Kasparaitis was employed by JSC “Precizika Metrology”. The 

remaining authors declare that the research was conducted in the absence of any commercial or 

financial relationships that could be construed as potential conflicts of interest. 

References 

1. Su, Y.; Wang, Q.; Yan, F.; Liu, X.; Huang, Y. Subdivision error analysis and compensation for photoelectric angle encoder in a 

telescope control system. Math. Probl. Eng. 2015, 2015, 967034. https://doi.org/10.1155/2015/967034. 

2. Jiang, J.; Dai, J.; Zhang, H.; Mu, Y.; Chang, Y. Improving the subdivision accuracy of photoelectric encoder using particle swarm 

optimization algorithm. Opt. Quantum Electron. 2022, 54, 138. https://doi.org/10.1007/s11082-022-03512-2. 

3. Wang, A.; Ding, H.; Hou, H.; Li, K.; Zhao, C. Compensation of subdivision error of capacitance encoder based on Lissajous 

graphic analysis. J. Phys. Conf. Ser. 2021, 1754, 012031. https://doi.org/10.1088/1742-6596/1754/1/012031. 

4. Li, Y.; Ren, S.; Liu, Q.; Wang, C. Error mechanism analysis and accuracy enhancement method for circular gratings angle-

measuring system. Sens. Actuators A Phys. 2024, 370, 115227. https://doi.org/10.1016/j.sna.2024.115227. 

5. Zhao, J.; Ou, W.; Cai, N.; Wu, Z.; Wang, H. Measurement error analysis and compensation for optical encoders: A review. IEEE 

Trans. Instrum. Meas. 2024, 73, 1006230. https://doi.org/10.1109/TIM.2024.3417589. 

6. Behrani, G.; Mony, A.; Sharma, N.G. Modelling and validation of eccentricity effects in fine angle signals of high precision 

angular sensors. Sens. Actuators A Phys. 2022, 345, 113774. https://doi.org/10.1016/j.sna.2022.113774. 

7. Zhao, G.; Ye, G.; Wu, Z.; Xing, H.; Liu, S.; Fan, X.; Li, Y.; Wei, P.; Liu, H. On-line angle self-correction strategy based on a cobweb-

structured grating scale. Meas. Sci. Technol. 2021, 32, 055001. https://doi.org/10.1088/1361-6501/ABDD72. 

8. Fang, Y.; Chen, B.; Shi, Y.; Tang, J.; Dong, Z.; Huang, Y.; Yin, L.; Niu, D.; Lei, B.; Li, G.; et al. An online angular self-calibration 

method for installation errors of rotary grating encoders. Precis. Eng. 2026, 102, 148–160. https://doi.org/10.1016/j.preci-

sioneng.2026.06.003. 

https://doi.org/10.3390/applmech7040087


Appl. Mech. 2026, 7, 87 29 of 29 
 

https://doi.org/10.3390/applmech7040087 

9. Geckeler, R.D.; Link, A.; Krause, M.; Elster, C. Capabilities and limitations of the self-calibration of angle encoders. Meas. Sci. 

Technol. 2014, 25, 055003. https://doi.org/10.1088/0957-0233/25/5/055003. 

10. Ren, S.; Liu, Q.; Zhao, H. Error analysis of circular gratings angle-measuring system. In Proceedings of the International Con-

ference on Electrical, Mechanical and Industrial Engineering (ICEMIE 2016), Shenyang, China, 24–25April 2016; pp. 2352–5401. 

https://doi.org/10.2991/ICEMIE-16.2016.58. 

11. Krcheva, V.; Nusev, S.; Tomić, M. Design and development of a model for accuracy assessment and measurement error quan-

tification of optical rotary encoders under vibration. FME Trans. 2025, 53, 545–557. https://doi.org/10.5937/fme2504545k. 

12. Jia, H.-K.; Yu, L.-D.; Zhao, H.-N.; Jiang, Y.-Z. A new method of angle measurement error analysis of rotary encoders. Appl. Sci. 

2019, 9, 3415. https://doi.org/10.3390/app9163415. 

