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Abstract: The problems of crack formation in orthotropic materials under 2i order polynomial
function heat flow and 2; order polynomial function mechanical loading are considered. An extended
local insulation crack model is proposed, and fracture analysis is carried out for the above problems.
Utilizing Fourier transform technique (FTT) and principle of superposition, the jumps of temperature,
elastic displacements on the crack, and so on are obtained. The advantage of this analysis is that
the explicit closed form solutions of main parameters in classical fracture mechanics, i.e., the stress
intensity factor, the energy release rate, and the energy density have been presented. A simple
example is used to demonstrate the method proposed in this paper. The analysis results show that
the non-dimensional thermal conductivity and the combined ratio of the heat flux per thickness
perpendicular to the crack surface to the mechanical load have a great influence on the calculation
of fracture parameters. Only when they meet certain conditions can the correct fracture parameter
calculation results be obtained.

Keywords: extended partially insulated crack; FTT; fracture parameters; closed form solutions

1. Introduction

With the thermal-stress effects in consideration, fracture behavior of engineering
structures resulting from applied thermal loading has been induced [1,2]. So, it is of much
importance to conduct research on thermo-elastic field of various cracks embedded in
a solid in genuine engineering situations [3-5]. A range of papers published have been
investigating the fracture behaviors of an orthotropic solid with a variety of cracks under
thermal loading [6—14]. Tsai considered the stress intensity factors for a cracked orthotropic
material under uniform heat flow [10]. Chen addressed thermo-elasticity problem of two
collinear cracks embedded in an orthotropic solid [11]. Wilson and Yu gave the way to the
J-integral approach to compute the thermal stress intensity factor for cracked problems [12].
Prasad et al. calculated the stress intensity factors of a crack in isotropic plate subjected to
the transient thermoelastic loading with application of two-dimensional dual boundary
element method [13]. Chang et al. gave the closed-form solution of a penny-shaped crack
embedded in an infinite linear transversely isotropic triple medium under uniform anti-
symmetric heat flux [14]. Hu and Chen obtained the temperature field and thermal stress
of a partially insulated cracked material in a half-plane subjected to temperature impact
by using heat conduction theory [15,16]. Brock investigated the problem of a crack which
was embedded in a thermo-elastic solid under plane temperature-step waves [17]. Wu
et al. used Fourier transform technique (FTT) to address the thermo-elastic field of two
collinear cracks under anti-symmetrical linear thermal flux [18]. Afterwards, Wu et al.
obtained the explicit solution of a crack under combined quadratic thermo-mechanical
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loads by making use of FTT and principle of superposition [19]. Rekik considered the
response of an elastic material under thermal loading that had an effect on mixed-mode
crack which is axisymmetric and partially insulated [20]. The method of combining
differential quadrature method (DQM) and dual-phase-lag (DPL) theory to solve the
thermoelastic or viscoelastic fracture analysis of orthotropic materials can be found in
References [21,22]. The applications of fracture analysis under thermal field in other fields,
such as functionally graded material (FGM) coating and Mageto- Electroelastic solid, are
presented in References [23-27].
In the above-mentioned works, the following partially insulated crack model is fre-
quently used:
Qc = —hAT (1a)

where Q. denotes the heat flux per thickness to the crack surface, /i, stands for the thermal
conductivity on the crack region, and AT is the temperature difference on the crack, respec-
tively. The values of h. — 0 and h. — co represent completely thermally insulated and
permeable cases on the crack surface, respectively. Furthermore, based on the mathematical
intuition, an extended partially insulated crack model in Equation (1a) can be proposed
as [28]

Qe = —heAT 4 €Qy, (1b)

where Qo denotes initial heat flux, and the coefficient £ can be an arbitrary constant.
Obviously, when € = 0, the crack model presented in Equation (1b) reduces to that with the
crack-face boundary thermal condition of (1a).

Moreover, there follow two reasons of introducing the constant eQ in Equation (1b).
Firstly, the thermal conductivity through the crack region k. is invariably regarded as a
constant. Nevertheless, thermal loading has an effect on /. in practical engineering. In
other words, the value of /. cannot be used to precisely investigate crack filled with a
certain thermal resistance through the crack region. So, the constant Q) is regarded as
an adjustment factor to be consistent with the complicated and genuine situation, and to
model on the non-optimal cases of complicated crack surface. The coefficient € can turn
positive or negative relying on temperature field.

