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Abstract 

The spin of an electron is an intrinsic quantum property that cannot be explained using 
classical mechanics. Nevertheless, it is possible to conceive semiclassical systems with 
internal degrees of freedom that exhibit spin-like properties. Building on the analysis of 
phase modulation by elliptical gears and kinematically equivalent antiparallelogram 
linkages, we present a novel semiclassical model of Zitterbewegung, a rapid oscillatory 
motion closely connected with spin. The kinematical analog is based on including the 
internal rotation of the linkage represented in spacetime. The system’s dynamics is re-
lated to two-center electron models, which describe the constant momentum of the center 
of mass and the lightlike oscillation of the center of charge at twice the Compton fre-
quency for a particle at rest. A two-dimensional extension provides an intuitive illustra-
tion of topological spin properties and can be used to calculate the spin and magnetic 
moment of an electron. 

Keywords: elliptical gears; synchronization; phase modulation; relativistic kinematics; 
spin models; Zitterbewegung 
 

1. Introduction 
The spin of an electron is a fundamental and genuine quantum property. Pauli, who 

was central in developing the quantum theory of spin, characterized its properties as 
“classically non-describable two-valuedness” [1]. Dirac, whose equation provided a fully 
relativistic theory of electron spin, also addressed the failure of classical models, albeit in 
a more detailed way. He pointed out that spin should be pictured as resulting from some 
internal motion of the particle, based on degrees of freedom different from those de-
scribing the particle as a whole. He concluded that “The spin does not correspond very 
closely to anything in classical mechanics, so the method of classical analogy is not suit-
able for studying it” [2]. 

The idea of visualizing spin-like properties of a classical object connected to a fixed 
frame by long, flexible strings goes back to Dirac himself [3]. His string and scissor 
demonstration shows that such a tethered mechanical object requires two full rotations to 
return the entire system, including the strings, to its initial state. The same applies to the 
state of an electron in Hilbert space, which must be rotated by 4𝜋 before the initial value 
of its complex wave function is restored. Thus, the string model does not represent a 
close analogy, but rather a more abstract correspondence. It visualizes the inherent top-
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ological properties of complex-valued spin vectors (spinors), which transform to their 
negative value after a 2𝜋 rotation. A Möbius strip is the most prominent topological 
spinor model that illustrates this behavior. 

This paper presents a novel cogwheel-type mechanical model with internal degrees 
of freedom that exhibit oscillatory properties associated with spin-like behavior. Based 
on elliptical gears and the internal kinematics of the associated antiparallelogram linkage 
[4], this system was originally designed to extend the scope of existing mechanical mod-
els of phase modulation for synchronization [5]. The dynamics of the reduced phase is 
represented by the phase angle of the rotating ellipses. Additionally, an extended model 
includes linear propagation. This establishes a connection between phase and 
gear-driven motion consistent with the energy-momentum relation of a relativistic par-
ticle. 

We show that reducing the kinematics of the linkage to a two-center description in 
spacetime yields close analogies with two-center electron models, reproducing the time-
like propagation of the center of mass (CM) and lightlike oscillation of the center of 
charge (CC) in the highly relativistic limit. The latter corresponds to Zitterbewegung, a 
German term coined by Schrödinger [6] that means meaning ‘jittery motion’. We use the 
abbreviation ZBW. The relativistic Dirac equation theoretically predicts this rapid inter-
nal oscillation of an electron at twice the Compton frequency, which is closely connected 
to electron spin. The present model is quasi- or semiclassical because it reinterprets the 
phase of oscillators using relativistic and quantum correspondences. This redefines Eu-
clidean variables in terms of Minkowski spacetime. Therefore, the analogies are con-
sistent with the caveat that spin does not entirely reflect the internal dynamics of any 
classical model. 

The article is divided into two main sections that differ in the dimensionality of their 
underlying models. The first part considers the one-dimensional propagation of the 
planar gear model along the sinusoidal pitch line. After providing an overview of pre-
vious results and summarizing their relativistic and quantum correspondences, the 
kinematics of the associated antiparallelogram linkage is analyzed using a two-center 
model. Although the amplitude match is perfect, a purely sinusoidal oscillation that 
agrees with the predictions from the Dirac equation is obtained only in the highly rela-
tivistic case. This limitation is overcome by incorporating rotations in the 𝑥,𝑦-plane, 
transforming the planar model into a (1 + 2)-dimensional system with one time coor-
dinate and two spatial coordinates. This provides an analog semiclassical description of 
the electron’s spin and magnetic moment. The concluding sections evaluate the potential 
and limitations of the approach, as well as its ontological and educational implications. 

2. Synchronization, Phase Modulation and Linear Propagation Driven 
by Elliptical Gears: A Summary of Analytical Models 

To lay the theoretical groundwork for the spin analogy, we briefly review the exact 
correspondence between the phase model of synchronization and linear motion driven 
by elliptical gears (see [4] for a detailed description). Figure 1 provides a visual summary 
of the parallels, illustrating the core ideas. Synchronization is a universal phenomenon in 
driven or coupled self-sustaining oscillators, resulting in locking to a common frequency 
despite the oscillators’ different natural frequencies. It depends on essential nonlineari-
ties that underlie the transition from phase locking to incomplete synchronization, char-
acterized by periodic phase modulation. In a strongly reduced model, the phase of a 
self-oscillator under weak sinusoidal driving is described by the Adler equation [7]. More 
information on the history of this equation and its relation to the Kuramoto model, as 
well as a description of mechanical models, can be found in [5]. The Adler equation in 
dimensionless time 𝜏 reads 
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ௗఝௗఛ = 𝛾 −  𝑠𝑖𝑛 𝜑. (1)𝜑 is the phase difference between the oscillator and the drive signal. The factor 𝛾 = (𝜔 −𝜔஽)/𝜔଴  describes the relative detuning of the frequency difference 𝜔−𝜔஽ between the 
instantaneous oscillator frequency 𝜔 and the drive frequency 𝜔஽ with respect to a 
critical frequency 𝜔଴ , which is identical to the eigenfrequency of the self-oscillator. Lab 
time is 𝑡 = 𝜏/𝜔଴. For simplicity we omit the term angular throughout the article. 𝜔଴ is 
always chosen as one cycle per unit time. 

Without solving the equation explicitly, a potential energy landscape resembling a 
tilted washboard, given by 𝑈(𝜑) = −𝛾𝜑 − 𝑐𝑜𝑠 𝜑, illustrates the dynamics. The inclina-
tion −𝑑𝑈 𝑑⁄ 𝜑 is corresponds to the phase rate 𝑑𝜑/𝑑𝜏. It describes the motion of a 
‘phase particle’, sliding down an inclined plane with sinusoidal corrugations under the 
influence of strong velocity-proportional friction. Figure 1a sketches the potential energy 
landscape for four different values of 𝛾. For 𝛾 < 1, the phase particle is trapped in a lo-
cal minimum describing phase locking. For 𝛾 > 1, running phase solutions are obtained. 
The average phase rate is indicated by the yellow vector. 

 

Figure 1. Visual summary of the correspondence between synchronization and linear propagation 
driven by elliptical gears. The tilted washboard potential in (a) illustrates the 𝛾-dependent transi-
tion from phase locking to running phase solutions. Diagrams (b,c) depict the time-dependent 
phase 𝜑(𝑡), and the corresponding phase rate 𝑑𝜑/𝑑𝑡 = 𝜔஻(𝑡), normalized to 𝜔஻/𝜔଴. Diagram (d) 
shows two snapshots, taken half a period apart, of the ellipses propagating along the stationary 
pitch line. See the text for details. 
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Both phase modulation and elliptical gear kinematics underlie an Adler-type dif-
ferential equation. To represent phase modulation mechanically by the kinematics of el-
liptical gears, it is more advantageous to modify the Adler equation by replacing the si-
ne by cosine, with a positive or negative sign, depending on the context. Apart from 
phase shifts, the resulting dynamics is equivalent. This modified equation is referred to 
as Adler-type to distinguish it from the original sine form. After variable separation the 
integral ׬ ௗఝఊ±௖௢௦ఝ = 𝜔଴𝑡 + 𝐶 is obtained, which can be solved analytically as shown in [4]. 

We only consider running phase solutions for positive detuning (𝛾 > 1). 
With a negative cosine term, the phase angle with the initial condition 𝜑(0) = 0 is 

given by 𝜑(𝑡) = 2 𝑡𝑎𝑛ିଵ ൤ ఊିଵඥఊమିଵ 𝑡𝑎𝑛 ൬ඥఊమିଵଶ 𝜔଴𝑡൰൨. (2)

For a positive cosine term, replace the factor in the square bracket by (𝛾 +1)/ඥ𝛾ଶ − 1. Phase modulation leads to a periodically varying phase rate, which corre-
sponds to the instantaneous beat frequency 𝜔஻: 𝜔஻(𝑡) = ௗఝௗ௧ = ൫ఊమିଵ൯ ఠబఊା௖௢௦ቀඥ(ఊమିଵ) ఠబ௧ቁ. (3)

Figure 1b shows the nonlinear increase in phase for two values of 𝛾. Figure 1c dis-
plays the corresponding instantaneous beat frequencies 𝜔஻(𝑡). The respective time av-
erages 〈𝜔஻〉 = ඥ(𝛾ଶ − 1)𝜔଴ are indicated by the gray dotted lines. 