13. Marsh, E.; Couey, J.; Vallance, R. Nanometer-level comparison of three spindle error motion separation techniques. J. Manuf. 

Sci. Eng. 2006, 128, 180–187. https://doi.org/10.1115/1.2118747. 

14. Cappa, S.; Reynaerts, D.; Al-Bender, F. A sub-nanometre spindle error motion separation technique. Precis. Eng. 2014, 38, 458–

471. https://doi.org/10.1016/j.precisioneng.2013.12.011. 

15. Ding, F.; Luo, X.; Chang, W.; Wang, Z. In situ measurement of spindle radial and tilt error motions by complementary multi-

probe method. Nanomanuf. Metrol. 2019, 2, 225–234. https://doi.org/10.1007/S41871-019-00051-5. 

16. Baek, S.-W.; Hwang, I.-O.; Cho, N.-G. Measurement of five-degrees-of-freedom spindle error motion using multi-probe error 

separation. Proc. Inst. Mech. Eng. Part B J. Eng. Manuf. 2021, 235, 1373–1383. https://doi.org/10.1177/0954405421995665. 

17. Yu, H.; Wan, Q.; Liang, L.; Zhao, C. Analysis and elimination of grating disk inclination error in photoelectric displacement 

measurement. IEEE Trans. Ind. Electron. 2024, 71, 6438–6445. https://doi.org/10.1109/TIE.2023.3294641. 

18. Li, G.; He, Y.; Gong, Z.; Zhao, X.; Zhang, L. Deformation characteristics and angular error compensation of taper-mounted 

circular grating optical encoders. Measurement 2025, 253, 117694. https://doi.org/10.1016/j.measurement.2025.117694. 

19. Hsieh, T.H.; Watanabe, T.; Hsu, P.-E. Calibration of rotary encoders using a shift-angle method. Appl. Sci. 2022, 12, 5008. 

https://doi.org/10.3390/app12105008. 

20. Hsieh, T.H.; Lin, M.-X.; Yeh, K.-T.; Watanabe, T. Calibration of a rotary encoder and a polygon using a two-autocollimator 

method. Appl. Sci. 2023, 13, 1865. https://doi.org/10.3390/app13031865. 

21. Ishii, N.; Taniguchi, K.; Yamazaki, K.; Aoyama, H. Development of super-accurate angular encoder system with multi-detecting 

heads using VEDA method. J. Adv. Mech. Des. Syst. Manuf. 2018, 12, JAMDSM0106. 

https://doi.org/10.1299/jamdsm.2018jamdsm0106. 

22. Watanabe, T.; Kon, M.; Nabeshima, N.; Taniguchi, K. An angle encoder for super-high resolution and super-high accuracy using 

SelfA. Meas. Sci. Technol. 2014, 25, 065002. https://doi.org/10.1088/0957-0233/25/6/065002. 

23. Jia, H.K.; Yu, L.-D.; Jiang, Y.-Z.; Zhao, H.-N.; Cao, J.-M. Compensation of rotary encoders using Fourier expansion-back propa-

gation neural network optimized by genetic algorithm. Sensors 2020, 20, 2603. https://doi.org/10.3390/s20092603. 

24. Zhang, Y.; Yang, E.; Yoon, H.H.; Cheng, Q.; Sun, Z.; Hasan, T.; Cai, W. Reconstructive spectrometers: Hardware miniaturization 

and computational reconstruction. eLight 2025, 5, 23. https://doi.org/10.1186/s43593-025-00101-0. 

25. Cheng, M.; Jiang, W.; Guo, L.; Li, J.; Forbes, A. Metrology with a twist: Probing and sensing with vortex light. Light Sci. Appl. 

2025, 14, 4. https://doi.org/10.1038/s41377-024-01665-1. 

26. Gurauskis, D.; Kasparaitis, A.; Jakštas, Ž. Metrological assessment and direction-aware compensation of an industrial rotary 

encoder calibration system. Eng. Res. Express 2026, 8, 035509. https://doi.org/10.1088/2631-8695/ae3bb0. 

