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Abstract: The electronic and optical properties of a mesoscopic heterostructure of a two-dimensional
quantum ring composed of Gallium Arsenide (GaAs) semiconductors are investigated. Using the
confinement potential proposed by Tan and Inkson to describe the system under analysis, we
conducted a numerical study of the photoionization cross-section for a 2D quantum ring with and
without rotation effects. The interior of the quantum ring is traversed by an Aharonov-Bohm (AB)
flux. Our research aims to investigate how this mesoscopic structure’s electronic and optical properties
respond to variations in the following parameters: average radius, AB flux, angular velocity, and
incident photon energy. Under these conditions, we establish that optical transitions occur from
the ground state to the next excited state in the conduction subband, following a specific selection
rule. One of the fundamental objectives of this study is to analyze how these rules can influence
the general properties of two-dimensional quantum rings. To clarify the influence of rotation on
the photoionization process within the system, we offer findings that illuminate the effects of the
pertinent physical parameters within the described model. We emphasize that, although this is a
review, it provides critical commentary, analysis, and new perspectives on existing research. Some
results presented in this paper can be compared with those in the literature; however, new physical
parameters and quantum ring configurations are used.

Keywords: quantum ring; optical properties; photoionization cross-section; Aharonov—Bohm effect;
rotation effects

1. Introduction

From a physics point of view, semiconductors are a group of materials with intermedi-
ate electrical conductivity, between metals and insulators as described by band theory [1,2].
The conductivity of semiconductors can be adjusted, enabling them to either allow the
passage of electric current, acting like metals, or to prevent it, functioning as insulators.
Semiconductors are classified into two general categories: elemental semiconductor materi-
als, found in group IV of the periodic table; and compound semiconductor materials, most
of which are formed from special combinations of elements from groups Ill and V [3].

As in solids, atoms in semiconductors are very close to each other, with interatomic
separations approximately equal to the size of the atoms, leading to significant interactions.
In an isolated atom, electrons have specific allowed energy levels they can occupy. However,
as the number of atoms increases, the outer orbitals overlap and interact strongly with each
other. This interaction broadens the discrete energy levels of isolated atoms into continuous
bands, as schematically represented in Figure 1a. The last fully occupied electronic band is
called the valence band, while the next band up is known as the conduction band, which
can be either completely unoccupied or partially filled. The energy difference between the
minimum of the conduction band and the maximum of the valence band is called the band
gap, denoted as Eg, where no allowed energy states exist.
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Figure 1. Schematic representation of the formation of energy bands in materials. (a) Energy
levels of atoms in atomic interdependence. (b) Gap between the valence and conduction bands of
semiconductor, insulator, and conductor [4,5].

Figure 1b illustrates a generic diagram of the energy levels, depicting the valence
and conduction bands of insulators, conductors, and semiconductors [5]. Insulators are
materials that have the last band completely filled. Applying an external electric field
does not alter the electrons’ total momentum (zero) since all states are occupied. Therefore,
no electric current occurs. The energy level above which there are no occupied states
at a temperature of T = 0 K is designated as the Fermi level (Er) [5] (see Figure 1b).
Conductive materials, also called metals, exhibit high electrical and thermal conductivity,
maintaining the ability to conduct electric current even at absolute zero temperature
(T = 0K). Figure 1b illustrates a schematic representation of metals, showing the condition
where the last valence band is partially filled. Charge carriers move practically freely
when an electric field is applied to these materials. The absence of the forbidden region
can explain the remarkable conductivity of metals. These characteristics of metals are
strategically exploited and applied in the conduction of electric current, especially in the
electricity sector’s infrastructure [6,7].

For semiconductors at absolute zero temperature (T = 0 K), electrons completely fill
all energy bands, starting from the lowest to the valence band. As the temperature increases,
a certain number of electrons can be excited and gain sufficient energy to jump from the
valence band to the conduction band (see Figure 1b), contributing to the material’s conduc-
tivity. In this process, electrons leave behind empty states, called holes, which behave like
positively charged particles, moving in the opposite direction to electrons. This type of
conduction, where electrons and holes carry current, is characteristic of semiconductors [5].

Due to the advancement and rapid improvement of nanostructure technology, elec-
tronic and optical properties related to low-dimensional semiconductor systems have
attracted great interest from researchers in the field of mesoscopic physics, an area dedi-
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cated to the investigation of quantum systems on an intermediate scale, characterized by
dimensions larger than the atomic scale but still below the limits defining macroscopic
objects [8,9]. Such systems have dimensions on the order of nanometers, and they are the
subject of extensive investigation not only due to their scientific relevance but also because
of their wide technological applicability in optoelectronic devices, generating significant
interest in both theoretical [10] and experimental studies [11].

In the context of semiconductor systems, several electronic and optical properties
have been explored within the framework of quantum confinement in mesoscopic systems,
such as quantum wells (QWs) [12-14], quantum dots (QDs) [15-21], and quantum rings
(QRs) [22-27], among other mesoscopic structures [28,29]. These structures are generally
composed of two or more layers of different types of juxtaposed semiconductors, known
as heterostructures, where there is a confinement of charge carriers [30-32]. Recently,
M. G. Bawendi, L. Brus, and A. Ekimov were awarded the Nobel Prize in Chemistry
for their discovery and synthesis of QDs, characterized by quantum confinement in all
three spatial dimensions. This confinement leads to the complete localization of charge
carriers, resembling the behavior of atoms. Consequently, this arrangement results in the
manifestation of discrete energy levels [19,33], which is why QDs are commonly referred to
as artificial atoms in the literature [34-37].

QDs and QRs are manufactured from semiconductor heterostructures and are crucial
for advancements in nanotechnology, particularly in chip manufacturing [38]. They are
indispensable components in cell phones, computers, and even cars. These materials are also
used in color-illuminating technologies like televisions and light-emitting diode (LED) lamps
and in various electronic and optical devices. Additionally, they play a significant role in
medical applications, such as guiding surgeries for the removal of tumor tissues [39-41].

A recent surge in interest in QRs has emerged due to their unique topological proper-
ties and potential applications in various cutting-edge technologies [23,42]. QRs, unlike
QDs, present a toroidal structure, enabling the investigation of phenomena such as magne-
tization, persistent currents, and the AB effect, where the quantum states of the system can
be influenced by a magnetic flux threading the ring without the presence of a classical force
[43]. This phenomenon has motivated extensive research in both theoretical (in the studies
of optical properties, such as refractive index changes, absorption coefficients, photoion-
ization process, and also in thermodynamic properties) [44—65] and experimental [66-70]
contexts, as it offers a rich platform for studying the interplay between quantum confine-
ment, geometry, and magnetic fields.