To connect phase modulation with gear-driven propagation, consider an elliptical 
gear arrangement with an upright rack that fixes the rotation centers in the foci of each 
ellipse vertically, while the two rotating ellipses in mechanical contact propagate hori-
zontally along a sinusoidal pitch curve described by their contact point (Figure 1d). 

In order to achieve a match between phase and the covered distance, the semi-major 
axis 𝐴 of the ellipses is set to 𝐴 = 𝛾, with linear eccentricity 𝐶 = 1. This yields 𝑒 = 1/𝛾 
for the numerical eccentricity and 𝐵 = ඥ𝛾ଶ − 1 for the semi-minor axis (all lengths and 
distances in dimensionless units). The dimensions of the associated antiparallelogram 
linkage are given accordingly. The long bars of the linkage are 2𝐴 in length. The length 
of the rotating short bars is set to twice the linear eccentricity. The pitch curve equation 
is 𝑦 = 𝛾 − cos𝜃, where 𝜃 = 𝑥/𝐵. 

Figure 1d shows two snapshots of the system. The contact point of the coun-
ter-rotating ellipses moves along the sinusoidal pitch curve while oscillating along the 
co-moving vertical rack. With the upper driving ellipse in uniform rotation at a phase 
angle 𝜑ଵ = ඥ(𝛾ଶ − 1)𝜔଴𝑡, the rack position is given by [8]: 𝑥(𝑡) = 2ඥ𝛾ଶ − 1 𝑡𝑎𝑛ିଵ ൤ ఊାଵඥఊమିଵ 𝑡𝑎𝑛 ቀఝభଶ ቁ൨. (4)

The propagation velocity is not uniform, as indicated by the small circular marks 
that are equidistant in time. 

In one period, the rack travels 2𝜋𝐵, which is the distance covered by a cylinder of 
radius 𝐵 rolling along the 𝑥-axis. The rolling cylinder, equipped with an oblique cut, 
provides an alternative visualization of the elliptical gear driven propagation. The cyl-
inder’s oblique cut is elliptical. The contact point between the elliptical edge and the 
planar surface along which the cylinder rolls, traces out a sine curve [9]. Mathematically, 
this is based on the fact that the perimeter of an ellipse and the arc length of a sine curve 
are equal to the same incomplete elliptical integral of the second kind [10]. 

Figure 2 shows the propagation of the rotating cylinder, the phase angle of which is 
given by Equation (2). The resulting sine curve, described by the elliptical cut, corre-
sponds to the pitch line in Figure 1d. The time marks and the resulting periodically 
modulated propagation velocity are also identical. This is an alternative visualization of 
the propagating gear system. Remarkably, despite being based on elliptical integrals that 
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cannot be expressed in terms of elementary functions, this geometry is intriguingly sim-
ple yet effective in conveying the basic ideas. 

 

Figure 2. The contact point between a plane and the elliptical cut of a rolling cylinder of radius 𝐵 = ඥ𝛾ଶ − 1 describes a sine curve. By choosing a cut angle of 𝜃 = 𝑡𝑎𝑛ିଵ(𝐶/𝐵), the semi-major 
axis of the cut becomes A = γ, and the shape of the elliptical cut corresponds to the coun-
ter-rotating ellipses. With 𝛾 = 1.5, the pitch curve and the periodically modulated propagation 
velocity are identical to those in Figure 1d. 

In summary, the gear model converts phase modulation into linear motion with 
proper velocity, a concept closely related to relativistic momentum, as shown below. 
This interpretation requires the inclusion of relativistic and quantum correspondences as 
well as the parallels between 𝛾 interpreted as frequency boost that increases the oscil-
lator frequency with respect to a reference level. In the quantum analogy, this corre-
sponds to an energy boost described by the Lorentz factor 𝛾. 

3. The Integration of Relativistic and Quantum Correspondences:  
Extending the Model Beyond Classical Mechanics 
3.1. Defining Proper Time and Coordinate Time in a Two-Clock and One-Map Approach 

The model is based on a one-map and two-clock approach to special relativity [11]. It 
uses two different notions of time to describe positions in a common coordinate frame. 
Proper time is measured by an ideal clock attached to a particle, moving along a timelike 
world line. Coordinate time, on the other hand, is measured by a clock carried by an in-
ertial observer who defines simultaneity of events. It is important not to confuse the 
symbols, since relativity textbooks use the letter 𝜏 for proper time and 𝑡 for coordinate 
time. The lab time 𝑡 used in the foregoing derivations is internal to the system whose 
timelike dynamics it describes. Therefore, it corresponds to proper time 𝜏. Most text-
book problems assume that the proper time is given. In the present dynamical descrip-
tions, however, the situation is reversed. We know the proper time, which is the lab time 
t in Equations (2) and (3). Thus, we must calculate the resulting coordinate time from the 
underlying dynamics. 

To maintain consistency with the previous formulae, we keep the letter 𝑡 to denote 
proper time and introduce 𝑡௖௢ to denote coordinate time. Starting from the given proper 
time interval ∆𝑡 ≡ ∆𝜏, we derive the coordinate time interval ∆𝑡௖௢ to describe the motion 
from the perspective of an inertial frame. In special relativity the following differential 
relation between coordinate time and proper time holds [12]: 
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∆𝑡௖௢ = 𝛾∆𝑡, 𝛾 = ଵଵି௩మ/௖మ =  ଵଵିఉమ. (5)

The Lorentz factor 𝛾 depends on 𝛽, the quotient of the velocity v in the map 
frame and the speed of light c. As this relation is based on differential increments, it al-
lows the extension of special relativity to accelerated motions with time-dependent 𝛾, as 
is the case in the periodically accelerated dynamics of Figure 1d. 

Next, we incorporate quantum correspondences into the classical phase modulation 
model. As self-oscillations can be considered clock-like self-sustaining processes, we es-
tablish the quantum correspondences of the model by linking the nonlinear dynamics of 
phase modulation to de Broglie’s seminal idea that particles behave like tiny clocks. This 
approach marked the beginning of modern quantum mechanics (QM) a century ago, 
culminating in the concept of matter waves. 

3.2. Integrating the Wave–Particle Duality 

De Broglie used relativistic kinematics to synchronize the internal oscillation of a 
propagating electron with an accompanying extended periodic process represented by a 
phase wave. Thus, he was able to generalize the wave–particle duality of photons to all 
elementary particles [13,14]. 

The concept of a phase wave can be visualized by imagining an infinitely long linear 
array of clocks set to oscillate in synchrony in their rest frame. The connection between 
the individual phases is an infinite, straight oscillating line. From the perspective of an 
observer moving along the array, the line appears to be periodically modulated accord-
ing to the Lorentz transformation. The resulting spatial periodicity of the ‘simultaneity 
wave’ is the de Broglie wavelength 𝜆஻. De Broglie proved that the phase of a clock 
moving with the velocity 𝑣 = 𝛽𝑐 stays in synchrony with the phase wave, provided that 
the latter propagates with superluminal speed 𝑣௣௛ = 𝑐/𝛽. He coined the term ‘law of 
phase harmony’ to describe the kinematical synchronization. 

Instead of using relativistic kinematics to synchronize the particle clock with an ac-
companying periodic field-like process, we consider the nonlinear dynamics of synchro-
nizing self-oscillations. The local synchronization of phase is coupled to the linear prop-
agation of the oscillator, as described by the propagating rack model in Figure 1d. We 
denote the particle clock frequency by 𝜔଴ to relate it to the critical detuning in phase 
modulation. Equating 𝐸଴ = 𝑚𝑐ଶ and 𝐸଴ = ℏ𝜔଴ (ℏ reduced Planck constant) identifies 
it as the Compton frequency 𝜔଴ = 𝑚𝑐ଶ/ℏ of a particle at rest. Its Compton wavelength is 𝜆஼ = 2𝜋𝑐 𝜔଴⁄ = ℎ 𝑚𝑐⁄ . 

Including ℏ expresses relative detuning in terms of energies: 𝛾 = (ℏ𝜔 − ℏ𝜔஽)/ℏ𝜔଴ . 
We define the reference energy level as 𝐸௥௘௙ = ℏ𝜔஽. Since 𝜔஽ can be chosen arbitrarily, 𝜔஽ and 𝐸௥௘௙ can be set to zero. This zero level defines the background drive frequency 
or the energy of the vacuum, against which excitations are created. Therefore, 𝛾 repre-
sents an energy boost. Total energy 𝐸 is connected with rest energy 𝐸଴ by 𝐸 = 𝛾ℏ𝜔଴ =𝛾𝐸଴. 𝛾 = 1 is necessary to create a particle at rest, while obtaining a particle in motion 
requires 𝛾 > 1. The excess energy is the particle’s kinetic energy 𝐸௞௜௡ = 𝐸 − 𝐸଴ = (𝛾 −1)𝐸଴. The relativistic dispersion relation describes how total energy is divided between 
rest energy and momentum 𝑝. 𝐸 = ඥ𝐸଴ଶ + (𝑝𝑐)ଶ. (6)

