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Abstract: Circular and spherical particle models are a class of discrete elements (DEM) that have been
increasingly applied to fracture studies of quasi-brittle materials, such as rock and concrete, due to
their proven ability to simulate fracture processes through random particle assemblies representing
quasi-brittle materials at the grain scale. More recently, DEM models have been applied to old stone
masonry fracture studies. In order to extend its applicability to structures of larger dimensions, an
enhanced hybrid particle model is proposed here that allows finite elements with a given surface
roughness, provided by the discretization of the element boundary with particles, to interact with the
particulate media in which they are embedded. The performance of the hybrid model is compared
with that of a traditional all-particle model under uniaxial testing. It is shown that similar results are
obtained, namely, in the elastic phase, figures of rupture and pre-peak and post-peak behavior, while
the hybrid model allows for a significant computational run time reduction of 20% to 25% in the
coarse particle assemblies. Finally, the proposed hybrid model is applied in the simulation of shear
tests of stone masonry walls and dry and mortared joints, providing reasonably good agreement with
both the experimental results and predictions. For the rubble masonry tests, the hybrid model allows
for a computation run time reduction of around 40% when compared with an all-particle model.

Keywords: stone masonry; discrete element; finite element; hybrid model; fracture

1. Introduction

In the past, stone masonry was a common structural material, and many buildings
with architectural and historical value are the objects of studies for their preservation. In
order to assess the present condition of these historical structures, a better understanding of
their complex structural behavior is required. For buildings in seismic areas, the response
to cyclic loads remains a critical issue. The identification of the main parameters that
influence the structural capacity will allow for the development of appropriate solutions
for conservation and possible reinforcement.

The safety assessment of old stone masonry walls has promoted the development
of numerical models capable of representing their complex structural behavior under
both axial and transverse loadings. Two fundamental numerical approaches towards
masonry analysis are possible: the micro-modelling of the individual components and the
macro-modelling as a homogeneous medium [1].

Discontinuum or micro-models, where the joints and the units are explicitly modelled,
have been developed using different numerical techniques: finite elements [2]; discrete
elements, [3,4]; limit analysis [5]; discontinuous deformation analysis [6]; finite/discrete
element for dry walls [7,8] and unreinforced masonry [9] or other rigid element models [10].
All these involve polygonal or polyhedral units.

Discrete element models with circular particles were used to simulate the granular fill
of masonry bridges [11,12] and old stone masonry [13]. Recently, multi-level finite element
modelling has also been applied to masonry, where the macro-model is constructed through
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the analysis at the micro-level of a representative volume element (RVE) and the adoption
of homogenization techniques [14].

In this work, a micro-modelling approach based on the discrete element method
is adopted to study old stone masonry, due to their proven ability to simulate fracture
processes through random particle assemblies representing quasi-brittle materials at the
grain scale [13,15–19]. A similar micro-model approach based on the finite element method
was proposed in [20]. In this approach, both the stone units and the mortar are modelled
through particles systems, the final structure formed by a system of particles, which have
different properties according to the material they represent and interact through the
contact interfaces [13]. Particle models based on DEM are known to be computationally
demanding due to the refined discretization that they require. In order to extend their
applicability to structures of larger dimensions or to adopt more refined particle models,
hybrid models have been proposed that couple a DEM particle discretization in the fracture
zone with finite elements (FEM) in the linear elastic region [15].

In this work, and in order to reduce the computational effort, a hybrid particle model
is proposed where the stone units that are expected to remain in the elastic range are
discretized by finite elements and only the particles at the stone boundary are kept, main-
taining the initial stone surface roughness. In this way, the contact interaction is made
independent of the finite element mesh, and only simplified particle/particle or parti-
cle/edge interactions are necessary. The proposed hybrid model has some similarities
with the pinball method [21], but in this work, the particle discretization is not associated
with the element but with its boundary, and instead of a hierarchical sub-division, one
adopts the refined particle discretization from the start of the simulation. By having the
capacity to further refine the boundary, one can have a better description of the stress distri-
bution along the finite element edges when compared to contact models which only allow
for point/edge interactions, keeping the simplicity of the latter for large displacements
when compared with the more sophisticated edge/edge type of contacts [3,4]. Several
three-dimensional (3D) particle models have been proposed [16–19], but it is important to
note that the 2D models are still competitive when applied to more complex geometries
because the equivalent 3D models would require an excessive number of particles. Even if
the fracture process is a 3D process, a 2D model remains an indispensable research tool,
giving information that can be used in further understanding the structural behavior, safety
assessment and the evaluation of reinforcement solutions. Further, the proposed model can
be easily implemented in 3D.

The hybrid particle model proposed herein enhances the available capabilities for
detailed analysis of traditional constructions of irregular or rubble masonry involving
rough dry or mortared joints. The core principles of the particle model are briefly presented,
followed by the description of the hybrid model in which the stone units have their interior
discretized with finite elements while their boundary is represented by particles. The
hybrid model is first applied in the analysis of uniaxial tensile and compression tests in
order to verify that it leads to the same results of an all-particle model, namely, in the
elastic phase, figures of rupture and pre-peak and post-peak behavior, while requiring less
computer time.