An extended partially insulated crack model is proposed to consider the problem of a
single crack in an orthotropic solid subjected to combined 2i order polynomial function
thermal flux and 2j order polynomial function mechanical loading. With application of FTT,
the thermo-elastic partial differential equations (PDE) are transformed to singular integral
equations, on which the thermo-elastic fields with principle of superposition are based.
The obtained results reveal that dimensionless thermal conductivity and the coefficient
have influences on the heat flux per thickness normal to the crack surface and fracture
parameters for cracked solid subjected to combined constant thermo-mechanical loading.

2. Problem Statement

A single crack embedded in an orthotropic solid is shown in Figure 1. And 2i order
polynomial function thermal flux and 2j order polynomial function mechanical loading are
considered.
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Figure 1. A single crack which is embedded in an orthotropic solid subjected to combined 2i order
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polynomial function thermal flux and 2j order polynomial function mechanical loading.

The constitute equations are given based on the state of plane stress:

Jou dv
x = Oy +612@—ﬁ19, ()
ou dv
Ty = a3+ 622@ — Bab, 3)
ou  ov
— 4
Oy = C66[ay+ax] )
where . £
xx vy
= —-—, Cpp = —>>——, 5
L - Uy Uyx 21— Uy Vyx ©)
1o = Exxvyx _ Eyyvxy ©)
1—oxyvye 1= 00y’
{ﬁl}_{cll C12:|{0‘xx:| @
B2 c12 €22 ayy |’

where 0y, and oy, represent the components of stress, Eyy and E,;, denote the Young's
moduli, 6 is the temperature, vy, and v,y indicate the Poisson’s ratios, u and v represent
the components of elastic displacement, ¢ = Gy, represent the shear modulus, and ay
and «y, are the coefficients of linear expansion. Utilizing the following equations:

aO’xx ao-xy - ao'xy ao'yy -
ax oy =05 T oy =0 ®
one obtains
o%u o%u 9% 0T
011$+C668T/2+(C12+C66)W =Py 9
9%v %o 9%u oT
Co632 T C22W + (c12 + C66) 5= 3xay = Ba— 3y (10)

Based on the Fourier heat conduction, it can be obtained as follows:

oT oT

Qx = _/\xar Qy = - y@ (11)
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where Qy, Q, denote the components of the heat flux, and Ay and A, denote the coefficient
of heat conduction. Furthermore, in accordance with equilibrium equation, one leads to

an+a&

dx ay =0 (12)

and assuming thermal equilibrium equation, one obtains

aZT 92T
2
A ax2 ay =0 (13)
where
A= )Ty (14)

In this paper, we take advantage of the crack-face boundary conditions as follows:

2i

Q) (x,0) ~ Q}/(x,0) = —(Qui - QCJZZ’;H —a<x<a (152)

n
ol _ 92j i
T, (x,0) = 0’ (x 0) = ]Z(:) X 4 <x<a (15b)
The superscripts I and II represent the physical quantities of y > 0O and y < 0
region, respectively. Q; and 0,; denote the prescribed constants. With the symmetry of the
thermomechanical loadings in account, we simply consider half of the thermo-elastic field
n . .
(i.e., x > 0and —co < y < +00) under the thermomechanical loadings — Y Qq;x% /2a%*+1
i=0

n . .
and ), Uzszf /a%. The following boundary conditions of the crack-surface are depicted as

j=0
gy (x,0) = 03y(x,0) =0 0<x<a (16)
n . .
QH(x 0) — Q;(X,O) =—(Qoi— Qu)Y_x*/2a*" 0<x<a (17a)
i=0
oy (x,0) = 0y, (x,0) = Zazszf 0<x<a (17b)
j=0

From Equations (17a) to (17b), the thermal flux and the mechanical loading consist
of several parts. Firstly, the solutions under the thermal flux —Qg;x? /24%*! and mechan-
ical loading 0»;x% /a% will be given. Secondly, utilizing principle of superposition, such
expressions as temperature change, elastic displacement on the crack and stresses under
thermal flux — Z Qoix% /2a%*1, and mechanical loading Z 02 ix%/ /a%, will be obtained.

i=0 j=0
The thermo-elastic boundary conditions across the crack-surface subjected to the thermal
flux —Qgix? /24%*1 and mechanical loading 0/ a2l are as follows.

gy (x,0) = 03 (x,0) =0 0<x<a (18)
i 1 (Qoi — Qei)x* 92j o
Qy(x,0) —Q, (x,0) = By T 0y (x,0) = 0' y(x,0) = P O<x<a (19

where
Qci = —he(T'(x,0) — T (x,0)) + £Qjo (20)
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Moreover, such factors as stresses, elastic displacements, and temperature and heat
flux across the crack-free region of the horizontal x-axis comply with the following condi-
tions.

