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Abstract: Within the earlier developed high-energy-~k ·~p-Hamiltonian approach to describe graphene-
like materials, the simulations of band structure, non-Abelian Zak phases and the complex conduc-
tivity of graphene have been performed. The quasi-relativistic graphene model with a number of
flavors (gauge fields) NF = 3 in two approximations (with and without a pseudo-Majorana mass
term) has been utilized as a ground for the simulations. It has been shown that Zak-phases set for the
non-Abelian Majorana-like excitations (modes) in graphene represent the cyclic Z12 and this group is
deformed into a smaller one Z8 at sufficiently high momenta due to a deconfinement of the modes.
Simulations of complex longitudinal low-frequency conductivity have been performed with a focus
on effects of spatial dispersion. A spatial periodic polarization in the graphene models with the
pseudo Majorana charge carriers is offered.

Keywords: graphene; Majorana-like equation; pseudo-Majorana mass term; non-Abelian Zak phase

1. Introduction

Revolutionary progress in low dimensional physics is stipulated primarily by the
discovery of graphene and related materials. Graphene belongs to bipolar materials that
are characterized by strong correlations due to many-body interactions. The experimental
facts [1] testify that the Fermi velocity vF in valleys K(K′) (Dirac points) of a monolayer-
graphene Brillouin zone is renormalized in the process of the Coulomb electron-electron
interactions, and because of the weak screening the suspended-graphene dielectric constant
εG remains moderate: εG ≈ 2.2 and 5 for the small and large charge concentrations
n ∼ 109 and 1012 cm−2, respectively. The renormalized vF grows with the growth of n
in these experiments. The experimental value of the effective dielectric constant εG for
bulk graphene deposited on a hexagonal-boron-nitride support increases up to ≈5 due to
dielectric-polarization support effects [2]. Unconventional graphene superconductivity of
non-phononic origin and another correlated insulator graphene states emerge in a twisted
bilayer graphene (TBG) at some “magic” angles of rotation of the graphene planes relative
each other due to the strong electron-electron interactions in the graphene also [3–6]. Today,
a filling-dependent band flattening caused by the strong interactions between electrons in
the bilayer graphene has been detected [6]. The fact that this phenomenon also occurs at
the rotation angles, well above the superconductivity magic angle, indicates the occurrence
of the dielectric-polarization process, both in weak and strong screening regimes. The
screening of the Coulomb electron-electron interactions calculated using a massless pseudo-
Dirac fermion Hamiltonian within the Hartree-Fock approximation favors the graphene
superconductivity [7,8].

To predict physically feasible results on the filling-dependent deformation of the band
structure at simulating one chooses unrealistically large screening, for example, εG ∼ 66 for
the Hartree potential [8], εG ∼ 33 [9] for both the Hartree and Fock potentials, εG ∼ 15 [10]
for the Hartree–Fock potential with a phonon-mediated pairing. Thus, despite the fact
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that the Hartree and Fock potentials compete with each other, the dielectric polarization in
graphene is still predicted to be at an unwarranted high.

It can be assumed that collective particle-hole excitations are responsible for the
reduction of dielectric polarization effects. Then, an excitonic insulating transition in the
monolayer graphene would lead to a significant increase in the value of the εG. A quantum
field theory of the graphene in an Eliashberg formalism predicts the excitonic insulating
transition [11]. However, the excitonic graphene gap is experimentally not observed [1].
Keldysh-type exciton states that can occur in electrically confined p-n (n-p) graphene
junctions could be responsible for experimentally observed quasi-zero-energy states of such
a graphene quantum dot (GQD) at εG ∼ 2.5 [12]. However, an estimate of the dielectric
constant GQD, which has been carried out by fitting experimental local density of states by
a massless pseudo Dirac–Weyl fermion graphene model, gives the value εG ∼ 1 and 2 for
the ground and other levels, respectively, as for the suspended graphene [13]. It means that
the exciton binding energy is too small to be observed.

The electron is a complex fermion, so if one decomposes it into its real and imaginary
parts, which would be Majorana fermions, they are rapidly re-mixed by electromagnetic
interactions. However, such a decomposition could be reasonable for graphene because
of the effective electrostatic screening. Pseudo Majorana graphene fermion models also
become relevant in connection with the discovery of the unconventional superconductivity.
The pseudo Majorana fermions are topological vortical defects and their statistics are non-
Abelian. A hindrance to describing the vortex lattice lies in the impossibility of constructing
maximally localized Wannier orbitals in a lattice site i for a band structure with topological
defects, owing to the presence of the defect in the site i. Chiral superconductivity based
on Majorana zero-energy edge modes is widely proposed as a graphene superconductive
model (see [4,14,15] and references therein). However, according to the experiments
performed in [5,6,9], the graphene superconductive states are nematic superconductive
ones two-fold anisotropic in the resistivity. Therefore, the feature of the nematic states is
broken gauge (spin/valley) and six-fold lattice rotational symmetries. The violation of
the chiral symmetry in the nematic-superconductivity phenomenon casts doubt on the
Majorana zero-energy edge modes in the graphene (see [4,14,15] and references therein).