The capacity of the particle model to analyze stone masonry structures is assessed in
comparison with the experimental results of monotonic shear tests of dry masonry wall
under different vertical loads [22] which have been numerically studied using a finite
element model, with a good match of the monotonic behavior [23]. Finally, the capabilities
of the proposed hybrid model are compared with the all-particle model predictions for
rubble masonry analysis for uniaxial compression tests and for shear tests with an initial
pre-compression axial force. These rubble wall panels have been experimentally studied
for cyclic shear loading with an initial pre-compression load [22].
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2. Hybrid Particle Model
2.1. Fundamentals

In the DEM, the domain is replaced by an assembly of discrete entities that interact
with each other through contact points or contact interfaces. The ability to include finite
displacements and rotations, including complete detachment, and to recognize new contacts
as the calculation progresses are essential features. The forces acting on each entity are
related to the relative displacements of each entity with respect to its neighbors (contacts)
and to the entity deformation given its loads. At each step, given the applied forces,
Newton’s second law of motion is invoked to obtain the new nodal points/particle positions.
For a given nodal point/particle, the equations of motion, including local non-viscous
damping, may be expressed as:

Fi(t) + Fd
i (t) = m

..
xi (1)

M3(t) + Md
3 (t) = I

.
ω3 (2)

where Fi(t) and M3(t) are, respectively, the total applied force and moment at time t includ-
ing the exterior contact contribution, m and I are, respectively, the nodal point/particle
mass and moment of inertia,

..
xi is the nodal point/particle acceleration and

.
ω3 is the

nodal point/particle angular acceleration. The damping forces follow a local non-viscous
damping formulation and are given by [24]:

Fd
i (t) = −α|Fi(t)|sign(

.
xi) (3)

Md
3 (t) = −α|M3(t)|sign(ω3) (4)

where
.
xi is the nodal point/particle velocity,ω3 is the nodal point/particle angular velocity,

α is the local non-viscous damping and the function sign(x) is given by:

sign(x) =


+1 , x > 0
−1 , x < 0
0 , x = 0

(5)

The nodal point/particle forces applied at a given instant of time are defined by
three parts:

Fi(t) = Fe
i (t) + Fc

i (t) + F1
i (t) (6)

where Fe
i (t) are the external forces applied at the nodal point/particle, Fc

i (t) are the external
forces due to the contact interaction with neighboring entities which only occur at nodal
points located at the stone units’ outer boundaries and at rigid particles and F1

i (t) are the
internal forces due to the deformation of the associated triangular plane finite elements
adopted in the discretization of each stone. The external forces due to contact interaction,
Fc

i (t), are defined in the following section.
An explicit time marching calculation scheme based on the centered-difference algo-

rithm is adopted [15,25,26]. The proposed hybrid DEM/FEM model follows the principles
defined for a particle DEM based model [25,26]. The main difference is that the hybrid con-
tact interaction needs to be defined taking into account the inner FEM discretization, and the
motion of the triangular finite element nodes also needs to be considered. The hybrid parti-
cle model only requires simple circular particle/wall or circular particle/circular particle
interactions and adopts a simple contact interaction scheme based on spatial sorting [27].

2.2. Hybrid Contact Model

Like in the traditional point contact model [25,26], the contact unit normal, ni, is
defined given the particles’ center of gravity and the inter-particle distance, L (Figure 1):

ni =
xB

i − xA
i

L
(7)



Appl. Mech. 2022, 3 611

The contact point location, xi
C, is also defined in the same way as in the traditional

particle model [25,26]:

xi
C = xi

A +

(
RA − 1

2
Un
)

ni = xi
A +

RA − 1
2

R[A] + R[B] − L
Un

 (8)

where Un is the contact overlap. The contact velocity of a given local contact point, which
is the velocity of particle B relative to particle A, at the contact location is given by [25,26]:

.
xi

C =
( .

xi
C
)

B
−
( .

xi
C
)

A
(9)

Figure 1. Contact model associated geometry.

If the particle under analysis is a traditional rigid particle, the contact velocity at the
contact point is defined using the particle kinematics [25,26]:( .

xi
C
)

A
=
( .

xA
i + ei3k ω

A
3

(
xC

k − xA
k

))
(10)

where ei3k is the permutation tensor. If the particle is a boundary particle associated with
the edge of a given finite element, the contact velocity at the contact point is defined using
the associated finite element nodal points kinematics and associated nodal shape functions:( .

xi
C
)

A
= Ni.∆ijk

.
xi

i + Nj.∆ijk
.
xi

j + Nk.∆ijk
.
xi

k (11)

where Nm.∆mnl is the shape function value associated with nodal point “m” of the corre-
sponding triangular finite element, ∆mnl, at the contact point location, xi

C, and
.
xi

m is the
velocity of nodal point “m” of the corresponding triangular finite element (see Figure 2).

