Article

Exploring the Limits of Probes for Latent Representation Edits in

GPT Models *

Austin L. Davis

W) Check for updates

Academic Editor: Gianni D’ Angelo

Received: 16 October 2025

Revised: 17 December 2025
Accepted: 24 February 2026
Published: 4 March 2026

Copyright: © 2026 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license.

, Robinson Vasquez Ferrer and Gita Sukthankar *

Department of Computer Science, University of Central Florida, Orlando, FL 32816-2362, USA;

austindavis@ucf.edu (A.L.D.); robinson.vasquezferrer@ucf.edu (B.V.F)

* Correspondence: gita.sukthankar@ucf.edu

* This paper is an extended version of our paper published in ICMLA (International Conference on Machine
Learning and Applications), Miami, FL, USA, 18-20 December 2024.

Abstract

This article evaluates the use of probing classifiers to modify the internal hidden state of a
chess-playing transformer, which has been trained on sequences of chess moves and can
generate new moves with prompted. Probing classifiers are a technique for understanding
and modifying the operation of neural networks in which a smaller classifier is trained to
use the model’s internal representation to learn a probing task. The aim of this research is
to discover whether the learned model possesses an editable internal representation of the
chess game, despite being trained without explicit information about the rules of chess. We
contrast the performance of standard linear probes against Sparse Autoencoders (SAEs), a
latent space interpretability technique designed to decompose polysemantic concepts into
atomic features via an overcomplete basis. Our experiments demonstrate that linear probes
trained directly on the residual stream significantly outperform probes based on SAE
latents. When quantifying the success of interventions via the probability of legal moves,
linear probe edits achieved an 88% success rate, whereas SAE-based edits yielded only
41%. These findings suggest that while SAEs are valuable for specific interpretability tasks,
they do not enhance the controllability of hidden states compared to raw vectors. Finally,
we show that the residual stream respects the Markovian property of chess, validating the
feasibility of applying consistent edits across different time steps for the same board state.

Keywords: representation engineering; probing classifiers; chess; language models; GPT;
sparse autoencoders

1. Introduction

The strength of Large Language Models (LLMs) stems from their capacity to capture
complex semantic relationships within massive datasets. While these models have achieved
remarkable benchmarks across diverse domains [1], they remain compromised by persistent
reliability issues, such as hallucinations [2]. This fragility is an expected byproduct of the
nature of natural language: it is a dynamic, culturally dependent medium defined by
polysemy and contextual nuance, where truth and syntactic validity are often decoupled.
To isolate the mechanisms of model reasoning from these linguistic ambiguities, this
study pivots from natural language to the structured domain of strategic decision-making.
By analyzing LLMs within formal, rule-bound environments, we can more effectively
interrogate the formation and editability of their internal world models.

The choice of chess as a medium for this exploration is deliberate. Chess, with its
well-defined rules, total observability, and large (but finite) set of discrete states, provides a
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structured framework to probe the inner workings of an Al system. Applying language
models to chess allows us to observe how these models navigate a domain characterized
by strict logical rules and objective outcomes, despite being designed to process natural
language. This juxtaposition of a language model’s inherent capabilities with the structured
environment of chess offers a powerful lens through which we examine the model’s
decision-making process, its approach to problem-solving, and its ability to track the world
state. The goal is to move beyond treating the language model as a “black box” and towards
a more detailed understanding that can explain why the model makes decisions based on
the internal mechanics of its operations.

In this work, we construct a 12-layer chess-playing Generative Pre-trained Transformer
(GPT) and train probing classifiers to classify piece and color for each square on a chess
board based on the hidden state activations from the residual stream for each layer. Chess
serves as a valuable testbed because it provides access to a fully observable, objective world
state—an advantage that is difficult or sometimes impossible to obtain in natural language
domains. This allows us to rigorously evaluate whether a representation edit is correct, not
merely plausible. Although UCI transcripts constitute a highly structured micro-language
with a constrained vocabulary and rigid syntax, the underlying model remains a sequence-
to-sequence transformer, and many of the mechanisms we analyze—the accumulation of
state across layers, decomposition of the residual stream, editing interventions—are not
specific to chess.

This article makes several research contributions to the field of mechanistic inter-
pretability. First, our work has generated several valuable tools for studying chess-playing
transformers. We developed a chess-playing GPT that improves upon the legal move
rate of previous model. Our statistical analysis shows that the model’s residual stream is
path independent, confirming the model’s Markovian representation and enabling time-
invariant editing for identical board positions. We also introduce a new metric, legal move
probability mass (LMPM), to quantitatively assess the performance of edit interventions.
The source code, GPT model, training data, probe classifiers, and SAEs are available online
at https:/ /github.com/austinleedavis/icmla-2024 (accessed on 20 Feb 2026).

Second, this article presents a comprehensive study of the editing performance of
different probes when modifying the board state. Our results show that linear probes
trained on the original residual stream decisively outperform probes based on Sparse
Autoencoders. Our linear probes have the benefit of being compositionally interpretable;
the weights of a probe trained to jointly classify piece type and color are approximated by
the sum of separate probes for type and color.

This article extends research that was previously published at [3]. Section 2 provides
an overview of related work in the area. Our methodology is described in Section 3, and we
present our results in Section 4. Our article concludes with a summary of our findings
(Section 5).

2. Related Work

Table 1 summarizes the related work in the area by category: (1) fine tuning, (2) model
transparency, (3) linear representations, (4) probe classifiers, (5) sparse autoencoders, and
(6) emergent world models.
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Table 1. Overview of related work.

