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Abstract

Cerebral aneurysms and arteriovenous malformations are life-threatening hemodynamic
pathologies of the brain. While surgical intervention is often essential to prevent fatal
outcomes, it carries significant risks both during the procedure and in the postoperative
period, making the management of these conditions highly challenging. Parameters of
cerebral blood flow, routinely monitored during medical interventions or with modern
noninvasive high-resolution imaging methods, could potentially be utilized in machine-
learning-assisted protocols for risk assessment and therapeutic prognosis. To this end,
we developed a linear oscillatory model of blood velocity and pressure for clinical data
acquired from neurosurgical operations. Using the method of Sparse Identification of
Nonlinear Dynamics (SINDy), the parameters of our model can be reconstructed online
within milliseconds from a short time series of the hemodynamic variables. The identified
parameter values enable automated classification of the blood-flow pathologies by means
of logistic regression, achieving a balanced accuracy of 74%. Our results demonstrate the
potential of this model for both diagnostic and prognostic applications, providing a robust
and interpretable framework for assessing cerebral blood vessel conditions.

Keywords: data-driven modeling; diagnostics; hemodynamics; cerebral aneurysm; cerebral
arteriovenous malformation

1. Introduction
Intracranial arterial aneurysms (AA) and arteriovenous malformations (AVM) are

cerebral blood-flow defects that can lead to life-threatening hemorrhage or neurological
pathologies [1,2]. Often, these threatening conditions warrant surgical intervention. How-
ever, due to the significant uncertainty of the risks associated with both the pathologies
and their treatment, determining whether such an intervention is advisable is a challenging
medical question even for experienced specialists, who must judge on a wide range of
complex factors.
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AAs represent swollen areas caused by weakened blood-vessel walls, which can
expand and rupture. No unified theory of their genesis exists, though most researchers
attribute aneurysms to degenerative changes in the vascular walls caused by various
factors. An aneurysm consists of a neck, body, and dome, with the dome formed by a single
layer of intima (thinnest)—the most vulnerable part where ruptures typically occur. The
risk of hemorrhage from an unruptured aneurysm is about 1% per year, but a recurrent
hemorrhage is significantly more frequent: 15–25% within the first two weeks and 50%
within the first six months. The risk of hemorrhage also increases with the size of the
aneurysm: defects under 5 mm have a lifetime rate of 2.5%. Aneurysms of 6–10 mm in size
burst in 41% of cases, and those in the range of 11–15 mm in 87%. Repeated hemorrhages
are generally more severe than initial ones, with a fatality rate of 32% in the first week, 43%
by the second week, and up to 63% within the first year. Surgical treatment for cerebral AAs
involves either open aneurysm clipping or conservative endovascular methods, though the
latter is only applicable to pathologies of a small size.

AVMs are congenital pathologies manifested as entangled blood vessels that disrupt
the oxygen supply of the surrounding tissues, thereby provoking cell death. In severe
cases, they can rupture, resulting in intracranial hemorrhage with the frequency reported
in the range of 30–82% [3]. The high morbidity and disability rates highlight the dangers
associated with this pathology. A common method of treating AVMs is embolization: em-
bolizing agents, such as N-butyl-2-cyanoacrylate or a non-adhesive copolymer of ethylene
and vinyl alcohol (ONYX) [4], are delivered by a micro-catheter to block the pathological
vessels. The mortality rate of treated patients with AVMs achieves 9.3% during the period
of hospitalization.

The decision on surgical intervention requires a careful risk assessment before and
after the treatment, as a re-operation may be deemed necessary [5–7]. Therefore, modeling
hemodynamic flows in patients with AAs and AVMs is a mathematical problem of utter
practical importance.

Due to the increasing role of computational methods in medicine, with the rapid
improvement in dataset quality and methods of their processing, there is a growing in-
terest in applying machine learning to clinical data to assist medical decision-making,
treatment planning, and execution [8–12]. In this report, we explore the use of modern
machine learning techniques on data acquired during the treatment of AAs and AVMs
in real time. In particular, we leverage the Sparse Identification of Nonlinear Dynamical
Systems (SINDy) [13] as the model-discovery framework and apply logistic regression
to characterize and to automatically classify blood flow with pathologies before and af-
ter surgery.

Our proposed methodology offers a novel approach to analyzing cerebral blood flow
in patients undergoing surgery for cerebral blood vessel malformations. Classification
of the identified model parameters could help medical doctors make more informed
decisions in surgical planning. Additionally, our findings highlight the prospects of using
larger datasets to design automatic diagnostic tools for blood pathologies or methods for
forecasting the outcome of a surgical treatment.