Ufy(x, 0) = afyl(x,o), Uyly(x, 0) = O'ylé(x, 0) x>a orx< —a (21)
ul (x,0) = —u'l(x,0), ol(x,0) = —o!!(x,0) x>a0rx < —a (22)
Tl(x,O) = TH(x, 0), Q;(x,O) = Q;I(x,O) x>ao0rx < —a (23)

3. Solution Procedure
3.1. Temperature Field

The temperature field can be solved out first now that Equation (13) is irrelevant to
the elastic strain. With application of FTT, one can depict the solution of Equation (13) as
follows:

—+o0
TV y) = [ g5 (@)e M cos(Ex)dg @)
¢+ (&) are unknown and will be solved. 6+ = 1and 6~ = —1 denotey > Oand y < 0,
respectively. From (11), one gets
V() = Ay [ eg®(@)e W sin(x)dg 25)
QM (x,y) = My [ T ategt (@)e M cos(ex)dg 26)
0
Applying the second relation in Equation (23), one gets
g8 =-g (@) (27)
Utilizing the first relation in Equations (23) and (19), one attains
+0c0
/0 g7 (&) cos(éx)dE =0 x >a (28)
oo (Qei — Qui)*
+ _ ci i
/0 8 () cos(e)d = — SRt = 0 <x <a (29)

For the solvation of Equations (28) and (29), the auxiliary function 7,;(x) is defined as

() = [T (x, O)a; T! (x,0)] (30)

Applying inverse Fourier transform leads to

R N
§1(0)¢ = —— [ 1(s)sin(es)ds Q)
Substituting Equation (31) into (29), one gets

2 teo (Q [ Qci)x2i

E/o 'y(s)ds/O sin(¢s) cos(éx)de = 2?12”F—1A/\y (32)
from the known result [29].
Foo 1, 1 1

/0 cos(&x) sin(gs)dé = E(s 15t x) (33)
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Equation (32) can be expressed as follows:

l “ "}/(S) 1 ds = (QOichi)XZI

) 4 s—x 2a2+1AN, (34)

Equation (34) features a singular integral equation including the Cauchy kernel [28],
and the solution can be unraveled as

vas— s (QOZ Qci)52

i
ds +

—_— 35
'Y(x) /7_ 20 x—s 2ﬂ21+1)L)\y P (35)
Considering the following condition:
~a
/ v(s)ds =0 (36)
—a
After some computations, one has Cy; = 0, and Equation (35) can be given as
(QOi — Qi )x .
) = v =2 7

Y (x) = _Ziz_vj (Qui = Q)Y (Qoi = Qei)  L2it1 ;<4 (37b)
=0 202HIAN TV a? — x? / 202+ IAN V a? — x? -

—/a v/ (a2 —2)s2 717 1ds(1 < 1 < 2i—1). (38)

In addition, with application of Equations (30), (37a) and (37b), the temperature change
on the crack is given as

T!(x,0) — T (x,0) = (QOEA_MQCO)\/ix2 i=0 (39a)
2i-1 0.y px g2t
e = S s et S [ e 21 o
where
E(x,1) = [~ \/a;’fszds l=2k<2i—1
= [211< 1/12 )arcsin(X)+ (_211)11/21;%23_01(—1)"1( rlﬂ )Sin“_zm)l(a;fn(ﬂa))q (40a)

1 _\/21/2-1 ! sinl—(1—2m
T ) o))

1

E(x,1)=[", s 1=2k+1<2i-1
,(1-1)/2 .
_ 2 1y nl1 )cos[(l—Zm)(arcsm(x/a))]

oI =, 1—2m (40b)
2 (1=1)/2 | —2m)m
S () el
F(x,i)= [*, \/%ds
)il d m( 2i+1 2i+1—2m)(arcsin(x/a
=5 EJ”)( m >mu+mﬂﬁ( . (40c)

_q)itt 4 2i+1 2i+1-2m)/2
- 20(—1)’”( )W
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3.2. Elastic Field
In order to solve Equations (9) and (10), u"!(x,y) and v/ (x, y) are written as [19]