Energy and momentum are components of the energy-momentum four-vector. As 
only one-dimensional motion is considered, vector notation is omitted. Dispersion en-
codes relativistic invariance of 𝐸ଶ − (𝑝𝑐)ଶ. All observers agree on the particle’s rest mass 𝑚 = 𝐸଴/𝑐ଶ, regardless of their reference frame. This can be checked by inserting total 
energy 𝐸 = 𝛾𝐸଴ and relativistic momentum 𝑝 = 𝛾𝑚𝑣 = 𝛽𝛾𝑚𝑐. 
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With the present choice of 𝜔଴ = 2𝜋/𝑇଴, the dispersion relation in dimensionless 
units becomes 𝛾 = ඥ1 + (𝛽𝛾)ଶ. With the average beat frequency 〈𝜔஻〉 = ඥ(𝛾ଶ − 1)𝜔଴ of 
the phase model written as 〈𝜔஻〉 = 𝛽𝛾𝜔଴ =  𝛽𝛾𝑚𝑐ଶ/ℏ the relativistic momentum can be 
expressed as 𝑝 = 𝛾𝑚𝑣 = ℏ〈𝜔஻〉/𝑐. (7)

3.3. Defining Coordinate Velocity and Proper Velocity 

There are two derivatives that describe the rate of propagation in space. The term 𝑣𝛾 = 𝑝/𝑚 is known as the proper velocity. It is the quotient of the displacement ∆𝑥 
measured in the coordinate frame and the proper time difference ∆𝑡, measured in the 
system in motion: 𝑣௣௥௢௣ = ∆𝑥/∆𝑡 =  𝛽𝛾𝑐 . Coordinate velocity is given by 𝑣௖௢௥ௗ =Δ𝑥/Δ𝑡௖௢. To show that the propagation velocity of the rack travelling the distance 𝑥(𝑡) 
according to dimensionless Equation (4) corresponds to 𝑣௣௥௢௣, the length scale must be 
defined. The underlying unit length C of the elliptic parameters in Figure 1 is the re-
duced Compton wavelength ƛ େ = 𝑐/𝜔଴ and the radius of the propagating cylinder in 
Figure 2 is 𝑟 = ඥ𝛾ଶ − 1 ƛ େ. The distance covered in one period is ∆𝑥 = ඥ𝛾ଶ − 1 ∙ 2𝜋𝑐/𝜔଴. The proper time unit, given by the Compton frequency, is 𝑇଴ = 2𝜋/𝜔଴. ∆𝑥/𝑇଴ yields 
the proper velocity of the rack 𝑣௣௥௢௣ = 𝑐ඥ𝛾ଶ − 1 = 𝑐𝛽𝛾 = 𝑣𝛾, which agrees with Equa-
tion (7). 

In the full relativistic formalism, proper velocity is part of a four-vector, defined as 
the derivative of the position in four-dimensional spacetime with respect to proper time. 
The three derivatives of the spatial coordinates describe the spatial rates in proper time, 
and the derivative of the fourth component relates to the rate of coordinate time. 

Table 1 summarizes the correspondence between the classical variables of the mod-
el and their relativistic and quantum mechanical counterparts. Note that the meaning of 𝛾 differs on the two sides of the table; however, the two meanings are related based on 
the underlying correspondences. On the left-hand side, 𝛾 describes relative detuning. It 
can be considered a frequency boost if the driving signal’s frequency  𝜔஽ is set to zero 
as a reference level. Multiplying by ℏ yields the relativistic energy boost factor 𝛾 on 
the right-hand side, which is identical to the Lorentz factor. 

Table 1. Summary of correspondences  

Phase Modulation &Elliptical Gear Model Relativistic & QM Correspondences 
relative detuning 𝛾 = (𝜔 − 𝜔஽)/𝜔଴  
with reference level ωୈ ≡ 0 : 
frequency boost 𝛾 = 𝜔/𝜔଴  

energy boost 𝛾 = ℏ𝜔/ℏ𝜔଴ = 𝐸/𝐸଴ 
with Lorentz factor 𝛾 = 1 ඥ1 − 𝛽ଶ⁄  

critical detuning 𝜔଴ particle at rest with 𝐸଴ = ℏ𝜔଴ 

average beat frequency 〈𝜔஻〉 = ඥ𝛾ଶ − 1𝜔଴ = 𝛽𝛾𝜔଴ 

average particle momentum  𝑝 = ℏ〈𝜔஻〉/𝑐= 𝛾𝑚𝑣 = 𝛽𝛾𝑚𝑐 
with average velocity 𝑣௖௢௢௥ௗ = 𝛽𝑐 

one timescale and one velocity  𝑡 = 𝑡௣௥௢௣ & 𝑣௣௥௢௣ = 𝑑𝑥/𝑑𝑡 = 𝛽𝛾𝑐 

two timescales and two velocities: 𝑡௣௥௢௣ & 𝑡௖௢௢௥ௗ = 𝛾𝑡௣௥௢௣  𝑣௣௥௢௣ & 𝑣௖௢௢௥ௗ = 𝑣௣௥௢௣ /𝛾 = 𝛽𝑐 

Proper velocity 𝑣௣௥௢௣ = 𝑣𝛾 = 𝑝/𝑚 corresponds to momentum per mass. Unlike co-
ordinate velocity, it is not bounded and can exceed the speed of light. However, the ap-
parent superluminal propagation does not violate relativity theory, since the resulting 
coordinate velocity, given by 𝑣௖௢௢௥ௗ = ∆𝑥/∆𝑡௖௢ = 𝛽𝑐, does not exceed the speed of light. 
As it is not a widespread notion, it is helpful to point out that proper velocity is an im-
portant concept in spaceflight. It is the speed at which an astronaut perceives the passage 
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of external objects [15]. In principle, astronauts travelling at extreme, yet subluminal, 
speeds could reach distant galaxies within their lifetime. Proper velocity has the ad-
vantage that it can be composed in the Newtonian way, without resorting to the relativ-
istic addition of coordinate velocities. 

4. Kinematics of the Two-Center Rack Model: Lemniscates and the 
Zitterbewegung Analogy 

In Schrödinger’s analysis of ZBW, as elaborated within the framework of a 
two-center model of the electron, it describes a sinusoidal oscillation of the center of 
charge (CC) at light velocity. It oscillates at twice the Compton frequency 2𝜔଴ with am-
plitude equal to half the reduced Compton wavelength ƛ େ/2 = ℏ/2𝑚𝑐 = c/2ω଴ [16]. 
These oscillations superpose the motion of the system as a whole, represented by the 
center of mass (CM), which propagates at a constant average velocity. 

Thus far, we have considered the gear-driven propagation of the vertical rack along 
the fixed pitch line and attributed this to the movement of the system as a whole. The 
antiparallelogram linkage possesses an additional internal degree of freedom, described 
by the center motion of the rotating crossed bar. In the reference frame of a stationary 
rack, it traces a figure of eight. This planar figure belongs to the lemniscate family—a 
famous class of mathematical objects that also includes the infinity symbol ∞. 

In the rack model, the center of the vertical rack is identified as the CM. It propa-
gates in 𝑥-direction with the proper velocity 𝑣௣௥௢௣ along the pitch line. The time average 
corresponds to a motion with constant momentum 𝑝 = 𝛾𝑚𝑣. The center of the rotating 
crossed bar is assigned to the CC. The horizontal component, denoted by 𝑥௖௖, is consid-
ered to be the semiclassical analogue of ZBW. Subsequent analyses provide a theoretical 
justification for this preliminary assignment. 

In contrast to the results presented in Section 2, we change the model. First, we ex-
press the phase angle of rotation by the Compton frequency 𝜑 = 𝜔଴𝑡. This ensures that 𝑥௖௖ oscillates at twice the Compton frequency, as required by ZBW. This change in fre-
quency does not affect the conformity of rack propagation with relativistic dispersion, 
which is encoded in the elliptic parameters of the model. 

The second change involves the modulated phase angles of the rotating ellipses, 
which are chosen so that the vertical rack propagates with constant proper velocity ra-
ther than undergoing periodical acceleration as in Figure 1d. This is achieved by solving 
the kinematical equations for 𝜑ଵ(𝑡) and 𝜑ଶ(𝑡) to ensure uniform rack propagation 
with proper velocity 𝑣௣௥௢௣ = 𝛽𝛾𝑐. 

According to Equation (4) the rack propagation in natural units is given by 𝑥 = 2𝛽𝛾 𝑡𝑎𝑛ିଵ ቂఊାଵఉఊ 𝑡𝑎𝑛 ቀఝభଶ ቁቃ /𝜔଴. (8)

The distance covered at an average proper velocity is given by 𝑥 = 𝛽𝛾𝑡, also in 
natural units. Substituting 𝑥 into (8) and solving for φ୧ yields the phase of the driving 
ellipse. 𝜑ଵ = 2 𝑡𝑎𝑛ିଵ ൤ටఊିଵఊାଵ 𝑡𝑎𝑛 ቀఠబ௧ଶ ቁ൨ = 2 𝑡𝑎𝑛ିଵ ቂ ఉఊఊାଵ 𝑡𝑎𝑛 ቀఠబ௧ଶ ቁቃ. (9)

The phase of the driven ellipse with complementary shape becomes 𝜑ଶ = −2 𝑡𝑎𝑛ିଵ ൤ටఊାଵఊିଵ 𝑡𝑎𝑛 ቀఠబ௧ଶ ቁ൨ = −2 𝑡𝑎𝑛ିଵ ቂ ఉఊఊିଵ 𝑡𝑎𝑛 ቀఠబ௧ଶ ቁቃ. (10)

Given the major axis 𝐴 = 𝛾, the positions of the rotating foci of ellipses 1 and 2 
are(𝑥ଵ,𝑦ଵ) = (2𝐶 sin𝜑ଵ , 2𝐶 cos𝜑ଵ + 2𝛾) and (𝑥ଶ,𝑦ଶ) = 2𝐶 (sin𝜑ଶ , cos𝜑ଶ). From this, the 
trajectory of the crossed bar’s center at 𝑥 = (𝑥ଵ + 𝑥ଶ)/2 and 𝑦 = (𝑦ଵ + 𝑦ଶ)/2 is calcu-
lated. 
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Figure 3 illustrates the lemniscate-like motion of the antiparallelogram linkage, as 
seen by an observer co-moving with 𝑣௣௥௢௣. The upper ellipse rotates clockwise by 𝜑ଵ 
around the focus fixed at (𝑥𝑓𝑜ଵ,𝑦𝑓𝑜ଵ) = (0,2𝐴). The lower ellipse rotates by 𝜑ଶ in the 
opposite direction around the focus fixed at (𝑥𝑓𝑜ଶ,𝑦𝑓𝑜ଶ) = (0,0). The radius of rotation 
between the fixed and the rotating focus is 2𝐶. 

