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Abstract: Threaded connections are fundamental in engineering structures, yet their elastic—
plastic behavior under load remains challenging to model analytically. The yield limit
can be reached under relatively small external loads, and elastic—plastic behavior has
predominantly been studied using finite element models. While these models are highly
valuable, they are often restricted to specific cases. This paper presents a novel extension of
Maduschka'’s classical method, offering a fast and efficient analytical approach to evaluate
the behavior of screw—nut-washer assemblies. The method tracks plastic strain progres-
sion from initial yielding to full yield conditions and is validated against high-fidelity
axisymmetric and 3D finite element analyses (FEAs) across a range of thread dimensions
(M16-M36). Results demonstrate strong agreement with FEA benchmarks while achieving
significant computational speedups, making the method suitable for iterative and large-
scale analyses. In addition, the comparison with results available in the literature further
supports the reliability of the proposed method. Its robustness to variations in geometry,
friction, and thread count positions it as a foundation for reduced-order models, ready for
integration into complex finite element frameworks commonly used in structural health
monitoring and digital twin technologies.

Keywords: screw; threads; bolt nut; elastic—perfectly plastic material; FEM

1. Introduction

Screwed connections are widespread; they are used in all engineering applications
because they have many advantages, including availability, standardization, and simple
assembly and disassembly. The structural behavior of screw threads has been studied since
the beginning of the twentieth century, and the scientific and technical bibliography is
extensive, as reported in many review papers [1-3].

In a threaded joint design, it is necessary to consider the non-uniform load distribu-
tion among the engaged threads; the most popular theoretical approaches are those of
Maduschka [4], Sopwith [5], and Yamamoto [6]. In the last decades, the same problem has
predominantly been solved by using finite element (FE) models [7]. Another approach is
that of Zhang et al. [8], which addressed the problem of a compression connection and
validated the results using a finite element method. The methods of Sopwith, Yamamoto,
and Zhang are based on the integration of differential equations defined along the helix
of the threads. In contrast, Maduschka’s method used in his paper of 1936 for a squared
threaded connection, a succession of axisymmetric collars attached to the body of the
screw and the nut as shown in Figure 1, extracted from the original paper where three
cases of engagement are shown. The assembly shown regards squared threads, but in the
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following of the original paper, also the triangular threads are examined. The figure has
been corrected and revised by us to improve the quality.

A, B, C squared threads

A Bolt in traction — Nut
compressed

B Bolt in traction — Nut in
traction

C Boltin traction — Nut part
in tracion and part

e

N\
A A
0

Figure 1. Threaded connection redrawn from the original paper of Maduschka [4].

For all analytical approaches, the compliance of the threads plays a crucial role. The
experimental verification of the reliability of these theoretical models has been checked
with different methods [9-12] and generally has shown good agreement.

Relating to the strength of the connection, the critical points are located at the root of
the first engaged thread and under the bolt head. After the classic papers by Heywood [13]
and Kenny and Patterson [14], several works have been devoted to the modification of the
thread geometry to reduce stress concentrations [15,16]. For example, Cali et al. [17] used
mesh morphing to find an optimal geometry modifying the standard proportion. Other
contributions have studied the effects of bolt thread geometry [18], and the modification of
the washer [19]. In addition, all of these topics have been extensively treated for the case of
threaded abutments in implant dentistry [20] using an FE model [21].

Near the root of the thread, the stress state overcomes the yield limit for moder-
ate external loads. Due to this state of strain, the load distribution changes significantly.
Examining the extended bibliography on this specific topic, few papers take theoretical
approaches; the main method of investigation of the elastic—plastic behavior is numerical,
using FE models. Chen and Williams [22] proposed a simplified method to study the
threaded connection in pipes. Wang and Marshek [23] adapted a previously developed
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elastic approach to the case of elastic—perfectly plastic strain. Fukuoka and Takaki [24]
investigated the tightening process using FE modeling. Sun and Liao [25] shown that the
axial load and stress distributions obtained from the axisymmetric FE model agree with
the results of 3D FE in both elastic and plastic states with the same mesh density. Sawa
et al. [26] focused their attention on the load of starting plastic strain and introduced the
effects of the first incomplete thread of the nut. Zhang et al. [27] modified the Yamamoto
equation, which refers to the elastic behavior, to include the plastic strains based on the
numerical results. Finally, Redondo and Mehmanparast [28] studied the case of bolted
connections in wind turbines, considering the tightening process and focusing their at-
tention on the stress distribution and the plastic strain. More recently, Chen et al. [29]
studied an analysis method for stress distribution along the engaged threads considering
plastic deformation. Starting from an analytical model within the elastic range [30], they
introduced a parametric nonlinear finite element model to represent the plastic behavior.
Several interesting experimental results are in the references [31-34]. In particular, in [34],
the effects of the actual machining conditions have been studied showing that the resulting
stress distribution is discontinuous and not uniform.