III III
ul,H( (

x,y) = uy (x,y) +uy I'H(

x,y), 0" (x,y) = oMM (x,y) + o7 (x,y) (41)

III( III(

x,y) and v
LI

x,y) respond to the general solutions under T"!! (x,y) = 0. ul'!(x, y)

and v, (x,y) are the peculiar solutions subjected to thermal flux loading. With application
of FIT, uf'H(x,y) and vf”(x,y) can be written as

2 400 st
ulGey) = Y [0 g8 @@ sin(Ex)dg @)
j=1
oy (x,y) E / 108 (§)e 5 MY cos(§x)dg (43)
g],i (&) have not been solved. Vi ( j=1, 2)(Re’yj > 0) are the roots of character equation as
follows:
coce6* + (3 + 2c12066 — €12622) 7> + €11¢66 = 0 (44)
where 5
€11 — C667;
- ~ ) 45
g (c12 + ce6)7j @)

Furthermore, ué A1 (x,y) and vé’H (x,y) are chosen as

uy'! (x,y) Z / " g (@)e W sin(gw)de (46)

I” (x,y) Z/ SELE(E)e 0% cos(Ex)dE (47)

Substituting Equations (46) and (47) into Equations (9) and (10), one has

B =[RS -
where X §
P el Y ®

Based on Equations (2)-(4), (42), (43), (46) and (47), the components of stress are
rewritten as

2
o (x,0) = jZ Jo™ (e — C12’Yj’7j)€g]i(§) cos(gx)d¢ (50)

+ (1M1 — cipAM — B1) [, g7 (&) cos(&x)dé

2
oy (,0) = El Jo " (er2 = cxyju)E87 () cos(§x)dg
+ (c12M1 — cppAM, — B2) o+°o g (&) cos(gx)de

(51)

Uiyn(xro) —C66 Z fo 'Y] +77])§g] (g) Sin(gx)dg

I (M + Mg (0 sin(gx)d]

(52)
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vl(x,0)

To solve the problem, it is divided into two parts. One part is what is resulted
from mechanical loading (72ij7 /a%. The other part is what is induced by thermal flux

—Qoix% /2a%*1. Firstly, the mechanical loading is considered and the dual integral equa-
tions are written.
gy (x,0) = 03y (x,0) =0 x>0 (53)
ol(x,0) = —o!l(x,00=0 x>a (54)

Utilizing Equations (53) and (54), one obtains

5O =50 50O =11 @ 5)

Applying the second relation in Equations (19) and (54), one arrives at

—+00

; &gy (&) cos(¢x)dE =0 x>a (56)

2
/ &g (&) cos(Ex)dE = el 0O<x<a (57)

! wya?

where 41

1+m
(o _ Mo ¢ 58
w1 = (c12 — c7111) P (c12 — c227212) (58)

The auxiliary function ¢(x) is chosen to solve Equations (56) and (57),

_ 0vl(x,0)
P(x) = B (59)

With knowledge of inverse Fourier transform (IFT), one has

2(72+12) / ‘ :
a =———ts 1o s) sin(&s)ds 60
g @2 =~ P [ p(s)sine) (60)
According to the known result of Equation (33), inserting Equation (60) into (57), we
have
@ ¢(s) s — 02 (M2 — Wﬂl)xzf
w)-asS—X wr (2 + 172){127

(61)

Based on the singular integral theory including the Cauchy kernel, the following
solution is given:

@ /a2 — 2 o3i(m1y2 — 1271) $2ids 1+ _ Dy (62)

X
i) B e e Cre

After some computations, D,; = 0. With application of Equations (59) and (62), one
obtains the elastic displacement as

X _ /a2 —_ 42
ol(x,0) = / P(s)ds = %2 = M) Vet = x j=0 (63a)
—a w1 (2 +12)
—° oi(nra—mm)] o (1172—127Y $2t1 .
= gl = — L U g g SR A a1 (@)

Furthermore, one can obtain the stress fields as follows:

5,0 =~ (1- =) =0 (64)
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2j—1
i) /u 02 20 s, ) +/ AL ) e
o (x,0) = s s >
w a a¥\/a?2 — s2(s — x) a a%v/a?2 —s2(s — x) J

Then, the explicit solution of elastic field under 2i order polynomial function thermal
flux will be obtained. With the application of heat flux, it fits in the following condition.

