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Abstract: The article solves the problem of theoretically determining the deformable characteristics
of railway ballast, considering its condition through mathematical modeling. Different tasks require
mathematical models with different levels of detail of certain elements. After a certain limit, excessive
detailing only worsens the quality of the model. Therefore, for many problems of the interaction
between the track and the rolling stock, it is sufficient to describe the ballast as a homogeneous
isotropic layer with a vertical elastic deformation. The elastic deformation of the ballast is formed by
the deviation of individual elements; the ballast may have pollutants, the ballast may have places
with different levels of compaction, etc. To be able to determine the general characteristics of the
layer, a dynamic model of the stress–strain state of the system based on the dynamic problem of the
theory of elasticity is applied. The reaction of the ballast to the dynamic load is modeled through the
passage of elastic deformation waves. The given results can be applied in the models of the railway
track in the other direction as initial data regarding the ballast layer.

Keywords: railway; ballast; stress–strain state; dynamic problem of elasticity theory; wave theory;
elastic wave

1. Introduction

The ballast layer is a complex component of the railway track. The physico-mechanical
parameters of the ballast depend on many factors and can significantly change over time
during operation. Among the main factors are the accumulation of residual deformations,
penetration of pollutants, mixing with soil, and track repair work.

The diversity and complexity of issues related to the use of ballast in railway tracks
explain the large number of scientific studies dedicated to this topic. Several modern
publications provide detailed reviews of literature sources on this issue, such as in [1,2].
These studies aim to explain the mechanisms of ballast contamination and identify the
main factors influencing this process based on an analysis of existing literature sources.
According to the authors of [1], 76% of contamination is caused by the destruction of ballast
particles, 13% is due to the migration of lower sub-ballast materials, 7% is due to surface
infiltration of weathered particles, 3% is due to migration of particles from the earthworks,
and 1% is due to wear and tear of sleepers.

Experimental studies have investigated the effects of particle destruction, clay and
diesel pollutant infiltration, and the impact of moving trains on the ballast state in papers
such as [2–9]. The impact of moving trains becomes particularly relevant when transporting
bulk cargoes such as coal and grain [9], as well as with high values of axle loads [10,11].

In [4], the degradation effect of ballast was investigated by gradually changing the
granulometric composition in the discrete element model. The approach is based on the
assumption that impurities included in the ballast will change the angle of friction between
its particles and the contact stiffness of interaction between them.
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In such detailed spatial discretization of the ballast layer, not only the physical char-
acteristics of the particles but also their geometric outline become important. Thus, in [5],
more than 500 ballast particles were digitally outlined by 3D scanning of railway tracks.

The publications [6,7] summarize the modern results of ballast particle testing for
destruction through laboratory research. The conclusion was made in paper [6] that
even the best ballast material, based on physical indicators, breaks down no slower than
inferior materials.

Ballast degradation interferes with water drainage, further increasing pollutant ac-
cumulation intensity [8]. It includes the contamination of ballast with soil particles that
hinder water flow (Figure 1). The factors of ballast pollution are analyzed in the example of
Hungarian railways in the paper [8].
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The deterioration of ballast stiffness characteristics primarily affects the mechanism of
sleepers. The formation of voids under sleepers is one of the main reasons for disrupting
the geometry of the track as a whole [12,13].

Paper [14] demonstrates that the absence of considering or accounting for the het-
erogeneity of the ballast layer with inadequate adequacy increases the impact of errors
in the mathematical modeling of railway track operation processes. Therefore, this paper
proposes mathematical approaches for accounting for the ballast heterogeneity along the
sleepers’ length.

To study the evolution of the state of the ballast layer and its degradation, mathematical
models with a high level of detail of the ballast structure appear, in some tasks—down
to individual gravel particles. It should be understood that, with hyper-detailed models,
approaches to creating a mathematical model fundamentally change the degradation of
the ballast. For example, if in models with minimal detailing the ballast is a homogeneous
isotropic layer that works on compression and has elastic vertical deformations, then in
variations with high detailing it is a set (array) of absolutely rigid (non-compressible) bodies
of fuzzy shape that work on mutual displacements, taking into account frictional forces,
contact stresses, and so on (Figure 1).