 

Figure 3. The center of the crossed bar, marked by ⊕, traces out the black lemniscate. The geome-
try with a fixed vertical long bar of the rack for 𝛾 = 1.5 is shown. The two grey circles illustrate the 
rotation of the elliptical foci around the fixed foci. The upper driving ellipse rotates at the angle 𝜑ଵ 
in clockwise direction. The driven ellipse with the angle 𝜑ଶ rotates in opposite direction. The dots, 
which are equidistant in time, indicate periodically varying rotation rates. 

The two following figures address the 𝛾-dependence. Figure 4 displays the lemnis-
cates for propagating elliptical gears that roll without slipping along the pitch line 𝑦 =𝛾 − cos𝑥/ඥ𝛾ଶ − 1. Snapshots for two different values of 𝛾 and for the same phase along 
the pitch curve are shown. The small circles indicate equidistant time steps. Note that, 
from the perspective of a co-moving observer, the vertical rack is fixed and the pitch line 
shifts to the left as time increases. A presentation of different lemniscate shapes and their 
relation to the lemniscate family is summarized in Figure 5. 

For 𝛾 → 1, the ellipses become singular and degenerate into straight lines. The lem-
niscates converge to a figure of eight composed of two circles approaching unit radius 𝑟 → 𝐶. As 𝛾 increases, the lemniscate 𝑥-amplitude decreases due to Lorentz contraction, 
proportional to 1/𝛾. At 𝛾 = √2, the center of the crossed bar traces out the lemniscate of 
Bernoulli (red curve), a figure of eight found in many mathematical applications [17]. 
With 𝑢 = 𝜔଴𝑡, this curve is parametrized by 𝑥(𝑢) = sin𝑢 cos𝑢 (1 + sinଶ 𝑢)⁄  and 𝑦(𝑢) =cos𝑢 (1 + sinଶ 𝑢)⁄ , with 0 ≤ 𝑢 ≤ 2𝜋 . 𝛾 = √2  is also a special parameter for matter 
waves, because, at this value, 𝛽𝛾=1 and the de Broglie wavelength 𝜆஻ is equal to the 
Compton wavelength 𝜆஼ . At 𝛾 = 5  (blue curve), the maximum elongation in 𝑥-direction shrinks to 1/5. In the case of highly relativistic boosts, multiplying the 𝑥-coordinate by 𝛾 approximates another well-known planar curve: the lemniscate of 
Gerono, shown in blue. This curve is given by 𝑥(𝑢) = 1/2 sin 2𝑢 and 𝑦(𝑢) = sin𝑢. The 
continuous transformation of the Bernoulli lemniscate into an approximately circular 
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figure eight or a squeezed Gerono lemniscate by varying 𝜆஻ has not yet been described 
in the literature. 

 

Figure 4. Rotation of ellipses and the associated antiparallelogram linkage (red) combined with the 
CC-lemniscate (black) and pitch line propagation (blue) for 𝛾 = 1.4 and 𝛾 = 2.5. The perspective 
of an observer co-moving with 𝑣௣௥௢௣ is shown. The vertical rack remains fixed, while the pitch line 
shifts to the left at constant time intervals, as indicated by the circular marks. 

 

Figure 5. Different lemniscates traced out by the center of the crossed bar of the antiparallelogram 
linkage. The black curve on the left, for 𝛾 = 1.005, represents an almost circular figure of eight with 
a radius approaching half unit length. The red curve for 𝛾 = √2 is the lemniscate of Bernoulli.The 
cyan curve corresponds to 𝛾 = 5. Its maximum 𝑥-amplitude shrinks to 1/5 of the unit radius. 
After scaling 𝑥 by the boost factor 𝛾, it approaches the lemniscate of Gerono, shown in blue in the 



Appl. Mech. 2026, 7, 55 11 of 26 
 

https://doi.org/10.3390/applmech7030055 

figure on the right. Note that the scaling in this graph is in units of the reduced Compton wave-
length ƛ େ (see text for details). 

The factor 1/2 in the 𝑥-coordinate matches the ZBW amplitude 𝑥ො of half the re-
duced Compton wavelength 𝑥ො = ƛ େ/2 = ℏ/2𝑚𝑐 = c/2ω଴, half the unit length of the el-
liptic model. With this, and the ZBW frequency of 2𝜔଴, the model’s lightlike CC motion 
is correctly predicted. This applies to a particle at rest. Note that, for a boosted particle, 
the frequency must be multiplied by γ, while the amplitude must be divided by γ so that 
the combination of energy boost and Lorentz contraction preserves the lightlike character 
of ZBW. However, for small values of 𝛾, the oscillations as a function of proper time 𝑡 
are asymmetric, as can be seen from the uneven distribution of the black time marks in 
the left-hand section of Figure 5. To analyze the oscillations from the common coordinate 
frame, proper time must be replaced by coordinate time 𝑡஼ை, obtained by integrating 
Equation (5) as 𝑡஼ை = ׬ 𝛾(𝑡)𝑑𝑡. Figure 6 shows that, as 𝛾 approaches 1, the XCC oscilla-
tions become triangular. This describes a zigzag motion that periodically switches speeds 
between ±𝑐. It is only in the highly relativistic domain that sine-shaped oscillations are 
approached. This is an artifact of the elliptic model, resulting in a singularity at 𝛾 → 1. 

The issue of non-sinusoidal oscillations for 𝛾 → 1 can be resolved by extending the 
model to account for rotations in the 𝑥𝑦-plane. The next section will analyze the case of a 
particle at rest (𝛾 = 1), using an extended model that includes uniform circular rotations. 

 

Figure 6. XCC-oscillations in units of the reduced Compton wavelength ƛ େ for 𝛾 = 1.01 (red) and 𝛾 = 50 (blue), plotted as a function of coordinate time for one period of the boosted Compton 
frequency 𝛾𝜔଴. The amplitudes are multiplied by 𝛾 to correct for Lorentz contraction. 

5. Connecting Zitterbewegung and Electron Spin: Geometric  
Illustrations and Topological Models 
5.1. From the Planar Model to Spherical Representations 

To fully elucidate the connection between ZBW and particle spin, the planar model 
must be extended to include rotation in the 𝑥,𝑦-plane. In this case, a description in terms 
of rotating linkages is no longer feasible, so we must leave the context of elliptical gears. 
With a unit radius of 𝑟 = ƛ େ/2 and a unit frequency of 2𝜔଴, a particle boosted in the 𝑥-direction describes an ellipse given by 𝑟(1/𝛾 cos(2𝛾𝜔଴𝑡), sin(2 𝛾𝜔଴𝑡)). The amplitude 
in the direction of propagation is sqeezed by 1/𝛾, while the 𝑦-amplitude remains unaf-
fected by the boost. The 3D graph must include a vertical sinusoidal oscillation at 𝜔଴. In 
the limit of 𝛾 ≫ 1, the planar model predicts a Gerono lemniscate, scaled horizontally by 
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𝑥/𝛾. Setting 𝛾 = 1, we focus on a particle at rest so it is reasonable to associate uniform 
rotation in the 𝑥,𝑦-plane with the original lemniscate in the 𝑥, 𝑧-plane. For 𝜔଴ = 2𝜋, 0 ≤𝑢 ≤ 2𝜋, 𝑟 = 1/2, and the origin of the Gerono lemniscate at (0,0,0), the spatial curve re-
sulting from the combination of planar and vertical oscillations is parametrized by 𝑥(𝑢) = (sin 2𝑢)/2 ,𝑦(𝑢) = (1 − cos 2𝑢) /2, 𝑧(𝑢) = sin𝑢. (11)

This curve, shown in Figure 7, is known as the Viviani curve. It describes a figure of 
eight on the surface of the unit sphere, with the vertex at (0,1,0) and the poles at (0,0, ±1). It is another noteworthy member in the family of spatial lemniscates [18]. One 
full vertical cycle is connected to two horizontal cycles of the internal rotation. The par-
allel projection to the 𝑥, 𝑧-plane is the Gerono lemniscate. Figure 7a highlights the dou-
ble-covered horizontal circle at half unit radius by displacing it slightly above and below 
the 𝑥,𝑦-plane. It illustrates how the two parts of the double circle project onto the cor-
responding parts of the Viviani curve above and below the 𝑥,𝑦-plane. Figure 7b shows 
their position on the unit sphere. 