As shown by this synthetic reference discussion, the elastic-plastic behavior of the
screw—nut-washer (SNW) assembly has been analyzed more frequently by FE models
than theoretically; however, these contributions give interesting results only for particular
applications. In contrast, very few studies solve this problem in a general way with a
theoretical approach suitable for many cases. When stressed beyond the elastic limit, the
behavior of bolt and nut assemblies is very important for evaluating the response of several
types of structures under operational or emergency loads. In this paper, we improved
Maduschka’s approach to consider elastic-perfectly plastic behavior. This method was
chosen because the engaged threads can be treated as collars connected only through the
cross-section of the screw or the nut. In other words, this approach is intrinsically discrete
and includes straightforwardly the non-linear behavior. When the strains overcome the
elastic limit, the compliance of the threads and of the screw/nut bodies changes along
the joint. The first step of our investigation was to consider how to modify Maduschka’s
equations to remove some simplifications, which was useful and adequate for the elastic
case but was not reliable when the yield occurs. Then, the plastic behavior of the thread
was investigated, defining the load of the initiation of the plastic strain and the final load at
which the entire thread root section is in the plastic regime. The peak stress at the root of
the thread was used to determine the initial yield. The stress at the center of this section,
where the effect of the bending and concentration factors is null, was used to define the
load when the entire thread is in the plastic state. Combining these elements, a step-by-step
procedure for determining the elastic—plastic load distribution was stated. This theoretical
method was checked successfully through an extended numerical investigation using an
axisymmetric and three-dimensional FE model considering ISO threads from M16 through
M36. It showed good agreement between the numerical and theoretical results. In addition,
due to the relatively small scattering of the results in the size range investigated, a simplified
procedure was obtained to obtain the yield-starting load (YS) and the yield-ending load
(YE) directly. This last result appears very useful for defining a reduced order model (ROM)
of a bolt and nut in a more complex FE model, such as those used in structural monitoring
by digital twins [35].

2. Theoretical Approach
2.1. Elastic Behavior

As mentioned in the introduction, the proposed method extends Maduschka’s method
published in 1936. This method considers the screw—nut assembly as a succession of
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axisymmetric collars attached to the body of the two elements as shown in Figure 1;
the main condition to calculate the load distribution among the threads is that the pitch
variation due to the external load is the same in the screw and nut for two adjacent collars.
The method is explained in detail in [11,19] and with some formal modifications in [23].
In the following, we show the equations of Maduchka’s method with small differences
necessary to improve the accuracy in the strain evaluation.

In a screw—nut assembly, as shown in Figure 2, the contact on the ith and (i + 1)th
threads of the screw and the corresponding ones of the nut is active if the change in the
pitch under the external load is:

Ap; = Ap*; 1)

where the superscript * indicates the nut. In the remainder of the paper, the following
symbols will be used:

R, Z: Radial and axial directions

u, w: Radial and axial displacements

p: Pitch of the threads

OR, 07: Stress components in radial and axial directions

€R, €z: Strain components in radial and axial directions

Fiot: Axial total force applied to the screw and F;: Force applied to the ith thread

n: Number of threads engaged

f: Friction factor

a: See Figure 2

E, v: Modulo di Young and Poisson coefficient of the material

D: For the diameters of the screw and nut, see Figure 2

F.
o' =a —arctan(f)  q; = g5
D? .
Ag = 7t cross-section of the screw
D/l = DRN
Dy=D
Dy
D,
Dy = Dis
- DI‘IV\, -
Dl N

Dew

| N
{ AN
YA :
! P Diw _
Ru ! - g

Figure 2. ISO metric thread and screw-nut-washer assembly.
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Introducing the auxiliary variable ¢;, we have:
Ei
Qi =N (2)
l Frot

To simplify the treatment of the deformation state, the contact load between engaged
threads is considered to be concentrated at the diameter Dy, (Figure 2). To use Equation (1),
it is necessary to describe the stress and strain state in the cross-section of the screw and
nut. For the screw, the forces acting on the ith thread are in the axial and radial direction,
respectively (considering positive traction and negative compression):

i
FZ,i = Frot (1 - 1n(Pk> FR,i = —Fitan(a’) 3)

Considering the screw as a smooth cylinder of diameter Dj, the corresponding state

i .
UZ,i _ P[Z{;t (1 _ El q)k> ‘79,1' = UR,i = —tﬂn(ﬂé/) n_DFle (4)

of stress is:

where the radial stress is constant along z from the contact i through i + 1. Applying
Hooke’s law, the strain state gives the following pitch variations.
The first is due to the axial strain:

F yi
w; = Apz,i =pey; = pEfZ; (1 _ 1n(Pk

F .
) + 2vtan(a’) EnTg(Pln' (5)
.-

For the radial strain, the radial and the azimuth stresses are typically calculated
considering the case of a cylinder of infinite length under uniform radial pressure [4,11,12].
Due to the finite length of the screw and the fact that the radial force changes as it passes
from the ith to the (i + 1)th thread, this is a rough approximation. Therefore, we introduced
a factor K to account for this effect, deriving its value from the solution of the shrink fit
case of a finite length solved by Rankin [36] in a closed form using Bessel functions. To
simplify the calculation in the size range of the ISO thread, the original exact solution can
be approximated via a third-degree polynomial:

3 2
Al P P s
K_A<D1> +B(Dl) —I—C(Dl)+D (6)
where the numerical values of the coefficients have been obtained via numerical interpola-
tion (ISO thread)

A=14074 B=11246 C=-32.03 D=4.63.