Fine Tuning [4-8]
Model Transparency [9-15]

Linear Representations [16]
Probe Classifiers [17-20]
Sparse Auto Encoders [21-27]
Emergent World Models [28-32]

2.1. Fine Tuning

Many repurpose LLMs by fine-tuning on additional data. This can be done using
parameter-efficient fine tuning (PEFT) [4-6]. Lialin et al. [4] categorize PEFT methods as
being additive, selective, or requiring reparameterization. Additive methods augment the
model with additional parameters, such as adapters [33] or soft prompts [5], that are trained
with the new dataset, while selective techniques pick a subset of existing parameters to
retrain. Reparameterization approaches, such as LoRA [6], use low-rank factorization to
reduce the number of parameters that are learned during fine-tuning. The main weakness
is that they confer little understanding of the model itself. So, data selection is the only way
to guide performance. Alternatively, better model alignment can be achieved by guiding
fine tuning using a reward model elicited from human labelers [7,8]. In our research, we
directly edit the activations to achieve a desired state rather than retraining the model.

2.2. Model Transparency

Zou et al. [9] divide the field of model transparency into mechanistic [10-14] vs.
representational approaches. Mechanistic interpretability [10,12] attempts to discover
specific circuits within models; many of these studies [11,13] have been conducted on the
GPT-2 model which is large enough to be interesting but smaller than some of the more
recent LLMs. Representation engineers focus on understanding the embeddings learned
by the models. The representation “reading” phase may be followed by a control phase
in which the model output is directed using a control vector, designed using a technique
such as Linear Activation Tomography [9]. Contrastive learning is one of the most popular
ways to learn a control vector by subtracting the activation differences between positive
and negative prompt examples [15]. Wang et al. [13] intervene using path patching, which
replaces part of the forward pass with activations from a different input. We calculate our
control vector from the weights of a probe classifier and compare it to a path patching
intervention with a time-shifted input.

2.3. Linear Representations

The linear representation hypothesis posits that “high level representation concepts are
represented linearly in the representation space of the model”. Park et al. [16] provide three
commonly used interpretations of this linear space: (1) subspace: important model concepts
reside in separate 1-D subspaces; (2) measurement: concept values can be extracted by
training separate linear probes; and (3) intervention: concepts can be modified without
perturbing other values by discovering the right intervention vector. Our work relates to
both the measurement and intervention categories in that we train separate linear probes
to discover emergent concept vectors that are later used to edit the model activations.
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2.4. Probe Classifiers

The use of probing classifiers [17] successfully demonstrated that transformer hid-
den states encode a wealth of information, including morphological and semantic
attributes [18,19]. However, as discussed by Belinkov [20], the methodology suffers from
two primary bottlenecks. First is the discovery problem: probes are supervised tools that
can only confirm the presence of known concepts, failing to unearth latent features for
which no labels exist. Second is the causal gap: high performance on a probing task does not
guarantee that the identified representation is functionally relevant to the model’s forward
pass. Consequently, probes that excel at “reading” the model’s state may be ineffective for
“writing” to it, as they often capture incidental correlations rather than the causal drivers
of model output. Despite these limitations, our research shows that linear probes are an
effective editing tool for chess-playing transformers.

2.5. Sparse Auto Encoders

Sparse Autoencoders (SAEs) [21] gained considerable attention recently as a tool for
latent space interpretability. An SAE is an autoencoder with an overcomplete basis. That is,
its hidden state vectors (features) are larger than the inputs and outputs of the SAE. The
motivating principle is that the latent space activations of an LLM are polysemantic—they
consist of multiple concepts overlaid one atop another—and that SAEs might disentangle
these polysemantic concepts into interpretable, atomic feature vectors. To achieve this, SAE
training techniques apply any one of the numerous sparsification schemes that have been
recently developed [21-27]. The theory is that decomposed, sparse features would enable
network activation monitoring at a concept level, improve downstream attribution, reduce
collateral effects of probe interventions, and even enable data quality assessments [21]. And,
while some progress has been achieved, a recent study [34] calls into question the viability
of SAEs as a useful addition to a practitioner’s toolkit in light of the other techniques that
are already available. Our results serve as another data point [26] that indicates that SAEs
provide no marginal improvement over simple linear probes for this given domain.

2.6. Emergent World Models

Several researchers have studied the occurrence of emerging representations within
Large Language Models using board games such as Othello [28,29] and chess [26,30-32]
as testbeds. These game-playing transformers are trained with sequences of game moves
and can generate new moves when prompted. Since they are never provided with explicit
information about the game or its rules, the question is whether they possess a rich editable
internal representation of the game process or simply memorize a collection of sequence
statistics. Li et al. [28] were able to modify the game state in an Othello-playing GPT using
non-linear probes, and later Nanda et al. [29] showed that it was feasible to do the same
thing with more interepretable linear probes by using an egocentric tile encoding. In chess,
Toshniwal et al. [30] demonstrated that it was possible to train a chess-playing transformer
that could identify the location of pieces and predict legal moves. Our chess GPT improves
slightly on the legal move rate of their model. Karvonen [31] edited the skill level of a
chess-playing GPT using contrastive activations and improved its win rate. In this article
we study the performance of probe classifiers across all layers of a chess GPT, for both
hidden state classification and intervention. We also examine the linearity of the latent
feature representations and whether the GPT hidden states respect the Markovian property
in chess.
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3. Method

This section describes the methods and processes used to conduct our representation
editing experiments. In Section 3.1, we introduce the GPT we use throughout the remainder
of the paper. Section 3.3 describes our linear probe classifiers. Section 3.2 describes the
Sparse Autoencoders trained on the hidden state vectors of our GPT. Section 3.5 explains
the technique for applying intervention vectors to the hidden state of the GPT during a
forward pass. Section 3.6 outlines our experimental design for performing interventions
on the GPT with our probe classifiers, including the positions and values that are written
to the hidden state of the GPT. This section also formally defines the metric used to grade
the semantic validity of the outputs post-intervention. See Appendix B for additional
background on our GPT including tokenization and training parameters.

3.1. The Chess-Playing GPT

Since our focus was to study language models in a more controlled setting, we trained
a 12-layer GPT-2 exclusively on tokenized move sequences rather than using a purpose-
built model like AlphaZero [35] or Leela Chess Zero [36] or NLP models such as OpenAl’s
original GPT-2 [37] or ChessGPT [38]. In particular, our model was given no a priori
knowledge about the game of chess; it was trained only to perform next-token prediction
on the input move sequences.

