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Abstract


We identify a fundamental tension between general relativity and spectral geometry arising from the global, nonlocal character of spectral data versus the local causal dynamics of spacetime. To resolve this, we postulate spectral invariance,   δ  Λ n  = 0  , requiring the eigenvalues of the Laplace–Beltrami operator to remain fixed under physical evolution. This condition yields a compensatory relation between metric deformations and eigenfunction amplitudes, suggesting a kinematic coupling linking energy distribution to spacetime curvature. From the second variation of the associated energy functional, we derive a rank-4 tensor proportional to the inverse DeWitt supermetric on superspace and a contracted rank-2 tensor proportional to the spacetime metric, and we recover a invariance law of the energy functional in configuration space. Spectral invariance may suggest a framework in which geometry and energy are co-defined through fixed spectral data.
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1. Introduction


General relativity enforces causal propagation of physical observables, while spectral geometry encodes geometric information globally through the eigenvalues of the Laplace–Beltrami operator [1,2,3]. Although both frameworks are well developed, their mutual compatibility has not, to our knowledge, been explicitly examined. In this work, we show that allowing the spectral data to vary under physical evolution would imply instantaneous, nonlocally mediated changes in the observable spectrum, which is a global invariant of the metric-defined operator itself. This seems to stand in conflict with the causal structure of the Einstein equations [4,5,6]. Since neither general relativity nor standard quantization schemes impose constraints on the dynamical behavior of spectral data [4,5,6,7], this may reveal a previously unrecognized incompatibility between global spectral structure and local causal dynamics. This tension is not merely formal: if spectral data are regarded as physically meaningful observables, then their unconstrained variation would permit acausal geometric evolution, potentially undermining the foundational locality of relativistic physics. A consistent physical theory incorporating spectral geometry should therefore consider the existence of this nuance.



We introduce the postulate of spectral invariance, which states the eigenvalues of a metric-defined operator remain fixed under all physical evolution and admissible topological or reference frame transformations,   δ  Λ n  = 0  . From this postulate, we obtain the following: (i) a compensatory relation linking metric deformations to eigenfunction amplitudes, providing a potential mechanism for the coupling of geometry and energy in general relativity; (ii) a rank-4 Hessian on superspace proportional to the inverse DeWitt supermetric; (iii) a contracted vacuum-like rank-2 tensor proportional to the metric; and (iv) an invariance of the energy functional on configuration space.



In Section 2, we discuss the methodology and how one may reproduce the results. In Section 3, we establish the foundations spectrally, and then justify the use of spectral invariance as a foundational postulate. In Section 4, we establish the mathematical foundations and state our assumptions. In Section 5, we derive the following results mentioned above while interpreting all mathematical results. In Section 6, we discuss correspondence with other semi-classical limits. In Section 7, we discuss the predictions of the framework. Finally, in Section 8, we discuss the earlier derivations and formalize the ontology of the framework.



While further mathematical and physical development is required, the present framework outlines a structural route toward a unified, relational understanding of geometry and energy.



Remark on Ellipticity and Manifold Structure


While classical spectral geometry is traditionally formulated on compact Riemannian manifolds—where the Laplace–Beltrami operator is elliptic, and the spectrum is discrete—the primary derivations in this work are conducted under the following formal assumptions to ensure a well-posed variational structure [2,3], detailed here.



	
Assumption A: The underlying space   ( M , g )   is treated as a compact Riemannian manifold (or a compact spatial slice of a Lorentzian manifold).



	
Assumption B: The Laplace–Beltrami operator is elliptic and defined on a self-adjoint domain, ensuring a well-defined, discrete spectrum.






By focusing on the Riemannian case, we ensure that the variations   δ  Λ n    and the dependency of eigenfunctions   ψ n   on the metric are mathematically rigorous.





2. Methodology


To reproduce the results presented in this work, the following steps are performed:




	1.

	
Spectral Structure.



We begin with the eigenvalue problem for the Laplace–Beltrami operator on a smooth Riemannian manifold   ( M ,  g  μ ν   )  ,


   Δ g   ψ n  =  Λ n   ψ n  ,  








and impose spectral invariance through the condition   δ  Λ n  = 0   [8,9].




	2.

	
Energy Functional.



We introduce the Dirichlet energy functional associated with a normalized eigenmode,


   E n  =  Λ n   ∫ M    − g      |  ψ n  |  2    d 4  x .  












	3.

	
First Variation.



We perform the first functional variation with respect to the covariant metric   g  μ ν   . We apply the standard determinant identity,


  δ   − g   =   1 2     − g     g  μ ν   δ  g  μ ν   ,  








and enforce spectral invariance. Since   δ  g  μ ν     is arbitrary, we require the integrand to vanish pointwise, yielding the compensatory relation between geometry and eigenfunction amplitude.




	4.

	
Second Variation.



We compute the second functional derivative,


      δ 2   E n    δ  g  μ ν    δ  g  ρ σ      =  H  μ ν ρ σ    ( x , y )  ,  








varying both metric contributions and the amplitude term implied by the compensatory relation.