Then, the radial displacement is:

Dy Dy ~tan(a!) Frot i (1—v)— VZTot <1 Y ?k)] @)
S

= 2K T 2KE

”
' Dy -pn n

A negative radial displacement results in an apparent positive displacement, w. Finally,
the pitch variation due to the radial displacement can be written as:

Ap,; = —tanx

Dy Fryt [tamx/(l —v)

v
2KE | nDipn (@it1 — i) + ASn(Pi—H} 8)
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where the sign is positive if the pitch increases. The effect of the flexibility of the thread
adds another term:

Fr,
ApEi = nD(Zn

Fr,
DL (@iv1 — @i) = %5(4’141 - i) ©9)

in which ¢ is the compliance. Therefore, the total pitch variation on the screw is:

F j Fro19; Dy Fryy [ tanar(1— E
Api = pEig (1 - Zlﬂ‘”) + 2vtan (o) AP — tana Shp [75,%&;) (pit1 — i) + A%néviﬂ} + e

(Qiv1 — @i)

(10)

- . . . D%\ —D?
Similarly, for the nut and with a resistant section equal to Ay = w

state at the ith thread is:

, the stress

* F i
= A (1 - &;m) (an
ot = tan(ur) b (DENHEDLN (1 F oy Frooi (_ f ) (Den+ D3 12)
0 nDp-p \ D%, — D3 np n-mDr-p np ) \ Dy — Di
« ’ F; _L _ / FTot(Pi _i
op; = —tan(a’) <D p <1 w) = tan (a )711'7TDL'P 1 p (13)

The term % originates from the friction force applied at the contact surface between the
washer and the nut. As a first approximation, this load is distributed uniformly along the
n-p axial length. The radial and the azimuth stresses at the root of the thread are calculated
using the equation describing a cylinder under uniform radial pressure. Then, using the
strain state, it is possible to calculate the displacements using the following equation:

. . PFrot Y o v Frot9; | Diy + Dj f
K pe® . — — bl / _ _ 2
Ap;, = P-ey EAy (1 " + Etan(tX )n-r[DL D2, — D2 1|(1 p (14)

where the signs derive from the displacements that are negative due to the compression
and vice versa, and the pitch variation due to radial displacements is:

Dy Frot(@iv1 — i) f D123N DZ Dy Fropv
Apl . = ——tana-t N———1—"—12(1—- = +v |+ —t Qi 15
Pui 2 ana-tan(af) En-tDy-p np D%N — Di v 2 i EANT' ! (15)

In addition, the pitch variation due to the compliance of the thread is:

Fr,

% 5* (@is1 — i) (16)

Apy i = "

For the effect of the washer, a brief consideration is due. We can distinguish two cases:
when Dy = Dy, the uniform compression of the washer causes an axial displacement for
the screw—nut assembly that does not alter the load distribution. In contrast, if Dyyy > Dy,
the washer does not support a part of the lower section of the nut. This condition, as shown
in [19], can reduce the peak of the load distribution. In this paper, we consider only the
case when Dy = Dy. Then, the equation for the total pitch variation of the nut is:

x _ _ PFro i ok v 1\ Frot @i f Diy+D3 Dy ) N Frot (@iy1—9i)
Ap; = —pay (1= =57) + gtan(a’) ;25 (1 — 55 Bt ~ 1) — Stana-tan(a’) TEEos = (1

(17)

Din+Dj D Frov F
) <D§Z—D3 v )+ Fanagil gi — 6T (@i — ¢i)

The load distribution along the engaged threads can be calculated by equating the
pitch variations of the screw (10) and of the nut (17).
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Maduschka solved this problem by manipulating the equations and introducing a
final finite difference equation of the second order that is nonhomogeneous with constant
coefficients, using the index i as an independent variable, ranging from 1 to n. This way, a
general integral can be defined together with a particular integral to obtain a closed-form
function for the n engaged threads. This method drives to a general solution and is similar
to that introduced some decades later in [37], but it is suitable for a threaded connection
with uniform properties along the axial length. In the case of the elastic—plastic state of
stress, this does not occur, and we developed an alternative numerical method. It is possible
to write n — 1 equations similar to (1). To complete the system, we added the following
global equilibrium equation:

Y loi=1 (18)

All these equations form a system of linear equations that can be solved for the
unknown ¢;. The method remains valid if the properties of the screw and nut vary along
the engaged threads, for example, due to the plastic state of strain caused by an increasing
external load. The only limitation is that the system must be applied whilst dividing
the external load in steps in which the properties, which differ along the length of the
connection, do not vary as a function of the load itself.

Examining the previously stated equations, the compliance of the threads plays a
crucial role. Several different approaches to calculate thread flexibility are available in the
literature. In the original papers by Maduschka and Sopwith [4,5], the flexibilities of the
screw and the nut are considered equal, although the first uses a short beam model and
the second the solution of a wedge loaded along the active flank. The method proposed
in [38] is very interesting: it is set in the reference frame of Yamamoto’s load distribution
and considers the contributions due to bending and shear added to the deformability of
the root of the thread. In this paper, we use an alternative method based on the behavior
of annular plates representing, respectively, the threads of the screw and the nut. The
load applied to the thread has an axial and a radial component, but only the axial load
significantly influences the deformation of the thread. In addition, we consider the load
applied as a concentrated force at the medium radius of the contact surface. The axial load
generates a shear deformation, neglecting the bending effect due to the short free length.
Timoshenko and Woinowsky-Krieger [39] have given the formula for the shear compliance
of an annular plate of constant thickness:

d7w _ Frot
ir = *2mG

(19)