 

Figure 7. (a) Viviani curve (red), Gerono lemniscate (blue), and internal rotation (green), projected 
to the 𝑥,𝑦-plane with slightly exaggerated double coverage. (b) The Viviani curve is located on 
the unit sphere. 

5.2. A Look Through Viviani’s Window: Exploring Various Ways of Visualizing Lightlike Charge 
Center Motion 

The Viviani curve can be represented in different ways as the intersection between 
various surfaces [19]. The variety of geometric embeddings has found application in 
many areas of mathematics, science, and technology. Starting from Viviani’s initial geo-
metric problem, we examine suitable intersecting surfaces to elucidate the curve’s 
spin-related properties. To achieve this, it is crucial to change the underlying geometry 
from standard Euclidean space to Minkowski spacetime. 

Inspired by an architectural problem, Viviani considered the cutting curve between 
a sphere of unit radius 𝑟 = 1 and a cylinder (radius 𝑟/2) passing through the center of 
the sphere (Figure 8a). The line of intersection is also known as the ‘Viviani window’, 
because the construction cuts a window into a spherical dome. This architecture-related 
discovery may be old, dating back to a disciple and biographer of Galileo, but the un-
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derlying multifaceted geometry remains a useful and up-to-date tool in non-Euclidean 
settings too. When interpreted as a spacetime curve, this geometric object literally opens 
up a visual window upon spinorial properties, using various representations in Min-
kowski spacetime. The 𝑥,𝑦-plane represents spatial variables, while the vertical 𝑐𝑡-axis 
represents time. This implies that the squared spacetime distance between two events is 
given by Δ𝑠ଶ = 𝑐ଶ𝛥𝑡ଶ − (∆𝑥ଶ + ∆𝑦ଶ). It remains invariant for all observers, unaffected by 
their motion. With this interpretation, it becomes evident that the Viviani curve also 
‘lives’ on the lower and upper light cones, defined by Δ𝑠ଶ = 0, as illustrated by the in-
tersection of a rectangular double cone and a cylindrical tube (Figure 8b). 

 

Figure 8. (a) The red Viviani curve formed by the intersection of a sphere and a cylinder. (b) The 
curve as the intersection of a cylinder and a rectangular double cone. (c) Two rotations of the red 
lightlike helical worldline of the charge center on the cylinder surface (see the text for details). 

In the spacetime interpretation, the cylindrical tube in Viviani’s original construc-
tion is considered to carry the worldline of the internal rotation of the charge center, 
which rotates at twice the Compton frequency. It describes a lightlike helix along the cy-
lindrical surface (see Figure 8c). The radius of the cylinder is half that of the sphere, and 
is equal to the ZBW amplitude ƛ େ/2. Since the helix is unbounded in the vertical direc-
tion, the Viviani curve provides a compact representation of the periodic temporal pro-
gression of the worldline. Thus, the images condense periodic phase-dependent pro-
cesses into closed geometric forms. These reveal topological properties relevant to rep-
resentations of spin-related phenomena, which will be discussed next. 

5.3. Topologically Equivalent Representations: From Viviani’s Window to the Möbius Band and 
Toroidal Embeddings 

The Möbius band is the best-known geometric model for visualizing the topological 
properties inherent in complex-valued spin vectors (spinors). Long before electron spin 
was discovered, Möbius conceived this paper strip model to illustrate a one-sided sur-
face. It consists of a rectangular strip of paper long enough to allow the ends to be glued 
together after twisting them by 180°. It is a non-orientable, two-dimensionalmanifold that 
can be embedded in ordinary, three-dimensional space. A 4𝜋-rotation along the band is 
required to return to the starting point. The same applies to the state of an electron in 
Hilbert space, which must be rotated by 4𝜋 before the initial value of the complex wave 
function is restored. 

To demonstrate the relationship between the Möbius band and the Viviani curve, 
we first consider the Möbius surface. This is an unfamiliar-looking ruled surface (Figure 
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9a) that can be created as a surface of revolution by rotating a line along a circular guid-
ing line. 

 

Figure 9. A survey of various representations of the green Möbius band and its yellow edges de-
rived from the red Viviani curve on the gray Möbius surface. In (a) the Viviani curve is generated 
by the intersection of the Möbius surface and the yellow unit sphere. Image (b) shows the Möbius 
surface and the light cone intersection. The Möbius band is also shown. Image (c) highlights the 
edges of the band. The intersection of the blue open ‘donut’ torus with the Möbius surface also 
traces out the edge lines. Image (d) shows the edge lines on the open torus and on the horn torus. 
See the text for the underlying parametric representations. 

Imagine a propeller (radius 𝑣) rotating along a circle of unit radius, with the pro-
peller axis always pointing tangentially to the guiding circle. Set the angular velocity of 
the propeller rotations to half the angular velocity along the circle. The center of the 
guiding circle is positioned at (0,1,0). This results in the following Cartesian parametri-
zation of the surface (0 ≤ 𝑢 ≤ 2𝜋,−2 ≤ 𝑣 ≤ 2): 𝑥(𝑢, 𝑣) = (1 + 𝑣 𝑐𝑜𝑠 𝑢) 𝑠𝑖𝑛 2𝑢 𝑦(𝑢, 𝑣) = (1 + 𝑣 𝑐𝑜𝑠 𝑢) 𝑐𝑜𝑠 2𝑢 + 1 𝑧(𝑢, 𝑣) = 𝑣 𝑠𝑖𝑛 𝑢  (12)

The Möbius band is part of this surface [20]. It is formed by rotating a line of length 𝑣 with −𝑎 ≤ 𝑣 ≤ 𝑎 and 𝑎 < 1.Figure 9a shows the Viviani curve as the intersection of a 
Möbius surface and a unit sphere, while Figure 9b uses the intersection with light cones 
instead. A Möbius band (𝑎 = 0.2) is also added. Figure 9c illustrates the band and its 
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edges separately, including the intersection between the Möbius surface and an open 
torus. The band’s edges are parametrized by (0 ≤ 𝑢 ≤ 2𝜋,𝑎 = 0.2): 𝑥(𝑢) = (1 + 𝑎 𝑐𝑜𝑠 𝑢) 𝑠𝑖𝑛 2𝑢, 𝑦(𝑢) = (1 + 𝑎 𝑐𝑜𝑠 𝑢) 𝑐𝑜𝑠 2𝑢 + 1 𝑧(𝑢) = 𝑎 𝑠𝑖𝑛 𝑢,  (13)

With unit radius for the center line and radius 𝑎 for the toroidal hose, and with the 
angular variable u and v both in the interval ሾ0,2𝜋ሿ, the open torus is defined as follows: 𝑥(𝑢, 𝑣) = (1 + 𝑎 𝑐𝑜𝑠 𝑢) 𝑠𝑖𝑛 𝑣 𝑦(𝑢, 𝑣) = (1 + 𝑎 𝑐𝑜𝑠 𝑢) 𝑐𝑜𝑠 𝑣 + 1 𝑧(𝑢, 𝑣) = 𝑎 𝑠𝑖𝑛 𝑢  (14)

A horn torus (𝑎 = 1) provides an alternative representation. Figure 9d illustrates 
how spinorial characteristics, which require a 4𝜋-rotation to return to the original state, 
can be represented by the edge lines circulating different toroidal surfaces. 

Shrinking the width of the Möbius band reveals that the Viviani curve can be 
transformed topologically onto a circle by elastically stretching the two branches along 
the Möbius surface. For a finite width, this process projects the curve onto antipodal 
points on the Möbius band, thereby preserving double coverage. Thus, the Möbius band 
and its toroidal embeddings are different, yet topologically equivalent, representations of 
spin-like properties. They are related to the Viviani curve via homeomorphism. 

Finally, we highlight the distinction between the paper strip model and the Möbius 
band illustration in Figure 9, a detail that is often overlooked. Unlike the analytic repre-
sentation on which the graphic is based, the paper strip is a developable surface [21,22]. 
However, this fact is not relevant to the current topological considerations. 

6. Electron Spin and the Gyromagnetic Ratio in Two-Center Models: 
Implications of Double Covering 
6.1. Connections of the Present Approach with Related Two-Center Electron Models 

Scattering experiments reveal that electrons have no internal structure. Even at the 
highest available collider energies, they appear as point-like objects. However, attempts 
to describe ZBW and spin in less abstract terms using geometric representations suggest 
the existence of local or internal degrees of freedom that differ from those describing the 
particle as a whole. Intuitively, these can be attributed to the near field surrounding the 
electron, emerging from interactions with the quantum vacuum. 

Such an interpretation of electromagnetic radiation confined to the near field is 
non-radiating, as it does not contribute to radiation in the far field. Non-radiating sources 
are important in photonic technology [23]. An elementary explanation is given in [24]. A 
freely propagating photon field has no rest mass because it propagates at the speed of 
light. However, when the field is confined, it acquires mass because accelerating the 
containment, which is considered massless, requires force [25]. In a way, mass behaves 
like canned energy. Rest mass refers to the center of mass of a closed system considered 
completely at rest. However, this state is an idealization, as it does not account for the 
internal degrees of freedom that oscillate at the speed of light, giving rise to ZBW. Ac-
cording to this view, the mass and spin of an electron both result from effects residing in 
the near field. 
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The current line of modeling ZBW quasi-mechanically by an antiparallelogram 
linkage and reducing it to a two-center description is novel. This approach paves the way 
for more appropriate (1 + 2)-dimensional spacetime models of ZBW and electron spin. It 
aligns with a spectrum of similar efforts that have emerged from the desire to improve 
the understanding of the abstract, nonclassical properties of spinors by using more ac-
cessible mechanical and geometric models. Here, we limit the references to articles that 
are related to the present models. 