	5.

	
Contract



We contract the rank-4 tensor,


   g  ρ σ    H  μ ν ρ σ    ( x , y )  =  H  μ ν    ( x , y )  ,  








to derive the spectral vacuum tensor










3. Spectral Invariance: Motivation and Postulate


We propose spectral invariance as a resolution to the tension identified above. Let the spectrum be given by the eigenvalues of the Laplace–Beltrami operator,


   Δ g   ψ n  =  Λ n   ψ n  .  



(1)







We require that, under any physical evolution, reference frame change, or topological transformation   x :  ( M , T )  →  (  M ′  ,  T ′  )   , the spectrum remains fixed:


  δ  Λ n  = 0  



(2)







While this may appear to be a strong constraint, it is well-motivated by the causal structure of general relativity.



3.1. Necessity of Spectral Invariance to Preserve Causality


This argument uses only standard spectral geometry and general relativity; it does not rely on the new framework. Assume the spectrum is allowed to vary:


   Δ g   ψ n  =  Λ n   ψ n  ,  δ  Λ n  ≠ 0 .  











In spectral geometry, the spectrum depends on the geometric data of the manifold, so a change in the metric would generically change the spectrum [1,2,3,10].


   δ g ≠ 0  ⇒  δ  Λ n  ≠ 0 .  



(3)







However, in general relativity, geometric evolution is governed by local sources through the Einstein field equations and propagates causally within the light cone [4,5]:


   G  μ ν    ( x )  = 8 π  T  μ ν    ( x )  .  



(4)







If the spectrum is an observable quantity of the manifold, it can be, in principle, measured from any arbitrary reference frame. This is because the spectrum is a collection of scalars of the manifold itself; the spectrum does not admit a causal propagation interpretation at all.



One might object that global quantities can change in GR—for example, the total mass of an isolated system can increase as matter falls in, i.e., Bondi mass. Crucially, however, such changes propagate causally: the increase in mass is not detected at infinity until after the infalling matter crosses the horizon.



Unlike global quantities such as mass, which are functionals of dynamical fields on spacetime and whose variation is governed by causal propagation laws, the spectrum of the Laplace–Beltrami operator is an invariant of the geometric operator itself. It is not associated with any local dynamical field or hyperbolic evolution equation. Therefore, allowing   Λ n   to vary under physical evolution would imply a change in the global operator structure of the manifold that is not mediated by any causal propagation mechanism within spacetime. To address this tension, we propose:


  δ  Λ n  = 0  



(5)








3.2. The Postulate


The eigenvalues of a metric-defined operator remain fixed under all physical evolution and admissible topological or reference frame transformations:


  δ  Λ n  = 0  ∀  n .  



(6)








3.3. Remark on Isospectral but Non-Isometric Manifolds


The mathematical literature contains examples of isospectral but non-isometric manifolds—cases where distinct geometries nevertheless share identical Laplace–Beltrami spectra [8,11,12] (e.g., Milnor’s 16-dimensional tori [8]). A generic Riemannian manifold is typically spectrally rigid. For important restricted classes of manifolds, inverse spectral rigidity results show that the spectrum can strongly constrain, and in certain settings determine, geometry [13,14,15,16]; while isospectral but non-isometric manifolds demonstrate that the mapping between geometry and spectrum is not strictly one-to-one, this does not affect the present argument. The causal tension arises from the global, non-propagating character of spectral data itself: any variation of the spectrum under physical evolution would constitute a change not mediated by a local causal mechanism. Regardless of whether the relationship between the spectrum and geometry is one-to-one, consistency with relativistic causality motivates constraining its variation.





4. Preliminaries


4.1. Topology, Geometry, and the Laplace–Beltrami Operator


We begin by defining a topological space,


  ( M , T ) ,  








where M is the underlying set of points and  T  is the topological class (connectivity, boundary, genus). The topology does not yet define distances or curvature.



To introduce geometry, we equip the space with a smooth structure and a metric tensor   g  μ ν   . This yields a differentiable manifold,


  ( M , T ,  g  μ ν   ) .  











On this geometric manifold, we define the Laplace–Beltrami operator [2,3],


   Δ g   ψ n  =   1   | g |       ∂ μ     | g |     g  μ ν     ∂ ν   ψ n   ,  








whose eigenfunctions   ψ n   and eigenvalues   Λ n   form the spectrum,


   Δ g   ψ n  =  Λ n   ψ n  ,  Spec  (  Δ g  )  =  {  Λ n  }  .  











Traditionally, in spectral geometry, topology and geometry constrain the spectrum of the Laplace–Beltrami operator [1,2,3,10,17]. In this framework, we reverse this dependence and take the spectrum as fundamental.




4.2. Mathematical Assumptions


Assumption  1

(Smooth Manifold). The underlying space   ( M , T )   is a smooth differentiable manifold equipped with a smooth metric tensor    g  μ ν   ∈  C ∞   ( M )   .