Assuming that x = 1.2, as the shear section of the thread is a narrow rectangle, by
integrating this equation, we obtain the displacement at the radius where the load is applied.
In our case, the thickness t is a function of r, and we are looking for the compliance that
is the displacement w due to the unit force. Then, the compliance of the screw and nut
are, respectively:

L
-
1.2 dr
b =5c | ; (20)
2nG _ _D
B r[p 2(r > )tan)zx)}
Dy
1.2 dr

N = 27[Gﬂ r[p —t + Z(r - %)tan)zx)} D

These equations can easily be solved via numerical integration.
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2.2. Elastic—Plastic Behaviour

When an increasing external load is applied, plastic strain starts when the von Mises
stress at the root of the thread YS reaches the yield limit: oy (YS) = 7). Increasing the
external load, the plastic state extends from the two opposite roots of a thread towards the
center of the cross-section YE; therefore, it is reasonable to assume that the thread is fully
plastic when the von Mises stress reaches the yield limit at this final point: oy p(YE) = 7y.
When this condition occurs, the compliance of the thread goes to infinity, and the thread
cannot support further load. Figure 3 shows the location of these two critical points for
both the screw and the nut. In Appendix A, the procedure for calculating these two stresses
is reported in detail. In conclusion, considering an elastic—perfectly plastic material with a
yield stress 07, the initial plastic state begins when at the YS point the yield stress is reached:

Fiot =Fys Fi=Fys; oym(YS)=0y &=05(E)and oc =0y

screw

Fi nut

i bn

L YE(S) « >

,,,,,,,,,,,,,, ‘
: /2
—'iR
YS(S)
P bs N

it engagement

Figure 3. Location of critical stress points.

The plastic state occupies the entire root section of a thread when:
Fioo=Fyg Fi=Fyg; ovm(YE)=0c=0y, J=00

where F;; and F; are, respectively, the total external force and the force acting on the ith
thread. The von Mises stress at the YE point is written as o¢ for brevity. When the von
Mises stress at YS reaches 0y, 0c is equal to a given von Mises value 0ys. The stress variation
from the Yield Starting to the condition when the whole thread section is in plastic state,
for the point C, can be written as:

Aoc = oy — 0Oys.
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The compliance varies from the elastic value to infinity for the same stress range. When
this occurs, the corresponding value of F; becomes constant, and only the other threads
support the increased external force. The process ends with an external load corresponding
to the minimum value at which all the n threads or the root cross-section of the screw yields
completely. In this process, it is reasonable that the nut stress state is lower than that of
the screw.

During the plastic process, the compliance of the threads changes nonlinearly. This
nonlinearity can be studied by dividing the range (Fjuax — Fys) into an appropriate number
of steps, m, where:

(P Max — F yS)
m

AFp =

where m is the value for which a stable solution can be obtained, and F,,,;, can be written as:

Dt
Fyfax = 0y m—1
Max oy7t 4

For each step j and thread i, it is possible to calculate O'é ; for the screw and the nut and
then the amplification factor for the compliance. For the jth step, the amplification factor
His:

i AO’C . *
_ 9¢itog

Oy = ——=2 — Oy

Yo/
T (22)
_ 9citg

For each step and in every thread, it is necessary to correct the compliance in
Equations (20) and (21) using the factors:

&1 = Hl6 and 671 = H5* (23)
The process ends when:
j . j—1_.
@—%=00r<0 (24)

This procedure, calculated for each thread, gives the modified set of compliances
necessary to apply Maduschka’s method, as described in the previous paragraph, to
calculate a load distribution factor qiﬂ for each step taking into account the thread flexibility.

We can define qlﬂ as:

j
! AFrotj
The load is then: . (-1)
+j +(—
) ) g
F/ =F '+ AFtot%

For the jth load step, the total load distribution factor is given by the equation:

. j
Fiof

3. Numerical Models

3.1. Axisymmetric FE Models

The accuracy of the proposed method has been verified by an extended numerical
investigation using FE models generated by the pre-post processor FEMAP for the NAS-
TRAN NX commercial program. In [25], the authors have shown that the results obtained
using an axisymmetric FE model are in agreement with the results of the 3D analysis in both
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elastic and plastic states if the mesh has the same density. Anyway, the SNW assembly was
modeled with axisymmetric and 3D FE models to obtain more confidence in the accuracy
of the numerical check.

The contact between each pair of engaged threads has a friction connection and is
only on the active flanks; there is clearance on the other flanks. The nut is placed on a
washer with a friction contact condition along the common surface. The washer rests on a
rigid foundation with a friction connection. In all the contacts, as well in the theoretical
calculations, the friction coefficient is f = 0.25. This is the average value between 0.3 and
0.2 corresponding, respectively, to surfaces cleaned with loose rust removed or surfaces as
rolled, according to [40].

The load is applied as an axial force on the base section of the screw. In Figure 4,
the mesh of the axisymmetric models is shown. The elements used are of a parabolic
axisymmetric type with material elastic-perfectly plastic. The contact condition is of the
friction type with the coefficient f = 0.25 constant. The accuracy was checked by varying the
number of elements on the fillet Ny at the root of the threads, where the peak stress occurs.
In the following Table 1, the comparison is resumed. The solution with Ny, = 12 was
chosen as a good compromise between accuracy and calculation times. Once the reference
mesh was chosen, it was adapted through size scaling and geometrical transformations to
build equivalent models for all the screw diameters examined in both 2D and 3D. The 3D
models have been built using parabolic solid elements. The analyses were performed using
the advanced non-linear static solution using elastic—perfectly plastic material behavior
and a friction unilateral contact for all the connections.