1.1. Background

During surgical interventions, physical parameters of patients’ blood flow, such as ve-
locity v(t) and pressure p(t), are continuously monitored [14–16], as illustrated in Figure 1.
While detailed physical models for their dynamics are fairly complicated [12,17–21], in this
work, we adopt a phenomenological approach from Refs. [15,16], where the time series of
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these hemodynamic variables are fitted to a family of parsimonious nonlinear equations of
the Liénard type [22]:

p̈(t) + A[p(t)] ṗ(t) + B[p(t)]p(t) = ϵv(t), (1)

where A(p) = a0 + a1 p + a2 p2 + · · · and B(p) = b0 + b1 p + b2 p2 + · · · are algebraic
polynomials in p(t) with coefficients a0,1,2... and b0,1,2,....

Figure 1. Examples of time series for blood flow velocity (A,C) and pressure (B,D) in clinical data
before, during, and after surgery: patient with an arterial aneurysm (A,B), and patient with an
arteriovenous malformation (C,D). The pressure and velocity values (vertical axes) are demeaned
and span five cardiac cycles (Section 2.1).

Simulations of Equation (1) represent the direct (well-posed) Cauchy problem with
the initial-value conditions p(0) = p0 and ṗ(0) = ṗ0. In Refs. [15,16], the coefficients of
algebraic polynomials a0,1,2..., b0,1,2,... and the initial conditions p0 and ṗ0 are determined
from experimental data [p(ti), v(ti)]i=0,1,2,...,n using techniques from inverse-problem the-
ory [23,24]. However, this approach is computationally expensive and sensitive to initial
parameter guesses [25,26], as it often involves iterative, high-dimensional optimization,
especially with nonlinear polynomial terms, making it costly.

Common regression techniques, including Least Squares, LASSO, and Ridge regres-
sion, often face limitations in online short-latency applications due to high computational
demands or sensitivity to initial parameter guesses [27]. Moreover, fitting data to a min-
imal model risks misinterpretation, as patient-specific variations may not be adequately
captured by a universal set of terms. A robust approach would, therefore, benefit from
starting with a larger model framework that can adaptively reduce complexity based on in-
dividual patient data. To address the computational challenge, L2-norm-based approaches,
like Ridge regression, are often employed for their speed. However, while effective at
controlling over-fitting, they do not inherently reduce the number of terms, resulting in
models that may remain unnecessarily complex. Conversely, L1-norm-based methods such
as LASSO can achieve sparsity by eliminating terms with minimal contribution, but their
iterative nature makes them too slow for online short-latency applications.
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1.2. Overview

The data-driven discovery of dynamical systems offers a novel approach to mod-
eling and understanding complex real-world systems [28]. Expanding on the previous
works [14–16], we explore this approach and present advances in two directions: data-
driven modeling of the blood-flow dynamics with short-latency identification of the sys-
tem parameters, and the potential clinical applications of the relationships learned from
this data.

To address the limitations of the original model (1), we expanded the basis functions
by constructing a more comprehensive candidate library, Θ, which includes not only
polynomials in p(t) and its time derivatives, but also other nonlinear terms:

p̈ + c01 ṗ + c02 ṗ2 + c03 ṗ3 + (c10 + c11 ṗ + c12 ṗ2)p + (c20 + c21 ṗ)p2 = ϵv, (2)

where cij are the coefficients to be determined. This expanded equation allows us to assess
the contribution of higher-order terms to the accuracy of the model and determine whether
the original model is optimal in terms of fit and simplicity.

To determine the coefficients cij, we apply the Sparse Identification of Nonlinear Dy-
namical Systems (SINDy) method [13] with Sequentially Thresholded Least Squares (STLS)
optimization, which is computationally efficient and converges to a sparse solution rapidly
as an alternative to the traditional regression techniques [29]. By adjusting the sparsity
threshold, we systematically eliminate terms, with the original equation (Equation (1))
being recoverable for appropriate threshold values. This trade-off between simplicity
and computational feasibility makes SINDy a suitable method for online short-latency
applications. A detailed explanation of the SINDy method is provided in Methods.