U;y(x,o) = aylé(x,O) =0 0O<x<a (66)
With application of Equations (51) and (66), one arrives at

8 (&) =—g; (¢) (67)

2 + g7 (¢)
Y (c12 = c2vj1j)8; () = (c2AMy + P2 — c12My) z (68)
=

With application of Equation (16), one can depict the first relation in Equation (22),
and the dual integral equations are:

+
/ LZ g (&) sin(Zx) + Mlgg(g)sin(gx) dE=0 x>a (69)
+o0 2 ) +00 N )
| g npzsf @sin@nde+ [ (Mid+ Mg (@)sin(Ex)dE =0 0<x<a (70)
= .
To achieve the solvation of Equations (69) and (70), the auxiliary function x(x) can be
defined as ;
Ju'(x,0
x(x) = # (71)
Applying Equation (69) and inverse Fourier transform leads to
: + + 2 [
Y8 (€5 +Mig* (@) = = [ x(s) cos(zs)ds 72)
j=1

Utilizing Equations (68) and (72), one obtains

c0AMy + Ba — c20Y212 My HE) + CnY212 — C12
c22(v212 — Y1171)

+ cnY11M1 — cAMy — B2 C12 — M1 2 /“
_ + = d 74
gz (g)g C22(72772 71171) (g) 622(’}/2172 71771) T X(S) COS(§S> s ( )

With application of Equations (70), (73) and (74), one obtains

g (D) =

2 [a
(7212 — Y111) ;/o X (s) cos(gs)ds (73)

400

a 400
2/0 X(s)ds/o sin(&x) cos(&s)dg = nwz/o ¢ (&)sin(éx)dE 0<x<a (75)

where o
1
wy H, (76)
With
Hy = (71 +1m1)(cor2m2My — cpAMy — B2) + (72 + 172) 77)

(coAM 4 Bo — copy1iMy) + coo(MiA + Mp) (y111 — Y2172)

Hy = (71 +11)(cav2m2 — c12) + (72 + 172) (c12 — c2271771) (78)
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With the knowledge of Equation (35), Equation (75) can be rewritten as
LX)y - 7
;_Hx_ss—w/ &) sin(&x)dg (79)
The use of Equation (24) and the inverse Fourier transform leads to
0+00 g+(€) sm(é‘x)d{,‘ _ 2 deJroo sin( éx) sin és)dg
1 +oo (80)
= 0 ln] X5\ ds
from the known result [29].
Tl . 1. |x+s
/0 gsm(éx) sin(§s)d¢ = 5 In o (81)

According to the singular integral theory with the Cauchy kernel, Equation (79) is

obtained:
a \/a2 — 2 +00 t
xl(x) = —22 e A ' 5 s (82)
nva?—x2)-a x—t -5
With application of Equation (71), one obtains

X
ul(x,0) = / x(s)ds (83)

—a

From Equations (52), (73), (74) and (80), one can obtain the shearing stresses as follows:

oL Co6 /” [HZX(S) x+5H
x,0) = — Hyv(s) In|——| | ds 84
7 (%,0) men (212 — 11i) J-a| s —x ()= 59

The shearing stresses are given, which is distinct from the achieved results for cracked
solid under combined constant thermal flux and constant mechanical loading [19]. Taking
the advantage of principle of superposition, such expressions as temperature change, elastic
displacement on the crack, and stresses under combined 2i order polynomial function
thermal flux and 2j order polynomial function mechanical loading can be given.

3.3. Crack-Tip Field

The behavior of the stress intensity factors (SIF) is of much importance, and the
corresponding SIF are given as

ol
K = x1_1>n;+ 27t(x — a)o,, (x,0) (85)
K = hm 27 (x — a)Uiy(x,O) (86)
x— at

Next, we define the corresponding intensity factors to characterize opening crack
displacement.