The simplest massless pseudo Dirac fermion Semenoff’s model of the monolayer
graphene [16] originated from a two-dimensional (2D) projection of the very old non-
relativistic graphite model proposed by Wallace in [17] (see its further development in [18]
and reference therein). Graphite and graphene are diamagnetic materials, and accordingly,
one needs the relativistic quantum mechanics in order to correctly describe them. One
also needs a spin-orbit coupling (SOC), being a relativistic effect at describing Majorana
fermions and electron-hole pairs as coupled Dirac-fermion states. The spin-orbit coupling
is introduced into the non-relativistic graphene models in the form of phenomenological
corrections such as Rashba and Dresselhaus spin-orbit couplings terms. However, a Dirac-
mass Kane–Mele-term [19] originated from the non-zero SOC is a negligibly small one of the
order of 10−3 meV for graphene at the valleys K(K′). In the case of the graphene monolayer
without strain, the phenomenological tight-binding model of the graphene superlattice with
interlayer interaction of the graphite type predicts the flat bands [20], but unfortunately,
parameters of this non-realistic model cannot be adapted to experimental data. The ab
initio calculations predicted a gapped band structure of two-dimensional graphite, though
the band structure is a gapless one for three-dimensional (3D) graphite [21]. However, in
accordance with experimental data [1] though, vF is diverged near K no insulating phases
emerge at E as low as 0.1 meV. Thus, the mass term for graphene cannot be of the Dirac
type. Constructions of a mass term preserving chiral symmetry for a graphene model of
Majorana type are absent. Thus, the massless pseudo Dirac fermion model is not applicable
for a wide range of phenomena in graphene physics, such as the existence of topological
currents in graphene superlattices [22], signatures of Majorana excitation in graphene [23],
a sharp rise of Fermi velocity value vF in touching valent and conduction bands [1], and a
lack of excitonic instability [11].
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Moreover, the pure non-relativistic nature of the pseudo Dirac fermion model is in bad
correspondence with modern ab initio software for band structure simulations like AbInit,
FPLO, WIEN2k, VASP, which are strongly related to quasirelativistic codes that proved to
give results consistent with experimentally observable properties of most materials [24].

So, the theoretical considerations based on the massless pseudo Dirac fermion graphene
model contradict the experimental studies that reveal the non-zero finite Fermi velocity, as
well as bandwidths being significantly larger than predicted. The dielectric polarization
resulting in enhancement of pairing and emerging correlated phenomena in the graphene
remains elusive. The problem of the graphene polarization is a large challenge and remains
unsolved.

In [25–29], we have captured the renormalization effect on the bandstructure of the
monolayer graphene at the level of a quasirelativistic Dirac–Hartree–Fock approximation
with εG = 1. The quasi-relativistic approximation in the relativistic quantum mechanics
is known (see e.g., a review in [30]) as the following procedure. In terms of the bispinor

composed of two spinor components ψ =

(
ϕ
χ

)
, the Dirac equation reads

(
D̂−mc2

)
ψ = Eψ

where the operator D̂ is written as

D̂ =

(
mc2 + V c~σ · ~p

c~σ · ~p −mc2 + V

)
with~σ being the vector of the Pauli matrixes, ~p is the momentum, m is the electron mass,
c is the speed of light, V is some scalar potential. To discard nonphysical solutions, the
relationship between upper and lower bispinor components can be written in the form
χ = X̂ϕ, with X̂ being a solution of the equation 2mc2X̂ = cσp− [X̂, V]− cX̂~σ · ~pX̂. One
can omit two last terms in the right-hand side of the last equation and gets X̂ =

~σ·~p
2mc . In

this case, the lower bispinor (χ) component is of the order of c−1 of the upper (ϕ) one,
that corresponds to the use of the leading term in series expansion on c−1 for the original
systems, and is known as the quasi-relativistic theory (or the limit).

We offer a quasirelativistic tight-binding Hamiltonian of massless pseudo Majorana
fermions in the monolayer graphene. The pseudo Dirac fermion 2D model predicts the val-
ues of electrical and magnetic characteristics that significantly differ from their experimental
values, and in this model, there is no universal limit for the low-frequency conductivity
(“minimal” direct-current (dc) conductivity) of graphene. We show that the polarization
exists for the quasi-relativistic model graphene with the pseudo Majorana modes.

The goal of the paper is to study the effects of topologically non-trivial graphene
Brillouin zone in dielectric properties of the quasi-relativistic graphene model. Contribu-
tions to the dielectric permittivity stipulated by the presence of Majorana-like quasiparticle
excitations will be calculated with an account of spatial dispersion in the system.

2. Methods

2.1. High-Energy~k · ~p Hamiltonian

Graphene is a 2D semimetal hexagonal carbon atomic layer, which is comprised of two
trigonal sublattices A, B. Semi-metallicity of graphene is provided by the delocalization
of π(pz)-electron orbitals on a hexagonal crystal cell, as is shown in Figure 1a. Since the
energies of relativistic terms π∗(D3/2) and π(P3/2) of a hydrogen-like atom are equal to
each other [31], there is an indirect exchange through d-electron states to break a dimer.
Therefore, a quasirelativistic model of monolayer graphene, besides the configuration with
three dimers per cell, also has a configuration with two dimers and one broken conjugate
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double bond per the cell, as is shown in Figure 1b. The basis set {ψn1 , ψn2} for the π-, π∗-
orbitals is chosen in the following form:

ψ{n1} = ψpz
(~r), ψ{n2} =

1√
2

(
ψpz

(~r±~δi) + ψpz
(~r)
)

, (1)

where ψpz
is an atomic orbital of carbon pz-electron, ~δi, i = 1, 2, 3 is a vector-radius of a

nearest neighbor for a carbon atom in the honeycomb lattice.

(a) (b)

Figure 1. Graphene cell models with three dimers per hexagonal cell so that the electron density of
the dimers overlaps (a) and with two conjugated double bonds and one “broken” π-bond (b) that π-
and π∗-electrons are on terms P3/2 and D3/2 with a total angular momentum J = 3/2. The equality
of P3/2- and D3/2-terms energies in the case of relativistic hydrogen-like atom provides the stability
of configurations with two dimers.