Furthermore, the introduction of rotation in these systems enhances their physical
properties, and this is one of the main topics that is explored in this work. A rotating
quantum ring, particularly in a 2D setting, leads to new physics due to the coupling
between rotational motion and magnetic fields. In this scenario, the Coriolis and centrifugal
forces modify the effective potential experienced by the charge carriers, affecting the
energy levels [71-76] and optical properties of the system [77,78]. Rotating QRs also holds
promise for developing spintronic devices, where manipulating spin degrees of freedom
is crucial for information processing and storage. The ability to control the spin of charge
carriers in mesoscopic systems through external fields, including magnetic and rotational
fields, makes QRs ideal candidates for quantum bit (qubit) implementations in quantum
computing. Based on persistent currents in QRs, topologically protected qubits provide a
robust mechanism for quantum information storage and manipulation [79].

In addition to these technological applications, rotating QRs offer a promising platform
for exploring fundamental quantum mechanical effects. The interplay between magnetic
fields and rotational motion in these systems can lead to novel quantum phenomena,
such as the appearance of Berry phase effects, which play a central role in understanding
topological materials and their electronic properties. This makes QRs a valuable tool for
investigating topological insulators [80], quantum Hall effects in curved geometries [81-83],
and other exotic quantum states of matter [84].
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Overall, the study of electronic properties and photoionization cross-sections in rotat-
ing 2D QRs opens new avenues in both applied and fundamental research. These systems
exhibit a rich interplay between quantum confinement, magnetic fields, and rotation,
leading to the manifestation of novel quantum phenomena with potential applications in
optoelectronics, spintronics, and quantum computing.

In the following sections of this paper, we investigate how variations in physical
parameters such as average radius, AB flux, angular velocity, and incident photon energy
affect the electronic properties and photoionization processes. In Section 2, we conduct a
detailed review of the Tan-Inkson model by exploring the formation of energy bands for
physical parameter values that have not been previously evaluated in the literature. We
also carefully evaluate the probability distribution and confinement potential for QRs. In
Section 3, we analyze the photoionization process by utilizing the energy states and wave
functions obtained in the previous section. In Section 4, we introduce the effects of rotation
on the Tan-Inkson model and assess its impact on the energy spectra and probability
distributions. Finally, Section 5 presents the summary and conclusions.

2. The Tan-Inkson Model

Tan and Inkson introduced a theoretical model to investigate electron states in two-
dimensional QRs, employing an exact solvable approach [85,86]. The theoretical model
describes electron behavior in a confined two-dimensional ring structure, exploring the
quantized properties arising from geometric constraints. The proposed model accounts for
electron interactions within the two-dimensional ring, considering the effects of confine-
ment on electron energy levels. The investigation delves into how properties such as ring
radius and applied potentials influence the electronic states within the ring. The article
derives exact solutions to the equations describing these electronic states, offering precise
insights into electron behavior in this specific system. The obtained results have implica-
tions for the design and understanding of devices based on rings or similar nanostructured
systems [49,55,87-94]. This work contributes to the development of more efficient and
advanced electronic devices. Overall, this study sheds light on the quantized behaviors
of electrons in nanostructured systems, providing valuable insights for applications in
electronic devices [9,46].

In the model, the Hamiltonian that describes the quantum system considers an electron
confined to a two-dimensional quantum ring in the effective mass approximation structure
and the presence of a uniform static magnetic field B along the z-direction, perpendicular
to the (x-y) plane of the ring. Additionally, there is an infinitely thin magnetic flux (AB flux)
crossing at the center of the 2D ring. The system’s Hamiltonian is then written as follows:

H=1(p—eaAP+Vv(r), (1)
2
where p and e are the electron effective mass and the charge, respectively. The vector
potential (in cylindrical coordinates (7, ¢, z)) associated with the effective magnetic field is
given by [42,95]
1. I,

A= EBr(p + Ll (2)
where | = ¢/ ¢ (po = h/e is the quantum of magnetic flux, & Planck’s constant, and ¢ the
elementary charge) and i = /27 is the reduced Planck’s constant. The first term represents
the vector potential of the uniform magnetic field B, and the second term corresponds to
the contribution from the AB flux. The parameter [ is the quantity that characterizes the AB
flux magnitude. The confinement potential V() includes an approximation for a parabolic
and inverse-square-distance-type potential given by [85,86]

a
V(r) = r—; +apr? — Vo, 3)
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where Vy = 2,/a1a3, and a; and a, are parameters that can be adjusted independently
through appropriate choices. The freedom to choose these parameters leads us to access
other mesoscopic models of interest. Table 1 shows the models we can study using the
potential (3) by adjusting a; and a5.

Table 1. Structures modeled by the Tan-Inkson potential.

Quantum Dot In the limit a7 — 0, we obtain the potential V(r) — Vp(r) = axr?.

Quantum Antidot  In this case, for a, — 0, we obtain V(r) — Va(r) = .

2D Infinite Wire This structure is obtained by making ry — co.

1D Quantum Ring  Taking a, — oo, we have wy — 0, by definition.

In more general scenarios, where a1 and a; are non-zero, we have a model of harmonic
confining potential for a quantum ring. The resulting potential is responsible for electron
confinement, restricting its radial motion. In this case, it is important to understand the
behavior in the allowed region of the ring. For this, let us study more properties of the
potential (3). First, let us determine the minimum of this potential. By setting

av 2111
E_—r—g—i—Zazr—O, 4)

which demonstrates that the minimum point coincides with the average radius of the ring.
In this model, the minimum of the potential corresponds to the average radius of the ring
due to the symmetry and confinement profile of the system.

Expanding (3) in Taylor series around the point » = rg, we have

and solving for 7, we obtain

V(r)=V(ro) + (f;:) s\ g7

<r—ro>+1(dzv)| (r—rof+ ... ©)

r=ro r=rp

Substituting Equation (3) into Equation (6) taken at ¥ = ry and their respective deriva-
tives, we obtain (up to the third order of expansion)

V() % Spd(r — o) @)

Equation (7) tells us that near the equilibrium point g the Tan-Inkson potential be-
haves like a harmonic oscillator, where y is the electron’s effective mass and wy = /8ay/u
characterizes the transverse confinement frequency.

We can find the inner radius r— and outer radius 74 of the quantum ring in terms
of the Fermi energy. By making V(r) = Eg in Equation (3), we can determine the region
accessible to the electron, resulting in the equation

a2r4 — (VO + EF)Tz +a; =0. (8)

Solving (8) for r, we obtain the relation [85]

1/2
Vo + Ep & \/2EFVy + E2 .
ri - 2(12 7 ( )




Quantum Rep. 2024, 6

682

where the ring’s width is determined by ér = (r; — r_). On the other hand, the profile of
the potential for an antidot is similar to that of a quantum dot viewed in inverse. While
the quantum dot potential is a convex function, the antidot’s is a concave function. An
antidot is a region characterized by a potential barrier that repels electrons [96]. For a more
comprehensive analysis of mesoscopic structures, we recommend consulting Refs. [97,98].