)

i

I

......

Figure 4. Mesh of the axisymmetric models.

Table 1. Check of accuracy of stress at the thread root vs. the number of nodes on the fillet; Von Mises
stress in MPa.

Size PTot (N) Nf =8 Nf =10 Nf =12 Nf =14
M1é6 267 142.4 149.1 156.5 156.1
M24 663 171.5 179.2 181.9 182.2

M36 1424 175.9 179.0 183.7 184.0
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In addition, in the discussion of results, some comparisons made with the numerical,

theoretical, and experimental results available in the references, validate the numerical
models.
For example, in Figure 5 on the left, the von Mises stress contours are shown for an
M24 screw with ¢}, = 640 MPa, when the plastic strain starts. In Figure 5 on the right, the
plastic strain contours are shown for the same case when the entire root section of the first
engaged thread is in the plastic condition with ¢,0.002 = 0.2%. From the previous figures,
as expected, the stress state in the nut is lower than that in the screw.

0.002

-

0.00167

e = G40 MPa

0.00133

0.001 I

0.000667

0.00033 I T
-

Figure 5. (Left): Von Mises stress at yield starting condition. (Right): plastic strain at yield ending
condition for the first thread engaged (M24; 0, = 640 MPa).

3.2. Three-Dimensional FE Models

In addition, to obtain more reliable numerical results, some of the cases in Table 1
have been modeled with 3D FE models, particularly M16-M24-M27-M36, that is, those
with a ratio D/p ranging between 8 and 9. The mesh of the models was built with the
same density as the axisymmetric models around the root of the threads to minimize the
unavoidable numerical differences. The FE model is shown in Figure 6.
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Figure 6. 3D FEM model.
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The loading, contact, and restraint conditions were the same as those used for the
axisymmetric models. As the geometry of the models represented the real arrangement
accurately, the first and last engaged threads of the nut were not complete because the
helix was cut by the plane of the external surfaces. To make the two types of models
(axisymmetric and 3D) equivalent to the theoretical approach, the portion of these threads
was neglected by introducing a clearance in the contact. If this effect must be included,
the only revision to be introduced in the theoretical model is modifying the compliance
of the first thread to take into account that the cross-section is tapered by the external
ending plane. The analysis will be the same as in the case of axisymmetric models. In
addition, for the 3D models, the reference mesh was adapted through size scaling and
geometrical transformations to build equivalent models for all the diameters examined. In
Figure 7, as an example, the von Mises stress contours (left) and the plastic strain contours
are shown for the M27 screw when the yield starts, and the plastic strain ends on the first
engaged thread.

Figure 7. Three-dimensional FE model of M36; stress state when the Von Mises stress reaches the
yield limit (left), yield ending (right) at the first thread.

4. Results

The modified Maduschka method was applied to the bolt-nut-washer assembly with
six threads engaged, corresponding to the height of a standard nut. The characteristics of
the examined cases are reported in Table 2.

Table 2. Size of bolt-washer-nut cases examined.

Case p Dlp R r D.n Hy tw D,y
(mm) (mm) (mm) (mm) (mm) (mm) (mm)
Mie6 2 8 0.289 0.173 25.4 13 3 30
M18 2.5 7.2 0.361 0.217 28.6 16.5 3 33
M20 2.5 8 0.361 0.217 31.8 16.5 3 37
M22 2.5 8.8 0.361 0.217 328 16.5 3.5 42
M24 3 8 0.433 0.26 38 19.5 4 44
M27 3 9 0.433 0.26 43.3 19.5 4 47
M30 3.5 8.57 0.505 0.303 51 22 4.5 56

M36 4 9 0.577 0.346 58.2 26 5 66
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Figure 8 includes the values of compliance for the screw and the nut, calculated
according to Equations (20) and (21). Both compliances agree with two curves depending
only on the nominal diameter D and pitch p. The equations of these curves are:

o = F/7T<D — §p~cos300) (25a)

5 = F*/n(D - ZP'COS3OO) (25b)

I'=125x10"°"mm?/N; TI* =8.88x10"°mm?/N.

2.5x107

T
Screw

Nut

2.0x 10'7.\ ® Equation 25a

\ Equation 25b

1.5% 107 \“

Compliance (mm/N)

1.0x 107

—

5x10%® |
16 21 26 31 36
D (mm)

Figure 8. Values of elastic compliance used in the calculations.

As the theoretical procedure is based on some simplifications and assumptions, the
first step of the numerical verification was comparing the theoretical with the numerical
values of the load distribution. The elastic load distribution factors for the sizes examined
are shown in Figure 9 together with the corresponding values obtained from the FE analysis.
Note that the curves are continuous, while the method calculates a single value for each
thread, neglecting the variation along its length.

The agreement was very good for the first thread. In contrast, the maximum difference
occurred for the second thread, although it remained acceptable; another difference was
at the last thread. The first deviation arises because there is an interaction between the
deformations of two adjacent threads that is completely neglected in the theoretical method.
This interaction is less important in the following threads because the load after the third
and fourth threads is smaller. The second deviation is because the compliance used was the
same for all the threads, but the last was altered due to the nearly free section. The results
are in line with those achieved by Sopwith [5] and Patterson [14].