The training dataset was collected from the Lichess.org Open Database, specifically
using the 94 million games played in June 2023. A holdout set of the 120,000 games played
in 2013 was used for evaluation. These datasets include all rated bullet (1 min) and blitz
(3 to 5 min) games and tournaments played by human and bot players with Elo ratings
ranging from 700 to over 3000. The training and evaluation sets were deduplicated to
ensure there was no cross-over, and the raw game records were converted to Universal
Chess Interface (UCI) notation using pgn-extract [39].

3.2. Sparse Autoencoders

Sparse Autoencoders (SAEs) seek to disentangle the polysemantic activations in the
hidden state vectors of our GPT into monosemantic features, enabling more interpretable
reading and more precise control of the model’s internal world model. The prototypical
SAE consists of a parameterized single-layer autoencoder (f, £) defined by

f(x) = RELU(WEWC(x - bdec) + benc)

f(f) = Wdecf + biec

Training consists of reconstructing a large dataset of model activations and enforcing
sparsity with a A-scaled L loss penalty as in

L teconstruction ‘Csparsity

—_—— ——
L(x) = [lx = 2(FE)IE+A £ ()R

However, this loss function introduces a shrinkage bias toward reconstructions with smaller
norms so that for a decoder with fixed weights, SAEs will sacrifice reconstruction accuracy
in a trade-off to reduce the L; loss, even when perfect reconstruction is possible. Instead,
we use a Gated SAE architecture [23] which solves the shrinkage issue by including a
gated encoder:

f(x) = fgate(x) © ReLU (Wmag(x - bdec) + bmag)/
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where
fgute(x) = H[Wgate(x — bgec + bgate) > 0] .

Here, I[e > 0] is the (pointwise) Heaviside step function and ® denotes elementwise
multiplication. During training, we update the loss function by restricting the sparsity loss
to the gated activations (fqate) and including L,y to allow gradients to backpropogate to
Weate and bggte during training:

L = Lyeconstruction + Esparsity + Laux-

We trained one gated SAE for each layer of the GPT. Each SAE was trained indepen-
dently on residual stream activations extracted from a fixed layer of the GPT model. The
input to each SAE was the residual stream vector at that layer, with dimensionality d = 768,
and the latent space was set to dj,; = 12,288—a 16 x expansion ratio.

This expansion factor was selected after comparing SAEs with ratios 2x, 4%, 8x,
and 16x. Lower ratios saturated their capacity by early layers and produced denser
codes, higher L penalties, and noticeably poorer reconstruction performance. In contrast,
the 16 x model retained substantial unused capacity in shallow layers yet delivered consis-
tently better reconstruction fidelity and reduced model degradation, particularly in deeper
layers where additional dimensionality proved beneficial.

The training dataset was created following a similar procedure as used to create the
training dataset for the GPT itself; we trained the SAEs on 1B tokens from the 100M chess
games from the January 2023 shard of the Lichess.org Open Database. We adopted a
streaming setup in which token sequences were batched and encoded into hidden states
on-the-fly using the frozen GPT model. Residual stream activations at the target layer were
extracted and used as inputs to the SAE.

All models were trained using the Adam optimizer with 81 = 0.9, 2 = 0.99, and a
linear warmup followed by cosine decay schedule. Training was conducted for a fixed
number of steps sufficient to ensure convergence as monitored using reconstruction loss
and explained variance metrics.

3.3. Linear Probe Classifiers

Probe classifiers [17,20] map the hidden state of the neural network to some relevant
feature of the input and have become a common tool used by the interpretability community.
Linear probes are favored because they have very low representational power and can only
represent linear relationships. So, a linear probe can only predict a non-linear feature of the
inputs if the model first transforms it into a linear representation within its activations [29].

We trained a linear model, Pf : X — Z, our “Probe”, to classify board position from
the GPT’s intermediate hidden states. Board position refers to the arrangement of all chess
pieces on the board at a specific moment in the game. As is customary, we denote piece
type using a single letter (p-pawn, n-knight, b-bishop, r-rook, g-queen, k-king) and piece
color using capitalization (upper-case for white and lower-case for black). We use the @
symbol when a square is unoccupied (empty). Thus, when token t is being processed
by our GPT, the board position B; is fully specified by the list z = [z, z1, . .., 23], where
zj€ Z = {P,N,B,R,Q,K,p,n,b,r,q,k O} forj=0,1,...,63.

The probe training data is a set X = {xf } of hidden state vectors cached from forward
passes of the GPT. We constructed this dataset by caching xf at the final five indices
i€ {(n—4),..., n} of each game trace and each layer ¢. We chose five to ensure we could
sample hidden states across each phase of a complete chess move (see Appendix A for
details on move phases, @), and since game traces vary in length and are approximately
normally distributed, this approach allowed us to sample hidden states from varying
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depths in the game tree in proportion to the number of times that depth is reached. The
probe was trained for fifteen epochs over the resulting cache of hidden states.

3.4. SAE-Based Probes

We considered two techniques to generate hidden state probes based on the SAEs. The
first technique (Figure 1, top) trains a linear probe classifier on the SAE latents { f(x)}, for x
drawn from an activation dataset X. Once training is complete, the weights of this probe are
decoded by the SAE so their shape matches the residual stream of the GPT. This SAE-latent
linear probe serves as a direct test of whether SAE features can be mapped to board-state
variables via supervised readout—i.e., whether the SAE latents preserve sufficient semantic
coherence to support precise edits. Our results indicate that this assumption does not hold.

The second technique (Figure 1, bottom) uses the well-established contrastive differ-
ence approach [26], a common baseline for constructing SAE-based intervention vectors.
Activations in X are first partitioned into two sets, 7 where property z; is active (true)
and F where property z; is inactive (false). The contrastive difference probe at layer ¢
for property z; € Z has weight matrix Xf defined as the difference of means between the
feature representations of the active and inactive partitions:

Xf =E[f(x|x € T)] —E[f(x]x € F)].