Figure 2. Contact model triangular shape functions at the contact point: (a) setting the associated
inner triangles given the contact location; (b) inner triangles adopted for shape function definition.
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The triangular shape function values are defined in the traditional way according to
the associated triangular areas (positive value clockwise; see Figure 2):

Ni.∆ijk = Area∆ jkC /Area∆ ijk
Nj.∆ijk = Area∆ kiC/Area∆ ijk
Nk.∆ijk = Area∆ ijC /Area∆ ijk

(12)

The finite element boundary particles motion is defined in a similar manner, but the
adopted shape functions are defined at the particle’s center of gravity instead of being
defined at the contact location.

The contact displacement normal increment, ∆xn, stored as a scalar, and the contact
displacement shear increment, ∆xi

s, stored as a vector, are given by:

∆xn =
( .

xi
C∆ t

)
ni (13)

∆xi
s =

( .
xi

C∆ t
)
− ∆xnni (14)

Given the normal and shear stiffnesses of the local contact point, the normal and shear
forces increments are obtained following an incremental linear law:

∆Fn
i = −kn ∆xn

i (15)

∆Fs
i = −ks ∆xs

i (16)

The resultant contact force at the local contact point is then given by:

Fc =
(

Fn.old + ∆Fn
i

)
ni +

(
Fs.old

i + ∆Fs
i

)
(17)

If the particle under analysis is a traditional rigid particle, the contact force is trans-
ferred to the particle’s center of gravity through equilibrium conditions [13,26]. If the
particle is a boundary particle associated with a finite element edge, the contact force is
then transferred to the nodal points of the associated finite element triangle given the nodal
shape functions. For the triangular plane finite element associated with particle A, the local
contact forces are distributed to each nodal point according to:

Fi = Fold
i − FCNi.∆ijk (18)

A similar procedure can be found if the particle B is part of a finite element boundary.

2.3. Numerical Stability

When only a steady state solution is sought, a mass scaling algorithm is adopted
in order to reduce the number of timesteps necessary to reach the desired solution. The
nodal point masses/rigid particles are scaled so that the adopted centered-difference
algorithm has a higher rate of convergence for a given loading step. The nodal point scaled
mass/particle mass used in the calculations is set assuming a unit time increment, ∆t = 1,
given the nodal point associated stiffness at a given time through:

mscaled = 0.25 Kt (19)

The latter equation is the result of the application of Gershgorin’s theorem [28], which
guarantees that the highest frequency of a structural system is less than or equal to the
ratio of the sum of the absolute values of a row of the stiffness matrix and the sum of the
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mass matrix row. An upper bound of the translation stiffness, Kt, associated with the finite
element boundary particles contact model must be found at a given timestep:

Kt =
N

∑
c=1

2 (kn + ks) Ni.∆ijk (20)

where
N
∑

c=1
indicates a summation along the “N” contacts associated with nodal point “i”,

kn and ks are the contact normal and shear stiffnesses, respectively, and Ni.∆ijk is the shape
function associated with nodal point “i” of the triangular plane finite element associated with
the inter-particle contact. For the rigid particles, a similar numerical scheme is adopted [13,26].

2.4. Contact Stiffness and Strength

In the following numerical simulations, the normal and shear contact stiffnesses are
given by the following expressions:

kn =
E′h
L

t ; ks =
E′′h

L
t (21)

where L is the inter-particle distance, t is the out-of-plane thickness of the particle assembly
and h is defined as the contact width, which is equal to the smallest diameter of the particles
involved. For plane stress:

E′ =
Ec

1− ν2
c

and E′ =
Ec

2(1 + νc)
(22)

where Ec and νc are the Young’s modulus and the Poisson’s ratio of the equivalent contin-
uum material.

The total contact resistance (Fn.max) and the maximum cohesive force (Cmax) are given
as a function of the maximum tensile stresses (σn.c) and the maximum cohesion stress (τc)
adopted at the contacts, and by the contact area, according to the following expressions:

Fn.max = σn.c h t
Cmax = τc h t

(23)

2.5. Contact Constitutive Model

Figure 3 shows the bilinear softening contact model adopted in the normal and shear
directions [13,26]. This contact model requires the definition of both the tensile fracture
energy, Gf.n, and the shear fracture energy, Gf.s As presented in Figure 3, from the moment
that the strength values (tensile and shear) are reached, the maximum tensile contact force
and/or maximum shear contact force are reduced based on the current contact damage
value, which varies between 0 (without damage) and 1 (in which the contact is considered
cracked, only working in compression under pure friction). If the cracking occurs due to
tensile/shear damage, the contact is considered to be a tensile crack, and if the cracking
occurs in compression/shear, then the contact is considered to be a shear crack.

2.6. Model Generation

After knowing the stone geometry and placement in the masonry wall (Figure 4a),
firstly, the space corresponding to the interior of each stone is discretized with inner particles
(Figure 4b). Following this, the space corresponding to the external domain of each stone,
which corresponds to the laying mortar, is also discretized with particles (Figure 4c). The
hybrid PM particle model that is proposed requires a fourth step, in which each stone is
discretized with finite elements and only the boundary stone particles are kept (Figure 4)
in order to maintain the initial boundary roughness characteristic of the initial all-particle
model (Figure 4).
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Figure 3. Bilinear softening contact model: (a) normal direction; (b) shear direction [13,26].