Assumption  2

(Admissible Metric Variations). Variations of the metric are taken to be arbitrary, smooth, compact support perturbations,


  δ  g  μ ν   ∈  C  0  ∞   ( M )  ,  








unless stated otherwise.





Assumption  3

(Regularity of Eigenfunctions). Each eigenfunction   ψ n   of the Laplace–Beltrami operator is assumed to be smooth and to depend differentiably on continuous variations of the metric [2,3,18].





Assumption  4

(Spectral Invariance). Physical evolution, reference frame changes, and topological translations must preserve all eigenvalues of the Laplace–Beltrami operator:


  δ  Λ n  = 0 .  













Assumption  5

(Normalization Convention). Eigenfunctions satisfy the normalization condition


   ∫ M    − g      |  ψ n  |  2    d 4  x = 1 ,  








This choice fixes the overall scale of the eigenfunctions. The compensatory relation derived from spectral invariance guarantees that the product   δ ( |  ψ n   | 2    − g   ) = 0   is pointwise invariant, so this normalization is preserved under admissible variations.





Assumption  6

(Well-posed Variational Structure). The energy functional


   E n   [  g  μ ν   ]  =  Λ n   ∫ M    − g      |  ψ n  |  2    d 4  x  








is assumed to be differentiable with respect to   g  μ ν    in the sense of functional derivatives.







5. Energy as Spectral Rearrangement, and the Co-Definition of Geometry and Energy


5.1. The Mapping Between Topology and Geometry


We now make explicit how a change of reference frame or topological class affects geometry and energy in this framework.



A reference frame change is modeled as a map.


  x :  ( M , T )  ⟶  ( M ,  T ′  )  ,  








where x induces a change in topology or boundary conditions. By topological translation, we mean any transformation that modifies the topological class  T , such as changes in genus, boundary structure, or identification rules, without specifying a particular category of topological morphism. The map need not be a homeomorphism.



In standard spectral geometry, such a transformation modifies the spectrum,


  Spec  (  Δ g  )  ⟶ Spec  (  Δ  g ′   )  .  











However, under the postulate of spectral invariance,


  δ  Λ n  = 0 .  



(7)







Thus, topology cannot modify the spectrum. Instead, geometry must deform to compensate. We can define a formal mapping of


  δ T  ⟶  δ  g  μ ν    with  δ  Λ n  = 0  



(8)




Thus, the topological space is promoted to a geometric manifold:


   ( M , T )   ⟶   ( M , T ,  g  μ ν   )   



(9)




where topology attempts to change the spectrum, but geometry absorbs the variation to preserve spectral invariance.




5.2. The Compensatory Relation


We start with the Dirichlet energy functional [2,3,9].


  E  [ ψ ]  = ∫   − g     ψ *    Δ g  ψ   d 4  x ,  



(10)




Then, incorporating the eigenrelation    Δ g  ψ =  Λ n  ψ  , we achieve the general form


   E n  =  Λ n  ∫   − g      |  ψ n  |  2    d 4  x .  



(11)







Varying the Dirichlet energy functional with respect to the metric tensor   g  μ ν   , and afterwards enforcing spectral invariance (  δ  Λ n  = 0  ) gives


  δ  E n  =  Λ n   ∫ Ω   δ  (   − g   )    |   ψ n    |  2  +   − g    δ   |  ψ n  |  2    d 4  x = 0 .  



(12)




Using the standard determinant variation   δ   − g   =   1 2     − g     g  μ ν   δ  g  μ ν     [19], this becomes


   ∫ Ω    − g       1 2    |   ψ n    |  2   g  μ ν   δ  g  μ ν   + δ   |  ψ n  |  2    d 4  x = 0 .  



(13)




Since   δ  g  μ ν     is arbitrary, the fundamental lemma of the calculus of variations implies that the integrand must vanish pointwise; for closely related variational methods in geometric settings, see [19,20]. This yields


      δ |   ψ n    |  2     |   ψ n    |  2     = −   1 2    g  μ ν   δ  g  μ ν   .  



(14)




Thus, any local geometric deformation is absorbed by a change in the eigenfunction amplitude to preserve the spectrum [20], This identity may also be rewritten logarithmically in the following form:


   δ ln |   ψ n    |  2  = − δ ln   − g    



(15)




And after integration, we achieve the variational statement


  δ ( |  ψ n   | 2    − g   ) = 0  



(16)








5.3. Remark on the Compensatory Relation


The postulate of spectral invariance (  δ  Λ n  = 0  ) imposes a strict variational constraint on the evolution of the system. By requiring the eigenvalue to remain stationary, we identify a specific class of admissible variations where the metric deformation and the eigenfunction amplitude must compensate for one another.



For these isospectral variations, we arrive at the compensatory relation:


      δ |   ψ n    |  2     |   ψ n    |  2     = −   1 2    g  μ ν   δ  g  μ ν   .  