In this article, we explore two distinct configurations of QRs. The first, with a smaller
average radius, rp = 10nm and fiwy = 25.6meV, is suitable for investigating optical
properties. The second, with ry = 1000 nm and fiwy = 0.50meV, is only used to obtain the
graphs of the electronic properties. These choices align with experiments on 2D mesoscopic
rings in the literature [99,100]. These two configurations are illustrated in Figure 2.

>

(a) 7o = 1000 nm (b) 7o = 10 nm

Figure 2. Representation of two quantum rings with different average radius configurations:
(a) 7o = 10nm and fiwy = 25.6meV, suitable for studying optical properties; (b) rop = 1000 nm
and 7wy = 0.50 meV, used to only study the electronic properties.

In Figure 3a, the profiles of the potential (3) are plotted with different confinement
energy values, ranging from fiwy = 0 meV to fiwy = 120 meV, with a numerical interval of
fiwy = 6.2 meV. The graph shows that for a given Fermi energy value we have different
confinement profiles for different ficwy values. For higher values, the confinement strength is
greater, and we can observe that the spacing between the potential energy curves decreases.
Highlighting two values seen in the graph, the green curve clearly shows that there is no
confinement for the value fiwg = 0 meV. The red curve is for iwyg = 25.6 meV, which is
analyzed in Figure 3b together with (7) (dashed blue line), where it can be clearly seen that
around the average ring radius o = 10 nm, the potential behaves harmonically, confirming
the parabolic behavior of the Tan-Inkson potential.

(b)

— V() = & +agr? — 2/aaz
T

401 401

a 1 ,
V)~ gl - o)

30} 30}
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20| 200 %
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Figure 3. (Online color) (a) Profile of the Tan-Inkson potential (Equation (3)) for different parameters
and (b) comparison with the harmonic approximation potential (Equation (7)). In (a), o = 10 nm and
hwy ranges from 0 to 120 meV (black curves), with a 3.2 meV range. The green curve (fiwy = 0 meV)
has no confinement potential. The red curve in (a) matches the one in (b). In (b), 1wy = 25.6 meV
and rg = 10 nm; the blue curve represents the harmonic approximation.

The parameters used in Figure 3 refer to a GaAs sample for the radial confinement potential
defined by Equation (3), with a; = 91,022 x 10° meV nm? and a, = 2222 x 10> meV nm 2,
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which provide a ring with rp = 10nm. The effective electron mass is y = 0.067 m, (m, is
the electron mass in vacuum). Near the bottom of the confinement potential, it can be well
approximated by a parabolic potential with fiwg = 25.6 meV. The radial asymmetry of the
confining potential is caused by the internal repulsion being substantially stronger than the
external repulsion [24].

In Figure 4, three graphs of mesoscopic potentials are presented, resulting from the
modulation of the confinement coefficients of the Tan-Inkson potential (Equation (3)),
normalized for r = y/x2 4+ y2. In Figure 4a, with a; # 0 and a; = 0, we have the antidot
potential; in Figure 4b, where a7 = 0 and 4, # 0, we have the quantum dot; and in Figure 4c,
we have the sum of the antidot and quantum dot potentials, thus creating a quantum ring.

(b) QD (c) QR

Figure 4. (Online color) Three-dimensional graph of the Tan-Inkson potential (Equation (3)). The
parameter values used were fiwy = 25.6 meV, rg = 10 nm.

In the ring graph, it is possible to observe the contribution of both the quantum dot
potential and the antidot potential, the latter represented by the parabolic external potential
wall, which confines a particle within the three-dimensional structure and prevents it from
accessing regions where r # 0. While the external wall acts as a confining barrier, restricting
certain specific regions, the antidot potential is crucial for preventing the occupation of
electrons in the central region, defined by the central potential barrier. This visualization
provides a broader approach to the physical problem, specifically the confinement structure.

To find the eigenfunctions and energy eigenvalues of the system, we need to solve the
Schrodinger equation:

h—z 19 ri 1 i—i—il 2—1'@ i—|—il
2u| ror\ or r2\ d¢ I\ d¢
e?B%r? a »
+F:| P+ (r_2 + apre — Vo)lp = Ey. (10)

We use solutions of the form

Y(r, @) = f(r)e™?, (11)

where m € Z is the angular momentum quantum number. Substituting the ansatz (11) into
the Schrodinger Equation (10), we obtain the radial equation:

1 M2 2,2 2
f”(”)+;f’(7)+ (—r—z—%ﬂw’ f(r)=0, (12)
where
2
M= (m—l)2+% (13)

is the effective angular momentum,

Weft = |/ W + W} (14)
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is the effective frequency,
B
we="2 (15)
B
is the cyclotron frequency,
A= f (16)
H@Weft
presents the effective magnetic length renormalized by the ring confinement, and
wo —_— 8&,
K
w 2
7 =B -0+ T+ E). (17)

Equation (10) is of the Kummer type whose solution is given in terms of the confluent
hypergeometric function. Thus, we can express the normalized wave eigenfunctions and
energy eigenvalues as

1
_1 F[Tl+M+1] zfim(p 71(1)2 r\M 1 r\2
lp”m(r’(p)_/\<2M+1n!(r[M+1])2n> € e B (X) 1h n’M+1’§<X) ! (18)
M 1 m—1
Eum = (n + - + 2>hweff — ( > )hwc — %w%r%, (19)

wheren =0,1,2,3,... is the radial quantum number. In the absence of both the AB flux
(I = 0) and the confining potential (V(r) = 0), the particle is subject only to the uniform
magnetic field. In this case, the energy takes the form (19)

ml—m

>0, (20)

E; = (Fl—i—i)hwc, i=n+
which corresponds to the Landau levels [24]. The quantum numbers n and m characterize
the radial motion and the angular momentum, respectively. In the particular case of a
circular wire, n represents the index of each subband, and m is the quantum number
describing the longitudinal motion in the wire.

Figure 5 shows the probability distribution function for the first three quantum num-
bers n with m = 0, where we can observe that for the ground state 27t7|ipgo|? (Figure 5a),
we have a single peak (indicating a maximum value) representing a higher probability
density of finding the particle. When we look at the first excited states (Figure 5b—d), more
peaks appear, but with lower probabilities. These peaks represent regions of localized
probability of finding the particle. The graphs were constructed for different values of B,
ranging from 0 to 20 T with an interval of 2 T between each curve. It can be observed in
each graph that the higher the value of the magnetic field (represented by the black curve
in each graph), the higher the value of the probability distribution and the closer it will
be to the center. This shows that the presence of the magnetic field is significant in the
behavior of the particle in the quantum ring.