In many modern mathematical models of the interaction between the railway track
and rolling stock, the ballast is adequately described as a single object (Figure 2), with
the main (and, in most cases, the only) mechanical characteristic being the modulus of
deformation in the ballasted railway track.

In mathematical models of the interaction between rolling stock and railway track,
focused on studying the rolling stock itself, the railway track is typically simplified to a
beam resting on a continuous foundation. In this case, the stiffness of the foundation is
considered, or it is represented as a rail supported by individual supports (sleepers), and
then the stiffness of the railway track is related to the stiffness of the supports. For instance,
paper [16] is devoted to simulating the motion of a passenger train on a railway track with
irregularities to study the smoothness of motion and passenger comfort. The railway track
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is represented by individual supports with vertical and horizontal stiffness and damping.
The vertical stiffness is set to a constant value of 44 × 106 N/m. Work [17] focuses on
modeling the motion of a carriage on a railway track to study the behavior of springs in the
bogie. The railway track is represented as a rail with sleepers resting on a sub-slipper layer.
The vertical stiffness of the sub-slipper layer is set to 50 MN/m. In study [18], a model of
passenger carriage motion is considered. The railway track has a constant vertical stiffness
of 1.65 × 108 N/m. Study [19] investigates the oscillations of rolling stock during motion
on the railway track. The mathematical model defines the railway track as the vertical
stiffness between the wheel and the rail, which is equal to 105 N/m.
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Winkler’s model is commonly used to determine the overall stiffness of the railway
track as a system composed of elements with different stiffnesses. However, this approach
is highly simplified for addressing the given problem and does not account for many
aspects of railway track deflection dynamics [20–22].

Therefore, the purpose of this study is to find out the influence of ballast degradation
and changes in its stiffness characteristics at a detailed level regarding the value of the
ballast layer’s modulus of deformation as one of the objects of the railway track and the
railway as a whole. To achieve this purpose, the following tasks need to be addressed:
selecting an appropriate mathematical model, justifying its adequacy, conducting variant
calculations for different states of the ballast, and providing recommendations.

2. Materials and Methods
2.1. Features of the Mathematical Model

In today’s research, mathematical models based on the discrete element method
(DEM) [23–25] are commonly applied to study the stress–strain state. The authors of these
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studies opted for a spatial model of dynamic deformations of the railway track based on
the theory of elasticity and the propagation of elastic waves [26,27]. The main reasons for
this choice are as follows:

• The model of elastic wave propagation scales well, allowing for the consideration
of a sufficient length and depth of track deflection in the calculations. The spatial
configuration involved in the interaction is a result of the modeling rather than be-
ing predetermined;

• It is based on solving mathematical equations for elastic waves rather than considering
individual discrete elements, which is less complex in terms of input data, tuning, and
computational power;

• The modeling of elastic wave propagation has a more natural physical interpretation,
enabling the understanding of the influence of various factors on the behavior of
the ballast and its interaction with moving trains. Such approaches are employed in
mathematical models and experimental studies of the ballast layer’s condition [28].

This model’s particularity lies in considering the propagation of an elastic wave as a
system’s response to external loads. With each time step of the elastic wave propagation,
the system is divided into conditional segments that gradually join the interaction process
and are in dynamic equilibrium. Such equilibrium combines the applied load, the elastic
reaction of the material that has joined the interaction, and its dynamic deformation.
Mathematically, the system’s state is described by a system of Lagrange–D’Alembert
differential equations, the solution of which is the stresses and strains in its space. The
methodology for constructing the corresponding system of equations is described in [26].
The primary application of mathematical models created according to this principle is
the calculation of the stress–strain state of the railway track for high speeds, where the
essential condition is the consideration of the volume of material that can participate in the
interaction and the time to form an elastic deformation [27]. Such an approach can also be
used for other tasks where the railway track needs to be represented as a system whose
response to external loads involves a set of elements with different physical–mechanical
and geometric characteristics. The geometric dimensions of such elements can be either
finite (sleeper, rail fastening) or conditional finite (ballast, subgrade). At a certain moment
of the calculation, only a separate part of the objects (for example, a certain number of
sleepers) or only a limited fragment of the element (for example, a certain amount of
ballast) will participate in the interaction. The formation of the system space involved in
the interaction results from determining the current outline of the elastic wave front.