Layeri+1 SAE
:’ Decoder ;I

==
I
I
residauat I

stream ->_

l Layeri+1 SAE Atz

mean

training Loss

>

f
i Decoder !
s = C—)
|
residual | @
stream !
> G- =
> —

>, 3
SRR
RERIR
<
1o
05
b

Actual

LARER,
K AL
AL
Joar CARAL
Board :o‘o.o.z.:.

Figure 1. Two methods for building linear probes using trained Sparse Autoencoders. (Top): A probe
maps SAE-encoded GPT hidden states to the board state at each move—same as standard probe
training, but inputs are first encoded by the SAE. The final weights are decoded by the SAE so they
match the shape of the residual stream. (Bottom): Residual stream vectors from 10,000 games are
SAE-encoded. For each feature j, vectors are grouped by whether j is active on the board. The probe
weight Xf is the difference of means between these groups for each feature and layer.

3.5. Editing the Hidden State of the GPT

If one considers a probe to be a decoder of the hidden state, our interventions aim to
reverse the process, writing state information back to the GPT latent space in a way that
causally affects the GPT output. We accomplish this by adding an intervention vector to
the hidden state during a forward pass using the NNsight [40] library, although several
other libraries (e.g., [41,42]) support the necessary hooks into the forward pass.
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Regardless of how the intervention vectors are chosen, the process for applying the
intervention remains the same. First, we select an intervention vector u! for each position
i and each layer ¢. (Our results discuss how the choice of i and ¢ affect the intervention.)
Finally, we modify the GPT hidden state at each intervention position i and layer ¢ to be
as follows:

14

12 l
Xl- — Xl- +')/ul

where
|rayestomod) |
yerNorm(x; )

il

y=1- forn € R. 1)

The denominator of Equation (1) scales the intervention vector to unit length, and
the numerator scales it back up to match the magnitude of the hidden state vector post-
LayerNorm. We set 7 = 0.5 based on empirical tests (Figure 2) where smaller values caused
the interventions to have little/no effect on the output, and substantially larger values
(e.g., 7 > 5.0) caused the GPT to output nonsense.

Eta (n)

0.4 0.6
Legal Move Probability Mass

Figure 2. Legal move probability mass post-intervention for different values of #. Values are averaged
over 500 random games of chess.

3.6. Experimental Design

To measure the efficacy of our probe-based interventions, we perform two forward
passes with the GPT for each game trace so that we can compare the outputs pre- and
post-intervention. We call the first forward pass baseline since we only read values from the
GPT during this pass. We call the second forward pass intervention because that is the pass
where we perform the interventions.

The baseline forward pass allows us to construct many intervention vectors and gener-
ate data we use as a control for our experiments. During this pass, we cache the following
values for each token position i € Z = {5,10,...,35} to capture data from the games’
opening and mid-game moves:

1. y<;: the GPT’s output for x<; up to token t;,
2. {xf 1) the hidden state vectors six tokens beyond ¢;

https:/ /doi.org/10.3390/ai7030092
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3. s; = argmax(y<;): the board square selected by the model from the sub-game up to
token ¢;
4. z;: the piece type and piece color positioned on s;

We consider five types of intervention vectors uf when intervening a hidden state {xf}
¢
1
Patch: uf « x! 16 18 hidden state vector from the baseline pass offset by six tokens

1. Random: u; is a normally distributed random vector

Probe: u! + (fWﬁ, [zi]), the negation of the z;" column vector of the Probe weight

matrix Wfl_

4.  SAE-Probe: uf — (—Wfi [zi]) where the probe is trained on the hidden states encoded
by the SAE

5. CD-Probe: uf — *Ws[’,- [zi}) where weights are taken from the SAE-based contrastive
difference (CD) probe

With the cache from the baseline pass, we create a test case for each subgame trace t;
foralli € Z. In each test case, we consider three board positions. For notation purposes,
we denote by B; the original board position that comes directly from the sequence of moves
in the input trace up to token i. We denote by B/s; the target board position that occurs
when piece z; is removed from square s; on the original board. And we denote by B; ¢
the future board position that occurs six tokens after B; in the game trace. To ensure all
board positions are valid, we discard test cases in the rare instances where either s; is a
non-square token (e.g., eos) or z; = @ or else when i + 6 > len(t). An example of these
three boards for a single game trace is shown in Figure 3.

A W A W

A244 A1k
3 A

Do [in

1)

A214 A1

o S
P
= =
W Do |

i B
b foo [ >

ol L=
=
|
o b= It [ >

b [mE €[>
oo | [
Lo b |
> =

AloE W
AR AW A
2l EoEHR

e |G-
b= |0 |2 >
=

b mE I E >
o jo- | [
Pe
C> > B
> =
I
b Do [m | EC>

A&
A A A A
B We HId

Figure 3. Example board positions. TL: Game trace t<; produces the original state board position in
the top left. The green arrow indicates the GPT pre-intervention suggestion to move the bishop from
c1 to h6. TR: The Probe intervention will remove the c1 bishop from the board as depicted in the
top right quadrant. BL: The target board B/s; resulting from removing the c1 bishop is shown in
the bottom left; the green arrow indicates the GPT post-intervention suggestion to move the knight
from g1 to £3. BR: The bottom right shows the future board B, 4 which represents the board position
six tokens beyond the intervention position i. Reproduced with permission from [3].
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During the second intervention forward passes, we perform the interventions and
calculate the resulting legal move rate. Legal move rate is a measure of the proportion of
the GPT probability mass that is allotted to valid tokens.

Formally, let V = {v;};" be the set of all N;, words in the vocabulary. Given a board
position B, V can be partitioned into two sets, Gg and Hp, such that Gg N Hp = @ and
Gp U Hp = V. Let Gp be the set of N, grammatically correct tokens that if selected form
part of a move that is legal according to the board position B. Then

P(y|B) =} v

vefp

is the legal move probability mass for board position B.