27. Rousselet, G.A.; Pernet, C.R.; Wilcox, R.R. The percentile bootstrap: A primer with step-by-step instructions in R. Adv. Methods 

Pract. Psychol. Sci. 2021, 4, 1–10. https://doi.org/10.1177/2515245920911881. 

28. Loy, A.; Korobova, J. Bootstrapping clustered data in R using imeresampler. R.J. 2022, 14, 103–120. https://doi.org/10.32614/RJ-

2023-015. 

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual au-

thor(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to 

people or property resulting from any ideas, methods, instructions or products referred to in the content. 

https://doi.org/10.3390/applmech7040087

	1. Introduction
	2. Theoretical Model of Error Propagation
	2.1. Grating Centre Motion Decomposition
	2.2. Projection at the Optical Readhead
	2.3. Conversion of Tangential Displacement into Angular Error
	2.4. Influence of Optical Readhead Position

	3. Materials and Methods
	3.1. Experimental Workflow
	3.2. Stage 1: Characterisation of the Rotor System Motion
	Numerical Investigation of Optical Readhead Position

	3.3. Stage 2: Measurement of Grating Motion Using a Digital Microscope
	3.4. Stage 3: Angular Error Measurements
	3.5. Statistical Analysis of Model Validation

	4. Results and Discussion
	4.1. Separation of Rotor System and Eccentricity-Induced Motion (Stage 1)
	4.2. Influence of Readhead Position on the Predicted Angular Error
	4.3. Grating Eccentricity and Predicted Angular Error (Stage 2)
	4.4. Experimental Validation Using an Angular Comparator (Stage 3)
	4.5. Measurement Uncertainty Estimation
	4.6. Practical Implications, Limitations and Future Work

	5. Conclusions
	References


      e → 1 ( 𝜑 )


      e → 2 ( 𝜑 )


      e →  ( 𝜑 ) =   e → 1  ( 𝜑 ) +     e → 2  ( 𝜑 ) ,


  𝜑


  O


  O X Y


    O 1


    O 2


      e → 1 ( 𝜑 )


      e → 2


    O 1   X 1   Y 1


      e → 1  ( 𝜑 ) =  [      x    O 1  ( 𝜑 )     y    O 1  ( 𝜑 ) ] ,


      e →  2 , 0 =   e 2  [     cos ⁡    𝜏 0    sin ⁡    𝜏 0 ] ,


    e 2


    𝜏 0


  M  ( 𝜑 ) =  [     cos ⁡  𝜑  −  sin ⁡  𝜑    sin ⁡  𝜑   cos ⁡  𝜑 ] ,


      e →  ( 𝜑 ) =   e → 1  ( 𝜑 ) + M  ( 𝜑 )     e →  2 , 0 ,


  x  ( 𝜑 ) =   x    O 1  ( 𝜑 ) +   e 2  cos ⁡   (   𝜏 0 + 𝜑 ) ,


  y  ( 𝜑 ) =   y    O 1  ( 𝜑 ) +   e 2    sin ⁡   (   𝜏 0 + 𝜑 ) ⁡ , 


  e  ( 𝜑 ) =    x 2  ( 𝜑 ) +   y 2  ( 𝜑 ) ,


  𝛼  ( 𝜑 ) = a t a n 2  [ y  ( 𝜑 ) ,   x  ( 𝜑 ) ] 


    x    O 1  ( 𝜑 ) =   a  x , 0 +   ∑  n = 1  N  [   a  x , n  cos ⁡   ( n 𝜑 ) +   b  x , n    sin ⁡   ( n 𝜑 ) ] ⁡ ,


    y    O 1  ( 𝜑 ) =   a  y , 0 +   ∑  n = 1  N  [   a  y , n  cos ⁡   ( n 𝜑 ) +   b  y , n    sin ⁡   ( n 𝜑 ) ] ⁡ , 


  N


    a  x , 0


    a  y , 0


    a  x , n


    b  x , n


    a  y , n


    b  y , n


  e  ( 𝜑 )