The propagation outline of a wave is calculated through a set of vectors that pass
through the medium of the system. The length of each vector at the current time step
depends on its direction and the material’s properties that affect the speed of elastic wave
propagation in it. The set of vectors is corrected when a vector exits the system or transitions
to another material. Thus, the endpoints of the vectors form the current outline of elastic
wave propagation. Figure 3 shows an example of the propagation outline in the ballast
under the sleeper at the beginning of the ballast layer interaction process. The illustration
is provided to visualize the complex outline of the elastic wave formation, which takes
into account the positions stated above. Not all railway track elements are displayed in
the figure except for the ballast layer to enhance visualization quality. In addition, the step
of the outline construction is increased compared with the numerical result calculation
of the stressed–deformed state of the system, and the pressure transfer to the ballast is
considered only from one sleeper, with the origin (marked by the red sphere) coinciding
with the geometric center of the sleeper.

To achieve the goal of this study in accounting for the non-uniformity of the ballast
layer, it was assumed that its contamination and hence the change in its properties are
uniform along the length of the railway track. Thus, the study focused on the change in the
stiffness of the ballast layer with depth and its effect on the overall stiffness of the system.

A unique feature of the differential equation system in this mathematical model [26]
is that it avoids the need for a clear boundary between contaminated and clean ballast
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layers with different stiffness properties. According to the authors, this approach allows
for a certain non-uniformity and gradualness of the contamination process, which is more
appropriate than the “hard” methods of dividing the ballast into separate layers.
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2.2. Validation of the Mathematical Model

The authors have experience in successfully applying this mathematical model to a
range of problems related to the interaction between the railway track and rolling stock.
During the development and preliminary verification stages, the model underwent cor-
responding verification steps based on experimental measurements of stresses in railway
track elements caused by the rolling stock and on identical analytical calculations. There-
fore, this study is limited to a small validation of the model, consisting of comparing
experimental and calculated stresses directly in the thickness of the ballast layer.

The main characteristics of the experimental site are as follows: a straight alignment,
CWR track (i.e., tracks constructed by continuously welded rails), reinforced concrete
sleepers, R65 rails, and a 60 cm thick ballast layer. Stresses were measured using strain
gauges installed at depths of 20 and 40 cm below the ballast surface, as shown in Figure 4.

Stress was measured during the movement of a Skoda passenger train’s motor car
(static load from the wheel on the rail is 118 kN). The runs were performed at speeds
ranging from 60 to 176 km/h. The primary validation results are presented in Table 1.

Table 1. Comparison of experimental and calculated stresses in ballast.

Depth in
Ballast [cm]

Speed,
[km/h]

Measured Stresses [kPa] Number of
Passes

Calculated
Stresses,
xm [kPa]

Model
Adequacy
Criterion, tMean, x Standard Deviation, s Minimum Maximum

20

60 60.1 9.73 46.3 80.2 8 65.7 0.578
80 59.0 9.76 40.4 84.1 20 66.4 0.765

120 59.6 10.18 35.6 81.5 12 67.8 0.811
140 63.5 9.87 41.5 82.7 15 68.5 0.505
176 64.8 6.91 55.3 80.5 10 69.8 0.718

40

60 41.6 5.61 33.7 54.9 8 37.8 0.675
80 41.8 5.76 30.8 55.5 20 38.2 0.622

120 41.8 6.32 28.9 55.6 12 39.0 0.444
140 39.6 6.33 27.7 52.4 15 39.4 0.042
176 39.4 5.27 31.4 52.3 10 40.1 0.127
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The model’s accuracy was determined using the standardized error, see Equation (1).

t =
|x− xm|

s
, (1)

where x and s are, respectively, the mean value and standard deviation of the experimental
measurement array; and xm is the result of mathematical modeling.