Hestenes provides the most elaborate theoretical analysis based on the language of 
geometric algebra [26]. He interprets ZBW realistically as a local circulatory motion of an 
electron at the speed of light, which he considers to be the origin of the electron spin and 
magnetic moment [27]. The topological aspects of electron models based on the con-
finement of lightlike entities are described in [28]. A particular focus on toroidal models 
is given in [29]. 

In the context of quasi-classical mechanical two-center electron descriptions, the 
model elaborated by Rivas is also relevant [30,31]. It provides a detailed description of 
the existence of two centers, CM and CC, as well as the rotation of the CC at the speed of 
light. Despite being based on a different theoretical framework, the model largely aligns 
with the current description. 

However, unlike the Rivas model, the current description uses ad hoc assumptions 
about the system that reduce the motion of internal mechanical degrees of freedom to a 
two-center description. When translated into a spacetime framework, the resulting dy-
namics corresponds to the CM and CC trajectories of these two-center electron models. 
To verify consistency, we calculate electron spin and magnetic moment of the extended (1 + 2)-dimensional spacetime model, starting from the Viviani curve. 

6.2. Planar Rotations of the Charge Center and the Z-Component of Spin and Magnetic Moment 

In the compact representation of Figure 7, the Viviani curve is composed of two 
frequencies. The first, 𝜔଴, describes timelike cycles and is represented by vertical oscilla-
tions at unit amplitude. The planar projection of the spacelike 𝑥,𝑦 components results in 
a double-covered circle underlying ZBW at half amplitude and double frequency. To 
calculate the resulting angular momentum from this planar rotation, the lightlike nature 
of the CC rotation must be taken into account. Due to confinement, this photon-like en-
tity, which has an energy of 𝐸 = ℏω଴, obtains a mass according to 𝐸 = 𝑚𝑐ଶ [32]. The 
resulting angular momentum of the CC propagating at the speed of light along the pla-
nar circle is equivalent to the photon momentum 𝑝௣௛ = 𝑚𝑐 = ℏω଴/c. For simplicity, on-
ly the magnitudes are considered. If necessary, the vector notation in bold is used. The 
intrinsic rotation of the CC along a circle with radius 𝑟 = ƛ େ/2 = ℏ/2𝑚𝑐 = c/2ω଴ yields 
the z-component of the angular momentum 𝑆௭ = 𝑟 ∙ 𝑝 = ℏ/2 which is the model’s ana-
log of electron spin. 

The 𝑧-component of the magnetic dipole moment 𝜇௓ produced by the elementary 
charge 𝑒 in circular motion is equal to the product of the current 𝐼 and the area 𝐴 of 
the current loop. Note that, due to the negative sign of the charge, the vectors of mag-
netic moment and orbital rotation point in opposite directions. The length of one ZBW 
period at twice the Compton frequency 𝜔଴ is 𝑇௭ = 𝜋/𝜔଴. With the current 𝐼 = 𝑒/𝑇௭ =𝑒𝜔଴/𝜋, and the area 𝐴 = 𝜋𝑐ଶ/4𝜔଴ଶ one obtains 𝜇௓ = 𝑒𝑐ଶ/4𝜔଴ = 𝑒ℏ/4𝑚. 

This value for an orbiting charge also corresponds to the classical magnetic dipole 
moment of a rotating charged sphere, which is half the magnitude of the Bohr magneton 𝜇஻ = 𝑒ℏ/2𝑚 (cf. [33]). However, the experimental value for an electron is approximately 
twice as large. This discrepancy from the classical expectation is expressed by the gyro-
magnetic ratio of 𝑔 = 2, yielding 𝜇௭ = ଵଶ 𝑔𝜇஻. 
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The above calculation of 𝜇௓ is based on a single current loop and does not take into 
account double coverage, which underlies the planar projection of the Viviani curve on-
to the 𝑥,𝑦-plane. This feature is shown schematically in Figure 7 and in the torus models 
in Figure 9. Provided that the radius of the toroidal hose is extremely small, two con-
nected loops of nearly the same radius are formed. In the present calculations, we ne-
glect this small yet finite difference. Two identical current loops produces twice the 
magnetic moment, resulting in the gyromagnetic ratio of 𝑔 = 2. This is the value pre-
dicted by the Dirac equation. It applies to a ‘bare’ or ‘undressed’ electron, which does 
not experience additional small corrections, which are described by electron–photon in-
teraction loops in quantum electrodynamics (QED). These corrections are not discussed 
further in this paper because they require additional model assumptions. 

From a purely classical perspective, the gyromagnetic ratio of 𝑔 = 2 was an enig-
matic empirical factor in the early days of quantum physics. However, it can be natural-
ly explained by the topological properties of electron spin as an internal property, which 
includes interactions with the quantum vacuum. Coupling to the surrounding environ-
ment requires a 4𝜋-rotation of the whole structure including near field interactions in 
order to return to the initial state. Due to this double coverage, the electron is twice as 
effective as a single loop or a rotating charged sphere at generating a magnetic moment. 
These near-field effects resemble the Dirac string model mentioned in the introduction, 
with twisted strings representing interactions respectively field lines confined to the 
near-field. They keep track of the rotation history in spacetime. 

6.3. Semiclassical Picture of Electron Spin and Precession in a Magnetic Field 

Thus far, the model’s planar rotation of CC, confined to the 𝑥,𝑦 plane, accounts for 
only one component of spin and magnetic moment. However, obtaining the total spin 
requires including all three components. As in classical angular momentum algebra, the 

magnitude of the total spin 𝑺 is given by |𝑺| = ට𝑺𝒙𝟐 + 𝑺𝒚𝟐 + 𝑺𝒛𝟐 = √3/2 ℏ. With the in-

trinsic electron spin 𝑠 = ℏ/2, this is identical to the quantum mechanical result |𝑺| =ඥs(s + 1)ℏ. The electron’s total magnetic moment, with 𝑔 = 2 included, is given by 𝝁 = − ௘௠ 𝑺. (15)

Depending on the direction of the planar rotation of CC 𝝁 is either parallel or an-
tiparallel to the total spin. An additional magnetic field 𝐵 exerts a torque 𝝉 = 𝝁 × 𝑩 on 𝑺, which tends to align the magnetic moment with the magnetic field. As |𝑺| is con-
served, this results in precession around the axis given by the direction of the magnetic 
field. 

Figure 10a shows the vector model, with 𝐵 pointing in negative direction. This 
situation is analogous to a spinning top under the influence of gravity. Figure 10b illus-
trates the resulting spin precession. Note that, while related, this semiclassical picture is 
not fully equivalent to the Bloch sphere visualization of electron spin. Note the differ-
ence in meaning between the spin components in both pictures. The classical description 
refers to the vector components of spin as a three-component vector in physical space. In 
contrast, the quantum description refers to the spin-up and spin-down components of the 
spin wave function in spinor space. This essential distinction must be kept in mind for the 
following discussions. 

It is important to address the limitations of a classical model, which refers to an in-
dividual particle and relies on completely determined phase factors. This facilitates the 
simultaneous determination of the total spin and each spin component. In contrast, in 
the quantum case, it is only possible to measure the spin magnitude and one component 
simultaneously. 
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As the position of 𝑺 during precession is unknown due to phase uncertainty, only 
the 𝑧-component of the total spin is known. It remains constant during precession. 
There are two spin components, corresponding to the spin-up and spin-down states, 
which have different energies. In the low-energy spin-up state, denoted by |↑〉, 𝝁 tends 
to align with the magnetic field. In the high-energy spin-down state |↓〉, it tends to an-
ti-align. The two orientations of 𝝁 are defined by clockwise and counterclockwise pla-
nar rotations of the CC. Unlike common textbook images, the precession of the spin-up 
state in Figure 10b occurs below the 𝑥𝑦-plane because B points in negative z-direction. 
This direction is chosen to maintain the analogy with a spinning top under gravity. 

 

Figure 10. (a) Vector model of spin precession with 𝑩 pointing in negative 𝑧-direction. Preces-
sion is driven by the torque 𝝉 = 𝝁 × 𝑩. In the case shown, the magnetic moment 𝝁 and the total 
spin 𝑺 are antiparallel. This corresponds to the CC rotating counterclockwise. Diagram (b) pre-
sents a semiclassical picture of spin precession. |↑〉 and |↓〉 denote spin-up and spin-down states. 
In the low-energy spin-up state |↑〉, 𝜇௭ points into the direction of the magnetic field. In the 
spin-down state it points in opposite direction. In both cases the direction of precession is the 
same. See the text for details and for obtaining the precession frequency 𝜔௉. 