  𝛾


      n  r →  ( 𝛾 ) =  [     cos ⁡  𝛾    sin ⁡  𝛾 ] ,


      n  t →  ( 𝛾 ) =  [      − sin ⁡  𝛾    cos ⁡  𝛾 ] , 


      n  r →


    u  r  ( 𝜑 , 𝛾 ) =  e →  ( 𝜑 ) ∙     n  r →  ( 𝛾 ) ,


    u  r  ( 𝜑 , 𝛾 ) = x  ( 𝜑 )  cos ⁡  𝛾 + y  ( 𝜑 )  sin ⁡  𝛾 ,


    u  t  ( 𝜑 , 𝛾 ) =   e →  ( 𝜑 ) ∙     n  t →  ( 𝛾 ) ,


    u  t  ( 𝜑 , 𝛾 ) = − x  ( 𝜑 )   s i n ⁡  𝛾 + y  ( 𝜑 )   c o s ⁡  𝛾 ,


    u  r


    u  t


    u  t  ( 𝜑 , 𝛾 ) = −   x    O 1  ( 𝜑 )  sin ⁡  𝛾 +   y    O 1  ( 𝜑 )  cos ⁡  𝛾 +   e 2  sin ⁡   (   𝜏 0 + 𝜑 − 𝛾 ) ,


  𝛾 = 0


    u  t  ( 𝜑 , 0 ) = y  ( 𝜑 ) ,


  R


   |   u  t | ≪ R


  ∆ 𝜃  ( 𝜑 , 𝛾 ) ≈     u  t  ( 𝜑 , 𝛾 )  R ,


  ∆ 𝜃  ( 𝜑 , 𝛾 )


  𝜑


  𝛾


  ∆ 𝜃  ( 𝜑 , 𝛾 ) =   −   x    O 1  ( 𝜑 )  sin ⁡  𝛾 +   y    O 1  ( 𝜑 )  cos ⁡  𝛾 +   e 2  sin ⁡   (   𝜏 0 + 𝜑 − 𝛾 )  R ,


     𝛾 = 0 °   :     u  t = y ,      𝛾 = 90 °   :     u  t = − x ,      𝛾 = 180 °   :     u  t = − y ,   𝛾 = 270 °   :     u  t = x , ,


  R = 53 . 25   mm


  X


  Y


  x  ( 𝜑 )


  y  ( 𝜑 )


  e  ( 𝜑 )


  e  ( 𝜑 ) =  [    x  ( 𝜑 )   y  ( 𝜑 ) ]


  n = 1


  x  ( 𝜑 )


  y  ( 𝜑 )


  𝛾


  𝛾


   0 ∘


   360 ∘


   1 ∘


   90 ∘


  Y


    u  t  ( 𝜑 ) =   u  Y  ( 𝜑 )


   360 ∘


  r =     ∑  i = 1  N   ( ∆   𝜃  p r e d , i −     ∆ 𝜃 -  p r e d )  ( ∆   𝜃  m e a s , i −     ∆ 𝜃 -  m e a s )     ∑  i = 1  N     ( ∆   𝜃  p r e d , i −     ∆ 𝜃 -  p r e d ) 2   ∑  i = 1  N     ( ∆   𝜃  m e a s , i −     ∆ 𝜃 -  m e a s ) 2


  RMSE =   1  N   ∑  i = 1  N     (   ∆ 𝜃  p r e d , i −   ∆ 𝜃  m e a s , i ) 2


    ∆ 𝜃  p r e d


    ∆ 𝜃  m e a s


      ∆ 𝜃 -  p r e d


      ∆ 𝜃 -  m e a s


  N


    ∆ RMSE  j =  RMSE  m i c r o s c o p e , j −  RMSE  c o m p l e t e , j


  j


    ∆ RMSE  j


  𝛼 = 0 . 05


  x  ( 𝜑 )


  y  ( 𝜑 )


  𝛾 =  0 ∘


  𝛾 = 0 °


  𝛾 ,


  𝛾 ,


  p = 6 . 12 ×  10  − 6


  p = 5 . 06 ×  10  − 9


  ± a


    ± q 2


    u  𝜃 =   u  d   206 , 264 . 806  R ,


    u  d


  R = 53 , 250   μ m


  3 . 8735   arcsec / μ m