The second check regards the initial yield load and the load at which the plastic strain
occupies the entire root section at the first engaged thread. This comparison is in Figure 10,
right and left, respectively, which includes the results obtained from the axisymmetric
and 3D FE models. The agreement was good, showing that the deviations in the load
distribution discussed above do not significantly affect the elastic—plastic behavior of the
first thread. In addition, in Figure 10 on the right, also the curve of the load of the full plastic
state in the minimum cross-section of the screw is included. This curve differs slightly from
that of the full plastic state of the first thread showing that the f diameter and pitch values
of the coarse pitch metric threads are near to the optimum for the ultimate strength when
the material is elastic—perfectly plastic.



Appl. Mech. 2025, 6, 42

14 of 23

E \ | M20 FEM Axisymm
w
=
uw

M18
M16 0.45 I
0.45 T T
= M16 Theory w—M18 Theory
.\ B M16 FEM Axisymm. 030-\ B MI18FEM Axisymm.
030 A MIGFEM3D — ki \
o o
o =
I_ " '
L S 015
S o015
1
0
0
1 2 3 4 3 6
1 2 3 a 3 6 )
. i (Number of thread)
i (Number of thread)
M20 M22
0.45 | I 0.45 I I
= M20 Theory — M22 Theory
0.30 0.30‘ B M22FEM Axisymm.

F,/ FTol

i (Number of thread)

0.15
\-\L\. \-\_.-\.
0 0
1 2 3 4 S 6 1 2 3 4 5 6
i (Number of thread) i (Number of thread)
M24
0.45 M27
I | 0.45 I I
w— M24 Theory e M 27 The Ory
0'30l\ W M24 FEM Axisymm.
° B M27 FEM Axisymm.
o A M24FEM 3D . 0.30 —
-~ Kt
o o
" = \
P [°
S 015 .\f " 11
° 15 \.\_.\
0
1 2 3 a 5 6 0
i (Number of thread) 1 2 3 4 5 6
i (Number of thread)
M30 M36
0.45 | ' 0.45 |
—— M30 Theory = M36 Theory
_ 030 L AN B M30FEM Axisymm, —i 0_30.\ B M36FEM —_
u'.g \ :°: Axysimm.
o
-~
: =
" [1 n A
Co TTe— & o
o 0

2 3 4 3 6
i (Number of thread)

Figure 9. Value of load distribution factor for the all the sizes studied.
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Figure 10. Values of Fy: and F; for the condition of yield starting (left) and ending (right).

For the second thread, the load of the full plastic condition is practically equal to that
of the first one. When the first thread is completely plastic, only five threads support the
load increments. The behavior of an assembly with five or six active threads is very similar
and can be represented by the following equation:

[1 — g1 (6a)]q1 (5a) ~ g2 (6a)
where (6a) and (5a) indicate the assembly with six or five threads, respectively. Applying
the proposed theoretical approach, described in Section 2.2, the progression of the plastic
state for all the cases examined is shown in Figure 11, which also gives the results from the
axisymmetric FE models. In this case, the agreement is also good.
43 120
a0 s == Jahh ARa A
35 r'Y / L o A
90 -
N ,
30 — v
é & ¢ s
25 e Theory M 16 ] o
) 4 —
g B FEM Axisymm M16 | 60 ™ —TheoryM24
- _The"“’ws . oot ¢ FEM Axisymm M24
55 A FEM Axisymmetric M18 _ —— TheoryM27
== B FEM Axisymm M27
10 ¢ FEMAxisymmMm20  _f 30 ——Theory M30 =
/ e=Theary M22 ® FEM Axisymm M30
5 7 o FEMAdsymmM22  — Theory M35
I I 4 A FEM Axisymm M36
0 ol : .
¥ - %o e ) o 0 100 200 300 400 500 600
Fmt (kN) Fmt (kN)

Figure 11. Load on the first thread during the elastic—plastic process for M16-M18-M20M22 (left)
and M24-M27-M30-M36 (right).

Finally, because all the calculations were based on a unique configuration with friction
coefficient f = 0.25 and number of threads n = 6, and the pitch associated with each diameter,
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F(kN)

24

50

10

as shown in Table 2, a variation in these parameters has been investigated to check the

robustness of the theoretical procedure.

In Figure 12, the effects of the friction coefficient ranging from 0.15 through 0.35 on the
initial and final yield conditions are reported using an M16 screw with p = 2 mm and n = 6.

B FEMFTot(ys)
= Theory FTot(ys)
o FEMFl(ys)

o Theory F1(ys)

v ————

0.1

120

40

20

B FEM FTot(ye)
=== Theory FTot(ye)
o FEMFi(ye)

e Theory F1(ye)

0.2

0.3
f

0.4

Figure 12. Effect of the friction coefficient on the yield starting (left) and ending (right) loads for M16.

In Figure 13, the effect of pitches ranging from 2 to 4 on the initial and final yield
conditions is reported using an M24 screw with f = 0.25 and 7 = 6. Finally, in Figure 14, the
effect of the number of engaged threads, ranging from 4 to 8, on the elastic load distribution

0.2 0.3 0.4
f
is shown.

—F1(ys) Theory ]

~ Ftot(ys) Theory
' B Fly)FEM

A Ftot(ys) FEM

1.5 2.5 3.5

p(mm)

4.5

300

‘/’\“ A A
~—F1(ye) Theory —
~ Ftot(ye) Theory
B Fi(ye) FEM
A Ftot(ye) FEM

2.5 3.5 4.5

Figure 13. Effect of the pitch on the yield starting (left) and ending (right) loads for M24.