The high-energy~k · ~p Hamiltonian of a quasiparticle in the sublattice, for example, A
reads [25][

~σ · ~p +~σ · h̄
(
~KB − ~KA

)]
|ψ∗BA〉 −

i2

c
ΣABΣBAψ̂†

−σA
|0,−σ〉 = Equψ̂†

−σA
|0,−σ〉, (2)

|ψ∗BA〉 = ΣBAψ̂†
−σA
|0,−σ〉 (3)

where ψ̂†
−σA
|0,−σ〉 is a spinor wave function (vector in the Hilbert space), ~σ = {σx, σy}

is the 2D vector of the Pauli matrixes, ~p = {px, py} is the 2D momentum operator, ΣAB,
ΣBA are relativistic exchange operators for sublattices A, B respectively; i2ΣABΣBA is an
unconventional Majorana-like mass term for a quasiparticle in the sublattice A,

∣∣ψ∗BA
〉

is
a spinor wave function of quasiparticle in the sublattice B, ~KA(~KB) denote the graphene
Dirac point (valley) ~K(~K′) in the Brillouin zone, h̄ = h/(2π), h is the Planck constant. A
small term h̄~σ ·

(
~KB − ~KA

)
∼ h

a in Equation (2) is a spin–valley-current coupling. One can
see that the term with the conventional Dirac mass in (2) is absent. Since the exchange
operators transform a wave function from sublattice A into B and visa versa in accordance
with Equation (3), the following expression holds

|ψ̃∗BA〉 = ΣBAΣABΣBA|ψA〉 = Σ2
BAΣABψA + ΣBA[ΣAB, ΣBA]|ψA〉

= Σ2
BA{ΣAB + Σ−1

BA[ΣAB, ΣBA]}|ψA〉.

Since the latter can be written in a form
∣∣ψ̃∗BA

〉
= Σ2

BA|ψ̃A〉 one gets the following
property of the exchange operator matrix:

|ψ̃∗BA〉 ≡ α−1ΣBA|ψ̃A〉 = Σ2
BA|ψ̃A〉, (4)

with some parameter α. Due to the property (4), ΣBA

(
ΣBAψ̂†

−σA

)
= 1

α ΣBAψ̂†
−σA

and by the
following notations

~σAB = ΣBA~σΣ−1
BA, ~pBA = ΣBA ~p Σ−1

BA, ~KBA
B − ~KBA

A = ΣBA(~KB − ~KA)Σ−1
BA, (5)
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MBA = i2αΣBAΣAB, MAB = i2αΣABΣBA (6)

the Equation (2) can be rewritten as[
~σAB ·

(
~pBA + h̄(~KBA

B − ~KBA
A )
)
− 1

c
MBA

]
ΣBAψ̂†

−σA
|0,−σ〉 = v̂−1

F EquΣBAψ̂†
−σA
|0,−σ〉. (7)

An equation, similarly to Equation (7), can also be written for the sublattice B. As a result,
one gets the equations of motion for a Majorana bispinor (|ψAB〉,

∣∣ψ∗BA
〉
)T [26,27]:[

~σBA
2D · ~pAB − c−1MAB

]
|ψAB〉 = i

∂

∂t
|ψ∗BA〉, (8)[

~σAB
2D · ~p ∗BA − c−1(MBA)

∗
]
|ψBA〉 = −i

∂

∂t
|ψ∗AB〉. (9)

Then, the exchange interaction term Σx
rel is determined as [28]

Σx
rel

(
χ̂†
−σA

(~r)

χ̂†
σB
(~r)

)
|0,−σ〉|0, σ〉 =

(
0 ΣAB

ΣBA 0

)(
χ̂†
−σA

(~r)
χ̂†

σB
(~r)

)
|0,−σ〉|0, σ〉, (10)

ΣABχ̂†
σB
(~r)|0, σ〉

=
Nv Nc

∑
i=1

∫
d~riχ̂

†
σi

B(~r)|0, σ〉∆AB〈0,−σi|χ̂†
−σA

i
(~ri)V(~ri −~r)χ̂−σB(~ri)|0,−σi′〉, (11)

ΣBAχ̂†
−σA

(~r)|0,−σ〉

=
Nv Nc

∑
i′=1

∫
d~ri′ χ̂

†
−σA

i′
(~r)|0,−σ〉∆BA〈0, σi′ |χ̂†

σB
i′
(~ri′)V(~ri′ −~r)χ̂σA

(~ri′)|0, σi〉. (12)

Here, Nv and Nc are a number of valent electrons in one primitive-lattice cell and a
number of the cells; interaction (2× 2)-matrices ∆AB and ∆BA are gauge fields (or compo-
nents of a gauge field). In the case of the basic set Equation (1), vector-potentials for these
gauge fields are determined by the phases α0 and α±,k, k = 1, 2, 3 of wave functions ψpz

(~r)
and ψpz ,±~δk

(~r), k = 1, 2, 3 respectively, that exchange interaction Σx
rel (10) in accounting of

the nearest lattice neighbours for a tight-binding approximation reads [27–29]

ΣAB =
1√

2(2π)3
e−ı(θkA

−θKB )
3

∑
i=1

exp{ı[~Ki
A −~qi] ·~δi}

∫
V(~r)d~r

×


√

2ψpz
(~r)ψ∗pz ,−~δi

(~r) ψpz
(~r)[ψ∗pz

(~r) + ψ∗pz ,−~δi
(~r)]

ψ∗pz ,−~δi
(~r)[ψpz ,~δi

(~r) + ψpz
(~r)]

[ψpz ,~δi
(~r)+ψpz

(~r)][ψ∗pz
(~r)+ψ∗pz ,−~δi

(~r)]
√

2

, (13)

ΣBA =
1√

2(2π)3
e−ı(θKA−θKB )