The same analysis was performed for Figure 6, which shows the probability distribu-
tion from the ground state to the next excited states, but now varying the value of the AB
flux, with the value of ¢ ranging from 0 to 4 (/1/e) with an interval of 0.4 (h/e). In this set
of graphs, we can observe that the contribution of ¢ moves the probability density away
from the center of the ring, represented by the black curves further away from 0 on the r
axis. This also shows the influence of the AB flux on the quantum system.

A very intuitive way to visualize the annular geometry of the QRs is by constructing
the probability distribution function in the xy plane of the density function. Figure 7 shows
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a set of density plots corresponding to the solution given by Equation (18) in the transverse
plane normalized by r = \/x? + y? in nanometers for different quantum numbers n and m.
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Figure 5. Probability distribution plot for the first three quantum numbers n. The parameter values
used are fiwg = 25.6meV, rg = 10nm, ¢ = 0.1 (h/e), and B =0,2,4,6,...,20 T. The black curve in
all the graphs represents the value of B = 20.
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Figure 6. Probability distribution plot for the first three quantum numbers n. The parameter values
used are fiwy = 2.0meV, ry = 100nm, ¢ = 0,04,0.8,1.2,...,4 (h/e), and B = 0 T. The black curve in
all the graphs represents the value of ¢ = 0.
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Figure 7. (Color online) Normalized probability density in the xy plane for some values of n and m.
The parameter values used are ryp = 10 nm and fiwg = 25.6 meV.

For m = 0, the structure shows a core at the origin (x = 0, y = 0). In the ground state,
the probability of finding the electron is higher near the center of the ring, as illustrated in
the first plot of Figure 7. For a given value of 1, the probability of finding the particle shifts
away from the center as m increases, which is represented by the widening of the maximum
away from the center, showing the presence of a centrifugal potential associated with m.
Each plot describes a probability density associated with each state of 27t7|ip,, |>, making
the analysis more intuitive about the behavior of the particle in the quantum ring as the
quantum numbers n and m vary. It is important to note that the plots were generated for
even values of m, without any specific reason for this selection. In fact, these values could
be arbitrary as long as they obey the condition m = 0, +1, £2, - - -. The choice to limit to
even values of 1 was made to highlight the observed effects when varying m more clearly.

The contrasting effects of the magnetic field (B) and the AB flux (¢) on the probability
distribution arise from their distinct physical influences. The magnetic field induces
a Lorentz force that confines the particle to smaller orbits, centralizing the probability
density. This behavior is reflected in the effective potential (Equation (12)), which includes
a term proportional to w, = eB/, the cyclotron frequency, acting as a harmonic confining
potential. In contrast, the AB flux modifies the wavefunction’s quantum phase, effectively
shifting the angular momentum term via m — m — . This alteration affects the centrifugal
potential (m — )2 /r?, making it less confining or even repelling at a small . Consequently,
the probability density redistributes outward due to these quantum interference effects.
These opposing mechanisms illustrate the interplay between classical and quantum effects
in the quantum ring system.

The analysis of electronic properties is of great importance to help us understand how
states behave when subjected to the effects of a magnetic field. For a better understanding
of the model that is presented in the following section, in this section we reproduce some
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results from Ref. [85]. Initially, we assume w, = 0 (absence of uniform magnetic field) in
Equation (19), such that the energy spectrum of the 2D ring is written as

1 2a 1
Euwm = (7’1 + E (m - 1)2 + hilzy + 2) hweff - %w%ré' (21)

Equation (21) reveals that states with m = 0 are all symmetric for all energy subbands.
The effect of w, # 0 produces a non-parabolic dispersion that breaks the present symmetry,
revealing the existence of a centrifugal potential responsible for such dispersion. This
potential is the reason why different states of the same subband have different radial wave
functions [85].

Figure 8 shows the graph of energy levels as a function of the quantum number m
of a 2D ring made from a GaAs heterostructure for the five lowest subbands, assuming
different values of the magnetic field B.

10

8,
— B=0.00T

4
= — B=025T
21 — B=050T
— B=100T

O L I I I I
—300 O 300 600 900 1200 1500 1800

m

Figure 8. (Color online) Eigenenergies of the 2D ring as a function of the quantum number m for the
first five lowest subbands (n = 0, 1, 2, 3, 4) at different magnetic field intensities. The parameter
values used are fiwy = 0.50meV, ¢ = 0(h/e), and ry = 1000 nm. This figure is a modified adaptation
from the original work of Tan-Inkson, developed for a different quantum ring configuration [85].

For the case where B = 0, the subbands exhibit a parabolic shape centered around
m = 0. As the magnetic field value increases, a significant dispersion can be observed,
evidenced by the increase in energy at the subband minima and the increase in spacing
between them [24]. The energy subbands are directly related to the standing waves that
extend throughout the 2D ring. Furthermore, the energy is periodically modulated with
the magnetic field, known in the literature as AB oscillations [85].

The degeneracy of states for the quantum ring can be observed in Figure 9, where
we outline the energy spectrum as a function of the magnetic field. Each line represents
a distinct quantum number m, while lines of the same color represent the same quantum
number 1, which characterizes a subband of the system. In other words, each curve
represents a distinct state i, of the system. It can be observed that the energy spectrum
as a function of the applied magnetic field is aperiodic, especially when more than one
subband is occupied [85].

The graph in Figure 10 is an enlargement of Figure 9, where the energy spectrum in
the ground state (parts of the curves in red color) is schematically shown for an electron
exhibiting oscillations as a function of the magnetic field (AB oscillations).
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Figure 9. (Color online) The three lowest subbands, where the parameter values used are
fiwyg = 0.50meV, ¢ = 0(h/e), and ry = 1000nm. This figure is a modified adaptation from the
original work of Tan-Inkson, developed for a different quantum ring configuration [85].
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Figure 10. (Color online) AB oscillation for the lowest subband 1 = 0. The dashed curves indicate the
ground state changing its quantum number m by one unit. The parameter values used were the same
as in Figure 8.

It can be observed that at each energy maximum, there is a transition in the ground
state. At this intersection point, the quantum number of angular momentum m of the
ground state changes by one unit; i.e., there is an exchange of angular momentum between
the states [9]. These features in electronic properties, especially the energy spectrum of the
quantum ring in terms of magnetic field and flux, are of scientific interest, particularly in
investigating the AB effect.

Figure 11 presents the energy eigenvalues as a function of the magnetic flux for
the three lowest subbands. It is observed that the energy spectrum exhibits periodicity
concerning the AB flux, with a period of ¢ [85]. Furthermore, the graph shows that energy
levels can occupy multiple subbands. Additionally, as shown in Figure 9, the energy
minima of each subband increase for larger values of 7.

In the following sections, we investigate this phenomenon during optical transitions
observed in semiconductor materials.
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Figure 11. (Color online) The three lowest subbands, where the parameter values used are
hwy = 050 meV, B = 0T, and rp = 1000 nm. This figure is a modified adaptation from the
original work of Tan-Inkson, developed for a different quantum ring configuration [85].