The standardized error (see Equation (1)) is a recognized tool for assessing the discrep-
ancy between observed values and those obtained within the context of a mathematical
model. It defines a measure indicating how many standard deviations the observation
deviates from the expected value in the model. Based on the number of measurements
for each speed level, the confidence interval coefficient ranges from 2.1 to 2.3. It is known
that stresses in railway track elements follow a normal distribution with a 2.5 s interval
(e.g., [29,30] and others). The obtained standardized error in all variants of the relationship
between speed and ballast depth does not exceed the value of 0.811 (see Equation (1)), con-
firming the adequacy of the mathematical model. The visual comparison of experimental
and modeled results is presented in Figure 5. The range from the minimum to maximum
observed values during the experiment is indicated for each speed variant. Within this
range, the average statistical experimental value is represented by a risk mark, which is also
the most probable since the stresses in the ballast follow a Gaussian distribution. These data
are overlaid with the corresponding stress calculation results from the mathematical model.
The general conclusions regarding the comparison of modeling results with experimental
data are positive and based on the following:

• The difference between the modeling results and the average experimental values is
small and less than expected (see the last column of Table 1);

• The deviations between the modeling results and the average experimental values are
significantly smaller than the range of observations;

• The modeling results replicate the overall trend of changes in the average experimental
values concerning the speed variant and ballast depth.
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3. Results

Analysis of the stress–strain state of railway tracks can be carried out using various
indicators. The change in ballast stiffness is more clearly reflected in the change of the
vertical elastic deformation of the track due to external loads. As the primary numerical
indicator, we will consider the total deformation module of the sub-rail base. This term
describes the cumulative work on the elastic deformation of the elements of the railway
track that provide deflection of the rail: fastenings, sleepers, ballast, and soil. Even a
local change in stiffness in the ballast layer affects the stiffness of the entire railway track
structure, causing a redistribution of stresses and deformations in the layers located both
deeper and higher. The total deformation module of the sub-rail base is the main and, in
most cases, the only sufficient characteristic of the railway track in mathematical models of
rolling stock, where the railway track is represented only by an elastic surface on which
movement takes place. This approach is also widely used in the quasi-static calculation of
railway tracks, which describes the rail as a beam lying on an equally elastic base [29,30].

The deformation modulus of the ballast usually ranges from 100 to 200 MPa [15,31],
although the specific value depends on various factors. For instance, the size of the
stones included in the ballast, their geometric parameters, the level of contamination, and
others can affect the deformation modulus. If the ballast is contaminated, the deformation
modulus can reduce to 80% of its original value. Furthermore, this value can be 60% in
cases of significant contamination.

For the base railway construction, calculations were based on UIC 60 rails, reinforced
concrete sleepers, a 60 cm thick ballast layer with a deformation modulus of 100 MPa, and
a subgrade filled with soil with a deformation modulus of 35 MPa. The wheel load on the
rail was assumed to be 125 kN [8,15]. Deterioration of the ballast condition was modeled
by reducing the deformation modulus by 20%.