Since the inception of the SINDy methodology, its limitations have been explored
and extensions have been proposed to address outstanding challenges [30–49]. However,
because the clinical data in our possession consist of time series with low levels of noise,
and the forcing term v(t) partially incorporates much information about latent variables
in our model, these limitations do not present difficulties in our work. Moreover, since
the number of candidate basis functions is much smaller than the length of the time series,
the regression problem is overdetermined, favoring stable L2-regularized solutions [50].
Therefore, we are able to apply the original methodology already implemented in an
open-source code [51,52].

SINDy has been shown to work well with libraries composed of truncated Taylor
expansions [13,53]. Therefore, we start from the most general Liénard system based on the
second-order power series (2) in (p, ṗ). By varying the sparsity threshold (η), we sought
a balance between the model complexity and its accuracy. Observing that the fitting and
prediction error remains unchanged or even decreases (for AVM patients) while η increases
and, thus, the higher-order terms are progressively eliminated (Section 3.1), we identified
the value of the sparsity threshold that robustly renders a linear structure of the governing
equation for all patients in our clinical data.

Specifically, in the regression procedure [29], we simplify the inverse problem by
setting p(0) to the experimental value p0 = p(t0), estimating ṗ(0) from the forward-
difference formula p0 = [p(t1)− p(t0)]/(t1 − t0), thus excluding these values from the
fitting parameters. By setting the sparsity threshold at η = 1.0, the nonlinear terms of order
O(p3) are eliminated, and by η = 5.0, Equation (2) is reduced to a linear model of a forced
damped harmonic oscillator

p̈(t) + a ṗ(t) + b p(t) = ϵv(t), (3)
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where a, b and ϵ are constants. This linear approximation retained only three key
parameters—a, b, and ϵ—resulting in a model that strikes the balance between simplicity
and accuracy.

Our findings indicate that, while achieving a slightly better forecasting accuracy
(Section 3.4), the complex nonlinear model proposed in Refs. [15,16] may be overly detailed.
The simplified linear model, with only three parameters, effectively captures the essential
dynamics of blood flow and offers a more practical, interpretable solution. We specifically
evaluated the reproducibility of parameter values across datasets, observing that, even in
the worst case, the relative deviation of the parameters did not exceed 24% (see Results).
In addition, by reducing the fitting problem to solving an overdetermined linear system,
SINDy does not require an initial parameter guess, which is one of the critical aspects in
the original technique of Refs. [15,16]. This efficiency enables rapid model construction at
scale, making it well-suited for clinical and short-latency applications.

Further, we explore whether the fitted values of the model parameters, viewed as
means of data-dimensionality reduction, could act as predictor variables for pathologies
or treatment prognosis in higher-tier machine learning models. To pursue this line of
inquiry, we applied logistic regression to classify blood-flow anomalies and surgically
treated vessels based on the parameters of Equation (3) inferred from the patient data. In
this application, our automatic classifier discriminates between three classes—flows with
AA, AVM, and in surgically treated vessels—with a balanced accuracy of 74%, which is a
surprisingly promising result given the limited data.

2. Materials and Methods
In this study, we employ a multi-step approach to analyze clinical data and apply

machine learning for classification. First, the clinical data is reconstructed using sparse
regression methods, which help identify relevant features while reducing model complexity.
Next, we apply logistic regression to classify the reconstructed data into distinct categories
of blood flow anomalies, based on clinical outcomes. The following subsections describe
the details of the data acquisition, the sparse regression procedure, and the classification
methodology [29].

2.1. Clinical Data

Blood velocity and pressure were recorded using a Doppler sonography from an
intravascular guidewire with a diameter 0.34 mm. The signals were processed through an
analogue-to-digital converter at a frequency of 200 Hz. A digital low-pass filter of order
N = 198 with a Hamming window and a cutoff frequency of 7 Hz was used for noise
suppression (Nyquist frequency 99 Hz, sampling frequency 198 Hz). Filtering with identical
parameters was applied to both pressure and velocity signals in a single forward pass,
followed by compensation of the filter group delay (N/2 points), resulting in an effective
zero-phase response.