3. Photoionization Process for the 2D Quantum Ring Model

In this section, we investigate the photoionization cross-section (PCS) of a two-
dimensional quantum ring composed of GaAs. We also show how the AB flux manifests
when some model parameters are varied. This model was previously studied by Xie [44],
who investigated the effects of AB flux on the PCS in two-dimensional QRs. However, Xie’s
approach does not entirely follow the Tan-Inkson model. Here, we will rigorously follow
the Tan—Inkson derivation, as presented in Section 2, to derive the solutions with specific
quantum transitions and parameters for application to the PCS formula. Therefore, we can
conclude that the contribution in this section is largely novel to the literature.

The PCS represents the probability of a bound electron being liberated by appropriate
radiation with energy fiw of a particular frequency. Its magnitude is profoundly influenced
by the confinement potential and the incident photon energy [101-103]. The dependence of
excitation energy in the photoionization process is derived from Fermi’s golden rule using
the well-known dipole approximation, written as [104-106]

o(hw) = Cp,hw Z| (Pumler| P ) |2(5(E,({,21 — E,(fzﬂ — hw), (22)
f

with
Al 7

1
i (E,S,,L —EY, — hw)2 + (hrf)zl

where I'y; represents the relaxation rate between the initial and final states. The constant
Cp, in (22) takes into account the electrical and optical properties of the semiconductor

material, being given by
_((Geit ) e 4
Cnr - ( go e 3 Xfs, (24)

where 7, is the refractive index, € is the optical dielectric constant, a¢, = €%/ fic represents
the fine structure constant, and &,fr/ o is the ratio of the effective electric field, with &,¢¢
representing the amplitude of the electric field of the incident radiation and ¢y the average
field in the semiconductor. Furthermore, this rate is related to the time Tfi of the transition

|1/),(1121> — |1p,(3:,2>, with T'¢; = 1/75; [102]. This ratio does not affect the shape of the PCS,
and, at present, no experimental data are available in the literature for comparison [44].
Thus, this ratio is often considered to be equal to 1, and we will not explicitly include it

(23)
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in our results. See Ref. [107] for more information on this issue. In Equation (22), we can

define <1,b,(112n |r|1,b,(1f ,21> =M, £ as the matrix element between the initial and final states of

the dipole moment. The functions lp,(f)m and 1,L7,(1f ,21 symbolize the wave functions of the initial

and final states, while Er(lf ,21 and E,(f?ﬂ correspond to the respective energy eigenvalues of the
transition. The quantity M, can be calculated using the solution (18). Hence, we have
I'n+M+1)

27
n!(T(M+1))? // o

e
2 _ri2 ) 2
x 1K -nM+1,— e 2| — | | -1 M +1,— |7*drdp, (25
1 1< + 202 cos ¢ 222 1k + 222 ¢, (25)

with { = (M + M') /2. Defining the new variable z = r2/2A3, we write

1
27A2

% /
+M +1
Mif = l L’

n’'I(T(M' +1))

27 ., )
Mis = c;,m/ el M =m9 cos (pd(p/ e 220 R (=n',M'+1,2) 1Fi(—n,M +1,z)dz, (26)
0 0

where
I(n+M+1)
n!(T(M+1))*

, _M[r(nl+M/+l) )

=2 | W (T (M 4 1) )2

Using the identity 2 cos ¢ = €/? + ¢~%, the integration over the coordinate ¢ results in

27 .,
/ ¢ ™' =mM9 cog @de = 70 (6y m—1 4 O mi1)- (28)
0

Thus, we obtain

27
Mif = Chu (St =1 + S 1) / e2dzz51 R (—n',M'+1,2) 1F(—n, M + 1, 2)dz. (29)
0

From this result, we see that the non-zero elements of the matrix follow the selection
rule Am = +1 [42].

To obtain more consistent results, we conduct a numerical investigation exploring
relevant data readily available in the literature, particularly for the case of GaAs two-
dimensional QRs. From now on, we present a detailed numerical analysis of our results.
All numerical calculations were performed using the following parameters: ¢ = 13.1,
# = 0.067 ye, where p, = 0.511MeV/c?, g = 8.854 x 10712 F/m, g = 47 x 1077 Tm/A,
and ¢ = 2.99 x 10® m/s [19]. We also consider the specific values n, = 3.15, agg = 1/137,
Coft/ Go = 1[106], and also use hTf = 0.1meV [102].

Figure 12 shows the PCS, from Equation (22), as a function of fiw (the incident photon
energy) for different values of ¢. We can see that as the AB flux varies, the amplitudes of
the PCS peaks change proportionally for two optical transitions starting from the ground
state to adjacent states, following the selection rule. The reason for such behavior is that
the wave function depends on the applied AB flux. Furthermore, it can be observed that
the peak position undergoes a shift towards lower energies (redshift) with the increase in
AB flux, where the optical transition occurs from the state ¢ to the state 15;. The opposite
effect is observed when the transition occurs from the state (oo to ¢p_1, where the PCS
peaks shift to higher energy values as the AB flux increases (blue shift). The explanation for
this behavior lies in the energy difference between the two states involved in the optical
transition. For example, the redshift indicates that the energy difference between the two
considered quantum states decreases as the AB flux increases. On the other hand, the
opposite occurs with the blue shift, which is graphically represented by the separation
between the peaks of the two transitions as the AB flux increases, such that for ¢ = 0
the curves of the two transitions overlap. To demonstrate this effect more explicitly, we
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consider transitions between states with ¢ = 0.1 (h/e) and ¢ = 0.2 (h/e), respectively,
given by

E}}) = Ef — E; ~ 3.982meV — | (Yool po1)|, (30)
E}? = Ef — E; ~ 3.042meV — | (Yool po1)|?, (31)

such that
ER > ER. (32)

The transitions (30) and (31) were obtained using Equation (19) and subsequently used
to compute the Lorentzian (23). It can be noted that the energy difference for the same
transition decreases with the increase in magnetic flux, as explained earlier. For the other
transitions, we have

E}}) = Ef — E; ~ 5.681 meV — |(Yoo|tpo_1)|%, (33)
Ej([? = Ef — E; ~ 6426 meV — | (oo|tpo_1) |- (34)

In this case, the inequality is inverted, i.e.,

E}P < E}?. (35)

o(10~) cm?

hw (meV) 10 0.01 6 (h/e)

| == I{goolerlyo) >~ [(goolerhio1)I? |

Figure 12. (Color Online) Photoionization cross-section as a function of incident photon energy
for different AB flux values. The parameter values used were fiwy = 25.6 meV, ryp = 10 nm, and
B=10T.