For further research, multiple calculations were performed for different values of the
deformation modulus of the ballast layer and its partial changes at different locations. The
results depend on various factors, but certain qualitative regularities were preserved. The
main ones are presented below, which reveal the solution to the problem.
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Figure 6 displays the deformation gradient of the ballast layer, which illustrates how
its deformation changes with depth. The obtained numerical results correspond to the
expected values and are consistent with those presented in other studies, such as [32,33].
In this paper, they are obtained to compare the deformation characteristics of the ballast
under different conditions. Analyzing the deformation gradient of the ballast layer for
different scenarios provides information about the uniformity of deformation distribution
within the ballast layer and mechanical properties of the material, and identifies areas
where maximum deformations are possible. In both parts of Figure 6, the first scenario
shows the change in the deformation gradient for ballast with a deformation modulus of
100 MPa in a pristine state (with no changes in characteristics throughout its thickness).
Figure 6a includes information for scenarios that consider the penetration of pollutants at
depths of 20, 40, and 60 cm. The presence of pollutants was determined by reducing the
deformation modulus of the corresponding layer of the ballast by 20%. Figure 6b varies
the position of the polluted zone: 20 cm from the top, 20 cm from the bottom, and 40 cm
from the bottom. Typically, more intensive pollution is observed in the upper layers of the
ballast because they are subject to more intense wear and contamination due to contact
with sleepers, rails, wagons, and weather conditions such as rain and wind. Lower ballast
layers may remain cleaner since they are less affected by external factors. However, they
may be vulnerable to the penetration of sand and soil particles from lower layers of the
railway building.
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Figure 6. Deformation gradient of the ballast layer: (a) penetration of pollutants at different depths;
and (b) varying position of the contaminated zone. The depth values are determined from the bottom
surface of the sleeper; its height is ±0.0 cm.

As seen in Figure 6, the most significant impact is the reduction in stiffness in the
upper layer of the ballast down to a depth of 15–20 cm. Further ballast degradation has less
significant consequences on the parameter being considered. It is mainly due to significant
stresses in this area of the sub-slipper layer. The stresses quickly decay with depth (Figure 7),
reducing the effect of material behavior on the formation of overall deformation of the
system. Figure 7 illustrates the distribution of stresses beneath the sleeper in the transverse
cross-section of the railway track. The horizontal scale represents the coordinate along the
length of the sleeper, with the zero mark coinciding with the midpoint of the sleeper. The
vertical scale represents the depth beneath the sleeper, initially consisting of the ballast
layer and then transitioning to the subgrade soil. As in the previous figure, the zero mark
at depth coincides with the bottom of the sleeper. The stresses correspond to the baseline
modeling version, representing the moment during motion when the wheel position aligns
with the calculated cross-section.

According to the presented methodology, multiple calculations were performed for
various input data ratios. The results are summarized in Figure 8 and Table 2. Figure 8
illustrates the relationship between the total modulus of elasticity of the sub-sleeper layer
and the stiffness indices of the ballast layer and the subgrade. It allows for a reasoned
determination of the overall modulus of sub-rail base elasticity for different ballast and
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subgrade variations, as well as identifying potential influences on it. To assess the effects
of contaminants, the corresponding results are shown with dashed lines concerning the
clean ballast state. Several variants of ballast with a deformation modulus ranging from
100 to 200 MPa, both in clean and contaminated states, and several variants of soil with a
deformation modulus ranging from 20 to 50 MPa were considered. Using ballast with a
higher deformation modulus can ensure greater overall track stiffness.
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Table 2. Deformation modulus of the railway on the characteristics of the ballast and soil.

Initial Characteristics Simulation Results

Deformation Modulus of the Ballast Layer
[MPa] Deformation Modulus

of the Soil [MPa]
Deformation Modulus
of the “Ballast” Object

[MPa]

Deformation Modulus
of the “Sub-Rail”

Object [MPa]0–20 cm 20–40 cm 40–60 cm

100 20 100 26.0
100

35

100 41.2
80 100 87 38.7

80 100 80 37.1
80 80 37.1
60 60 31.9
90 90 39.2

120 120 44.4
150 150 48.5

120 150 118 44.1
200 200 53.7

160 200 161 49.6
80

25

80 31.4
100 100 34.4

80 100 105 31.1
150 150 39.8

120 150 148 36.6
200 200 43.4

160 200 195 40.6
80

50

80 43.4
100 100 48.9

80 100 81 43.4
120 120 53.3
150 150 59.1

120 150 117 52.9
200 200 66.5

160 200 159 60.6

It should be noted that the stiffness of ballast depends not only on the material’s
physical properties but also on the quality of its laying and compaction. Therefore, in
some cases, it can be used as an indicator of the quality of railway track maintenance. It is
demonstrated that, for weak soils, not only the absolute value of the deformation modulus
of the railway track is lost, but also the possibility of increasing it by improving the quality
of the ballast layer. For harder soils (with a deformation modulus of 35 MPa and more),
the overall modulus of deformation of the substructure at the level of 50 MPa (which is
considered sufficient for normal track operation in most cases) is achieved already with
the ballast with a deformation modulus of 100–140 MPa. In the case of weak soils (with
a deformation modulus of 20 MPa), such track stiffness remains unattainable. Taking
into account the presence of contaminated ballast leads to a decrease in the deformation
modulus of the sub-rail layer by 6–11%.