3

∑
i=1

exp{ı[~Ki
A −~qi] ·~δi}

∫
V(~r)d~r

×

 [ψpz ,~δi
(~r)+ψpz

(~r)][ψ∗pz
(~r)+ψ∗pz ,−~δi

(~r)]
√

2
−ψ∗pz ,−~δi

(~r)[ψpz ,~δi
(~r) + ψpz

(~r)]

−ψpz
(~r)[ψ∗pz

(~r) + ψ∗pz ,−~δi
(~r)]

√
2ψpz

(~r)ψ∗pz ,−~δi
(~r)

 (14)

where the origin of the reference frame is located at a given site on the sublattice A(B), V(~r)
is the 3D Coulomb potential, designations ψpz , ±~δi

(~r), ψpz , ±~δi
(~r2D) ≡ ψpz

(~r±~δi), i = 1, 2, 3

refer to atomic orbitals of pz-electrons with 3D radius-vectors~r±~δi in the neighbor lattice
sites ~δi, nearest to the reference site ;~r±~δi is the pz-electron 3D-radius-vector. Elements
of the matrices ΣAB and ΣBA include bilinear combinations of the wave functions, so that
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their phases α0 and α±,k, k = 1, 2, 3 enter into ∆AB and ∆BA from Equations (11) and (12)
in the form ∣∣∣ψpz

∣∣∣∣∣∣ψpz , ±~δk

∣∣∣ exp
{

ı(α0 − α±,k)
}
≡
∣∣∣ψpz

∣∣∣∣∣∣ψpz , ±~δk

∣∣∣∆±,k. (15)

Due to the fact that phases are included into (15) only with their differences, an
effective number NF of flavors in our gauge field theory is equal to 3, separately for holes
and electrons (signs plus and minus in (15) refer to hole and electrons, respectively). Then,
owing to translational symmetry, we determine the gauge fields ∆±,i in Equation (15) in
the following form:

∆±,i(q) = exp
(
±ıc±(q)(~q ·~δi)

)
. (16)

Substituting the relative phases (Equation (16)) of particles and holes into Equation (13),
one gets the exchange interaction operator ΣAB

ΣAB =
1√

2(2π)3
e−ı(θkA

−θKB )
(

Σ11 Σ12
Σ21 Σ22

)
(17)

with the following matrix elements:

Σ11 =
√

2

{
∑

j
I j
11∆−,j(q) exp{ı[~K j

A −~q] ·~δj}
}

,

Σ12 =

{
∑

j

(
I j
12 + I j

11∆−,j(q)
)

exp{ı[~K j
A −~q] ·~δj}

}
,

Σ21 =

{
∑

j

(
I j
21∆+,j(q)∆−,j(q) + I j

11∆−,j(q)
)

exp{ı[~K j
A −~q] ·~δj}

}
,

Σ22 =
1√
2

{
∑

j

(
I j
22∆+,j(q) + I j

12 + I j
21∆+,j(q)∆−,j(q) + I j

11∆−,j(q)
)

exp{ı[~K j
A −~q] ·~δj}

}

where I j
nimk =

∫
V(~r)ψpz+ni~δj

ψ∗pz−mk~δj
d~r, i, k = 1, 2; (n1, m1) = (0, 1), (n1, m2) = (0, 0),

(n2, m1) = (n2, m2) = (1, 1). There are similar formulas for ΣBA.
Accordingly to Equation (16) eigenvalues Ei, i = 1, . . . , 4 of the 4× 4 Hamiltonian

(8) and (9) are functionals of c±. To eliminate arbitrariness in the choice of the phase factors
c±, one needs a gauge condition for the gauge fields. The eigenvalues Ei, i = 1, . . . , 4 are
real because the system of Equations (8) and (9) can be transformed to Klein–Gordon–Fock
equation [26]. Therefore, we impose the gauge condition as a requirement on the absence
of imaginary parts in the eigenvalues Ei, i = 1, . . . , 4 of the Hamiltonian (8) and (9):

=m(Ei) = 0, i = 1, . . . , 4. (18)

To satisfy the condition (Equations (18)) in the momentum space, we minimize the
function f (c+, c−) = ∑4

i=1|=m Ei|, the absolute minimum of which coincides with the
solution of the system (18). The bandstructures determined by the sublattice Hamiltonians
without the pseudo-Majorana mass term are the same. Therefore, when neglecting the
pseudo-Majorana mass term, one can choose the cost function f = 2 ∑2

i=1|=m Ei|. For the
non-zero mass case, we assume the same form of the function f , due to the smallness of the
mass correction.

2.2. Non-Abelian-Zak-Phase Analysis of Emerging Polarization

Topological defect pushes out a charge carrier from its location. The operator of this
non-zero displacement presents a projected position operator P~rP with the projection
operator P = ∑NB

n=1

∣∣∣ψn,~k

〉〈
ψn,~k

∣∣∣ for the occupied subspace of states ψn,~k(~r). Here, NB is a
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number of occupied bands;~k is a momentum. Eigenvalues of P~rP are called Zak phase [32].
The Zak phase coincides with a phase

γmn = i
∫

C(~k)

〈
ψm,~k

∣∣∇~k∣∣ψn,~k

〉
· d~k, n, m = 1, . . . , NB (19)

of a Wilson loop Wmn = T exp(iγmn), being a path-ordered (T) exponential with the
integral over a closed contour C(~k) [33]. We discretize the Wilson loop by Wilson lines
Wmn

ki+1,ki
[25]:

Wmn =
NW→∞

∏
i=0

Wmn
~ki+1,~ki

=
NW→∞

∏
i=0

〈
ψ∗

m,~ki+1
|ψn,~ki

〉
. (20)