Velocity and pressure data were collected before, during, and after surgery from ten
patients: five with AAs, and five with AVMs, all of whom underwent a successful surgical
treatment. The boundaries of individual cardiac cycles were determined by the points of
local minima in the pressure signal (diastolic minimum). Five consecutive cardiac cycles
were extracted from the recording for further analysis. Each time series thus lasted between
3.345–5.375 s, with a time step of ∆t = 5 ms. The time-averaged values of pressure and
velocity were subtracted from each trajectory before fitting the data to theoretical models.

https://doi.org/10.3390/ai7030105

https://doi.org/10.3390/ai7030105


AI 2026, 7, 105 6 of 17

2.2. Sparse Identification of Blood-Flow Dynamics

Many dynamical systems of variables x(t) ∈ Rn are described by governing equations
of the form ẋ(t) = f [x(t)], which contain just a few terms in the expression for f (x).
Therefore, such equations are sparse in some basis (set) of functions. SINDy was motivated
by this observation and aims to solve this sparse identification problem [13,51]. In the same
spirit, given an observed dependency of velocity on time, we are looking for a governing
equation of pressure dynamics in the form of a second-order differential equation:

p̈(t) = f [p(t), ṗ(t), v(t)], (4)

given the initial values p(0) and ṗ(0).
In vector form, we denote the time series as P = [p(t0), p(t1), . . . , p(tn)], Ṗ =

[ ṗ(t0), ṗ(t1), . . . ], and V = [v(t0), v(t1), . . . ] for the consecutive instances of time ti=0,1,2,...,n.
By performing a sparse regression on the linear equation

P̈ = Θ(Ṗ, P, V)Ξ, (5)

we seek a vector of coefficients, Ξ, that identifies the system’s dynamics within the basis
of candidate functions such as p(t), ṗ(t), p2(t), and others. These candidate functions are
organized into a library, represented by the matrix

Θ(Ṗ, P, V) =

p(t) ṗ(t) p(t) ṗ(t) p(t)2 ṗ(t)2 . . . v(t)

 ∈ Rn+1×k, (6)

with each column containing one of the k basis functions evaluated at the consecutive
instances of time ti=0,1,2,...,n. To compose Θ, we approximate the derivative of the pressure
numerically ṗ(t) as

ṗ(ti) =


p(ti+1)−p(ti−1)

ti+1−ti−1
+ O(∆t3), if 0 < i < n

p(t1)−p(t0)
t1−t0

+ O(∆t2), for i = 0,
p(tn)−p(tn−1)

tn−tn−1
+ O(∆t2), for i = n,

(7)

and similarly to calculate P̈ given this approximation of Ṗ. The central finite differences
in the above equation are accurate up to the second order in ∆t = ti+1 − ti for all instants
t0<i<n, except the boundaries t0 and tn, where it is not applicable, and we have to resort to
the first-order forward and backward finite differences, respectively. The coefficients Ξ are
determined by STLS, which starts with an ordinary least squares solution

Ξ̂ = arg min
Ξ

(
∥P̈ − Θ(P, V)Ξ∥2

)
, (8)

and eliminates the coefficients Ξ that are smaller than the predefined sparsity threshold η.
Then, another least squares solution is obtained for Ξ on the remaining coefficients, which
are compared to the threshold again. This procedure is iterated until no more coefficients
can be zeroed out.

By increasing the sparsity threshold η, we can select progressively simpler models
with fewer significant non-zero terms. In our case, larger thresholds lead to models that
consistently highlight the same key terms across different patients, as their data share
similar patterns. This ensures that the model captures the most universally relevant
dynamics without over-fitting [54]. We have tested values of η ∈ {0.1, 1.0, 5.0}.
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The accuracy of identified models can be characterized by the normalized root mean
squared error (NRMSE):

NRMSE(p, p̂) =
1

max p(t)− min p(t)

√
1

n + 1

n

∑
i=0

[p(ti)− p̂(ti)]
2. (9)

where p(t) represents the ground-truth time series of pressure, while p̂(t) is the trajectory
generated by the identified model, starting from the same initial conditions, p̂(0) = p(0)
and ˙̂p(0) = ṗ(0), and using the best-fit parameter values, Ξ̂. NRMSE provides a way to
assess how closely the identified model replicates the observed data over time.

To benchmark the computational cost of fitting, we measured the time taken for seven
runs of the optimization routine, each consisting of 103 iterations, executed on a single
core of an Intel Core i7-13700 processor (manufactured by Intel Corporation, Santa Clara,
CA, USA).

2.3. Logistic Regression for Classification of Blood-Flow Dynamics

Using several hundred elements of two-dimensional time series of the velocity and
pressure (p(ti), v(ti)), we identify between three and ten coefficients Ξ̂ depending on the
assumed model, effectively reducing the number of descriptors representing the same data.