Figure 4. Discretization of a stone masonry wall adapted from [13]. (a) Rubblestone masonry wall;
(b) Stone discretization; (c) Mortar discretization; (d) Stone particle discretization replaced by inner
finite element mesh; only boundary particles are kept.

By keeping the stone boundary particles present in the all-particle DEM model, the
proposed hybrid model maintains, as closely as possible to a DEM all-particle model, the
contact interaction of the stone units with the outer particles representing the mortar. To
predict a similar response with the proposed hybrid model and the all-particle DEM model,
two important issues need to be addressed: (i) both models should have a similar stone
inner deformability, and (ii) in both models, the interaction of the stone boundary particles
with the neighboring particles representing the mortar should be kept as close as possible.

The stone subdomains are considered deformable, either through the inner contacts,
in an all-particle DEM model, or through an FE discretization, in the hybrid proposal. The
proposed hybrid model allows for runtime reduction because it requires, for deformability
purposes, a reduced number of finite elements when compared to the required number
of inner particles and inner inter-particle contacts adopted in the all-particle DEM model
(see Figure 4c,d).

The adopted particle size distribution for the mortar and stone units should be chosen
to be as close as possible to the real granular distribution of the material to be modelled.
Due to computational restrictions, larger grain dimensions may be adopted. Regardless
of the adopted grain size distributions for the mortar and stone units, in order to predict
similar results to an all-particle DEM model, it is mandatory to keep the particle interlock
that occurs between the particles representing the stone units and the particles representing
the mortar, as occurs in the proposed hybrid model.

2.7. Model Parameters and Calibration Procedure

The elastic response associated with the proposed particle model is related with the
elastic contact properties Ec and νc of the equivalent continuum material and with the
Young’s modulus and the Poisson’s coefficient of the triangular finite elements adopted in
the inner discretization of each stone. The macroscopic strength response of the particle
model requires the definition of five strength parameters associated with the contacts.
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One of the main disadvantages of particle models is that it is not possible to devise
analytical expressions for the elastic and strength contact properties. For this reason, it is
necessary to calibrate them based on experimental results. In general, uniaxial compression,
uniaxial tensile, splitting or bending tests are adopted. Figure 5 shows the final crack pat-
terns for a given mortar under different elementary tests. In order to have a more thorough
calibration, one should know not only the peak values but also the full stress/deformation
curve and the full details of the loading equipment.

Figure 5. Final crack patterns: (a) Tensile test 0.04 m × 0.04 m × 0.04 m; (b) Compression test
0.04 m × 0.04 m × 0.04 m); (c) Bending test 0.14 m × 0.04 m × 0.04 m.

In masonry micro-modelling based on the finite element method, complex cohesive
contact models have been devised including cyclic behavior [29]. Nevertheless, it is complex
to reproduce all the phenomena with a macroscopic constitutive law. As mentioned
in [23], the cyclic model proposed in [29] requires a significant number of parameters
and experiences severe convergence difficulties upon a large number of cycles or large
displacements. With a particle model approach, where the physical particle interactions
and the material randomness associated with the grain structure are taken directly into
account, the failure phenomena are an emergent property, and the development of cracks
and rupture surfaces appears naturally as part of the simulation process given its discrete
nature. From our point of view, this advantage compensates the need for calibration under
simple tests.

3. Case Studies
3.1. Uniaxial Compression and Tensile Tests—Comparison of Hybrid and All-Particle Models

In order to validate the hybrid model and to assess its performance, a comparison is
made between the proposed hybrid model, the hybrid model as proposed in [15] and an
all-particle assembly representing a heterogeneous particle assembly resembling concrete
material under uniaxial tensile and compression test conditions. The uniaxial tensile tests
were performed in 100 by 50 mm assemblies, and the uniaxial compression tests were
performed in 100 by 100 mm assemblies (Figure 6).

In each uniaxial test, three different particle models were tested: (i) an all-particle
model with the aggregates being discretized with particles (DEM); (ii) a hybrid particle
model as proposed in this work that keeps the aggregate boundary particles (H-FEM-DEM-
A); and iii) a hybrid particle model as proposed in [15], where the interaction is between
the outer edges representing the aggregates and the rigid particles representing the mortar
(H-FEM-DEM-B). In the adopted numerical models, the loading plates are not allowed to
rotate and do not impose any shear restraint on the particle assembly.

Table 1 presents the adopted contact properties that need to be specified in the particle
models. Different contact properties are adopted for the inter-particle contacts between the
aggregate particles (AA), the aggregate and the mortar particles (AM) and between mortar
particles (MM). For the plane stress triangular elements adopted in the hybrid models, a
Young’s modulus of 25.5 GPa and a Poisson coefficient of 0.20 were considered.
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Figure 6. Particle models adopted for uniaxial testing: (a) Tensile test (DEM); (b) Tensile test (H-FEM-
DEM-A); (c) Tensile test (H-FEM-DEM-B) [15]; (d) Compression test (DEM); (e) Compression test
(H-FEM-DEM-A) and (f) Compression test (H-FEM-DEM-B) [15].