Here, momenta~ki, i = 0, 1, . . . , NW form a sequence of the points on a curve (ordered
path), connecting initial and final points in the Brillouin zone: ~ki = ~k0 + ∑i

j=1 ∆~k j,j−1,

∆~k j,j−1 = ~k j −~k j−1 → 0 and~kNW = ~k0; ψn,~ki
, n = 1, . . . , NB are eigenstates of a model

Hamiltonian.
We consider the parallel transport of filled Bloch waves around momentum loops~l, be-

cause the basis of Wannier functions was generated only by the occupied Bloch eigenstates.
Global characterization of all Dirac touching is possible with a non-Abelian Zak invariant
defined over a non-contractible momentum loop [32]. Therefore, instead of the closed
contour, we take a curve C(~k) being one side~l(ky) of the equilateral triangle of variable size
(defined by the value of ky component of the wavevector~k) with the coordinate-system
origin in the Dirac K(K′)-point. The NB phases are defined then as arguments of the eigen-
values of the Wilson loop. One chooses NW (NW = 500) that a “noise” in output data
is sufficiently small to observe the discrete values of Zak phases. In our calculation of
Equation (20) for the Hamiltonian without the pseudo-Majorana mass term, a number NB
of bands is equal to four (NB = 4): two electron and hole valent bands and two electron
and hole conduction bands (see simulation results in Section 2.1).

2.3. Non-Abelian Currents in Quasi-Relativistic Graphene Model

Conductivity can be considered as a coefficient linking the current density with an
applied electric field in a linear regime of response. To reach the goal, several steps should
be performed. First, one has to subject the system to an electromagnetic field; this can be
implemented by standard change to canonical momentum ~p→ ~p− e

c
~A in the Hamiltonian;

where ~A is a vector-potential of the field, e is the electron charge. Then, one can find a
quasi-relativistic current [34] of charge carriers in graphene as:

jSM
i = c−1 ji ≡ jOi + jZb

i + jso
i ,

ji = eχ†
+σB

(x+)vi
x+x−χ+σB

(x−)− e2 Ai
c MAB

χ†
+σB

(x+)χ+σB
(x−)

+
eh̄

2MAB

[
~∇× χ†

+σB
(x+)~σχ+σB

(x−)
]

i
, i = 1, 2. (21)

Here

x± = x± ε, x = {~r, t0}, ~r = {x, y}, t0 = 0, ε→ 0; (22)

vi
x+x− is the velocity operator determined by a derivative of the Hamiltonian (8) and (9),

χ+σB
(x+) is the secondary quantized fermion field, the terms jOi , jZb

i , jso
i , i = x, y describe

an ohmic contribution which satisfies the Ohm law and contributions of the polarization
and magneto-electric effects respectively. A potential-energy operator V for interaction
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between the secondary quantized fermionic field χ+σB
(x) with an electromagnetic field

reads

V = χ†
+σB

[
−c~σBA ·

e
c
~A−MBA(0)−∑

i

dMBA
dp′i

∣∣∣∣
p′i=0

×
(

pAB
i − e

c
Ai

)
− 1

2 ∑
i,j

d2MBA
dp′idp′j

∣∣∣∣∣
p′i , p′j=0

(
pAB

i − e
c

Ai

) (
pAB

j −
e
c

Aj

)
+ . . .

]
χ+σB

. (23)

To perform quantum-statistical averaging for the case of non-zero temperature, we
use a quantum field method developed in [35,36]. After tedious but simple algebra, one
can find the conductivity in our model:

σO
ii (ω, k) =

ıe2 β̄2

(2πc)2 Tr
∫ (

1−MBA(~p)
∂2MBA

∂p2
i

)(
M~vi(p) , N~vi(p)

)
d~p, (24)

σZb
ll (ω, k) =

ıe2 β̄2

(2πc)2 Tr
∫ MBA(~p)

2

2

∑
i=1

∂2MBA

∂p2
i

(
M~vi(p) , N~vi(p)

)
d~p, (25)

σso
12(21)(ω, k) =

(−1)1(2)ı
2

ıe2 β̄2

(2πc)2 Tr
∫

MBA(~p)
∂2MBA
∂p1∂p2

(
M~v 1(2)(p) , N~v 1(2)(p)

)
σzd~p (26)

for the currents jOi , jZb
i , jso

i , respectively. Here, the matrices M, N are given by the following
expressions:

M =
f [β̄((H(p+)− µ)/h̄)]− f [β̄(H†(−p−)− µ/h̄)]

β̄z − β̄(H(p+)/h̄) + β̄(H†(−p−)/h̄)
, N =

δ(h̄ω + µ)

(h̄z + H(p+)− H†(−p−))β̄
.

Here, f is the Fermi–Dirac distribution, z = ω + iε, ~p± = ~p±~k, ω is a frequency, µ is
a chemical potential, β̄ is an inverse temperature divided by c.

3. Results and Discussion
3.1. Band Structure Simulations

The band structure of graphene within the quasi-relativistic NF = 3-flavors model
has been calculated with the Majorana-like mass term, and is presented in Figure 2a. The
graphene bands are conical near the Dirac point at q(q′)→ 0, q =

∣∣∣~p− ~K
∣∣∣ (q′ =

∣∣∣~p ′ − ~K′
∣∣∣),

where ~p(~p ′) is a momentum of electron (hole). However, they flatten at large q(q′).
The band structure of graphene within the quasirelativistic model with pseudo Majo-

rana charge carriers hosts vortex and antivortex whose cores are in the graphene valleys
~K and ~K′ of the Brillouin zone, respectively (see Figure 2b). Touching in the Dirac point
K(K′), the cone-shaped valence and conduction bands of graphene flatten at large momenta
p of the graphene charge carriers [25]. It signifies that the Fermi velocity vF diminishes
drastically to very small values at large p. Since eight sub-replicas of the graphene band
near the Dirac point degenerate into the eight-fold conic band (see Figure 2), the pseudo
Majorana fermions forming the eightfold degenerate vortex are confined by the hexagonal
symmetry. In the state of confinement, the pseudo Majorana fermions are linked with the
formation of electron–hole pairs under the action of the hexagonal symmetry.
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(a)

(b)

Figure 2. (a) Electron (left) and hole bands (right) of a quasi-relativistic NF = 3-flavors model
graphene with a pseudo-Majorana mass term. (b) The vortex texture in contour plots of the graphene
electron (left) and hole (right) bands.