However, features of blood flow differ between the experimental conditions, i.e.,
before, during, or after the surgery (Figure 1). Since the pressure–velocity relationship
is encoded in the parameters Ξ̂, these learned parameters from the patients’ data can be
used as inputs in a classification problem. Here, we consider three categories of interest for
each patient

Y(Ξ̂(i)) =


0 for AA flow,

1 for AVM flow,

2 for flow after a successful treatment,

(10)

where Y(Ξ̂(i)) refers to the actual class of the patient i and the last category is interpreted
as a pathology-free condition.

In the context of a multi-class logistic regression [27,54], which we adopt in this report,
the probability for the parameter values Ξ̂(i) of the ith patient to belong to the category
m ∈ {0, 1, 2} can be encoded by the softmax function (Section 7.4, Equation (79) [54]) as

Pm(Ξ̂
(i)) =

exp
(

∑j wmjΞ̂
(i)
j

)
∑2

m=0 exp
(

∑j wmjΞ̂
(i)
j

) , (11)

where the summation over j includes all input coefficients Ξ̂j, namely a, b and ϵ. The input
arguments Xij are extended by a bias term Ξ̂0 = 1, and wmj are the weights that the model
optimizes to assign categories. To determine these weights, maximizing the multinomial
log-likelihood function (Section 7.4, cf. Equations (80) and (81) [54]),

ŵ = arg max
w

∑
i

2

∑
m=0

{
y(i)m ln Pm(Ξ̂

(i)) + (1 − y(i)m ) ln
[
1 − Pm(Ξ̂

(i))
]}

, (12)

we use the L-BFGS algorithm [55], which ensures efficient and reliable convergence to the
optimal values wmj. In Equation (12), we set y(i)m = 1 if the ith time series has the label m,

Y(Ξ̂(i)) = m, or y(i)m = 0 otherwise.
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2.4. Software

System identification (Section 2.2) and pathology classification (Section 2.3) were
implemented in Python 3.12.11 [29] and based on the packages PySINDy [51,52] and scikit-
learn [56], respectively. For visualization, we used the Python package MLxtend [57] and
Wolfram Mathematica [58].

3. Results
3.1. Efficient Identification of Blood-Flow Dynamics

To identify the most efficient model from the same family as Equation (1), we progres-
sively increased the sparsity threshold η. This process starts with a more general candidate
library Θ (Equation (2)), including polynomials of the pressure and its time derivatives up
to the third degree, along with a linear term proportional to the velocity of the blood flow.
We varied the sparsity threshold η over a range of values, from a small threshold η = 0.1
and an intermediate value η = 1.0 to the maximum η = 5.0.

The threshold value η = 0.1 narrows down the candidate library to the form of
Equation (1) for all patients’ data (Figure S1A). The majority of the nonlinear terms disap-
pear at η = 1.0 (Figure S1B). Finally, the linear Equation (3) emerges robustly across all
patients’ data at the threshold η = 5.0 (Figure S1C).

To validate the identified models, the system was simulated using the inferred pa-
rameters. The time series thus generated were then compared against the experiments
(Figure 2). While the sparsest solution demonstrates the best performance, reinforcing its
utility for generalization, on certain patients’ data, the higher-order models may appear
indistinguishable from it (Figure 2A), or even strikingly inefficient (Figure 2B). Higher-order
models show average NRMSE similar to the simplest linear Equation (3) for AA patients
(Figure 2C). However, on AVM patients (Figure 2D), the linear model performs strikingly
better than the alternatives. For both AA and AVM data, the linear model prevails by the
computational cost.

The inefficiency of higher-order equations may seem counterintuitive, as one might
expect more complex models to perform better at intermediate thresholds. However, it
can be explained by the fitting process, which aims to reproduce the pressure derivatives
evaluated numerically rather than the original time series. The higher-order equations
robustly fit the derivative data tighter than the linear model (Figure S2 with the same
patients as in Figure 2).

As the time derivatives of pressure in our method are calculated numerically from
time series, artifacts due to noise, filtering, or smoothing in the data can occur. While ad-
vanced techniques like Kalman filtering or other smoothing methods [52] could potentially
reduce such artifacts and improve consistency, finding the optimal method for numerical
differentiation is beyond the scope of this study. Moreover, such approaches do not always
guarantee a reliable performance, particularly given the variability in clinical data. Instead,
selecting a large sparsity threshold η effectively isolates the most significant terms and
ensures robustness even in the presence of artifacts related to the numerical differentiation.
These features make the combination of a large threshold η with the finite-difference tech-
nique for computing time derivatives sufficient to achieve a balance between simplicity,
consistency, and accuracy.