Table 1. Contact elastic and strength properties for uniaxial compression and tensile tests.

Type of Contact Ec (GPa) νc σn.c (MPa) τc (MPa) µc Gf.n (N/m) Gf.s (N/m)

Aggregate/Aggregate (AA) 70.0 0.40 - - - - -

Aggregate/Mortar (AM) 15.0 0.40 6.5 19.5 0.2 10 900

Mortar/Mortar (MM) 15.0 0.40 6.5 19.5 0.2 10 900

Figure 7 presents the stress-deformation curves and the crack evolution obtained with
three particle models under uniaxial tensile and uniaxial compression. It is shown that
the hybrid model that is proposed (H-FEM-DEM-A) has a stress/deformation and crack
evolution very similar to the diagrams predicted with an all-particle assembly (DEM),
contrary to the diagrams predicted with the hybrid model proposed in [15], which does
not keep the boundary roughness, i.e., the peak values are significantly lower and the crack
evolution is also different. The predicted results with the proposed hybrid model clearly
show the importance of keeping the boundary particles in order to have particle/particle
interactions similar to those that occur in an all-particle model. Another important aspect
is that the inner aggregate FE discretization has to predict a deformability similar to that
predicted with an inner particle discretization. The excellent agreement between the
proposed hybrid model and the all-particle model clearly indicates that the aggregates
have similar deformability.
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Figure 7. Stress/Deformation diagram and crack evolution for uniaxial tests: (a) tensile test;
(b) compression test.

The final crack patterns obtained in uniaxial tensile and uniaxial compression are
presented in Figure 8. In all the particle models, a crack perpendicular to the load direction
that traverses the load direction is predicted in the tensile tests, and in the compression
tests, the final crack patterns that are obtained are also expected when there is no friction at
the loading boundaries. The presented results clearly show that it is only possible to obtain
crack patterns similar to an all-particle DEM model with a hybrid model that keeps the
boundary particles.

Figure 8. Final crack pattern for uniaxial testing: (a) Tensile test (DEM); (b) Tensile test (H-FEM-
DEM-A); (c) Tensile test (H-FEM-DEM-B) [15]; (d) Compression test (DEM); (e) Compression test
(H-FEM-DEM-A) and (f) Compression test (H-FEM-DEM-B) [15].

In order to assess the effect of the particle resolution in the performance of the pro-
posed hybrid model, particle assemblies with half of the previous radius distribution
were adopted in the inner discretization of the aggregates and in the mortar discretization
(circular particles with radiuses ranging from 0.3 mm to 0.4 mm). Figure 9 presents the
stress-deformation curves and the crack evolution obtained with the three particle models
under uniaxial tensile and uniaxial compression. The final crack patterns obtained under
uniaxial tensile and uniaxial compression are presented in Figure 10. As in in the coarser
particle assemblies, it is shown that the hybrid model that is proposed (H-FEM-DEM-A)
has a stress/deformation, a crack evolution and a final crack pattern very similar to those
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predicted with an all-particle assembly (DEM), contrary to the values predicted with the
hybrid model proposed in [15]. Independently of the degree of particle refinement adopted
in the particle assemblies discretization, there is always a grain interlock on the all-particle
DEM model that only the hybrid proposed model is able to capture by keeping the outer
boundaries’ particles.

Figure 9. Stress/Deformation diagram and crack evolution for uniaxial tests—refined particle
assembly: (a) tensile test; (b) compression test.

Figure 10. Final crack pattern for uniaxial testing– refined particle assembly: (a) Tensile test (DEM);
(b) Tensile test (H-FEM-DEM-A); (c) Tensile test (H-FEM-DEM-B) [15]; (d) Compression test (DEM);
(e) Compression test (H-FEM-DEM-A) and (f) Compression test (H-FEM-DEM-B) [15].

Table 2 presents the computational execution times for the all-particle DEM model
and for the proposed hybrid model (coarse and refined particle assembly). As shown, for
the uniaxial tests presented here, the proposed hybrid model, when compared with an
all-particle model, allows for a significant computational run time reduction of 20% to 25%
for the coarse particle assembly and of 34% to 39% for the refined particle assembly, but
it still predicts similar macroscopic behavior. The increase in the computational run time
reduction obtained in the refined particle assembly is due to the fact that a higher number
of inner particles and inner contacts are replaced by the same FEM aggregate discretization.
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Table 2. Execution times (hours) for uniaxial compression and tensile tests.

Type of Test DEM H-FEM-DEM-A % Reduction

Uniaxial tensile (coarse) 0.40 0.32 18%

Uniaxial compression (coarse) 1.66 1.24 25%

Uniaxial tensile (refined) 2.63 0.32 34%

Uniaxial compression (refined) 11.60 7.05 39%

3.2. Modelling of Experimental Shear Tests of Masonry Walls

The capacity of the hybrid particle model is assessed in shear tests of wall panels with
vertical loading, performed by Vasconcelos [22]. The wall geometry and typology follow
that adopted in the experimental tests, where static cyclic tests with a given pre-compression
were executed in both regular dry joint walls and rubble mortared walls.