The non-Abelian Zak phases of the pseudo Majorana graphene charge carriers are
nonzero [25], as is shown in Figure 3. The charge carriers, whose non-Abelian Zak phases
are multiples of π/6 and constitute the cyclic groups Z12, are confined near the Dirac
point. The π/6 rotation is equivalent to a π/2 rotation, due to the hexagonal symmetry
of graphene and, correspondingly, the electron and hole configurations in the momentum
space are orthogonal to each other. It testifies the metallicity of zigzag edges and/or zigzag
configurations and semi-conductivity of armchair edges and/or armchair configurations
transversal to the zigzag configuration in the graphene plane. All π(pz)-electrons are
precessed (move from one valley to another one) in a same way near the Dirac point,
because the hexagonal symmetry levels the transitions between the levels with different
projections j = ±3/2, ± 1/2 of the π(pz)-electron orbital momentum Jpz

due to smallness
of a spin-orbital coupling at momenta q(q′)→ 0,~q = ~p− ~K (~q ′ = ~p ′ − ~K′).
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Figure 3. Non-Abelian phases Φ1, . . . , Φ4 of the Wilson-loop eigenvalues in the units of π at non-zero
gauge fields.

The strong spin-orbital coupling at large momenta q(q′) violates the hexagonal sym-
metry lifting the degeneration over the projections j. The precessing of the π(pz)-electron
proliferates vortices (antivortices) in the T-shaped configuration of four topological vortex
defects (four antivortices) [25]. An atomic chain with two topological defects at the ends
implements a pseudo Majorana particle [37,38]. Such a T-shaped configuration of four topo-
logical vortex defects (four antivortices) is three pseudo Majorana quasiparticles differing
in the combinations of vortical (antivortical) subreplicas that form them. The number of
the pseudo Majorana modes coincides with the number of the gauge degrees of freedom
(NF = 3) and, accordingly, all three Majorana modes differ in flavor. It signifies that the
pair of vortical and antivortical subreplicas holds one of three flavors.

A feature of the pseudo Majorana mass term is its vanishing in the valleys K(K′).
Outside the valleys, one of two eigenvalues of the pseudo-Majorana mass term entering
the Hamiltonian of the pseudo Majorana fermion turns out to be practically zero [39].
Therefore, one of the flavored Majorana particles is formed by two chiral vortex defects,
the second one by two nonchiral vortices, and only one of the two vortices is chiral for the
third Majorana mode. Since the flavor is associated with a degree of chirality, let us call
the pseudo Majorana flavor modes the chiral, semichiral, and non-chiral pseudo Majorana
quasiparticles Vch, Vsc, Vnc.

The system of Equations (8) and (9) for the stationary case can be approximated by a
Dirac-like equation with the “Majorana-force“ correction in the following way. The operator
ΣAB in Equation(8) plays a role in Fermi velocity also: v̂′F = ΣAB. Then, one can assume
that there is the following expansion up to a normalization constant 〈0|v̂F|0〉 = 〈0|v̂′F|0〉:

|ψAB〉 =
ΣAB

∣∣ψ∗BA
〉

〈0|v̂′F|0〉
=

ΣABΣBA

〈0|v̂′F|0〉
|ψAB〉 =

{ΣBA + [ΣAB, ΣBA]}|ψAB〉
〈0|v̂F|0〉

≈
{

1 +
(∆Σ + [ΣAB, ΣBA])

〈0|v̂F|0〉

}
|ψAB〉 (27)

where [·, ·] denotes the commutator, ∆Σ = ΣBA − ΣAB. Substituting Equations (3) and (27)
into the right-hand side of Equation (9), one gets the Dirac-like equation with a “Majorana-
force” correction of an order of quantum-exchanges difference for two graphene sublattices:[

~σAB
2D · ~pBA − c−1MBA

]
|ψ∗BA〉 = Ẽ

{
1 +

(∆Σ + [ΣAB, ΣBA])

〈0|v̂F|0〉

}
|ψ∗BA〉 (28)
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where Ẽ = E/〈0|v̂F|0〉. Now, neglecting the mass term, we can find the solution of the
Equation (28) by the successive approximation technique as:

~σBA
2D (∆±,i) · ~pAB(∆±,i)|ψAB〉+

E(0)(∆Σ(∆±,i) + [ΣAB(∆±,i), ΣBA(∆±,i)])

〈0|v̂F|0〉2
|ψAB〉

=
E(1)

v̂F
|ψAB〉. (29)

It follows from Equation (29), that the quadratic correction describes a deconfinement
of the pseudo Majorana fermions by SOC because the “Majorana-force” is significant in the
flat regions of the graphene bands, where the Fermi velocity trends to zero.

Thus, the pseudo Majorana fermion graphene model is a topological semimetal. Result-
ing in 8 subreplicas of the graphene band, the spin-orbital coupling is capable of competing
with the hexagonal symmetry at high energies in the flat bands only. The pseudocubic
symmetry signifies that the electron-hole symmetry of each graphene band is separately
broken and, correspondingly, the associated vortex and antivortex Majorana fermions
forming electrons and holes are released by strong SOC. These free Majorana particles
exist in a very narrow energy range, because they reside in the flat regions of the graphene
bands. Since the Fermi velocity vF of the free Majorana configurations trends to zero, the
pseudo Majorana fermions are very heavy ones.