(17)







It is important to clarify that this is not proposed as a universal identity for arbitrary metric shifts. Rather, it is the fundamental stationarity condition that defines how geometry and energy co-evolve to preserve the spectral data, while a full derivation via spectral perturbation theory—mapping the specific functional dependence of   ψ n   on   g  μ ν   —is beyond the scope of this initial framework, we take this relation as the defining characteristic of the spectral-invariant regime.




5.4. Interpretation of the Compensatory Relation


We find that geometry and energy are co-defined through the spectrum. Within this framework, energy may be interpreted as arising from rearrangements of spectral data under admissible variations of the geometry. (Throughout this work, ‘spectral rearrangement’ refers to changes in eigenfunction amplitude at fixed eigenvalues.) In this sense, changes in spectral configuration are associated with changes in the corresponding energy content. Geometry does not act as a fixed background, but instead participates in maintaining spectral invariance under such variations. From this perspective, energy is not introduced as an independent quantity, but emerges from the manner in which spectral structure is preserved as the geometry adapts.



Due to this, it may provide a structural mechanism for why energy curves spacetime; while it is not a dynamical law like the Einstein field equations, the compensatory relation


      δ |   ψ n    |  2     |   ψ n    |  2     = −   1 2     g  μ ν    δ  g  μ ν   ,  



(18)




provides a connection between energy distribution and geometry within the present framework, although it does not constitute a derivation of the Einstein field equations.



In this framework, energy is formally defined as the rearrangement of the fixed spectral eigenvalues   Λ n   across a manifold. When the reference frame or topology changes, the geometry of the manifold deforms, altering the Laplace–Beltrami operator appearing in the following eigenrelation:


   Δ g   ψ n  =  Λ n   ψ n  .  



(19)




Because spectral invariance forbids variations in the eigenvalues, the only allowable adjustment is a transformation in the shape and amplitude of the eigenfunctions. Thus, geometry and energy form cannot vary independently; so energy may take the form of a field or particle or even exotic forms depending on the environment.



Recall that spectral rearrangement is interpreted as energy within this framework, as the eigenfunction encodes the spatial distribution of a given mode. If this distribution is identified with energy, then changes in the eigenfunction correspond to changes in how energy is distributed in space. In this sense, the “form” of energy is not fixed, but may vary depending on the geometric and physical context, potentially resembling field-like, particle-like, or more exotic configurations in different regimes.



Since variations in the eigenfunction are co-defined with changes in geometry, the spatial distribution of energy is inherently coupled to the metric. Geometry and energy form do not evolve independently, but adjust together under the constraint of spectral invariance. Within this framework, energy is identified with its spatial distribution encoded in the eigenfunction amplitudes, and therefore does not admit a separation between magnitude and shape.



A heuristic analogy may be helpful. Consider a body of water. On Earth, it spreads out into a thin layer because gravity pulls it downward and electromagnetic interactions with the ground prevent penetration. In contrast, in microgravity, the same water forms a spherical droplet due to surface tension. The “shape” of the water is not intrinsic; it depends on its environment, and it reorganizes itself to maintain equilibrium under changing constraints.



Similarly, the energy distribution in this framework is not fixed independently of geometry. When the reference frame or underlying geometry changes, the eigenfunction amplitudes must adjust to preserve spectral invariance. Geometry and energy’s shape respond to each other in a coupled fashion, analogous to how water assumes different shapes under different physical conditions.



The compensatory relation exhibits a structural similarity to the hydrodynamic formulation of quantum mechanics, where the wavefunction amplitude encodes a density coupled to effective potentials. In contrast, here the amplitude is constrained to co-vary with the metric under spectral invariance. This analogy is purely structural, as the present framework is kinematical rather than dynamical. See Paz et al. [21] for an experimental simulation of the post-Newton Schrödinger equation, which likewise exhibits a coupling between wavefunction amplitude and effective geometry, though without the global spectral constraint introduced here.




5.5. Metric Variations and the Spectral Energy Tensor


We now compute the second functional derivative of the spectral energy, with    Φ : = |   ψ n    |  2   ,


   E n   [  g  μ ν   ]  =  Λ n   ∫ Ω    − g    Φ   d 4  x ,  



(20)




with respect to the metric. During differentiation,  Φ  is treated as an independent field, and the constraint of spectral invariance is imposed only on the shell, i.e., at the level of the resulting variations. Spectral invariance and the associated compensatory relation render the first variation stationary,   δ (   − g    Φ ) = 0  , but they do not constitute a strong functional identity to be substituted before taking second variations. If the constraint     − g    Φ = const   were imposed at the level of the integrand, the reduced functional would be trivial. Instead, we evaluate the Hessian of the unreduced functional and subsequently restrict it to the isospectral, stationary submanifold of the configuration space. For this derivation, the Hessian is computed, holding the eigenfunction amplitude  Φ  as fixed. This captures the geometry-dominated quadratic response of the functional; a complete treatment of the coupled   Φ [ g ]   dependence involves higher-order spectral perturbation theory and is beyond the scope of this initial framework.