3.2.1. Dry Masonry Walls

The proposed hybrid particle model is adopted in the analysis of dry joint walls
in order to further assess its performance and to further validate the proposed hybrid
algorithm. The stone units of the dry joint wall were discretized with a finite element
mesh, as shown in Figure 11. The inset in the figure shows the particle discretization at
the boundary of each stone. In order to model a smooth contact interaction, the interior
boundary particles interact with the edge of the neighboring finite elements, following the
algorithm presented in [15], in which rigid particles are allowed to interact with the finite
element edges through normal and shear springs (H-FEM-DEM-wall). A hybrid particle
model with a given surface roughness, particle-particle interaction (H-FEM-DEM-ball),
was also adopted.

Figure 11. Hybrid discretization for the dry wall test.

The elasticity of the stone units is represented by finite elements with a Young’s modu-
lus of 20.2 GPa and a Poisson’s ratio of 0.20, which are the macroscopic values that were
experimentally obtained by Vasconcelos [22]. In the numerical tests, the supports were
modelled using rectangular polygonal rigid elements which are connected to the neigh-
boring particles. The lower plate is fixed, whereas the upper plate has a constant vertical
force corresponding to the pre-compression level and a prescribed horizontal displacement.
The upper plate does not have its rotation restrained following the experimental test setup.
In [23], a finite element model was developed, which is shown to predict well the in-plane
shear wall behavior for different pre-compression values.

The stone wall could have been assessed with a rigid or flexible polygonal based DEM
model [3,4] or finite/discrete element model [7,8], but with this example, it is shown that
the proposed hybrid model is able to predict reasonable results under large displacements.
Compared to a flexible DEM model, the proposed model has the advantage of making the
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contact discretization independent from the adopted finite element mesh discretization
used for deformation purposes. In addition, the contact area between two deformable
blocks is not required to be updated at each cycle, as the contact area is always given by the
particle diameter that interacts with the neighboring wall or particle.

The hybrid particle model also works well for non-convex particles, because it only
requires simple particle/wall or particle/particle interactions. When compared to a flexible
polygonal DEM model, the proposed model is computationally more intensive, as it
requires more particles in the boundary discretization in order to approximate the contact
areas well.

A pure friction model was adopted for the particle/wall and particle/particle contacts.
The contact stiffnesses related to the vertical pre-compression loads is presented in Table 3.
The adopted friction angle is the value obtained experimentally for the granite stones [22].
Figure 12 shows the force displacement diagrams obtained for the monotonic shear tests
for the several pre-compression levels and for the two adopted particle models. It can be
seen that the H-FEM-DEM-wall model, which mimics a smooth joint, is in good agreement
with the experimental values, as there is first an elastic response followed by a clear yield
plateau. It is important to note that, in the experiment, the non-linear behavior of the
stone units was not noticed [22], which indicates that the elastic model adopted for the
stone units gives a good approximation. The higher initial stiffness that is obtained with
the H-FEM-DEM-ball model, which includes the surface roughness, is mainly due to the
aggregate interlock that occurs at the neighboring particle/particle contacts (see Figure 11).

Table 3. Contact elastic and strength properties for dry shear wall.

Vertical Load (kN) kn (GPa/m) ks (GPa/m) σn.c (MPa) τc (MPa) µc Gf.n (N/m) Gf.s (N/m)

100 7.0 2.80 0.0 - 0.6 0.0 0.0

250 12.0 4.80 0.0 0.0 0.6 0.0 0.0

Figure 12. Horizontal force displacement relationship for dry wall monotonic shear tests; comparison
with the experimental results adapted from [20]: (a) 100 kN pre-compression vertical load; (b) 250 kN
pre-compression vertical load.

Figure 13 shows the final stone wall displacement configurations for the smooth
contact joint and for the rough joint at the horizontal displacement of 40 mm for both
vertical pre-compression values. The predicted displacement field closely follows the
experimental configurations [22].
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Figure 13. Final stone wall displacement configuration for a horizontal displacement of 40 mm:
(a) 100 kN pre-compression vertical load—H-FEM-DEM-wall; (b) 250 kN pre-compression vertical
load—H-FEM-DEM-wall; (c) 100 kN pre-compression vertical load—H-FEM-DEM-ball; (d) 250 kN
pre-compression vertical load—H-FEM-DEM-ball.

As shown in Figure 13, the particle model with a given boundary roughness predicts
a similar final configuration, but the higher interlock leads to smaller displacements. For
both vertical pre-compression loads and for both particle models, the flexure cracks initially
appear, and at a later stage, a diagonal stepped crack is formed along the bed and head
joints, and the final failure mechanism is of a rocking type where the upper part of the wall
tends to rotate around the lower corner (see Figure 13). As shown in Figure 13, the dominant
shear crack that is formed is more localized for a higher vertical pre-compression value
(250 kN), particularly noticeable in the smooth joint model (Figure 13b). The presented
results clearly show that the proposed hybrid particle model is able to handle large contact
displacement interactions.