When evaluating the statistics and performance across all our clinical data, the sparsest
model (3), which is computationally most efficient, achieves accuracy close to the higher-
order models used in the earlier works. Overall, the linear model performs strikingly better
than its more complex alternatives on the AVM data as quantified by the average NRMSE
(Figure 2D, orange bars).
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Figure 2. Examples of fitting with various sparsity thresholds η. For illustration, we select one AA
(A) and one AVM (B) patient, whose models display the worst match between the simulations and
experiments. NRMSEs averaged over all AA (C) and AVM (D) patients summarize the overall perfor-
mance of the learned model (orange bars, standard deviation shown by whiskers). Computational
time in (C,D) is reported for the patients in (A,B) (blue bars, average over several runs).

3.2. Reproducibility and Forecasting Performance of the Linear Model

The linear model (3) inferred by SINDy accurately captures patients’ blood-flow
pressure from the velocity time series with a set of just three coefficients (a, b, ϵ). The
simulated trajectories are in good agreement with the experimental time series (Figure 3),
and display a counterclockwise current—the circulation commonly found in arteries [15,16].
Assessing the reproducibility of the fitted parameters for the same patient is crucial for
validating the analysis and demonstrating the robustness of the methodology. To evaluate
reproducibility, we divided the time series into two equal parts and independently applied
our fitting procedure to each half of the data (Figure 4A). Values of the parameters thus
learned differed at the most by 24% relative to the estimate inferred from the whole series
across all patients’ data considered, underscoring the robustness of the model across all
patient data considered (Figure 4B).

To test the effect of the training-set length on the forecasting performance of our method,
we inferred the model parameter values from time series of varied length. By forecasting, we
mean the reconstruction of pressure dynamics conditioned on the measured velocity signal.
Because the time series for each patient consists of a total of five cardiac cycles (Section 2.1),
we partition each signal into five equal temporal segments, effectively corresponding to the
individual cycles. We reserve the fifth segment for validation, and the first three for fitting.
The fourth cycle is not used in either training or testing to allow time correlations to decay
and prevent temporal leakage between training and validation data. We fitted a total of 1,
2, or 3 consecutive cardiac cycles from the training set. The forecasting performance is then
characterized by NRMSE (9) of the simulations reproducing the validation cycle.

Training the model on a dataset covering a single cardiac cycle enables excellent
predictions of the experimental time series for the same duration (Figure 5). Extending
the training set to encompass up to three cardiac cycles does not significantly affect the
NRMSE, though it expectedly increases the computational cost. This vindicates the SINDy
method and its robustness in the present medical application due to the low variance of
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the experimental time series over different cycles and, thus, to low overfitting, even when
training on such short time series.

Figure 3. Examples of pressure–velocity diagrams before (blue), during (orange) and after (green)
surgery for time series of a patient with an arterial aneurysm (A–C) and with an arteriovenous
malformation (D–F). We simulate Equation (3) for each patient by using the initial condition of the
experimental pressure.

Figure 4. Reproducibility of AA patients’ parameter values. (A) Example of splitting in half the
pressure trajectory taken from an AA patient before surgery. First, we infer parameters from each
part (blue and orange trajectories) independently, and then from the whole time series. (B) The
maximum relative difference of model parameters learned from the two halves shown in (A) (blue
and orange) with respect to the values inferred from the entire series, emphasizing the reproducibility
of our results.

Figure 5. Forecasting performance of Equation (3). We split the pressure time series into training and
test sets. Simulations of the model with parameter values learned from the training sets of various
lengths are compared with the time series of the test set. (A) An example of splitting an AA patient’s
pressure time series. The training sets (solid blue line) are delimited by the red vertical lines. The last
cardiac cycle (dashed blue line), kept as the test set, is compared with the simulated model (solid
black line). Averaged NRMSE of the simulated pressure on a test set of a single cardiac cycle across
all AA patients indicates negligible changes in the accuracy with the increasing size of the training set,
which expectedly offsets the computational cost (B). The orange whiskers in (B) indicate the standard
deviation over all AA patients.
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3.3. Machine Learning Classification of Arteriovenous Pathologies

Since the patients’ data used in this work contain successfully treated blood-flow
defects, the post-surgery time series of pressure and velocity may serve as proxies of healthy
vessels. Consequently, we investigate whether the parameters of Equation (3) learned from
observations (Tables S1 and S2) can be used to discriminate between the normal and
abnormal flow dynamics, and to identify the pathological defect in the latter case.