On the other hand, in Figure 13, an interesting aspect is shown. As ry decreases,
the magnitude of the peak increases, and its position shifts to higher energy values. The
physical reason for this behavior is that there is a higher probability of the optical transition
occurring between the states i; and ¢ in a narrower quantum ring [26]. In the figure, it is
possible to observe that the PCS curves were constructed by assigning a fixed value of ¢ for
the two optical transitions. The smaller peaks correspond to an AB flux value of 0.1 (1 /e),
represented by curves with filled circles. By making a small variation in ¢, assigning it a
value of 0.8 (h/e), the peaks (represented by curves with filled squares) increase to higher
PCS values. It is also noted that as the radius increases, the distance between the peaks
of the two transitions for the same value of ¢ decreases. This demonstrates the effect of a
change in AB flux on the probability of an optical transition occurring in the quantum ring.
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Figure 13. Photoionization cross-section as a function of incident photon energy for different average
radius. The parameter values used were fiwyg = 25.6 meVand B=10T.

Since one of the main objectives in this section is to investigate the AB effect present in
the PCS, in Figure 14, we plot the PCS curve profile as a function of ¢ for different values
of iw. As expected, the curve exhibits a non-monotonic character, which agrees with what
is presented in the literature [26,44]. It can be noted that the probability of the transition
occurring is higher for more energetic photons.

¢ (h/e) 03 hw (meV)

—— hw = 6 meV —— hw = 5 meV
— fw = 4 meV —8— hiw = 3 meV

Figure 14. Photoionization cross-section as a function of ¢ for photons with different incident energies.
The parameter values are the same as in Figure 12.

4. 2D Quantum Ring Under Effects of Rotation

In this section, we study the non-relativistic quantum mechanics of a particle confined
to move in a 2D quantum ring under the effects of rotation. We also consider the presence
of a magnetic flux tube (AB effect) and a uniform magnetic field. We do not consider the
particle’s spin effects in our approach. The reason for this is that the particle is confined
only to the ring defined by the confining potential (3), and the spin of the particle interacts
with the field inside the solenoid only if it accesses the r = 0 region (an idealized null
radius flow tube). Our main goal is to determine the eigenfunctions and eigenvalues of
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energy and then compare them with the results obtained in Section 2, where we consider
the case of quantum rings in the absence of rotation.

The description of a particle model in a rotating frame is usually given via minimal
coupling directly into the system’s Hamiltonian. Figure 15 schematically depicts a particle
confined to a quantum ring in a rotating frame. The ring is also subject to a uniform
magnetic field and in the presence of the AB effect. Electrons are confined to the region
bounded by the inner radius ¥_ and outer radius 74 (the fully shaded area in Figure 15).

Figure 15. Illustration of an electron in a rotating frame with angular velocity (2 around 2. Adapted
from Ref. [23].

The dynamics of this system take into account the effects of rotation and can be
included in the equation of motion through the substitution [108]

pt = pt —pA’, (1=0,1,23), (36)

where 1 is the particle’s mass and A7 is the gauge field for the rotating frame, defined as

AT = (Ao ) = (=5720), @)
where v is the particle’s velocity vector, which is related to the angular velocity € as
v = Q X r (see Figure 15), where r is the position vector from the center of the ring to where
the particle is located. Additionally, there is an interaction of the system with a uniform
magnetic field B, which, along with €}, is oriented in the positive direction of £, and strictly
follows the right-hand rule. On the other hand, if it is oriented in the opposite direction, it
will exhibit different physical behaviors. These characteristics will be discussed further.
The interaction of a charged particle with the magnetic field is described through the
coupling (36). In this case, the four-potential is defined as A™ = (Ao, A). The Hamiltonian
describing the motion of the particle in the rotating frame is written as [95,108-112]

He = 21}4(,7 A2 QL+ V(r), (38)

where L = r X p is the particle’s angular momentum and V (r) is the scalar potential
defined in Equation (3), responsible for the particle’s confinement, and A is the vector
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potential given in Equation (2). For the sake of simplicity, in the present model, we consider
the idealized model where the sample rotates with a constant angular velocity () = 0)
around the z-axis; i.e., QO = Q%, with r = (r),0,0) being a vector locating a fixed point P,
as shown in Figure 15.

Considering the fields and potentials as defined earlier, the Hamiltonian for the system

is written as 1 1
Ha = ﬂ(p—eA—yQxr)Z—Ey(er)2+V(r), (39)

and the Schrédinger equation to be solved is

1 1 a
E(p—m—AQ)ZW— EyAé‘I’—i— r%¢+a2r2w = (E+ W)Y, (40)
where, for convenience, we have defined the term Aqg = Q X r, which originates from
the minimal coupling and can be understood as a gauge field (effective vector potential)
associated with the non-inertial effect of the rotating frame.

In the same way as in Equation (11), we use eigenfunctions in the form

¥(r,¢) = R(r)e™?, (41)

where m = 0,+1,£2,£3, - - - is the quantum angular momentum number, and the function
R(r) satisfying the radial differential equation

1 12 ‘112(1727’2
RI4LZR 4+ |- = 27 L IR= 42
+ p + ) T +y 0, (42)
with . )
1 _ Hw Jd
where we have defined the quantities
2
Wt = ("B) , (44)
K
8a
2 2
wh=—, (45)
Cow
@? = w? + 4Qw, + W3, (46)
w* = we + 20, 47)
2ua
L2 = (m—1)2+ % (48)

The energy eigenvalues and normalized wave functions of Equation (42) are

—(n+ s Nao = Lon = i — B
Snm<n+2—|—2>hco 2(m Dhw 49070 (49)

Ao\ 2L+ mtT(L +1))2 \ Ao

n
Ao = \/;Ta) (51)

being the new effective magnetic length renormalized by the ring confinement and the rotation.
This result shows that the quantized energy eigenvalue depends on the quantum
numbers n and m, where n is the quantum number characterizing the particle’s motion

L 1 r 2 2 .
‘I’n,m(r,q))—l\/ I tnt1) (7> eii(ﬁ) 1F1[—n;L+1;27A21e’m"’, (50)
0

with
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in the radial direction and m is the angular momentum. Additionally, three frequencies
characterize the energy levels. The first one, @, depends on the magnetic field, the coefficient
ay of the confinement potential, and the angular velocity (). The second frequency w*
depends on the cyclotron frequency w. and the rotation angular frequency Q). Finally, the
third frequency wy is a characteristic of the confinement potential and depends exclusively
on the parameter a, [95].

Non-inertial effects are present as the wave function depends on the rotation param-
eter. One way to explore such effects is to sketch some graphs of the probability density
27t¢[¥um|?, exploring some angular velocity values, including zero. Comparing positive
and negative rotations implies considering the orientation of the angular vector () relative
to the z-axis, following the right-hand rule. Such analysis determines whether the system
is undergoing clockwise or counterclockwise rotational motion. The values of angular
velocities are in terahertz (THz) as a function of the radius r in nanometers, both positive
and negative [27].