KCOD - 1 I 7
¢ B 2(a — x)v (x,0) ®7)
KSOP = lim LLtI(JC,O) (88)

x—at\ 2(a—x)

The energy release rate has an important effect on the analysis of crack growth, and
the energy release rate is defined as

N I I I
G= 5113105/0 Oxy(x +a,0)u” (a — x,0) + 0y, (x +4,0)0" (a — x,0)dx (89)
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The energy density dW/dV featuring positive definiteness is of fundamental signifi-
cance to the formulation of mechanics theories and physics of solids. As for non-iso-thermal
problem, the strain energy which is reserved in a unit volume of the orthotropic solid is

written [2,30].

aw s 1 1

TV = 7 = i~ 5%k (90)
where S indicates the strain energy density factor, along with r representing the reach to
the crack tip. The application of concepts above entails an understanding of the energy

density function. For the orthotropic solid, Equation (90) can also be illustrated as

av " r 2

2 2 2
AW S 1 (CZZ‘Txx + o110y — 20120040, + ny) o

2c1100 — ¢4, Co6

Furthermore, the strain energy density factor on the crack line have an effect on the
analysis of crack growth. That is, we have

1 ( cpow? + 11 — 2c1pw 1
So = ( 22 11 120 2 + CK%I) 92)
66

- 47 C11C22 — C%z I
where 5
1 i1 +m
w=— —1Y 22— (11 — cppyims (93)
wl;:l:( ) 'Yj+’7j( 11 — €127j1j)

3.4. Explicit Expressions for the Particular Case of Combined the Constant Thermo-Mechanical
Loading

According to the above results, the thermoelastic field in the full plane under combined
the constant thermal flux —(Qgo — Qo) /24 and the constant mechanical loading o can be
given inexplicit form.

X
UnyJI(x/ 0) - (1 - 352—112)00 (94)
LI ce6w2(Qoo — Qeo)a
T (X,O) = (95)
N 2e0AAy (7212 — 11 Va? — a2
— Qeo)waxva? —x2
ul(x, 0) — _ (QOO QCZZ\AZ (96)
y
ol (x,0) = U2 =11 ST o)
wi(72 4+ 12)
With application of Equations (85)—(88) and (94)—(97), one has
K = op\/7ta (98)
Ky — co6w2(Qco — Qoo)v/71a )
2AAyexn(p212 — p1i71)
gcop _ (Qwo = Qu)wzy/ma (100)
! 400,
KEOD _ oo (11172 — 271)V/7Ma on
w1 (72 +12)

Equations (94)—(101) are the same as Reference [19]. Making use of Equations (20) and (39a)
yields

ECQOQV a? — x? + EQO()Q)\
Qeolx) = — (102)
EVa? — x> +al
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which is the same as Reference [28] for cracked solid under combined constant thermome-
chanical loading. In particular, when € = 0, it gives

E.QooVa? — x?
Ea2 —x2 4+ aA

which is the same as Reference [19] for cracked solid under combined constant thermome-
chanical loading. The quantity E. = h./ Ay stands for dimensionless thermal conductivity.
In Equation (102), when E; — o0 or E;. — 0, Qo — Qoo, or Qo — €Qoo . The observation
reveals eQqy can be considered to be created by the thermal flux or other large loading,
such as mechanical loading.

Qeo(x) = (103)

4. Numerical Results

In this section, we take the example of combined constant thermal flux and constant
mechanical loading and research the influence of the constant thermo-mechanical loading,
the dimensionless thermal resistance and the coefficient on the heat flux to the crack surface
and the Mode-II SIF. The Mode-II SIF, the energy release rate (G) and the strain energy
density factor on the crack line (S) under the constant thermal flux —(Qoo — Qc0)/2a and
the constant mechanical loading oy are rewritten as Kjjg, Go, and Sg. The material constants
of orthotropic and isotropic are listed in Tables 1 and 2 [31].

Table 1. Material constants of Tyrannohex.

Exx Eyy Gy Ky ny Ax Ay

Vxy Vyx A ) A
(GPa) (GPa) (GPa) (1075°¢) (107°/¢c) (wim’C)  (w/m°C)
135 87 50 0.15 0.09667 0.32 0.32 3.08 2.81
Table 2. Constants of Steel.
Exx Eyy Gy Uy Vyx Kxx D‘yyo Ax Ay
(MPa) (MPa) (MPa) (1075°¢)  (10°/¢C) (wim’C)  (w/m’C)
205900 205900 79200 0.3 0.303 1.14 1.14 48.6 48.6

Figure 2a,b show Q.o/ Qoo versus Ec with x/a =0, 0.25, 0.5, 0.75 for & = 0.01. It is easily
seen that Q.o / Qo increases with an increase of Ec for ¢ = 0.01. When Ec increases, it means
that the heat flux per thickness to the crack surface increases. So, Q.9/ Qoo increases. The
constant ¢ is regarded as an adjustment physical quantity. The higher the value of constant
¢, the greater the heat flux per thickness to the crack surface. When Ec = 0 and € = 0, we
have Q. = 0, which means a fully thermally impermeable crack. When Ec—co, we have
Q.0 = Qoo, which means a fully thermally permeable crack.