Notably, the legal move probability mass depends on the board B. During our ex-
periments, we grade all interventions according to the original board, B;. Furthermore,
we evaluate the probe-based intervention against the target board B/s; and the patch
intervention against the future board B, .

4. Results

Here we present the results from our analysis of the GPT and Probe interventions.
Section 4.1 describes the performance of our GPT in making legal chess moves. Section 4.2
quantifies the reconstruction error of our Sparse Autoencoders. Sections 4.3 and 4.4 present
the results from our experiments on the classification performance of linear and SAE-based
probes. In Section 4.5, we show that our GPT hidden state vectors encode a Markovian
world model of the board position. Section 4.6 is a brief case study on the effects of a
single intervention; we establish a causal link between the linear representations learned by
our probe and the output of the model. Sections 4.7 and 4.8 examine intervention success
across nearly 500k samples as measured by legal move probability mass, with the aim of
understanding how well the post-intervention output obeys the rules of chess. We compare
the intervention performance of probes based on the original activations vs. probes trained
on SAE latents.

4.1. Chess GPT Evaluation

The performance of our chess-playing GPT is compared to three other models in
Table 2. Since LCB [30] uses a compatible tokenization scheme, a comparison of the next
token prediction metrics (e.g., perplexity) are valid. However, the two GPTs from [31] use a
single-character tokenization scheme and a different notation style. So, we only report the
legal move rates of the GPT for these models.

We found that our GPT recommended legal moves 99.9% of the time across the
evaluation dataset. We investigated the instances where illegal moves were recommended.
The preponderance of these errors occurred immediately after pawn promotions. We
believe this is due to the rarity of pawn promotions. A pawn promotion occurs in only
one third of all games, and when it does, it is represented by a single token; on average a
promotion token occurs approximately every one-thousand tokens. This is similar to the
challenge of handling rare words in the NLP context. Still, the overall performance of our
GPT was suitable for our experiments.

https:/ /doi.org/10.3390/ai7030092


https://doi.org/10.3390/ai7030092

Al 2026, 7,92 11 of 23
Table 2. Chess GPT performance [3].
Maetric Ours LCB [30] 16-Layer [31] 8-Layer [31]
Perplexity 2.262 3.486 - -
Top-1 Acc (%) 71.3 60.4 - -
Top-5 Acc (%) 97.3 93.9 - -
Legal Rate (%) 99.9 97.7 99.8 99.6

4.2. Sparse Autoencoder Reconstruction Performance

We evaluated each trained SAE using several key metrics: the cross-entropy loss of the
GPT model with and without replacing the residual stream with SAE outputs, two sparsity
measures ({p and ¢; norms), and the reconstruction quality of the SAE based according to
the Mean Squared Error (MSE) and the cosine similarity versus the input. These metrics
are summarized in Table 3.

Table 3. SAE performance metrics.

Metric Mean Std Min Max
Cross-Entropy Loss with SAE 1.19 0.16 1.03 1.49
Cross-Entropy Loss Increase 0.25 0.16 0.09 0.55
Cross-Entropy Loss Score 0.95 0.04 0.89 0.98
Sparsity (LO norm) 14.35 4.09 10.01 20.08
Sparsity (L1 norm) 24.63 8.26 15.68 35.5
Reconstruction MSE 0.14 0.12 0.02 0.39
Reconstruction Cosine Similarity 0.97 0.02 0.93 1.0

4.3. Sparse Autoencoder Probe Classification Performance

SAE-based probe classification performance is summarized in Table 4 (all metrics
use weighted averaging across the 13-classes). The SAE-based probes performed best on
layer 10, slightly later than the linear probes which were trained directly from the hidden
state of the GPT. Unfortunately, the SAE-based probes performed much worse than the
linear probes in classifying the board state. At best, they only matched the board reconstruc-
tion performance of the layer-three linear probe, but in most cases, they performed worse
than the linear probe trained exclusively on the GPT token and positional embeddings.

Table 4. SAE-based probe board position classification performance.

Layer (£) Accuracy F1 Precision Recall
1 0.77 0.72 0.74 0.77
2 0.78 0.74 0.75 0.78
3 0.78 0.73 0.75 0.78
4 0.78 0.74 0.76 0.78
5 0.78 0.74 0.76 0.78
6 0.79 0.76 0.77 0.79
7 0.81 0.79 0.79 0.81
8 0.84 0.83 0.83 0.84
9 0.87 0.86 0.87 0.87

10 0.88 0.88 0.88 0.88
11 0.87 0.86 0.86 0.87
12 0.87 0.87 0.87 0.87
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4.4. Linear Probe Classification Performance

The layer-by-layer performance of the linear probe classifier is shown in Table 5, where
metrics indicate probe performance on the task of classifying board position from the
hidden state vectors.

Classification performance peaks between layers seven and eight; this will become
relevant later. The high values indicate the model successfully transforms the non-linear
inputs into a linear representation of the board state, and simple linear models can decode
these representations reliably. Still, high classification performance does not establish a
causal link between these representations and the output of the model.

Table 5. Linear probe board position classification performance [3].

Layer (£) Accuracy F1 Precision Recall
Embed 0.78 0.73 0.74 0.78
1 0.82 0.79 0.81 0.82
2 0.85 0.82 0.84 0.85
3 0.90 0.88 0.89 0.90
4 0.92 0.91 0.91 0.92
5 0.93 0.92 0.93 0.93
6 0.95 0.94 0.94 0.95
7 0.95 0.95 0.94 0.95
8 0.95 0.95 0.94 0.95
9 0.94 0.94 0.93 0.94
10 0.93 0.93 0.93 0.93
11 0.93 0.93 0.93 0.93
12 0.94 0.93 0.94 0.94

4.5. Markovian World Model

We examined whether our GPT learned to represent the arrangement of pieces on
the board in a way that respects the Markovian property of chess. Formally, let b € B
be a board position, u € U a UCI string, f, : U — R7%® the hidden state from layer ¢,
and Board : i/ — B the function that maps a UCI string to its resulting board state. We
define an equivalence relation ~ over U by

Uy ~ Uy <= 11 # up and Board(u;) = Board(u)

Then the partition P = {[u]~ |u € U} partitions U into equivalence classes where each
class p; corresponds to a unique board position.