Figure 16 displays the probability distribution function of cohesively finding a particle
in the 2D quantum ring. It can be observed that for the ground electronic state (n = 0,
m = 0), as the rotation increases, there is a greater concentration of electronic states near
the center of the ring. In Figure 16b, the rotation effects can also be observed for other states
in addition to the ground state, excited states, in this case, for n = 1 and m = 0.
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Figure 16. (Online color) Probability distribution function for positive rotations. The parameter
values used are fiwy = 25.6 meV, g = 10nm, ¢ = 0.5h/e, B=15T, and 2 =0, 10,20, ...,80 THz.
In (a), we plot the state ¥y and, in (b), the state ¥1y. The black curve in all the graphs represents the
value of Q) = 80 THz.

For negative rotations, the probability density decreases as the angular velocity moves
away from zero, and the resonant peak moves away from the center of the ring, as shown
in Figure 17, a behavior similar to the graph in Figure 16. In this setup, and under the
given parameters, as the angular velocity increases, the electronic states tend to concentrate
towards the center of the ring. Conversely, as the angular velocity decreases, the probability
density moves further away from the center, especially for negative () values.
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Figure 17. (Online color) Probability distribution function for negative rotations. The pa-
rameter values used are fiwy = 25.6meV, rp = 10 nm, ¢ = 05(h/e), B = 15T, and
O =-16,-14,-12,...,0 THz. In (a), we plot for the state ¥y and, in (b), for the state ¥1p. The
black curve in all the graphs represents the value of Q) = 0.

It is worth noting that the angular velocities analyzed in this section are on the order
of terahertz, indicating that high speeds are required to explicitly observe rotating effects in
graphical analysis. This was also verified in Refs. [23,27,95]. However, even if we do not
have a definitive answer for this subject, these effects should be verified at a much lower,
experimentally meaningful, range for the rotating parameter [113].

We also elaborated on the representation of the normalized probability density in the
xy plane, where each color corresponds to a numerical value associated with the density.
Figure 18 illustrates a series of normalized probability density distributions in the xy
plane considering r = /x% + y2. As rotation increases, it is possible to observe that the
probability of finding the particle approaches the center (x = 0 and y = 0), evidenced by
the lighter colors, highlighting the contribution of the centrifugal term.

Figure 18 shows the density function for the states Y9 and ¥»; as a function of angular
velocity for rotation values of 0 THz, 50 THz, and 80 THz; the same quantum state can
change the profile of the probability density by varying the angular velocity parameter.

For negative rotations, we have the opposite effect. The ring widens as the angular
velocity decreases, so the inner edge moves away from the center (x = 0 and y = 0). To
make this more evident, we plot in Figure 19 two distinct states Y9 and ¥5; for different
negative values of angular velocities equal to 0 THz, —10 THz, and —16 THz. The yellowish
region with a ring geometry in both the graphs in Figures 18 and 19 is where the particle is
most likely to be found. Also note that as the angular velocity varies, this region is affected
concerning the center of the quantum ring.

Likewise, the energy spectrum also undergoes rotation effects. Let us rewrite Equation (49)
more explicitly as

1 2 2ua; 1
1 K202
2(m Dh(we +2Q) 24070 (52)
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to then investigate the effects due to rotation. In the particular case where rotation is zero,
we restore the energies (19) from Section 2. On the other hand, if we assume w, = 0 in
Equation (52), we obtain the energy spectrum

2um B 22
el 2> hewy — (m — Q= 7wty (53)

En = <n+; (m—1)*+

showing that rotation introduces a shift in the particle’s energy levels.
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Figure 18. (Online color) Probability distribution function for different rotations. The parameter
values used are fiwy = 25.6meV, ryp = 10nm, ¢ = 0.5 (h/e), and B = 15T. (a—c) are plotted for the
state ¥ and (d—f) for the state ¥5;.
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Figure 19. (Online color) Probability distribution function for negative rotations. The parameter
values used are fiwy = 25.6meV, ryp = 10nm, ¢ = 0.5 (h/e), and B = 15T. (a—c) are plotted for the
state ¥p and (d—f) for the state ¥»y.

Let us study the energies (52) and investigate the physical implications of rotation
and other physical parameters. Figure 20 shows the behavior of the energy eigenvalue in
units of meV from Equation (52) for the three lowest subbands (n = 0,1,2) as a function of
angular velocity in THz.



Quantum Rep. 2024, 6

698

(a) B =0 Tesla (b) B =0.25 Tesla

5 % S . 5z
e R R T
/ R L % 0 S S
> 2 L71 "y u,,,’m,@,éi ‘\\\\“\\\\}\\\\\\}\)\N_ 2
e 7 - R /
= 1t 1
05 01
g 4
%)
—11Z -1
—9l —2
_3l i ‘ ‘ ‘ ‘ ‘ 3L ‘ ‘ ‘ ‘ ‘ ;
—0.12 -0.08 —0.04 0.00 0.04 0.08 0.12 —0.12 —0.08 —0.04 0.00 0.04 0.08 0.12
(¢) B =0.75 Tesla (d) B =1 Tesla
S5z 5
417 417
3+ 3t
7 2 2
N
21 1 §g§s§§\\
£ 0 0 NN
oy
—-1 -1+
—2t7 -2
-3 -3

0.12—0.08 —0.04 0.00 0.04 0.08 0.12 0.12—0.08 —0.04 0.00 0.04 0.08 0.12
Q (THz) Q (THz)

Figure 20. (Online color) Energy as a function of angular velocity for the three lowest subbands. The
parameter values used are fiwy = 0.50meV, ¢ = 0.5 (h/e), and ry = 1000 nm, and with m ranging
from —1500 to 1500 with an interval of 10. The red, blue, and green colors are for the quantum
numbers n = 0, n = 1, and n = 2, respectively.

Curves of the same color represent a subband indicated by the quantum number
n; each curve represents a different state of ¥, for distinct m. The states can occupy
energy levels from another subband, which is more evident in the first graph for the null
magnetic field value B = 0. We also observe a greater concentration of electronic states
in the lower part of each subband, i.e., the degeneracy is higher; as the energy increases,
this degeneracy decreases. For higher values of (), we observe that the distribution of
states predominantly concentrates on lower energy levels. Figure 20 was constructed for
the following fixed magnetic field values: B = 0 Tesla, B = 0.25 Tesla, B = 0.75 Tesla,
and B = 1 Tesla, as the aim was to analyze the effects that angular velocity has on the
energy eigenvalues. Note that for a given chosen magnetic field value, the numerical value
of the energy minima of each subband decreases as () increases. At B = 0, the energy
spectrum is symmetrical around () = 0. When |Q)| increases, the energy subbands are
shifted towards the negative part of £,,,. When B increases, the negative values of &,
are reduced. In this case, we observe an increase in the separation between the energy
subbands (Figure 20c,d), a consequence of the combined effects of the magnetic field and
rotation. One observed effect that we consider important is that as the B field increases
and () is negative, the crossing between the different energy curves for m tends to decrease
(note the profile of the lines on the negative left-hand side in Figure 20c,d). Since this effect
affects the oscillations in the Fermi energy, it should also cause significant changes in the
profile of the magnetization and persistent current. This is under investigation, and the
results will be presented in a future article.