Figure 3a,b show Q.0/Qq versus £ with x/a = 0, 0.25, 0.5, 0.75 for Ec = 1. It is
easily seen that the variations of Q.9/ Qo increase with an increase of ¢ for Ec = 1. From
Figure 2 to Figure 3, the case Ec = 1 correlates with the situation that the crack region is
identical to that of the orthotropic material. The cases Ec = 2, Ec = 3, and Ec = 4 indicate
that the heat conduction is one, two and three times stronger than thermal conductivity
of the orthotropic material respectively. The case with Ec = 0 and & = 0 corresponds
to the thermally impermeable and the case with Ec—oco corresponds to the thermally
impermeable.
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Figure 2. (a) Qco/Qqo versus Ec with x/2 =0, 0.25, 0.5, 0.75 for € = 0.01. The orthotropic material listed in Table 1; (b) Qco/ Qo
versus Ec with x/a =0, 0.25, 0.5, 0.75 for € = 0.01. The isotropic material listed in Table 2.
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Figure 3. (a) Qc0/ Qoo versus € with x/a = 0.25, 0.5, 0.75, 0.9 for Ec = 1. The orthotropic material listed in Table 1; (b) Qco/ Qoo
versus & with x/a = 0, 0.25, 0.5, 0.75 for Ec = 1. The isotropic material listed in Table 2.

Figure 4a,b display Ky /Koo versus Ec, where Ky represents Kypg when Q. = 0 and
e = 0. It is easily seen that Kyyp /Koo decreases with an increase of Ec for € = 0.01.

Figure 5a,b display Kyjo/Kjiop versus e. It is easily seen that the Kyjo/Kypgp decreases
with an increase of Ec and ¢, respectively).
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Figure 4. (a) Kyj9/Kjgp versus Ec with x/a = 0.25, 0.5, 0.75, 0.9 for € = 0.01. The orthotropic material listed in Table 1; (b)
Ko /Kigp versus Ec with x/a = 0.25, 0.5, 0.75, 0.9 for € = 0.01. The isotropic material listed in Table 2.
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Figure 5. (a) Kyj9/Kppgp versus e with x/a = 0.25, 0.5, 0.75, 0.9 for Ec = 1 The orthotropic material listed in Table 1; (b)
Ko /Koo versus e with x/a = 0.25, 0.5, 0.75, 0.9 for Ec = 1. The isotropic material listed in Table 2.

Figures 6-8 show Gy, as computed using Equation (89), for the extended partially
insulated crack (E. = 0, € = 0) with a variety of thermal flux and crack lengths. With the
increase of crack length, the thermal flux around the crack surface increases. It means that
the value of energy release rate increases with the increase of the shearing stress and shear
displacement induced by the thermal flux. When thermal flux outweighs remote tensile
stress, the value of Gy may turn negative.
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Figure 6. (a) Gy versus tension stress with oy =0, 0.5, 1, 2 MPa for E. = 0, € = 0, 2a = 1 mm. The orthotropic material listed in
Table 1; (b) Gy versus tension stress with y =0, 0.5, 1, 2 MPa for E. =0, € = 0, 2a = 1 mm. The isotropic material listed in

Table 2.
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Figure 7. (a) Gq versus tension stress with 0y =0, 0.5, 1, 2 MPa for Ec =0, € = 0. (2a = 2 mm). The orthotropic material listed
in Table 1. (b) Gy versus tension stress with oy =0, 0.5, 1, 2 MPa for Ec = 0, e = 0. (2a = 2 mm). The isotropic material listed

in Table 2.
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Figure 8. (a) Gy versus tension stress with og = 0, 0.5, 1, 2 MPa for Ec = 0, € = 0. (2a = 4 mm). The orthotropic material listed
in Table 1. (b) Gy versus tension stress with cg =0, 0.5, 1, 2 MPa for E; = 0, ¢ = 0. (2a = 4 mm). The isotropic material listed