The second functional derivative of the metric determinant is the following standard identity:


      δ 2    − g ( x )     δ  g  μ ν    ( x )   δ  g  ρ σ    ( y )     =   1 4     − g ( x )     g  μ ν    g  ρ σ   −  g  μ ρ    g  ν σ   −  g  μ σ    g  ν ρ     δ  ( 4 )    ( x − y )  .  



(21)







  E n   depends on the metric only through    − g    at this order; the metric Hessian of the functional is therefore


      δ 2   E n    δ  g  μ ν    ( x )   δ  g  ρ σ    ( y )     =     Λ n   ( x )   4     − g ( x )    Φ  ( x )    g  μ ν    g  ρ σ   −  g  μ ρ    g  ν σ   −  g  μ σ    g  ν ρ     δ  ( 4 )    ( x − y )  .  



(22)







Introducing the inverse DeWitt supermetric on superspace [6,7,22],


   G  μ ν ρ σ   : =   1 2     g  μ ρ    g  ν σ   +  g  μ σ    g  ν ρ   −  g  μ ν    g  ρ σ    ,  



(23)




The second functional derivative may be written compactly as


      δ 2   E n    δ  g  μ ν    ( x )   δ  g  ρ σ    ( y )     =  H  μ ν ρ σ    ( x , y )  = −     Λ n   ( x )   2      − g ( x )    Φ  ( x )    G  μ ν ρ σ    ( x )    δ  ( 4 )    ( x − y )  .  



(24)







On the shell, spectral invariance implies   δ (   − g    |  ψ n   | 2  ) = 0  , so all first-order and mixed-variation terms cancel, and the remaining second-order variation reduces to a purely ultra-local quadratic form proportional to the inverse DeWitt supermetric.




5.6. Interpretation of the Spectral Superspace Tensor


The tensor    H  μ ν ρ σ    ( x , y )    is the Hessian of the spectral energy functional on superspace. Through its proportionality to the inverse DeWitt supermetric, it defines the local bilinear form governing second-order metric deformations, i.e., the metric structure on superspace. Unlike the traditional superspace supermetric appearing in canonical geometrodynamics [7,22,23], this object carries an additional spectral weighting factor     1 2    Λ n    |  ψ n  |  2    − g    . Consequently, it encodes not only the geometric response of superspace but also the spectral energy distribution required by spectral invariance. In this sense, the spectral superspace tensor encodes geometry and energy as a co-defined quantity, defining the local quadratic response (“stiffness”) of superspace to constrained metric deformations.




5.7. The Contraction of the Spectral Superspace Tensor


We define the rank 2 contraction by tracing over the   ( ρ σ )   indices,


   H  μ ν    ( x , y )  : =  g  ρ σ    ( x )    H  μ ν ρ σ    ( x , y )  .  



(25)







Contracting the supermetric yields


      g  ρ σ    G  μ ν ρ σ       =   1 2     g  μ ρ    g  ν σ    g  ρ σ   +  g  μ σ    g  ν ρ    g  ρ σ   −  g  μ ν    g  ρ σ    g  ρ σ        



(26)






        =   1 2     g  μ ν   +  g  μ ν   − d   g  μ ν    =   1 2    ( 2 − d )    g  μ ν   ,     



(27)




where d is the spacetime dimension.



Substituting back, we obtain


   H  μ ν    ( x , y )  =    Λ n  4    ( d − 2 )     − g ( x )    Φ  ( x )    g  μ ν    ( x )    δ  ( 4 )    ( x − y )  .  



(28)







In four dimensions   ( d = 4 )  , this simplifies to


   H  μ ν    ( x , y )  =    Λ n  2      − g ( x )    Φ  ( x )    g  μ ν    ( x )    δ  ( 4 )    ( x − y )  .  



(29)




Defining the spectral weighting as   S ( x )  


   H  μ ν    ( x , y )  = S  ( x )   g  μ ν    ( x )   δ  ( 4 )    ( x − y )  .  



(30)








5.8. Interpretation of the Contracted Hessian


The derivation of a rank-2 tensor proportional to the metric   g  μ ν    from the energy functional demonstrates a significant index-structure compatibility with the cosmological constant term in the Einstein field equations; while this result suggests a structural origin for vacuum energy within a spectral framework, it is presented here as a formal correspondence rather than a derived dynamical Equation [24,25].




5.9. Configuration Space Invariance of the Energy Functional


If one varies the energy functional with respect to geometry, we get


  δ  E n  =  Λ n   ∫ Ω   δ  (   − g   )    |   ψ n    |  2  +   − g    δ   |  ψ n  |  2    d 4  x  



(31)







Plugging in the standard identity   δ   − g   =   1 2     − g     g  μ ν    δ  g  μ ν     and then plugging in our eigenfunction geometry relation       δ |   ψ n    |  2     |   ψ n    |  2     = −   1 2    g  μ ν   δ  g  μ ν    , we achieve


     δ  E n    E n    = 0  



(32)







Meaning that, in configuration space, the energy functional is deemed invariant.