Using multi-class logistic regression [27,54], we train the softmax classifier Equation (11)
with the feature set Ξ = (Ξ0, Ξ1, Ξ2, Ξ3) = (1, a, b, ϵ), where Ξ0 and its associated weight
wm0 correspond to the constant bias term (see Materials and Methods for details). The
classifier is trained to categorize the output into three categories, m ∈ {0, 1, 2}: arterial
aneurysm, arteriovenous malformations, and treated vessels, respectively, cf. Equation (10).

To exploit a small set of twenty examples—comprising five arterial aneurysms and
five arteriovenous malformations, both pre- and post-surgery—we first resample the data
into 100 partitions, each with training and test subsets of 16 (80%) and 4 (20%) examples,
respectively. Note that in total, there are over 4800 such unique partitions. Then, to obtain
a more robust estimate of classifier performance, we apply grouped cross-validation that
prevents patient-level data leakage but reduces the number of partitions.

The average accuracy of the logistic regression, evaluated over the 100 random par-
titions, is 73 ± 2 %. To investigate further properties of the classification, we constructed
decision boundaries by optimizing Equation (11) over the full set of 20 examples in the
3-dimensional feature space (Figure 6), as well as their 2-dimensional projections (Figure 7).

Figure 6. Decision boundaries of the logistic classifier Equation (12) in the 3-dimensional feature
space of parameters a, b, and ϵ from Equation (3). These boundaries separate the regions of 5 AA
patients (blue circles, blue area in (A)) and 5 AVM patients (orange circles, orange area in (B)) before
the surgery from the same patients’ data after the surgery (green circles, green area in (C)). The
decision boundaries between these three classes are constructed by using Wolfram Mathematica [58].

Most of the patients’ data, with a single exception, fall into the regime of an under-
damped harmonic oscillator with a2 < b (Figure S3). We notice that AA occupies the region
of small frequencies

√
b and low dissipation a (Figure 6A). In contrast, examples of the

treated vessels reside in the high-dissipation and moderate-frequencies area (Figure 6C).
Arteriovenous malformations belong in a layer of relatively smaller volume in between
these two categories. In addition, boundaries of the arterial aneurysms’ region appear
parallel to the direction of the axis ϵ and, therefore, independent of the coupling strength
between the pressure and velocity.
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Figure 7. Decision boundaries of pathology classification by logistic regression. Decision boundaries
of the logistic classifier Equation (12) are projected onto the ab-, ϵa-, and ϵb-planes cutting the third
axis of the full 3-dimensional feature space at the mean values of the parameters ϵ, b, and a over all
patients’ data, respectively. The full dataset contains model parameters based on 5 AA patients and
5 AVM patients before surgery, and the same patients’ data after the surgery. The decision boundaries
between these three classes are constructed by using the MLxtend [57] Python module.

To guard against the patient-level leakage, we apply a grouped cross-validation
scheme. Specifically, to keep the original 80/20 train–test ratio, we trained the classifier
with the data of 8 out of 10 patients, thus leaving 2 patients per fold for testing. Over all
possible combinations of patients’ data, which amount to 45 folds in total, the classifier
achieved an accuracy of 0.75 ± 0.22, a balanced accuracy of 0.74 ± 0.22, and a macro-F1
score of 0.69 ± 0.26. Its performance was the highest for treated vessels, with the lowest
and more variable precision and recall for the AVM data (Table 1).

Table 1. Performance of pathology classifier in the grouped leave-two-out cross-validation.

AA AVM Treated Vessel

Recall 0.62 ± 0.46 0.49 ± 0.47 0.79 ± 0.29
Precision 0.62 ± 0.46 0.42 ± 0.43 0.88 ± 0.24

The average confusion matrix (Table 2) exhibits strong diagonal dominance, with
misclassifications mainly involving the AVM class. AA pathologies are almost never
confused with treated vessels. Perhaps the most critical property for clinical applications,
verified in our analysis, is that treated vessels are classified more reliably.

Table 2. Row-normalized confusion matrix of the pathology classifier averaged over 45 folds of the
data for the grouped leave-two-out cross-validation.