The precession frequency 𝜔௉ can be calculated in analogy to the spinning top. The 
change in angular momentum 𝑺 due to a torque 𝝉 is given by 𝝉 = 𝑑𝑺/𝑑𝑡 = 𝝎𝑷 × 𝑺. 
The magnitude is the scalar product 𝑑𝑆/𝑑𝑡 = 𝜔௉𝑆 sin𝜃 = 𝜔௉𝑆௫௬ with 𝑆 sin𝜃 = 𝑆௫௬ (see 
Figure 10a). This gives 𝜔௉ = 𝜏/𝑆 sin𝜃. Inserting the torque 𝜏 = ௘௠ 𝑆𝐵 sin𝜃 exerted by the 
field on the electron’s magnetic dipole moment yields the precession frequency. 𝜔௉ = ௘௠ 𝐵 = ଶℏ 𝜇஻𝐵 = 𝜇𝐵. (16)

The precession frequency is proportional to the energy gap between the low- and 
high-energy states, given by ∆𝐸 = ℏ𝜔௉ = (ℏ𝑒/𝑚)𝐵. The energy difference defines the 
resonance frequency, which is at the core of many important magnetic resonance tech-
nologies. These range from electron spin resonance (EPR) and nuclear magnetic reso-
nance (NMR) to magnetic resonance imaging (MRI). MRI is an important, noninvasive 
technique used in medical diagnostics. The foregoing derivation helps to understand 
these technologies from a quasi-classical mechanical perspective with a few quantum 
mechanical caveats added. 
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7. Coupled Oscillators, Cogwheel Systems, and Phase Models: The Role 
of Classical Ontology in the Interpretation of Quantum Phenomena 

This concluding retrospective evaluates the strengths and weaknesses of trans-
forming a fully concrete mechanical system into a more abstract analog of ZBW and 
spin. It discusses the overarching dynamical and symmetry principles that underpin the 
effectiveness of this approach. Finally, since the rotating gear wheels stand for phase 
variables, the role of cyclic variables in bridging classical and quantum descriptions de-
serves closer consideration. As this topic touches upon deep and controversial ontologi-
cal questions, it is still under development and far from finalized. 

7.1. The Potential and the Limits of Concrete Spin and ZBW Models 

The model’s primary merit lies in its heuristic function and its potential to demys-
tify the strange, classically indescribable, two-valued manifestation of electron spin, 
which is useful for educational purposes. It uses a reverse engineering method based on 
intermeshing classical gear wheels or mechanical linkages. Starting from a fully concrete 
and tangible mechanical system, the semiclassical interpretation requires abstraction and 
a leap to a description in terms of relativistic spacetime. Its (1 + 2) -dimensional 
spacetime extension offers a quasi-classical interpretation of ZBW and spin, assuming the 
rotation of a charged, photon-like entity confined within a topology affording double 
coverage. However, any interpretation of the model must respect its hybrid nature, 
which is based on incorporating correspondences with special relativity and quantum 
mechanics. This is in accordance with the Dirac caveat that the system provides a more 
abstract correspondence than a close analogy. 

On a concrete level, it illustrates the connection to angular momentum of an internal 
degree of freedom in a two-center description. On an abstract level, it reveals spin as a 
rotation in spacetime that transcends our common-sense understanding of ordinary ro-
tations. Thus, it conveys as far as possible a tangible experience of spin, although it is an 
abstract, inherently relativistic quantum property. Furthermore, it draws attention to 
another important fact. Contrary to the common view that relativity only applies to ob-
jects moving at relativistic velocities, it highlights the relativistic nature of spin, which is 
equally dominant in the non-relativistic domain. This includes the description of spin-
ning particles at rest or moving at small, non-relativistic velocities. 

A weakness of the model is that the two-center description is purely kinematic and 
ad hoc. It presupposes the existence of an elementary charge. It does not explain the 
physical mechanism behind the decomposition into CM and CC, nor does it explain how 
a lightlike object is confined to a structure on the scale of a Compton wavelength. In a 
way, these limitations are the price we pay for such a largely concrete description. 
However, to a certain degree, the model’s intuitive, visual, and tangible nature out-
weighs this blind spot. 

Another limitation of the present analysis concerns approximations of the anoma-
lous magnetic moment. They quantify the discrepancy between the bare gyromagnetic 
ratio of 𝑔 = 2 and the results of precision measurements or theoretic loop corrections 
based on QED. The deviation is defined as 𝑎 = (𝑔 − 2)/2. The largest first-order correc-
tion from a series expansion obtained by QED yields 𝑎 = ఈଶగ,where 𝛼 ≈ 1/137 is the fi-
ne structure constant [34]. In principle, similar corrections could be incorporated into the 
current model based on a detailed numerical analysis of the edge trajectories in the to-
roidal representations in Figure 9. Similarly, related toroidal representations approxi-
mate the first term of standard QED loop corrections (see references [26,29]). However, 
since additional model assumptions beyond the current framework are necessary, this 
issue will be addressed in future work. 
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Whether one appreciates the potential of semiclassical models as a useful comple-
ment to established theories is a matter of personal epistemology. From a formal per-
spective, classical models are bound to fail, and semiclassical approaches cannot fully 
compete with established explanations and replace the extremely successful approaches 
of quantum mechanics (QM) or quantum electrodynamics (QED). However, even within 
the established theories, the interpretation of ZBW, and its relationship with spin remains 
controversial to this day. Standard QM describes ZBW as the interference between posi-
tive and negative energy contributions in the Dirac equation [35]. In the QED framework, 
it results from the interaction with the vacuum. Some theorists even doubt the physical 
reality of ZBW, considering it a mathematical artifact arising from attempts to impose a 
single-particle description [36]. 

At present, direct observation of ZBW with electrons appears to be unfeasible due 
to the exceedingly high frequency (~10ଶଵ Hz) and the small amplitude (~10ିଵଷ m), 
though experimental indications have been reported based on channeling experiments 
[37]. Successful quantum simulations of ZBW in different physical platforms have been 
carried out, for instance using trapped ions [38], Bose–Einstein condensates [39], and 
photonic systems [40]. ZBW and its effects on electrons in condensed matter systems are 
reported in [41,42], based on the analogy between the band structure of narrow-band 
semiconductors and the Dirac equation. Simulations of ZBW in classical systems can be 
found in references [43,44]. Due to the wide range and complexity of these analogies, the 
potential of the current quasi-mechanical approach to provide an introductory experi-
ence cannot be overestimated. 

7.2. Overarching Dynamical and Symmetry Principles Underpinning the Effectiveness of  
the Models 

There are more general principles hidden beneath the seemingly coincidental rela-
tionship between the mechanistic two-center kinematics and spin models, which are of 
particular interest. The model’s ability to successfully incorporate ZBW, spin, and mag-
netic moment depends on its hybrid nature, which encompasses universal properties of 
nonlinear phase dynamics and general symmetries. It builds upon synchronization, a 
multifaceted and cross-cutting dynamical phenomenon in driven or coupled oscillators 
that establishes coherence in a wide spectrum of systems, ranging from basic classical 
science and technology to quantum technologies. The laser is a key paradigm of coher-
ence and self-organization in quantum systems [45]. The underlying principles also ap-
ply to a wide spectrum of other fields and paved the way for the trans-disciplinary field 
of synergetics. In everyday physics, for example, there are intriguingly simple classical 
models of synchronization that demonstrate the potential of self-organization and co-
herence in various stages of biological information dynamics [46,47]. 

Another fortuitous fact that was not anticipated when developing mechanical sync 
analogues is the parallelism between phase modulation and the dynamics of elliptical 
gears or antiparallelogram linkages, used to produce gear-driven linear propagation. 
Nonlinear phase dynamics provides a self-regulating mechanism between energy and 
momentum that aligns with relativistic dispersion in a propagating system. A third rel-
evant feature is the reduction to a two-center description, which exhibits spin-like be-
havior. The latter is represented by the Viviani curve and its various topologically 
equivalent embeddings. 

Beyond that, the dynamics of states along the Viviani curve reveals fundamental 
symmetries that are essential to the spin analogy. This fact, which was not obvious in the 
early stages of developing the phase model, offers a broader, more abstract perspective 
on the model’s effectiveness. The points of intersection between the Viviani curve and 
the Gerono lemniscate reveal these symmetries. We study these points for a Viviani 
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curve with a vertex at (0,1,0) that intersects a Gerono lemniscate oscillating along the 𝑦-axis according to 𝑦(𝑡) = (1 + sin(2𝜔଴𝑡))/2. 
Figure 11a shows the position of a specific state as it propagates along the Viviani 

curve. It is marked by a small sphere and results from the clockwise double-covered 
planar rotation that yields ZBW. A series of snapshots illustrates all intersections with 
the oscillating Gerono lemniscate, separated by one-eighth of the ZBW period 𝑇௓஻ௐ =𝜋/𝜔଴. There are four crossing points except at the inflection points of the oscillation. 
Two are at 𝑦 = 0 and one is at 𝑦 = 1. The state denoted by 1 in Figure 11b corresponds 
to snapshot 1 in Figure 11a. It depicts an electron state in clockwise rotation. State 2 is 
the mirror image of state 1, with the mirror located in the 𝑦𝑧-plane at 𝑥 = 0. This reflec-
tion reverses the handedness of the rotation vector, thereby flipping the particle’s helici-
ty (see [48] for a definition). Yellow indicates electron states. 