6. Correspondence Principle


6.1. Quantum Field Theory


In the Minkowski limit,


   Δ g  =  η  μ ν    ∂ μ   ∂ ν  = □  



(33)




Substituting this into the energy functional yields


  E  [ ψ ]  = ∫  ψ *  □ ψ  d 4  x  



(34)




Integrating by parts and ignoring boundary conditions yields the standard kinetic term [26,27]


  E  [ ψ ]  = − ∫  (  ∂ μ   ψ *  )   (  ∂ μ  ψ )    d 4  x  



(35)




In this limit, spectral invariance seems to become negligible, and the framework reduces to the standard QFT kinetic term. Since standard local QFT computes vacuum contributions without imposing any global spectral constraint [26,27,28,29,30], it could explain the mysterious procedures of QFT, such as renormalization; while speculative, it may be a worthwhile future research direction.




6.2. General Relativity


While a full derivation of the Einstein field equations is beyond the scope of this paper, we notice features of our framework that correspond to GR. We notice the form of the Hessian:


   H  μ ν ρ σ    ( x , y )  = −     Λ n   ( x )   2      − g ( x )    Φ  ( x )    G  μ ν ρ σ    ( x )    δ  ( 4 )    ( x − y )  .  








The DeWitt supermetric plays a central role in the canonical formulation of general relativity, where it arises from the decomposition of the Einstein–Hilbert action. In the present framework, a tensor of the same index structure emerges as the Hessian of the spectral energy functional. This correspondence suggests a formal connection between the geometric structure of superspace in general relativity and the second variation of the energy functional in the spectral-invariant setting.



The theory is diffeomorphism covariant, ensuring that all physical quantities transform tensorially and no preferred coordinate system is introduced, matching the fundamental symmetry structure of general relativity.



These correspondences should be understood as structural rather than dynamical, and do not constitute a derivation of the Einstein field equations [4,5].





7. Mathematical and Physical Prediction


7.1. The Cosmological Constant


Earlier, we derived the tensor


   H  μ ν    ( x )  = S  ( x )   g  μ ν    ( x )   



(36)




This form seems to be equivalent to the raised indices form of the vacuum stress energy tensor, familiar from discussions of the cosmological constant in GR [4,5,31,32], which is defined as    T  μ ν    ( x )  = −  ρ  v a c    ( x )   g  μ ν    ( x )   . Due to this, we may have the heuristic equivalence of   S  ( x )  ∼  ρ  v a c    ( x )   .



Note: This is not a final derivation of the Einstein field equations, but a correspondence from the current framework.




7.2. Features


From the mathematical features of our framework, we may identify potential features of dark energy and the cosmological constant.



Homogeneity: Since the tensor is defined as the product of a constant scalar density and the inverse metric tensor, dark energy would not be allowed to cluster and be homogeneous throughout space.



The cosmological constant is constant: Because the spectral factor is constant, the cosmological constant must stay constant. This is broadly consistent with the standard cosmological-constant interpretation in modern cosmology, where observational constraints remain compatible with   w = − 1   [24,25,33].




7.3. The Invariance and Simplicity of Topology


Within the present framework, the rigidity of spectral invariance appears to place constraints on admissible topology. Because the eigenvalues of a metric-defined operator act as global invariants, a generic change in topological class would typically induce a change in the spectrum, potentially violating the condition   δ Λ = 0  . Although isolated mathematical examples of isospectral yet topologically distinct manifolds are known, such configurations are highly non-generic and structurally unstable, forming a measure-zero subset in the space of all manifolds. Consequently, a natural implication of the framework is that the topology of the universe is likely invariant under physical evolution. Transformations that alter the spectrum would generally be excluded; instead, geometric degrees of freedom are expected to deform, absorbing most admissible variations while preserving isospectrality, as described in Section 5.1.



Within the present framework, the rigidity of spectral invariance may constrain the admissible topology. Because the eigenvalues of a metric-defined operator are global invariants, a generic change in topological class would induce a change in the spectrum, which violates the condition   δ  Λ n  = 0  . Although isolated mathematical examples of isospectral yet topologically distinct manifolds are known, such configurations are highly non-generic and structurally unstable. Consequently, a possible prediction of the framework is the invariance of topology. Attempting topological change would alter the spectrum and thus be excluded; geometric degrees of freedom may deform, absorbing all admissible variations while preserving isospectrality, as described in Section 5.1.



Observationally, nontrivial spatial identifications would leave characteristic imprints in the spectrum and correlation structure of cosmological perturbations, particularly in the cosmic microwave background [24,25,33,34]. Current data are consistent with a simply connected or very large fundamental domain, placing strong constraints on nontrivial topology and remaining highly compatible with the topological rigidity suggested by spectral invariance.