AA AVM Treated Vessels

AA 0.80 0.20 0.00
AVM 0.18 0.62 0.20
Treated vessels 0.01 0.20 0.79

3.4. Comparative Performance of Linear-Model Fitting with SINDy

To compare the computational complexity and cost of our method with the original
approach of Refs. [15,16], we use the fitting results over the full duration of each time series
in our AA and AVM datasets. Although the original inverse-problem technique can be
parallelized to significantly improve its performance, we refer to its serial implementation,
since we do not explore concurrent-execution strategies for SINDy.
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On average, the serial implementation of the original inverse-problem technique takes
approximately 10 s to reconstruct Equation (1) for a single patient, compared to only the
ms-scale performance of our method based on Refs. [51,52] and the linear Equation (3).
As expected, the original method, which incorporates higher-order nonlinear terms with
more fitting parameters, achieves slightly better accuracy than the linear model proposed
in our approach (Figure 8). This difference appears negligible for the intended applications,
e.g., in the classification of pathologies. Moreover, when revisiting the original polynomial
formulation in Equation (1), we observed that the constant terms a0 and b0 dominated in the
trend of A(p) and B(p)p averaged over patients, while higher-order terms were negligible
(Figure S4), supporting the suitability of the linear model in Equation (3) to capture the
core dynamics of blood flow. Therefore, the significant gain in computational efficiency
offered by our method outweighs the marginal loss in expressive power, especially for
online short-latency applications.

Figure 8. Comparison of NRMSE between the Equations (3) fitted with SINDy and (1) fitted with
the original inverse-problem technique from [15,16] (2016) over five cardiac cycles per each AA and
AVM patient data.

4. Discussion
Our work illustrates the potential of modern machine learning techniques to en-

hance the analysis of hemodynamical data routinely monitored during cardiovascular
surgeries in real time. By overcoming the computational challenges faced by the original
method [15,16], the combination of SINDy renders our procedure faster and more robust
(Section 3.4, Figure 8), while describing the system by a simpler linear model (5). These
enhancements make our approach well-suited for online short-latency applications. One
potential application, the identification of pathologies, we have proposed and tested here.

Through SINDy, the computational cost of handling general models becomes man-
ageable, where the sparsity threshold offers a way to find a balance between accuracy
and complexity. Unlike direct methods of linear-model fitting, the model-selection capa-
bilities of SINDy allow additional control over observations that are poorly described by
Equation (5). The occurrences of such time series in medical applications can be used to
trigger exceptional procedures or fallback to the higher-order models.

Although our study relies on direct measurements, which have the advantage of being
more precise, noninvasive techniques of measuring blood-flow variables also exist [59–63].
Therefore our method, which succinctly encodes the observations of hemodynamic data
with just a few interpretable parameters and exhibits excellent forecasting capabilities,
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could be used in various clinical settings, e.g., for therapeutic assessment before the inter-
vention stage.

Indeed, the hemodynamic descriptors obtained through our procedure prove to be
sufficiently informative for the automated detection of pathological blood flows. By using
the logistic regression over a small set of training data, we achieved a 74% balanced accuracy
of discrimination between arterial aneurysms, arteriovenous malformations, and treated
vessels. Moreover, this method, in combination with a linear model, renders it accessible
to analysis and physically interpretable decision boundaries. Incorporating the model
parameters into surgical planning can enhance medical decision-making and reduce the
risk of unnecessary reoperation.

The hemodynamic descriptors produced by our method can also serve as effective
means for dimensionality reduction. When combined with complementary techniques—
such as physics-informed neural networks (PINNs), which leverage sparse imaging data
and physical laws to predict brain hemodynamics [9]—they can form the foundation for a
complex analytical framework.

While our findings are based on a limited sample size, the use of cross-validation
partially mitigates overfitting risks. Importantly, our grouped cross-validation analysis
shows that the successfully treated vessels are identified most reliably. Future work should
prioritize the acquisition of larger patient datasets to enable more robust assessment of
the classification performance. Moreover, beyond diagnostic applications, illustrated here
by the classification of pathologies, one may pursue a more ambitious goal of predicting
hemodynamic parameters after surgical intervention. Such predictions would facilitate the
development of a therapeutic prognosis, helping in medical decisions and improving the
statistics of treatment outcomes.

Supplementary Materials: The following supporting information can be downloaded at: https://
www.mdpi.com/article/10.3390/ai7030105/s1, Figure S1: Sparse structure of Equation (2); Figure S2:
Accuracy of numerical differentiation; Figure S3: Parameters of the autonomous part (left-hand side)
of Equation (3); Figure S4: Coefficients of the Lienard Equation (1); Table S1: Parameter values of
Equation (3) inferred from the AA patients’ data; Table S2: Parameter values of Equation (3) inferred
from the AVM patients’ data.
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