 

Figure 11. (a) Successive snapshots of the dynamics along the red Viviani curve in spacetime. One 
oscillation cycle at 𝜔଴ along the vertical timelike axis is shown. It is connected to the clockwise 
rotation (light blue) in the 𝑥𝑦-plane at the ZBW frequency 2𝜔଴ (red 𝑥-axis, green 𝑦-axis). The blue 
Gerono lemniscate oscillates at 2𝜔଴ along the 𝑦-axis. A yellow sphere represents the propagating 
state along the Viviani curve as well as one point of intersection that circulates along the Gerono 
lemniscate. A vertical projection connects this state to the planar circle. The numbers are successive 
fractions of 1/8 of the ZBW period. Diagram (b) shows the four crossing points, interpreted as par-
ticle (yellow) and antiparticle (blue) states. The arrows indicate their different handedness. See the 
text for details of the underlying symmetries. 

The red spheres below the 𝑥𝑦-plane represent antiparticle states, i.e., positrons. 
These states can be obtained from the electron states in two equivalent ways: by rotating 
180° around the 𝑦-axis, or by performing two orthogonal reflections. Reflection by the 
vertical plane flips the particle’s helicity, reflection by the horizontal plane at 𝑧 = 0 in-
volves charge conjugation, converting an electron into a positron. 

A further symmetry refers to the direction of time. Antiparticle state 3 can be trans-
formed back into particle state 1 by inverting time. This aligns with the Feyn-
man–Stückelberg interpretation, that antiparticles correspond to particles traveling 
backward in time. The existence of antiparticles is formally encoded in the energy spec-
trum, as given by the relativistic energy dispersion formula 𝐸 = ±ඥ𝐸଴ଶ + (𝑝𝑐)ଶ [49]. 
This includes an energy gap ∆𝐸 = 2𝐸଴ that separates particles from antiparticles, and 
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the square root allows for positive and negative energies outside the gap. For negative 
energy, the time-dependent phase term in the wave function is −𝐸𝑡. This is equivalent 
to positive energy and a negative time parameter. 

While this may sound unusual for a classical particle, synchronization exhibits 
equivalent symmetries expressed by negative frequencies. These appear much less mys-
terious than negative energies. Complete phase locking occurs within a frequency gap of 
width ∆𝜔 = 2𝜔଴. The free-running state outside the locking region is characterized by a 
positive beat frequency 𝜔஻, when detuned positively, and by −𝜔஻, when detuned neg-
atively (see the symmetry in Figures 2 and 3 in [5]). Negative frequencies simply reverse 
the rotation of the phase pointer. Switching to the free-running phase at the lower and 
upper critical frequencies involves a second-order phase transition, characterized by 
square-root dependence of the beat frequency 𝜔஻. 

According to the classical-quantum correspondences of the model, the locking 
bandwidth corresponds to the energy gap ∆𝐸 = 2𝐸଴, which is required to create a parti-
cle-antiparticle pair. In the free-running state of the sync model, ±𝜔஻ corresponds to 
particle and antiparticle states, described by positive and negative energy. The 
square-root dependence of ±𝐸 in beyond the critical points conforms to a second-order 
phase transition. 

Thus, a connection is established between the principles of sync-based 
self-organization in classical oscillators and a phenomenological model of particle crea-
tion and their relativistic dynamics. This opens up a coherent perspective on the over-
arching role of self-structuring processes and the emergence of new properties across all 
scales, from the very large to the very small. 

The underlying symmetries that transform the four particle states in Figure 11b 
pertain to a model with two spatial and one temporal dimension. These operations pro-
vide a simplified representation of the symmetries described by the CPT theorem in par-
ticle physics, which establishes connections between charge conjugation, parity trans-
formations, and time inversion. 

7.3. Aspects of Ontological Parallels Between Classical and Quantum Phases 

The phases of oscillators and their parameter dependent transition from locked to 
modulated phases are central to the present semiclassical analogies. These are extended 
by a structured sequence of stepwise model refinements to demystify quantum proper-
ties, such as spin and ZBW. The starting point is illustrated in Figure 1. It shows how 
nonlinear phase dynamics can be mapped onto the overdamped motion of a ‘phase par-
ticle’ along a tilted washboard. This particle ontology also applies when the local phase 
dynamics is extended to propagating elliptical gears and equivalent antiparallelogram 
linkages. Propagation in proper time is described by the proper velocity 𝑣௣௥௢௣ = 𝑝/𝑚 =𝑐𝛽𝛾 . An observer at rest measures the coordinate velocity as 𝑣௖௢௢௥ௗ = 𝑣௣௥௢௣/𝛾 = 𝛽𝑐 , 
which is identical to the group velocity in quantum mechanics 𝑣௚௥ = 𝑑𝐸/𝑑𝑝 = 𝑐ଶ𝑝/𝐸. 

The wave concept of group velocity highlights the clash between the classical parti-
cle ontology and the quantum interpretation. In the classical framework, the state of an 
individual ‘phase particle’ in phase space is described by a well-defined momentum and 
position. Superposition of states is impossible. This is the reason why the present ZBW 
explanation in a two-centermodel differs from the standard QM interpretation, which is 
based on interference between positive and negative frequency modes in localized wave 
packets. In contrast, quantum representations depend on the superposition of continuous 
distributions of momentum states. The product of the standard deviations of momentum 
and position is limited by the uncertainty relation ∆𝑥∆𝑝 ≥ ℏ/2. Individual phases are not 
observable; only phase differences can be measured. 
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Various approaches have been proposed to bridge the gap between the disparate 
ontologies of phase variables in classical and quantum systems. In the present model, the 
rotating gears imply an analogy to the phase in driven open quantum systems, where 
openness is attributed to interactions with the quantum vacuum. This model most closely 
resembles the relationship between a quantum harmonic oscillator and a classical particle 
moving in a circle. As analyzed by ‘t Hooft [50,51], the temporal evolution of a quantum 
harmonic oscillator is identical to that of a classical rotator. Consequently, the quantum 
phase can be considered a hidden ontological variable. While the individual phases of the 
quantum states contributing to the ensemble are veiled by quantum uncertainty, the 
emerging phase of the ensemble has a real status, just like the classical phase. 

We propose that the present phase model is another example of a dual relationship 
between classical and quantum phase. It establishes coherence among coupled or driven 
classical oscillators and coherent quantum states, which most closely conform to a clas-
sical description. They minimize the uncertainty between complementary variables, such 
as momentum and position, or amplitude and phase. Their temporal evolution remains 
maximally localized, and their expectation values evolve in exactly the same way as po-
sition and momentum in a classical oscillator. 

Thus, the assumption of a dual relationship between classical and quantum coher-
ence appears self-evident. However, a connection with coherent quantum rotator or os-
cillator states is not straightforward and requires closer scrutiny. There are subtle dif-
ferences as the eigenstates of a free rotator have an undefined phase. Specific superposi-
tions of angular momentum states are required to form coherent states on a circle that 
mimic well defined position and momentum of a classical particle orbiting on a circle (see 
[52,53] for theoretical descriptions). This short overview shows that coherent oscillator or 
rotator states can, to some degree, reconcile the differences in the ontologies of phase 
variables in classical and quantum systems, provided that the specific character of these 
states is respected. 

8. Conclusions: A Pledge for the Plurality of Models on the Road  
to Abstraction 

The rapid development of modern quantum technologies challenges us to convey 
the counterintuitive nature of quantum phenomena to a much wider audience. At its 
core, the strangeness and abstractness of the quantum world, and of all its applications, 
which transcend many of our classical intuitions, are deeply rooted in relativity, both 
special and general. The present approach is based on semiclassical dynamic models that 
incorporate geometric and topological representations as well as fundamental symmetry 
principles. It transfers principles of synchronization-based self-organization and emer-
gence to the realm of particle physics, thus elucidating the universal nature of these 
concepts and their application to various fields in science and rapidly evolving quantum 
technologies. 

In the endeavor to make sense of intricate and theoretically demanding quantum 
phenomena, it is indispensable to use heuristic approaches, as well as model-based ex-
plorations and explanations, in order to overcome the constraints of our classical intui-
tion. Since any interpretation ultimately recurs to some kind of concrete experience or 
representation, successful models should clarify and embody the relevant functional and 
structural principles underlying the domain of interest. These core ideas can be commu-
nicated in various ways, each with a different impact on promoting a deeper under-
standing. For example, they can be communicated verbally, visually, or experience based 
through interactive experiments, simulations and analog constructs, including adequate 
theoretical embeddings. 
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To promote a more comprehensive understanding, it is essential to consider the 
problem from multiple perspectives and explore different theoretical approaches, mod-
els, and representations. In the present study, the stepwise development of the model’s 
building blocks, based on analogies, concrete implementations and geometric represen-
tations, reflects the variety of the conceptual levels involved. The models face conceptual 
and interpretational challenges that are closely related to those of full-fledged formal 
theories, albeit at a more concrete and intuitive level. 

In this context, the following quote by Bohr, which goes back to Schiller’s ‘Proverbs 
of Confucius’, aptly captures this productive tension between the plurality of models and 
the abstract principles they stand for [54]: 

“Only fullness leads to clarity, 

And truth lies in the abyss.” 

This fullness or wholeness involves deploying various models and methods to better 
understand the multifaceted nature of an underlying abstract reality. Wholeness is based 
on complementary ways of thinking and modeling that intertwine concrete, experi-
ence-based, informal approaches with abstract, theory-driven, formal methods (see re-
lated examples in [55]). In order to come to terms with the ‘abyss’ of an abstract truth that 
is difficult to grasp in concrete terms, one must be willing to interact productively with 
conflicting views and theories and tolerate ambiguity. 
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