All the checks show a good agreement between the theoretical and numerical values,
assessing the accuracy of the proposed procedure and its validity to simulate the elastic—
plastic behavior of the SNW system. Considering the whole set of checks performed
between the theoretical and numerical results, the differences are less than 5%.
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Figure 14. Effect of the number of threads on the load distribution for M24.

5. Comparison with the Results Available in the Literature

Another independent validation of the results presented above, as well as of the
accuracy of the proposed method, has been carried out using data available in the literature.
It should be noted that a comprehensive investigation—whether theoretical, numerical, or
experimental—of the elastic—plastic behavior of the metric screw—nut-washer assembly is
currently lacking.

Regarding the elastic load distribution, as mentioned in the introduction, the accuracy of
the Maduschka method was successfully validated in [11] using the photoelastic experiments
conducted by Hetényi [9]. However, that study focused exclusively on Whitworth threads.

In Figure 15, the elastic load distribution obtained from our method is compared
with the photoelastic results of Kenny & Patterson for an M30 thread, as well as with the
theoretical solution provided by Sopwith [5]. The results show good agreement with the
experimental data and are slightly more accurate than Sopwith’s theoretical predictions.
While Sopwith’s solution provides a continuous distribution along the thread helix, our
method yields a discrete set of values.

& Theory M30
A Photoelastic results A
= Sopwith Equation
2
g
S A
o
& A AN
=
' /

Ay
bt 23
/

l/ Hn

Figure 15. Comparison of load distribution of our method, Sopwith [5] and photoelastic results [10].
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Figure 16 compares the elastic—plastic stress concentration factor (SCF) from our
method with the numerical results obtained by Zhao [31] for the M30 thread. The SCF is
defined as the ratio between the maximum principal stress at the root of the thread and the
nominal stress, calculated as Fy /As, with a yield stress of 150 MPa. The agreement is good,
with a maximum deviation of +7% only at thread N° 6 while the others are less than 4%.

—SCF Zhao

! W SCFTheory

1 2 3 4 5 6 7 8
Number of Thread

Figure 16. Comparison of elastic plastic stress concentration factor of our method with numerical
values from Zhao [31].

Additionally, we identified several relevant numerical and experimental results for
thread diameters ranging from 16 mm to 36 mm with coarse pitches. From the available
data, we selected those most relevant to the key parameters in the new method, includ-
ing load distribution, elastic stiffness, and limit loads corresponding to the onset and
completion of yielding.

Table 3 summarizes these values. Each dataset is categorized as theoretical, numerical,
or experimental. Our theoretical results were then compared to these references. In cases
where the thread parameters differed from those used in our study, appropriate calculations
were executed; the specific numerical values are noted in the “Notes” column. A legend
below the table explains the abbreviations used. The comparison results are expressed
as the relative difference: (Rref — Rour)/Rref%. All the differences across the examined
parameters fall within acceptable limits for engineering applications.

Table 3. Comparison with data available in the literature.

Parameter Ref. Type Value Our Method E% Notes

71 = F1/Frot [30] Th/El 0.300 0.305 +1.7 M24: f =0.15; n = 7; Hy = 21 mm
q1 = F1/Frot [30] Nu/EP 0.213 0.212 —05  M24: idem; 0y = 673.7 MPa

Fyg [30] EXP/EP  250kN 253 kN +1.2 M24: idem

Fyu [30] EXP/EP  319kN 322 kN +0.9 M24: idem; o, = 856.9 MPa
q1=F1/Fry [22]  Nu/EP 0.202 0.201 —-05  M16: f =0.15;n =7; 0, = 480 MPa
Fyg [22]  Nu/EP 90 kN 86 kN —44  M16: idem

Fyg [33] EXP/EP  149kN 157 kN +5.3 M18: f = 0.20; n = 6; oy = 908 MPa
K(thread) [34]  Exp/El 523 x 10 N/mm  5.37 x 10° N/mm  +2.6 M36

Legend: Th—theoretical; Nu—numerical; Exp—experimental; El—elastic; EP—elastic—plastic; SCF = o p0x /0N
stress concentration factor; o = Fior / Acore-
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For the evaluation of [30], since our method terminates when the compliance of the
SNW assembly reaches infinity, the ultimate load has been estimated, as a first rough
approximation, by multiplying Fyg by the ratio o, /0.

6. Conclusions

An enhanced elastic—perfectly plastic method for calculating the load distribution
in screw—nut assemblies is presented, extending Maduschka’s original method, which
was limited to elastic deformation, as for Sopwith’s and Yamamoto’s approaches. Special
attention was given to the calculation of thread compliance and the von Mises stress at
both the fillet and the center of each thread. These considerations enabled the study of
both the initial and final yield conditions, using a step-by-step numerical evaluation of
the plastic state growth. The accuracy of the proposed method was validated through an
extensive numerical investigation using axisymmetric and 3D finite element (FE) models
for ISO threads ranging from M16 to M36. The robustness of the new procedure was
tested under variations in parameters such as pitch, friction coefficient, and the number of
engaged threads. All the results demonstrated a strong agreement between the theoretical
predictions and numerical simulations. In addition, an independent verification has been
performed using theoretical, numerical, and experimental data available in the literature,
showing a good agreement.