We test the similarity of the GPT’s hidden states for differing move sequences from
the same equivalence class. Formally, the hidden state for layer £ respects the Markovian
property if Yuy,uy € U:

Board(1u;) = Board () = f;(111) = f, (u2)

We computed the board fen representation for the final tokens from 200 k chess move
sequences and selected the classes where |p;| > 10. We constructed a dataset D = {S;},
where each §; is the set of terminal hidden state vectors when the sequences u; € p; are
passed through the GPT.

We then performed a permutation test with 1000 bootstrap samples to assess cosine
similarity (alignment) within the sets S; compared to the global population for each layer
{. Specifically, assuming the cosine similarity across S; follows a probability distribution
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Py, and the cosine similarity from the general population of hidden state vectors follows a
probability distribution Pg, we tested

Hy : E[Py] = E[P,] vs H, : E[P] > E|[Pg]

For each layer, we computed the test statistic:

Y cos (v(i),u(i)) —u

k
i=1 (2’) vl ulep;

where there are 1 equivalence classes and y; is the expected cosine similarity of the wider
population at layer ¢. The empirical p-value p is based on the proportion of bootstraps
T(®) > T,ps. The results of our tests are summarized in Table 6.

Table 6. Markovian test statistics by layer.

Layer E[T®)] Tobs O null Cohen’s d
0 3.20 x 1077 0.0427 0.0114 0.4838
1 9.36 x 107° 0.2414 0.0304 0.9855
2 7.96 x 1074 0.2196 0.0284 0.9633
3 —4.46 x 107* 0.2911 0.0357 1.0205
4 6.24 x 1074 0.4013 0.0257 1.8752
5 —197 x 107° 0.4382 0.0212 2.5462
6 —3.07 x 107* 0.4853 0.0153 3.6095
7 6.96 x 1074 0.5352 0.0125 5.0553
8 —9.20 x 107° 0.5792 0.0111 6.3650
9 —5.89 x 107° 0.6024 0.0106 7.0107
10 228 x 1074 0.6345 0.0114 7.2777
11 9.56 x 10~° 0.6657 0.0127 6.9736
12 —9.38 x 107° 0.7049 0.0074 7.5987

All layers yielded an empirical p-value of p < 1 x 1073, indicating a statistically
significant increase in internal alignment of the equivalence classes compared to what
would be expected by chance. If we apply the Holm correction for multiple comparison
test, that is, we sort the p-values and multiply them by their rank to get the new p-value,
the largest new p value would be p’ = 0.00999 « 13 = 0.01 < 0.05, meaning our results
are robust to p-hacking. The difference between T, and the mean of the null distribution
grows consistently with depth, and the signal becomes increasingly distinguishable as
the variance of the null distribution shrinks. This supports the hypothesis that deeper
layers in the model more strongly encode semantic consistency via directional alignment in
representation space.

To quantify the strength of alignment in equivalence classes compared to the general
population of representations, we computed Cohen’s d at each layer of the model. Cohen’s
d is a standardized effect size defined as

a=Cem 1

(o

where Cgem is the mean cosine similarity within equivalence classes, /1 is the average cosine
similarity between random vector pairs from the general population, and ¢ is the standard
deviation of those population similarities. This metric measures how many standard
deviations the semantic set similarities exceed the baseline alignment expected by chance.

As shown in the table of results, we observe a progressive increase in effect size across
layers. In early layers, d values are modest (~0.5 to 1.0), suggesting weak to moderate
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differences. However, as we move deeper into the model, the effect size grows dramati-
cally—surpassing d = 5 in some of the highest layers. This indicates that representations of
semantically grouped inputs become increasingly aligned in later layers.

4.6. Example Case Study

We present a simple demonstration that probe-based interventions can stimulate the
GPT to produce legal moves from a target board even when multiple pieces and squares
are intervened simultaneously (see Figure 4). From the move sequence e2e4 d7d5 (the
Scandinavian Defense), our GPT recommends white’s pawn on e4 capture black’s pawn
on d5 with 75.8% of the probability mass. We construct an intervention vector u from the
pth columns of the probe weight matrix for several squares to swap the positions of black
pawns, ensuring that white’s e4 pawn has no legal moves:

u < War[p] + Wes[p] — Was[p] — Wer[p]

Post-intervention, the model recommends moving the d2 pawn with 76% of the
probability mass, and the e4 pawn receives a negligible amount of the probability mass. A
heatmap of the pre-intervention outputs and post-intervention outputs are shown in the
bottom of Figure 4.

_Changes:
o [l = Remove
o Green = Add

E4 pawn
cannot legally
move

Board Position

0.5
S
‘9‘_ 0.4
: 5|
o 0.3
g
% ] 0.2

0

D E F G H A B C D E F G H

Figure 4. An example intervention that switches a Scandinavian Defense opening to a King’s Pawn
opening. A heatmap of the GPT outputs are shown at the bottom. Pre-intervention, the GPT
recommends taking the black pawn on d6. Post-intervention, the e4 pawn has no legal moves.
So, the GPT recommends moving the d2 pawn or g1 knight instead. Reproduced with permission
from [3].

4.7. Move Validity Post-Intervention

We sample the output logits from 498,058 interventions to generate four sets of
output logits: the “Control” (aka the “None” intervention), “Probed”, “Randomized”,
and “Patched”. We softmax the logits in each sample to get y, a probability distribution
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over the model vocabulary and then compute P(y|B;), the legal move probability mass
(LMPM) according to the original board position. Furthermore, for the samples from
the probe-based interventions, we compute P(y|B;/s), the LMPM according to the target
board position, and for the patch-based interventions, we compute P(y|B;¢) the LMPM
according to the future board position. The distribution of the results is shown in Figure 5.