3.2. Low-Frequency Dielectric Permittivity of Graphene

Let us investigate longitudinal conductivity for low frequencies ω → 0 and non-
vanishing wave vectors~k = ~p/h̄− ~KA(B). The longitudinal conductivity σL(ω,~k) is deter-
mined through the conductivity tensor splitting into longitudinal and transversal terms
as [40]

σij(ω,~k) =
(

δij −
kik j

~k2

)
σT(ω,~k) +

kik j

~k2
σL(ω,~k); i, j = x, y. (30)

When choosing~k = (kx, 0) or~k = (0, ky), kx = ky = k, one always has

σxx(ω,~k) = σL(ω, k), or σyy(ω,~k) = σL(ω, k).

Now, let us calculate the low-frequency dielectric permittivity ε(ω,~r). To do this, one
has to perform the inverse Fourier transformation

σ(ω,~r) =
1

(2π)2

∫
σO

L (ω, k)ei~k·~rd2k, (31)

and then to substitute the transformation into the following expression:

ε(ω,~r) = <e
[

1− 4πı
σ(ω,~r)

ω

]
= 1 +

4π

ω
=m σ(ω,~r). (32)

Here, ω is a cyclic frequency. We consider the effects of spatial dispersion on the
imaginary part =m σO

L (ω, k) of the longitudinal complex conductivity at the low frequen-
cies: ω = 10−10, 0.004, 13.3 K (kelvin) for the massless pseudo Dirac graphene fermion
model [35] with the number of flavors NF = 2 (pseudospin and spirality) and our graphene
model with the NF = 3 flavors. Conductivity for frequencies in Hertz range, for example,
2.08 Hz (ω = 10−10 K), can be considered as a conductance for direct current. The numerical
results are presented in Figure 4 and Table 1.



Quantum Rep. 2022, 4 12

(a) (b)

(c) (d)

Figure 4. Imaginary part σO
L (ω, k) of longitudinal ohmic contribution to conductivity vs. wave

number k,~k = ~p− ~KA(B) for our pseudo Majorana fermion NF = 3-model (Equations (8) and (9))
without (a,b) and with (c,d) the pseudo Majorana mass term (solid curves) and for the massless Dirac
fermion model (dashed curves), at the temperature 100 K and the frequencies ω: 13.3 K (0.27 THz,
blue color), 0.004 K (83 MHz, green color), 10−10 K (2.08 Hz, red color); the chemical potential equals
to 1 K. The inset (b) to the figure (a) demonstrates the =m σO

L in a neighborhood of large k at the
frequencies 13.3 and 0.004 K; the inset (d) to the figure (c) demonstrates the =m σO

L in the region
of large k at the all frequencies for the case taking into account of the pseudo Majorana mass term.
σO

L (ω, k) is measured in quantum conductance units of e2/h and labeled as =m σ13.3,=m σ0.004 and
=m σdc for the frequencies 13.3, 0.004, and 10−10 K, respectively.

Table 1. Asymptotic behavior of the longitudinal-conductivity imaginary part =m σO
L (ω, k) in the

massless pseudo Dirac fermion monolayer-graphene NF = 2-model and in the pseudo Majorana
fermion monolayer-graphene NF = 3-model for the case taking into account of the pseudo-Majorana
mass term (mass case) and without the mass term (massless) at different frequencies ω and the
large and small wave numbers k∞ and k0, namely, at 0.2|KA| and 6.5 · 10−8|KA|, respectively; at the
temperature 100 K and the chemical potential 1 K; σO

L (ω, k) is measured in quantum conductance
units of e2/h.

ω, K

=m σO
L (ω, k∞) =m σO

L (ω, k0)

NF = 2 NF = 3 NF = 2 NF = 3

Massless Mass Case Massless Mass Case

13.3 −0.025 3 ×10−5 7.5× 10−3 3.312 3.308 3.32

0.004 −1.4× 10−5 5.4× 10−8 3.6× 10−3 0.191 0.191 0.194

10−10 0 6.3× 10−8 1.8× 10−3 −1.4× 10−8 4.8× 10−5 2.5× 10−3

The function =m σO
L (ω, k) for the massless pseudo Dirac fermion graphene model is a

constant function =m σO
L (k)

∣∣
k→∞ ≡ =m σk∞ at large wave numbers. The=m σk∞ is negative

constant (=m σk∞ < 0) for the frequencies ω = 0.004, 13.3 K and a zero-values function
(=m σk∞ = 0) at ω = 10−10 K (see Table 1 and Figure 4). However, the imaginary part of
the longitudinal complex conductivity in the NF = 2-model becomes a positive constant
=m σO

L (k)
∣∣
k→0 ≡ =m σk0 > 0 at small values of k, k � 1 for the frequencies ω = 0.004,

13.3 K. As the Table 1 and Figure 4 show the function =m σO
L (ω, k) in the NF = 2-model
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changes its sign in a very narrow range of k/KA. Since =m σO
L (ω, k) is constant almost

everywhere for the NF = 2-model of graphene, does not oscillate, and ei~k·~r enters the
integrand of the expression (31), the =mσ(ω,~r) is equal to zero and, correspondingly, the
ε(ω,~r) is equal to 1 in this graphene model. It signifies that the graphene with the massless
pseudo Dirac charge carriers is not polarized and plasmon oscillations in the NF = 2 model
are not observed. However, this prediction for the dc case contradicts the experimental
facts that value the graphene dielectric constant εG in the range 2–5.