In parallel, we can see an opposite effect of energy levels regarding the magnetic field,
represented by the predominant occupation of these concentrations of states at higher
energy levels in the face of small variations in the magnetic field values. As illustrated
in Figure 21, it is observed that the lower part of the subbands, where there is a higher
concentration of electronic states, shifts to higher energy values as B increases, while it shifts
to lower energy values as () increases. Each graph in Figure 21 was constructed assuming



Quantum Rep. 2024, 6

699

a fixed rotation parameter since, in this case, we are interested in studying how electronic
states evolve as a function of the magnetic field. These two configurations show that one of
the effects of rotation is the removal of degeneracy in the inner part of each subband [23].
As in Figure 20, rotation also causes the energy levels to shift towards negative values
(Figure 21a,c,d). This effect becomes more visible as |(}| increases. Also, the separation of
the subbands tends to increase as B increases.
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Figure 21. (Online color) Energy as a function of magnetic field for the three lowest subbands. The
parameter values used are fiwy = 0.50meV, ¢ = 0.5 (h/e), and ry = 1000 nm, and with m ranging
from —1500 to 1500 with an interval of 10. The red, blue, and green colors are for the quantum
numbers n = 0, n = 1, and n = 2, respectively.

From the analysis above, we observe that the impact of angular velocity, particularly
at high magnitudes (both positive and negative), significantly alters the behavior of the
system’s energy levels. Once certain critical values of () are exceeded, the energies become
negative. This occurs for both positive and negative angular velocities and is intimately
linked to the lowering of the system’s energy due to rotational influences. Specifically, the
centrifugal effects arising from Coriolis contributions and rotational coupling terms lead to
negative energies, highlighting the significant influence of rotational effects on QR systems.

Finally, we want to emphasize that the effects of rotation on energy eigenvalues
and probability density of electrons in 2D QRs lead to various consequences for physical
properties, as discussed throughout this paper. Specifically, these effects are particularly
significant in the photoionization process. The graphs demonstrating the substantial in-
fluence of rotation on the PCS of 2D QRs can be found in our referenced work with a
co-author [42]; for positive rotation, the peaks of the PCS amplitude are higher for the
first transition (n = 0,m = 0) — (n = 0,m = —1) and lower for the second transition
(n=0,m=0) — (n=0,m = 1), while the effect of negative rotation is the opposite. Ad-
ditionally, the energy of the incident photon increases with a higher rotation parameter for
the first transition and decreases for the second transition, with the opposite trend observed
for negative rotation. This suggests that controlling the rotation can lead to a broader range
of possibilities for releasing the bound electron. Our study also highlights the potential
impact on applications in devices relying on properties such as the refractive index [27];
a shift towards higher values of the resonant energy peak is observed, accompanied by a
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decrease in the amplitude of the peaks as rotational effects increase. The effect of negative
rotation is exactly the opposite. Furthermore, rotation induces AB-type oscillations in the
magnetization of a 2D ring [23].

5. Conclusions

In this work, we have examined various aspects of electronics in low-dimensional
semiconductor systems, specifically focusing on quantum rings both in the absence of rota-
tion and under rotating effects. We began by reviewing the theoretical studies conducted
by Tan and Inkson, which explored the confinement potential in the presence of a magnetic
field and a flux tube passing through the center of the ring. We have outlined the main
properties of this system, defining the magnetic field configuration and specific sizes of the
confining radial potential, writing the system’s Hamiltonian, and subsequently deriving
the radial equation of motion. We solved this equation to find the normalized energies
and wave functions. These results were discussed through graphs illustrating the energy
levels as a function of the quantum number m, the magnetic field B, the AB flux ¢/ ¢, and
angular velocity Q).

Additionally, we investigated the optical properties of the quantum system, particu-
larly the photoionization cross-section, which is an important optical property for studying
low-dimensional semiconductor structures. The results regarding the incident photon
energy and the AB flux for the two lowest optical transitions reveal different values when
certain ring parameters are varied, as the energy eigenvalues of the states participating in
the optical transitions change. Our findings show that the photoionization cross-section in
QRs strongly depends on parameters such as the average radius and the AB flux. Further-
more, we observed that the first transition (n = 0,m = 0) — (n = 0,m = —1) has a higher
probability of leading to the photoionization process compared to the second transition
(m=0m=0)—=>(n=0m=1).

Subsequently, we studied the 2D quantum ring under rotation effects. We found that
rotation is responsible for the displacement of the probability density of finding the particle
in the quantum ring, showing different results for the orientation of the angular velocity
vector according to the right-hand rule. The angular velocity variation showed interesting
results in the energy eigenvalues, both for positive and negative angular velocities. This,
of course, shows that the rotating effect in the Tan-Inkson model may cause important
changes in the form and size of the amplitudes and signs of various physical properties,
such as the refractive index changes, absorption coefficients, photoionization cross-section,
magnetization, and persistent currents, and thermodynamics properties. As mentioned in
this review, some of these studies have already been completed, while others have yet to
be completed.

The study of QRs and other types of mesoscopic structures is of great importance for
various reasons, including the technological evolution of components at the nanometer
scale. This rise is a key factor driving their investigation and application in devices with
nanostructured configurations. We believe our study opens new perspectives for future
investigations in this field, covering electronic, optical, and thermodynamic properties. Ad-
ditionally, it provides motivation to investigate novel trends in the photoionization process
of QRs, such as the presence of impurities [19,106,114], spin—orbit interactions [115,116],
and the effects arising from rotation, which are discussed in detail here.

Advances in theoretical studies and experimental validations of mesoscopic models
have progressed significantly in recent years. However, the experimental inclusion of rota-
tional effects remains an open challenge. This gap highlights the importance of theoretical
investigations, such as the present work, in paving the way for potential experimental
realizations. Although studies explicitly addressing rotational effects in 2D quantum rings
are lacking experimentally, numerous works have explored the properties of quantum
rings without considering rotation. These studies provide valuable insights into quantum
interference, persistent currents, and the AB effect [11,117,118], demonstrating the richness
of quantum phenomena in mesoscopic systems and laying a strong foundation for further



Quantum Rep. 2024, 6 701

explorations. The theoretical frameworks developed in this domain are crucial for guiding
future experimental advancements in the study of rotational effects.

Finally, we would like to emphasize that this work is more than just a simple review.
We have approached and presented the results from novel perspectives, and by comparing
them with existing literature, we aim to provide the reader with a deeper understanding of
the subject. In fact, some of our graphs and numerical results are genuinely novel.
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