8. Discussions and Physical Implications


8.1. Energy as Spectral Redistribution


Earlier, we obtained the compensatory relation linking variations in the eigenfunction amplitude to deformations of the metric under the constraint of spectral invariance. Because the eigenvalues   Λ n   of the Laplace–Beltrami operators are fixed,


  δ  Λ n  = 0  ∀ n ,  








No physical process may alter the spectrum itself. Consequently, an admissible change is restricted to the redistribution of the eigenfunction amplitudes together with a compensating deformation of the geometry.



From the compensatory relation,


      δ |   ψ n    |  2     |   ψ n    |  2     = −   1 2     g  μ ν    δ  g  μ ν   ,  








It follows that energy in this framework may not appear as an independent substance. Instead, energy could be identified with the form of spectral rearrangement: the redistribution of spectral weight (see the interpretation section of the compensatory relation),    |   ψ n    |  2    across the manifold while preserving the fixed eigenvalues   Λ n  .



Importantly, the conserved object is not the eigenfunction amplitude alone. However, the scalar density


  δ ( |  ψ n   | 2    − g   ) = 0 ,  








which remains invariant under admissible variations. Local changes in    |   ψ n    |  2    therefore correspond to changes in the shape and spatial distribution of the eigenmodes, compensated precisely by deformations of the metric. Geometry and energy form thus seemed to be co-defined.



Because admissible reference frames or topological transformations generically induce distinct geometric responses while preserving the spectrum, the resulting energy form is inherently geometry-dependent. Flat, strongly curved, or asymptotically curved geometries, therefore, may admit qualitatively different, yet constrained, energy configurations. This remains an interesting direction for future research.




8.2. Relational and Deterministic


The framework combines a relational co-definition of energy and geometry with global determinism enforced by spectral invariance. Through the compensatory relation, neither geometry nor energy has meaning alone: both are defined only relative to one another and to the choice of reference frame, with changes in one requiring a change in the other. As a result, local quantities—such as curvature, energy density, and energy form are inherently reference frame dependent and acquire meaning only through their mutual relational structure.



At the same time, this relational freedom does not imply indeterminism. Physical configurations and degrees of freedom are rigidly constrained by the fixed spectrum of the geometric operator. Spectral invariance functions as a global consistency condition, selecting a unique class of allowable configurations and forbidding arbitrary evolution. In this sense, the framework is completely Machian in meaning, while deliberately non-Machian in law.




8.3. Forgetting Time


In the earlier formulation of the framework, we see that time is not present. The present theory is formulated without any fundamental temporal parameter. There is no notion of evolution with respect to an external or internal clock. Physical change seems to be encoded entirely in constrained relational reconfigurations of geometry and spectral energy under the global condition of spectral invariance. Consequently, the theory is not merely background-independent in time; it is time-independent in structure. In this formulation, the absence of a fundamental time parameter implies that conventional kinetic terms are not present at this level, and future formulations would hope to obtain dynamics. This may be an interesting direction of focus for future research.




8.4. QFT as a Local Limit


Earlier, we observed that quantum field theory (QFT) emerges naturally as the trivial limit of spectral invariance, specifically when the underlying geometry reduces to Minkowski space. This suggests that the formal structure of QFT, usually taken as fundamental, may instead represent a degenerate case of a more general spectral framework.



Another structural difference concerns the ontology of energy. In QFT, the fundamental object is the field itself, and local field fluctuations are taken to underlie all physical processes [27,28,32]. In contrast, within the present framework, energy form is not fundamental in isolation: it is co-defined with geometry through the compensatory relation. Eigenfunction amplitudes and the metric adjust together to preserve the spectrum. Thus, energy form seems to acquire a geometric dependence absent from conventional QFT.




8.5. General Relativity and the Different Solutions


Known solutions of general relativity, such as cosmological expansion, black hole spacetimes, and gravitational waves, involve time-dependent metric deformations that may, in general, alter the spectrum of the associated operator. However, the extent to which such solutions violate or approximately preserve spectral invariance remains unclear at the present stage of the framework. In some cases, such as homogeneous expansion, spectral invariance may admit nontrivial compatibility, while in others it may impose constraints. Within this framework, spectral invariance is interpreted as restricting admissible configurations to those that preserve the spectral data, thereby constraining the solution space to isospectral evolutions. A detailed analysis of whether physically relevant solutions satisfy or approximate this condition is left for future work [24,25].




8.6. Operator Independence


In the preceding sections, we employed the Laplace–Beltrami operator as a concrete and familiar setting for formulating spectral invariance and deriving the compensatory relation. However, the framework itself is not tied to this particular operator. Spectral invariance depends only on the structure of the eigenvalue problem—namely, the metric dependence of eigenvalues and eigenfunctions, not on any special property of   Δ g  . In principle, the same methodology applies to any geometric or metric-dependent differential operator, including the Dirac operator, the Hodge Laplacian on differential forms, conformal or higher-order Laplacians, and more general pseudo-differential operators [35,36,37]. Thus, the results obtained here represent the simplest realization of a much broader spectral principle: the invariance of spectral data under physical evolution. The Laplace–Beltrami operator serves as an illustrative example, but the theory is operator-agnostic and naturally extends to a wider class of spectral structures.