The function =m σO
L (ω, k) for the pseudo Majorana graphene NF = 3-models both

with and without the Majorana mass term trends to non-negative values at k → ∞. It
signifies that the polarization states can emerge in the graphene NF = 3-models. The
function =m σO

L (ω, k) for the pseudo Majorana fermion graphene NF = 3-model without
the pseudo-Majorana mass term is constant at large wave numbers for ω =13.3 K only (see
Figures 4a,b). The =m σO

L (ω, k) is weakly or strongly oscillating for ω = 0.004 and 10−10 K,
respectively. Since =m σO

L (ω, k) for ω = 0.004 and 13.3 K is practically constant, except
for a very narrow interval, then as well as for the NF = 2 model, the ε(ω,~r) is equal to 1
and, correspondingly, the graphene with the chiral pseudo Majorana charge carriers is not
dielectrically polarized at these frequencies.

Let us examine the NF = 3 model without the pseudo Majorana mass term in the
dc case of ω = 10−10 K. In this case, since the =m σO

L (ω, k) has extrema and, oscillat-
ing, tends to small positive values, it behaves like a linear combination of functions

=m σkmax1

sin(k−kmax1 )

(k−kmax1 )
and =m σkmax2

sin(k−kmax2 )

(k−kmax2 )
. Such a type of functions can be considered

as a finite approximation of the Dirac δ−function, and the coefficients =m σkmaxi
, i = 1, 2 are

called intensity or spectral power of the δ−functions. Then, the dc dielectric permittivity
εdc(~r) ≡ ε(ω,~r)|ω=10−10 for the NF = 3 model with the chiral pseudo Majorana fermions
can be approximated by the following expression:

εdc(~r) ≈ 1 +
4π

ω

1
2π

∫ [
=m σkmax1

δ(k− kmax1)−=m σkmax2
δ(k− kmax2)

]
ei~k·~rdk. (33)

Since, according to the simulation shown in Figure 4a, =m σkmax1
,=m σkmax2

differ

slightly from each other; the εdc(~r) gains a value close to 1.
Now, let us examine the NF = 3 model with the non-zero pseudo Majorana mass

term. In this case, the =m σO
L (ω, k) strongly oscillates for all frequencies. In the dc limit

(ω = 10−10 K), the =m σO
L (ω, k) possesses one maximum at kmax/KA ≈ 10−3.3 only,

and trends to approximately the same value at k → 0, ∞ (see Figures 4c,d and Table 1).
Correspondingly, the dc dielectric permittivity εdc(~r) for the NF = 3 model with the chiral
anomaly may be approximated by the integral, with only one Dirac δ-function entering the
integrand:

εdc(~r) ≈ 1 +
2
ω

∫
=m σkmax δ(k− kmax)ei~k·~rdk. (34)

Since kmax 6= 0 the dc dielectric permittivity εdc(~r) is a periodic function with am-
plitude ∼1.7 that exactly coincides with the graphene dielectric constant εG at the small
charge density n→ 0. The =m σO

L (ω, k) at ω = 0.004 K behaves similarly to =m σO
L (ω, k)

at 2.08 Hz. Since the ε(~r) is periodic, it can take on values close to zero, which is a signature
of a plasmon resonance in graphene.

The =m σO
L (ω, k) at ω = 13.3 K has two extrema and trends to the different val-

ues at k → 0, ∞ (see Figure 4c and Table 1). It means that the dielectric permittivity
ε(ω,~r)|ω=13.3 ≡ ε13.3(~r) for the NF = 3 model with the chiral anomaly may be approxi-
mated by the integral with the sum of the difference between two different Dirac δ-functions,
and a Heaviside Θ-function entering the integrand, as
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ε13.3(~r) ≈ 1 +
4π

ω

1
2π

∫
ei~k·~r

×
[
=m σkmax1

2
(δ(k− kmax1) + Θ(kmax1 − k))−=m σkmax2

δ(k− kmax2)

]
dk. (35)

According to the simulation results, the ε13.3(~r), ε0.004(~r), and εdc(~r) are the same in
the NF = 3 model with the chiral anomaly. Thus, at the high frequencies (0.27 THz), the
charge density of the the NF = 3 model with the non-zero pseudo Majorana mass term is
polarized both anomalously and in an ordinary topologically trivial way.

4. Conclusions

So, four vortex and four antivortex defects forming three pseudo Majorana fermions
are confined by the hexagonal symmetry. Deconfinement of the Majorana modes stems
from a competition between spin-orbital coupling and hexagonal symmetry. The non-
Abelianity of the Zak phase for the Majorana fermions indicates the existence of polarized
charge density in graphene. The dielectric permittivity of the model graphene without
the pseudo Majorana mass term tends to values near to unity in the low-frequency limit,
because all vortical and antivortical pseudo Majorana graphene modes are chiral ones. The
phenomenon of a chiral anomaly is observed for the graphene charge carriers with the
non-zero pseudo Majorana mass term, since one of the vortices in the pseudo Majorana
vortex pair can acquire a non-zero mass. The breaking of the gauge symmetry leads to
the appearance of non-zero polarization of a graphene region that reveals itself in the
periodic dependence of the dc dielectric permittivity. The periodicity of the ε(~r) can
clarify an emergence of plasmon oscillations in graphene. The dielectric polarization in the
graphene NF = 3-model occurs due to the fact that electrons and holes, bending around
topological defects, diverge. Correspondingly, topological defects prevent the electron-hole
annihilation by creating an effective polarization vector. Our estimate of the low-frequency
graphene permittivity gives εG ∼ 1.7 and, accordingly, is in excellent agreement with the
electrophysical experimental data.
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