In the configuration exposed in this paper, the proposed tool is valid for SNW assem-
blies where the nut is in compression. From an application perspective, equally important
cases, involving nuts in tension, different types of threads, or joints in pressure pipes, will
require adaptations. These do not affect the theoretical foundation of the method but will
necessitate modifications to the governing equations.

Further enhancements are possible by incorporating additional parameters neglected
in this study. One such improvement involves adopting a more sophisticated elastic—plastic
material behavior, such as a bilinear stress—strain curve or more complex. Additional
potential sources of inaccuracy derive from the lack of interaction between adjacent threads,
both in terms of deformation and stress. In this context, accounting for the variation
in the stiffness of the final thread could also improve the accuracy. Moreover, incorpo-
rating a nonlinear friction model, that accounts for the effects of the applied load and
roughness of the surfaces in contact, would provide a more realistic representation of the
physical phenomena.

Though we have tried to be as clear as possible, the complexity of the shape and
structural behavior of the elements studied, unfortunately, does not allow further simplifi-
cations without a loss of accuracy. An important step to simplify could be summarizing the
behavior with simplified formulas derived from a statistical analysis of a larger set of cases.

These results, in turn, support integration into more complex structural analyses,
including digital twin applications where often it is crucial to reduce the size of sub
modeling. Furthermore, the analysis revealed that the external load required to fully
plasticize the first thread is close to the load that causes plasticization at the screw minimum
cross-section. This finding suggests that ISO coarse pitch threads exhibit a nearly optimal
configuration with respect to their plastic limit load. These advancements significantly
contribute to the understanding and design of load-bearing systems, enhancing both
operational performance and safety in structural engineering applications.
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Appendix A. Stress Calculation

The two points where the stresses are calculated differ because, while in the fillet YS
stress, all the stress components are present with the concentration effect, while in the
center YE, the bending moment and the concentration factor are not active. Due to the
bending and compression action, point YE is not exactly coinciding with the geometrical
center of the thread.

Appendix A.1. Point YS(S)
Screw, at the root of the first engaged thread, see Figure 3.

. Fbs — Ftan(a — 'y)tLK B Fitan(a —7y) . B Frot — Ziﬁl Fy
R = 0z =

b ;, 0z KzsCOS6OD
Ws > ARs Agzs

When a singularity occurs in a stress field, the stress state around the stress concentra-
tion due to the fillet is considered a plane strain case and then:

or = v(ogr +07)

The von Mises stress is then:

ovm(YS) = \/Ul% + 02 + 02 — 0ROz — OROT + 070; + 3T
where the symbols are:

7t[Dy 4 2R (1 — c0s60°)](p — 2Rsen60° )
Ws = A

Arg = 1t[D1 + 2R (1 — c0s60°)](p — 2Rsen60°)
s
7!

Azy = 7 [D1+2R(1 - c0s60°)]?

The value of the stress concentration factor for the bending stress is determined
according to the equations proposed by Winter and Hirth [41]:

1

Kps = (1.2 +0.13L)q(1.21+2,3L); -

p —2Rsen60°  p — 2Rsen60°
P 2R

The value of the stress concentration factor for axial stress is determined according to
the equation proposed by Castagnetti and Dragoni [32]:

D — D% 3mt
K25:1+{'y R 1} ;’y:?ﬂftstanh(zs)
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In addition, since the maximum radial stress does not occur at the same point as the
maximum axial stress, a variation in this last equation was assumed, according to cosf,
where 6 = 60° is the angular distance of the two maximum points along the fillet.

Appendix A.2. Point YE(S)

Screw, at the center of the first engaged thread, see Figure 3.

o —op = BtM@=7). _ Fu—YiR . _ _F
K ! ARoot ' AM ' ARoot,

where the symbols are:

DM+D1]2' Dy — D+ D3

7T
ARoot = 7TD1P; Apm = 4[ > >

Appendix A.3. Point YS(N)
Nut, at the root of the first engaged thread, see Figure 3.

_ Fby — Ftan(a —v)(p —t;) Ky + Fitan(a — ) P — Zil—l F

; = —Kyn.
Wn ARN 7z Azn ZN

OR =

The stress state around the stress concentration due to the fillet is considered a plane
strain and then:

_ Ftan(a — ) D2y + D3 y

OR +0z).
7TD4]9 D%N*Di ( R Z)

The von Mises stress is then:

oym(YS) = \/(71% + 02 + 02 — R0z — oROT + 070% + 3T
where the symbols are:

7TD4]92

(DEn — Df)
- :

4

Ws = ; ARN = D4p; Azn =71

The value of the stress concentration factor for the bending stress is determined
according to the equation proposed in [41]:

1

Kpn = (1.2 +0.13L)g rzez30); L

_p—2rsen60°  p— 2rsen60°
- bN 7= 2r '

The stress concentration factor for the axial stress is calculated by neglecting factor 3
in 1y, proposed in [32], as the thread here considered is the first one of the nut:

B D;—D31°%  p 7i(p — ts)
e s IR L

Appendix A.4. Point YE(N)
Nut, at the center of the first engaged thread, see Figure 3.
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where the symbols are:

Dy + Dy
2

D+ D;s

. 2
ARoot = TD4p; Apm = 4{ ] ; Dy 5

With von Mises stress equal to:

oym(YS) = \/(71% + 02 + 02 — 0RO — OROT + 0707 + 3T
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