8.7. Is It Background Dependence or Independence?


Earlier, we derived the compensatory relation and, in doing so, recovered a fully dynamical geometry in which geometry and energy are co-defined and evolve jointly, while the spectrum itself remains a fixed, global constraint. The framework is therefore neither conventionally background dependent—since no metric, causal structure, or energy configuration is fixed, nor fully background independent, as the spectrum is held invariant. Instead, the spectrum functions as a non-dynamical organizing structure that constrains, but does not determine the allowed geometric and energetic configurations. In this sense, both energy and energy form are fully dynamical objects, on equal footing with geometry, with their evolution rigidly coupled through the compensatory relation.




8.8. What Is the Deal with Quantization?


Due to spectral invariance, standard quantization procedures do not apply straightforwardly. Conventional quantization procedures, canonical or path-integral, require an underlying set of freely fluctuating variables that may be promoted to operators or integrated over in a functional measure [7,27,38]. In general relativity, for example, the metric tensor admits locally arbitrary variations (modulo diffeomorphisms), which is precisely what enables attempts at canonical or covariant quantization.



In contrast, spectral invariance imposes a rigid constraint on admissible variations of both the metric tensor and the eigenfunction amplitudes. The metric is no longer a freely fluctuating continuous variable: its local deformations are algebraically tied, pointwise, to compensating changes in the eigenfunction amplitude, while the spectrum itself is held fixed. As a result, there exists no independent configuration space, no unconstrained phase space, and no well-defined functional measure over geometries.



This obstruction is structural rather than technical, and is recognized as a feature, not an incompatibility. It reflects the fact that geometry and energy are co-defined objects with a fixed spectral constraint, rather than independent degrees of freedom.




8.9. Connections to Noncommutative Geometry


Because the foundations of this framework are closely tied to spectral geometry, the most natural conceptual connection is with noncommutative geometry (NCG) [35,36]. Although the two approaches are technically distinct, particularly due to the axiom of spectral invariance that plays a central role here, they exhibit several structural resonances that may be worth investigating further. Exploring whether these similarities reflect a deeper relationship or whether they point to complementary spectral principles could be a valuable direction for future research [35].




8.10. Limitations and Future Work


Spectral invariance: This work takes spectral invariance as a foundational postulate. Although the postulate is motivated by the incompatibility between the nonlocal structure of spectral geometry and the strictly local causal evolution required by general relativity, a deeper physical mechanism or derivation of spectral invariance is not yet available. Developing such a justification remains an open direction.



Lorentzian manifolds: The spectrum of the Laplace–Beltrami operator on Lorentzian manifolds is usually not discrete, and not well defined in a mathematical sense. However, the mathematics used are not reliant on this fact, so a potential Lorentzian formulation may be an interesting direction for future research.



Deriving the semi-classical limit: While this framework reproduces the structural form of vacuum energy in general relativity and reduces to the kinetic term of quantum field theory in the Minkowski limit, a complete derivation of the full semi-classical structure is still needed. This includes a rigorous recovery of the Einstein field equations and a more detailed correspondence with the axioms and dynamical content of the standard model. Such developments are necessary to establish the framework as a fully viable physical theory.



Expansion to superspace: The constraints and derived equations suggest that the physical dynamics are naturally confined to configuration space. Spectral invariance seems to act similarly to a constraint that restricts the dynamics to the isospectral submanifold. All admissible variations   (   − g   , Φ )   lie tangent to this isospectral leaf, with no component pointing off it; while a rigorous fiber bundle formulation of this structure is left for future work, this geometric picture provides a natural organizing framework for the co-definition of geometry and energy.



Future expansion into more complex systems: Due to the operator-agnostic nature of the framework, spectral invariance is not inherently restricted to gravitational or spacetime settings. The causal argument motivating   δ  Λ n  = 0   applies to any system in which eigenvalues of a metric-dependent operator constitute physically observable quantities—their instantaneous variation would present the same consistency failure regardless of the physical scale. Natural extensions include the Hodge Laplacian on differential forms, which connects SI to electromagnetic theory and topological invariants via de Rham cohomology, as well as applications in condensed matter systems where geometric and spectral structures play analogous roles. These directions are left for future work.





9. Conclusions


In conclusion, the axiom of spectral invariance yields several notable results, including a new structural relationship between geometry and energy, and a spectral energy tensor that naturally exhibits the vacuum form of the stress energy tensor. Taken together, these findings suggest that spectral invariance may serve as a deeper principle for fundamental physics. By treating the spectrum as primary and allowing geometry and energy to adjust to preserve it, the framework reverses the traditional hierarchy between fields, geometry, and energy.



Continued development of spectral invariance may include future formulation within the more modern methods of mathematical physics, correspondence with existing physical theories, and pursuing a more rigorous justification for the spectral invariance postulate. Nevertheless, these results indicate that spectral invariance may offer a promising and conceptually unified path toward a more cohesive understanding of fundamental physics.
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