3.2.2. Rubble Masonry Walls

The proposed hybrid DEM/FEM model is further validated using uniaxial compression
tests and shear tests with an initial pre-compression axial force of wall panels tested in [22].
Figure 14 shows the adopted wall geometry, the all-particle DEM numerical model (DEM)
and the hybrid DEM/FEM proposed numerical model (H-FEM-DEM-A). The numerical
models are based on the digital images of irregular mortared walls presented in [22].

Figure 14. Numerical model of the rubble masonry walls tested in [22]: (a) all-particle model (DEM);
(b) proposed hybrid model (H-FEM-DEM-A).
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The particle generation procedure follows the principles discussed in Section 2.6.
The rubble wall geometry has 80 stone units. In the all-particle DEM model, a total of
21,665 particles representing the stone units and a total of 11,394 particles representing
the mortar are adopted. A total of 54,245 stone-stone contacts, 8784 contacts of the type
stone-mortar and 26,828 contacts of the type mortar-mortar are presented in the particle
model. The contacts are established adopting a particle distance threshold value of 0.25.
In the proposed hybrid DEM/FEM model, only 4610 particles at the stone boundaries are
kept, and the FEM discretization adopted inside the stones has 1624 nodal points and 1958
triangular plane stress triangles.

As previously mentioned, to apply the particle model, it is necessary to calibrate the
micro-properties of the stone units and mortar. With this purpose, uniaxial tensile and com-
pression tests were carried out in quadrilateral specimens of 200 mm × 200 mm × 200 mm
(see [13]). For the mortar representation and for the stone units, a uniform particle distri-
bution of circular particles with radiuses ranging from 2.5 mm to 4.5 mm was adopted.
The calibrated contact proprieties are presented in Table 4. The elasticity of the stone units
is represented by finite elements with a Young’s modulus of 20.2 GPa and a Poisson’s
ratio of 0.20, which are the macroscopic values that were experimentally obtained by
Vasconcelos [22]. For the stone units, an elastic behavior was adopted.

Table 4. Contact elastic and strength properties for the rubble masonry walls.

Type of Contact Ec (GPa) νc σn.c (MPa) τc (MPa) µc Gf.n (N/m) Gf.s (N/m)

Stone/Stone (SS) 16.0 0.16 - - - - -

Stone/Mortar (SM) 6.0 0.18 1.5 1.5 0.5 0.5 0.5

Mortar/Mortar (MM) 1.6 0.20 1.5 1.5 0.5 0.5 0.5

The uniaxial compression tests are performed adopting displacement control for the
upper plate represented by a polygonal type element which interacts with the particle
assembly through contact interaction in a manner similar to the contact formulation de-
scribed in Section 2. Only normal interaction is allowed to occur between the plates and
the particle assembly (low friction). The upper and lower plates are not allowed to rotate.

Figure 15 shows the final crack patterns associated with the rubble wall arrangement
for the all-particle model (DEM), for the proposed hybrid DEM/FEM particle model (H-
FEM-DEM-A) and for the hybrid particle model as proposed in [15], where the interaction
is between the outer edges representing the stones and the rigid particles representing the
mortar (H-FEM-DEM-B). With the all-particle model, the expected crack pattern for a low
plate friction example is obtained and the failure pattern is closer to the expected vertical
cracking, but the presence of the stone units makes the crack pattern more tortuous. As
shown, the proposed hybrid model is able to predict a very similar crack pattern, contrary
to the smooth contact model [15].

Figure 16 shows the force/displacement diagrams and the crack evolution obtained
with the adopted particle models. As shown, the proposed hybrid model (H-FEM-DEM-A)
has a force/deformation and crack evolution very similar to the diagrams predicted with
all-particle assembly (DEM). The similarity between both models is not as strong as that
predicted in Section 3.1 for the small sample size, but the hybrid model still gives a very
reasonable approximation when compared with the diagrams predicted with the hybrid
model proposed in [15] (H-FEM-DEM-B), namely, the peak values are significantly lower
and the crack evolution is also different. The slight difference between the all-particle
model and the proposed hybrid model is most likely due to the fact that some of the stones
are very elongated and probably would require a higher particle discretization in order to
have a similar deformability to that obtained with the adopted FE discretization mesh.
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Figure 15. Final crack patterns for uniaxial compression testing in rubble wall: (a) DEM; (b) H-FEM-
DEM-A; (c) H-FEM-DEM-B [15].

Figure 16. Uniaxial compression tests in Rubble wall: force displacement diagrams.

The performance of the all-particle DEM numerical model (DEM) and the hybrid
DEM/FEM proposed numerical model (H-FEM-DEM-A) was also compared adopting
shear tests with initial pre-compression. A high friction plate (normal and shear contact
force transmission) is adopted in both the upper and the lower plates. An initial pre-
compression load is adopted (250 kN and 750 kN), followed by a lateral displacement of
the upper plate [13]. The rotation motion is only restrained at the lower plate. The particle
model H-FEM-DEM-B was not adopted in the shear tests analysis because its behavior
under uniaxial testing is significantly different from the all-particle DEM model.