Original Board Positions (BP) Target BP Future BP
1.0 ——— —_—
0.8
0.6 1
0.4 4
0.2 4
0.0 1
None Random Probe Patch Probe Patch

Figure 5. Legal move probability mass distributions computed for N = 498,058 interventions assuming
either the original (left), target (center), or future (right) board positions. The intervention vector
type is listed on the horizontal axis. Reproduced with permission from [3].

Observe the “None” column in Figure 5, which indicates our GPT assigns 0.9969 mass
to legal moves (¢ = 0.016) across all intervention positions. One significant finding is how
precise the Probed intervention technique is. Specifically, notice that adding random noise
in the Randomized intervention barely changes the LMPM versus the None intervention.
In fact, the argmax of the None and Randomized logits match 98.75% of the time! This is
significant because the Randomized intervention vector is scaled to be exactly the same
length as the Probe intervention vector. In contrast, the argmax of the Probed intervention
logits only matches the None logits 0.05% of the time. So, with the same magnitude of
intervention, we see that the Probe intervention vector has an out-sized impact on the
model’s performance.

When we evaluate the Probe intervention logits against our target board position,
i.e., the state of the board we are trying to force the model to consider, we see the LMPM is
densely concentrated toward the top of the chart (1 = 0.888, o = 0.19). In contrast, the Patch
intervention has a detrimental effect on model performance, despite the intervention vector
itself being a valid representation of the hidden state from only a few moves later in
the game trace. When graded versus the original board position, the mean LMPM is
0.550 (¢ = 0.187), and when graded versus the future board position, the mean LMPM is
only slightly higher at 0.620 (¢ = 0.182) (see the right-most panel in Figure 5). This shows
that at an equivalent scale (77), the patch intervention disrupts the ability of GPT to generate
legal moves according to both the original board and the future board.

These results indicate that our linear probing technique is both effective and precise.
Whereas the random interventions contain too little latent information and the patch
interventions contain too much, the probing interventions are the Goldilocks of the three,
steering the model toward the desired state without inhibiting the model’s ability to
produce legal move sequences.
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4.8. Move Validity Post-Intervention with SAEs

Following the procedure in Section 4.7, we sample output logits from an additional
403,848 interventions to evaluate our SAE-based probes. The output logits are partitioned
based on the intervention applied, “None” is the control from the baseline forward pass
of the GPT, “Probed_CD” uses the weights of the SAE-based contrastive difference probe,
and “Probed_SAE” uses the weights of the linear probe trained on the SAE latent vectors.
We apply softmax to the logits and report the LMPM according to the board position, either
the original state or the target state. These results are summarized in Figure 6.

Original State Target State

1.0 1

0.8 5

0.6 4

0.4 4

0.2 4

0.0 +

T T T T
None None Probed_CD Probed_SAE

Figure 6. Legal move probability mass distributions computed for N = 403,848 interventions assuming
either the original (left) or target (right) board positions. The intervention vector type is listed on the
horizontal axis.

The GPT achieves a mean LMPM of 99.7% (o = 0.01) according to the original board
state (Figure 6, left). As a baseline for comparison, we grade the control “None” inter-
vention against the target board state; it achieved a mean LMPM of 41.0% (o = 0.22) in
this setting (blue violin in Figure 6, right). This is to be expected. On average, the GPT
allocates approximately 60% of the probability mass to its most-favored move. When the
corresponding piece is removed, the entirety of that allocation is invalidated. The mass
that remains valid does so only because there are multiple legal moves available in the
overwhelming majority of board positions, and the GPT allocates some probability mass to
those alternative moves.

Unfortunately, the SAE-based probes are only slightly better. A one-sided Welch’s
t-test quantifies the standardized difference between the means of two groups. In this case,
the test produces a p-value of 7.19 x 10~° for the SAE-based contrastive difference probe
versus the control and a p-value of 6.40 x 10~!? for the SAE-based linear probe versus the
control. Although these small p-values allow us to conclude that the increase in LMPM by
the SAE-based probes is statistically significant, in practice the improvement is too small to
meaningfully alter the model’s behavior or justify the use of these SAE-based probes for
residual stream editing.

A likely explanation for the poor performance of the SAE is not primarily information
loss from sparsity but rather the fact that SAEs are trained in an unsupervised fashion and
therefore lack any mechanism for enforcing an ontologically coherent decomposition of
the model’s latent space. During training, the SAE optimizes reconstruction quality under
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a sparsity penalty, but this objective does not necessarily align its learned features with
domain-specific structure—in this case, the highly constrained ontology of chess piece
identities, colors, board locations. As a result, the SAE often produces features that combine
semantically unrelated components whenever such combinations reduce reconstruction
error. A useful analogy is that the SAE behaves less like a careful disassembly of the model’s
internal representations and more like an indiscriminate fragmentation process: it breaks
the residual stream into parts that are convenient for minimizing its training objective, not
parts that correspond to meaningful chess concepts. Because the SAE is not guided toward
preserving the modularity inherent in chess (e.g., piece-type distinctions, spatial structure,
and turn order), we believe the resulting decomposition is poorly aligned with the ontology
needed for effective representation editing.

5. Conclusions

This article advances the study of emergent representations in transformers through
several key contributions. We release a chess-playing GPT model that improves upon the
legal move rate of the LCB baseline and evaluate whether the hidden state representations
honor the Markovian property of chess. We introduce a new evaluation metric—legal move
probability mass (LMPM)—and use it to assess the intervention performance of probe
classifiers trained on the original residual stream vs. ones trained on Sparse Autoencoder
latents. The SAE:s failed to reliably reconstruct board positions or support accurate causal
interventions, suggesting that they did not capture the relevant emergent features of the
board state. Although SAEs may still hold value in certain interpretability contexts, our
findings add to a growing body of evidence suggesting that, in some settings, they are no
better—and sometimes markedly worse—than simpler techniques.