in Table 2.
Figures 9-11 show Sy/(co?7ta) versus E. for the extended partially insulated crack
(¢ = 0.01) with a variety of thermal flux. It is found that Sy/(c¢?7ta), as computed using
Equation (92), decreases with E..
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Figure 9. (a) Sy/(0g?ma) versus E. with Qg = 20, 40, 80 J/(m?-s) for e = 0.01. (2a = 2 mm, x/a = 0.99, oy = 0 MPa). The
orthotropic material listed in Table 1. (b) S/ (0g2ma) of versus E. with Qg = 20, 40, 80 J/(m?-s) for € = 0.01. (2a = 2 mm, x/a
=0.99, op = 0 MPa). The isotropic material listed in Table 2.
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Figure 10. (a) So/(0g?ma) versus Ec with Qg = 20, 40, 80 J/(m?s) for € = 0.01. (2a = 2 mm, x/a = 0.99, 6y = 2 MPa). The
orthotropic material listed in Table 1. (b) Sy/ (0g2ma) versus Ec with Qg = 20, 40, 80 J/(m?-s) for e = 0.01 (22 = 2 mm, x/a =
0.99, 0 = 1 MPa). The isotropic material listed in Table 2.
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Figure 11. (a) So/(0p?ma) versus E. with Qg = 20, 40, 80 J/(m?-s) for ¢ = 0.01. (2a = 2 mm, x/a = 0.99, oy = 2 MPa). The
orthotropic material listed in Table 1. (b) Sy/ (092ma) versus E. with Qyg = 20, 40, 80 J/(m?2-s) for e = 0.01. (2a = 2 mm, x/a =
0.99, oy = 2 MPa). The isotropic.

Figures 12-14 show Sy/ (0g?ma) for the extended partially insulated crack (Ec = 1)
with a variety of thermal flux. From Equation (92), Sy/(0¢>ma) consist of the mode-I
stress intensity factor induced by thermal flux and the mode-II stress intensity factor
created by mechanical loading. When thermal flux and mechanical loading increase, the
corresponding intensity factors and Sy/ (0p?ma) increase. It is revealed that crack face
boundary conditions have a great effect on strain energy density factor on the crack line
based on numerical results.
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Figure 12. (a) Sy/(0y>ma) versus & with Qu = 20, 40, 80 J/(m?-s) for Ec = 1. (22 = 2 mm, x/a = 0.99, oy = 0 MPa). The
orthotropic material listed in Table 1. (b) Sp/ (0o?ma) versus & with Qg = 20, 40, 80 J/(m?-s) for E¢ = 1. (22 = 2 mm, x/a = 0.99,
0p = 0 MPa). The isotropic material listed in Table 2.
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Figure 13. (a) So/(0¢?ma) versus & with Qg = 20, 40, 80 J/(m?-s) for Ec = 1. (22 = 2 mm, x/a = 0.99, 0y = 1 MPa). The
orthotropic material listed in Table 1. (b) Sp/ (co%7ta) versus e with Qg = 20, 40, 80 J/(m?2-s) for Ec = 1. (24 = 2 mm, x/a = 0.99,
0o = 1 MPa). The isotropic material listed in Table 2.
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Figure 14. (a) Sy/(cy>ma) versus & with Qg = 20, 40, 80 J/(m?-s) for Ec = 1. (2a = 2 mm, x/a = 0.99, 0y = 2 MPa). The
orthotropic material listed in Table 1. (b) Sp/ (0p2mma) versus € with Qg = 20, 40, 80 J/(m?2-s) for E¢ = 1. (22 = 2 mm, x/z = 0.99,
0p = 2 MPa). The isotropic material listed in Table 2.
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5. Conclusions

This paper presents a detailed study into the fracture analysis for a crack in orthotropic
material subjected to combined 2i-order symmetrical thermal flux and 2j-order symmetrical
mechanical loading. As the closed form solutions of main fracture parameters have been
obtained, it provides a quick and convenient way to solve predicting the remaining life of
above problems.

The analysis presented in this paper has also revealed that, for a given mechanical
load, the presence of thermal loads can induce the energy release rate to become either
negative or positive, depending on the relative magnitude of the thermal loads and the
crack surface conditions of impermeability. In contrast, the strain energy density ahead
of the crack is always positive. This finding should not be taken to infer that energy
release rate approaches should be avoided when assessing structural integrity, merely
that only the positive excursion of G should be used to assess delamination growth. This
recommendation mimics the approach commonly used to assess crack growth in metals,
where only the positive excursion of K is used to compute crack growth.
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