Figure 17 shows the final failure patterns obtained. For the lowest pre-compression
force, the failure pattern is mostly associated with bending mechanics, and for the highest
pre-compression value, the failure is also due to diagonal shear cracking. As shown, the
proposed hybrid model is able to predict crack patterns very similar to those obtained with
an all-particle model.

Figure 18 shows the horizontal force/horizontal displacement diagrams and the total
crack evolution for both pre-compression values. It can be seen that, as expected, a higher
initial pre-compression value leads to a higher peak shear load on both particle models.
As shown in Figure 18, the proposed hybrid model (H-FEM-DEM-A) has a horizontal
force/horizontal displacement and contact crack evolution very similar to those predicted
with all-particle assembly (DEM) for both adopted pre-compression values.

Table 5 presents the computational execution times for the all-particle DEM model and
for the proposed hybrid model for the several numerical tests carried out with the rubble
masonry model. As shown, for the rubble wall tests presented here, the proposed hybrid
model allows for a significant computational run time reduction of around 40% when com-
pared with an all-particle model but, as shown, still predicts similar macroscopic behavior.
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Figure 17. Final displacement field for shear test in rubble wall with initial precompression (magnified
5 times): (a) DEM-250 kN; (b) H-FEM-DEM-A-250 kN; (c) DEM-750 kN; (d) H-FEM-DEM-A-750 kN.

Figure 18. Shear test in rubble with initial precompression-force displacement diagrams. (a) 250 kN;
(b) 750 kN.

Table 5. Execution times (hours) for the rubble masonry wall tests.

Type of Text DEM H-FEM-DEM-A % Reduction

Uniaxial compression test 19.73 11.45 42%

Shear test (250 kN) 21.17 11.76 44%

Shear test (750 kN) 28.90 16.43 43%

4. Discussion and Conclusions

Particle models, by taking directly into account the physical particle interactions and
the material randomness associated with the grain structure, are able to predict complex
macroscopic failure phenomena, and the development of cracks and rupture surfaces ap-
pears naturally as part of the simulation process given its discrete nature. These advantages
clearly compensate for the fact that these types of models require a previous parameter cali-
bration procedure using fundamental tests. The particle model can be interpreted as being
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a synthetic material that mimics the real material, which is calibrated using fundamental
testing and then adopted in larger models [26].

For the above-mentioned reasons, particle models show great potential to handle
particular masonry problems, namely, the study of traditional masonry structures with
irregular stones, 3-leaf walls or rubble masonry. The computational resources available
today allow for the detailed representation of materials by means of discrete element particle
models, which have become a powerful tool to investigate the fundamental behavior of
materials and structures.

Nevertheless, it is important to reduce the computational effort associated with particle
models, and for this reason, a hybrid DEM/FEM particle model is proposed here, where
the stone units that are expected to remain in the elastic range are discretized by finite
elements. With the proposed model, only the particles at the stone boundary are kept,
maintaining the initial stone surface roughness. This enhancement, as shown, allows
for more refined discretization to be adopted in particle models, with a granulometry
closer to the mortar/stone element, or for the possibility of applying particle models to
larger structures.

The results that are presented, namely, the uniaxial tests in small samples and the
uniaxial tests and shear tests in rubble masonry, clearly show the relevance of the proposed
enhancements. The results presented show the relevance of keeping the outer particle
boundaries adopted in the stone’s discretization in order to maintain the particle interac-
tions that are present in an all-particle model. It is shown that it is only possible to predict a
response similar to that predicted with an all-particle model by using the proposed hybrid
FEM/DEM model, namely, the final crack patterns, crack evolution and overall response.
It is also shown that, for the rubble masonry examples, the hybrid FEM/DEM allows for a
significant computational run time reduction of around 40% and of around 20% to 25% for
the small uniaxial tests that are presented.

The hybrid DEM/FEM particle model is also adopted in shear tests of dry masonry
walls under different pre-compressions values. This type of walls can be modelled with a
smooth contact joint either with polygonal DEM models [3,4] or with FEM models [23,29],
which are computationally less demanding. Nevertheless, the presented numerical studies
clearly show that the proposed model is able to handle large displacements, which is
an important feature when adopting a micro-modelling approach. Additionally, there
is the potential to adopt the developed particle model in the assessment of the stone
surface roughness in the overall wall response. As mentioned, the boundary surface can
be chosen independently from the FE discretization mesh, and the interactions are simple
particle/particle and particle/wall, which allows for the proposed model to be applied in
non-convex stones.

At present, the proposed particle model requires elastic behavior in the stones, which,
for rubble-stone masonry walls built with hydrated air lime mortar [30], may be sufficient.
However, for stronger mortars, it may be relevant to include the nonlinear behavior in some
of the stones. Developments are being undertaken to allow for a switch from the hybrid FE
model to the full DE on a given stone if a given limit stress state is reached. The presented
results clearly show that keeping the outer boundary particles is one of the key ingredients
in order to have a smooth transition between models. With the proposed hybrid model, it
is also possible to represent some stones where nonlinearity is expected with an all-particle
DEM model.
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