This pattern is consistent with some of the prior work in the area. In [26], SAEs trained
on chess and Othello models capture some board-state information but still lag behind
linear probes on supervised board reconstruction metrics, and ref. [34] finds that SAE-based
probes rarely outperform strong baselines trained directly on activations, winning on only
a small subset of their 113 probing datasets. Moreover, ref. [34] argues that some reported
SAE gains in the literature may stem from weaker or mismatched baselines, for example,
max-pooling activations across tokens in ways that hurt baseline performance, rather than
from an intrinsic advantage of SAEs themselves. Taken together, these results suggest
that for practitioners choosing between complex SAE pipelines and simpler linear probes,
the latter will often provide comparable or superior performance at lower implementation
and computational cost, unless there is a clear task-specific justification for the added
complexity of SAEs.

A significant constraint of probe classifiers is their reliance on a priori concept defini-
tion. While selecting target features is trivial in bounded domains like chess—where game
rules dictate clear concepts—it becomes increasingly difficult in the open-ended landscape
of natural language, where the space of plausible concepts is vast. Consequently, our future
research will focus on developing unsupervised methods that can automatically discover
relevant concepts using external data, removing the bottleneck of manual selection.
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Abbreviations

The following abbreviations are used in this manuscript:

CD Contrastive Difference

GPT Generative Pre-trained Transformer
LLM Large Language Model

LMPM Legal Move Probability Mass

MSE Mean Squared Error

PEFT Parameter Efficient Fine Tuning
SAE Sparse Autoencoder

UCI Universal Chess Interface

Appendix A. Chess Terminology and Notation

In chess, a move consists of both a player’s action and the opponent’s subsequent
response, while a ply refers to a single action by one player. We call a sequence of chess
moves the trace and denote it with t. Throughout this paper, the reader can assume the
trace is a sequence of encoded token indices. All traces are converted to UCI notation,
a space-delimited format wherein each player’s turn (“ply”) is represented by (up to) three
parts: the starting square, the ending square, and (occasionally) the pawn promotion type.
For example, a pawn promotion to a queen by moving from b7 to b8 is written in UCI
notation as “b7b8q”, and a knight moving from b1 to c3 is written as “b1c3”.

Appendix B. Tokenization and GPT Training Details

The UCI move sequences are tokenized by splitting each ply into up to three phases.
For instance, the UCI string “b7b8q b1c3” becomes [bos, b7, b8, q, bl, c3], where
bos is the special beginning of the string token.

The game trace t<; = (fo,...,t;) is obtained by replacing these tokens with indices
from the vocabulary. We use a vocabulary V with 72 tokens (see Table A1). Except for
special tokens (which are ignored during evaluation), this tokenization scheme matches
that of the LCB model [30].

Table A1. Model vocabulary [3].

Type Examples Count
Special symbols bos, eos, pad, unk 4
Square names al, e4,h8 64
Pawn promotion type n,b,r,q 4
Total 72
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The GPT is trained from scratch, i.e., weights are randomly initialized before train-
ing. Once training is complete, the weights of the GPT model are fixed and unchanged
throughout our analysis. The training parameters are shown in Table A2.

Table A2. Training parameters for GPT [3].

Parameter Value
block size 512
initial learning rate 2 x107*
weight decay 0.01
learning rate scheduler cosine
optimizer Adam
Adam B4, B2 (0.9, 0.999)
Adam ¢ 1x1078
batch size 6
epochs 1
max_grad_norm 1.0
bf16 true

Appendix C. Per-Square Intervention Count

The figure below shows the number of interventions against black’s pieces in the
underlying dataset. The individual squares are labeled using the raw count of interventions
against a given piece on a given square. We apply a log scale to the cell colors since the
distribution of counts varies over several orders of magnitude. Interventions are most
common against the pieces’ starting positions. The number of interventions does not
correlate with the LMPM of the intervention. For instance, Figure A1 shows LMPM for
interventions against a black Bishop on b7 is substantially lower than for b6, despite b6
having considerably fewer samples.

Intervention Sample Size Bishop # Intervention Sample Size King & Intervention Sample Size Knight &

| : = o * * !
= [2=]

5 BEROE 50 PLI 24,920 9

~ 1,138 [N 1,541 .

Intervention Sample Size Queen ¥

0.0 0.5 1.0 15 2.0 25 3.0 35 4.0
log10(count)

Figure A1. Intervention counts by square. The figure shows the number of interventions performed
against black player’s pieces located on each square on the board.
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Appendix D. Probe Training

The results of [29] indicate that their GPT learned an ego-centric representation for
moves in the game of Othello, i.e., “my turn” and “your turn” rather than “white’s turn”
and “black’s turn”. However, unlike Othello, the strategies for black and white players
in chess are vastly different. So, rather than treating each turn in an ego-centric way, our
tokenization scheme supports five distinct phases for each whole move:

*  Phase ¢ = 0: white start square;

¢  Phase ¢ = 1: white end square;

¢  Phase ¢ = 2: black start square;

¢  Phase ¢ = 3: black end square;

¢  Phase ¢ = 4: white or black promotions.

While training linear probes, we limit each probe’s training data to a single phase,
i.e., we train five distinct probes for each square and layer. The training dataset for a single
phase’s probe consists of a single board position from each phase of each of the 120 k games
played in January 2013 and published in the Lichess.org open database. Figure A2 shows
the number of times a given piece appears on each square within the probe training dataset
used to perform our interventions.

We train the linear probes on a 16-core NVIDIA GeForce RTX 3060 Laptop GPU.
Training for a single layer-phase takes approximately 8 minutes, so training a complete
suite of linear probes across all 12 layers and 5 phases takes approximately 8 hours. The
linear probe training parameters are listed in Table A3.

Table A3. Training parameters for linear probes.

Parameter Value
initial learning rate 9x 1073
learning rate scheduler cosine
weight decay 0.01
optimizer AdamW
Adam B4, B2 (0.9,0.999)
Adam ¢ 1x 1078
batch size 2000
epochs 20
max_grad_norm 1.0
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Figure A2. Piece count by square within probe training data. The figure shows the number of times
each piece type was observed on each square of the board within the training data for a single phase
@ = 2 probe—the same probe used to intervene against black pieces above.
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