The numerical results for the most considered variants are presented in Table 2. In
addition to the total deformation module of the sub-rail base, data on the deformation
module of the ballast as a whole object of the railway track are included, which can be
applied to mathematical models where the sub-rail base is divided into sleepers, ballast,
and soil. These data result from deflection modeling that involves the entire railway track
structure, enabling the consideration of the overall stress redistribution.

4. Discussion

The authors showed the obtained results in Section 3. The authors investigated
the influence of ballast degradation and changes in its stiffness characteristics on the
deformation modulus of the ballast layer as a whole, as one of the objects of the railway
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track. For this purpose, a spatial model of dynamic deformations of the railway track based
on elasticity theory was used [26,27]. The basis of such a methodology, which involved
modeling the reaction of the railway track to external loads through the propagation of
elastic waves, made it possible to study the effect of local changes in ballast stiffness on
the stress–strain state of the railway track. Mathematical models of this type allow us, on
the one hand, to limit the amount of input data regarding the physical parameters of the
environment (geometric dimensions, deformation modulus, density, and Poisson’s ratio)
and, on the other hand, to take into account the volume of space involved in the formation
of elastic deformation at a given moment of interaction. Additionally, the selected approach
made it possible to avoid setting a clear boundary between contaminated and clean layers
of ballast, which corresponds to the nature of the process.

According to the results of multivariate calculations, the authors confirmed that even
a local change in the stiffness of the ballast layer leads to a redistribution of deformations
throughout the entire space of the railway track. The most significant impact on the
deformation parameters of the railway track is caused by contamination of the upper layer
of ballast with a thickness of up to 20 cm. Further spread of contaminants, or their entry
only into the lower ballast layers, leads to lesser consequences.

The application of railway tracks on soft soil can make it impossible to achieve the
required overall stiffness of the track, even with the use of high-quality ballast with a high
deformation modulus. On the other hand, when there are harder soils present, the required
stiffness of the sub-rail base can be achieved without using ballast with a high deformation
modulus. However, in this case, the construction becomes more sensitive to contamination
of the upper layer of ballast. Therefore, this zone will have the highest stress–strain ratio in
such cases and contribute the greatest to the overall deformation level.

5. Conclusions

The authors of this study have analyzed the influence of the ballast layer condition
on the vertical deformation modulus of the railway track. A spatial model of dynamic
deformations of the railway track based on the theory of elasticity and the propagation
of elastic waves was employed as the tool. The primary rationale for choosing such a
model was the natural approach, where the deformation process is described as a result
of the propagation of an elastic wave induced by an applied excitation. Additionally, this
provides the flexibility to consider in the calculations the deformation of, specifically, the
region of the system involved in the interaction process.

The authors obtained the results of calculations of the total deformation modulus of the
sub-rail base and the deformation modulus of the ballast layer depending on the stiffness
and condition of the ballast and soil (Figure 8 and Table 2). These results can be used to
set the characteristics of railway tracks in various interaction models between the tracks
and rolling stock. Even within the considered range of soil (with a deformation modulus
ranging from 25 to 50 MPa) and ballast layer (with a deformation modulus from 80 to
200 MPa), the overall modulus of elasticity of the railway track can vary from approximately
30 to 65 MPa. Other variations in railway track design and deviations from maintenance
standards can introduce additional changes. Incorporating the interaction between the
moving trains and the track model with justified values of vertical stiffness determines the
applicability of the results for railway track design and condition assessment.
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