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Abstract: It is standard to assume that the Wigner distribution of a mixed quantum state consisting
of square-integrable functions is a quasi-probability distribution, i.e., that its integral is one and that
the marginal properties are satisfied. However, this is generally not true. We introduced a class
of quantum states for which this property is satisfied; these states are dubbed “Feichtinger states”
because they are defined in terms of a class of functional spaces (modulation spaces) introduced in
the 1980s by H. Feichtinger. The properties of these states were studied, giving us the opportunity
to prove an extension to the general case of a result due to Jaynes on the non-uniqueness of the
statistical ensemble, generating a density operator.
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1. Introduction

A useful device when dealing with density operators is the covariance matrix, whose
existence is taken for granted in most elementary and advanced texts. However, a closer
look shows that the latter only exists under rather stringent conditions on the involved
quantum states. This question is related to another more general one. Assume that we are
dealing with the mixed quantum state {(¢;, a;)} with ¢; € L*(R"), [$j]| = Tand a; > 0,
Y;aj = 1 the index j belonging to some countable set. The Wigner distribution of that state,
which is by definition the convex sum of Wigner transforms:

p= Z“lePj 1)
j

is usually referred to as a “quasi-probability”. However, such an interpretation only makes
sense if:

[Pz =1 @

which is the case if ¢; € L?(R"), but it does not imply per se the absolute integrability
of Wi;: there are examples of square-integrable functions ¢ such that Wy € L*(R") but
Wy ¢ L'(R?") [1]. In [2], Cordero and Tabacco give a simple example in dimension 1 = 1:
the function = x[_ /51,2 (the characteristic function of the interval [—/2,1/2] belongs to

both L!(R) and L?(R) but we have Wi ¢ L!(IR?). On the other hand, even when satisfied,
condition (2) is not sufficient to ensure the existence of the covariances:

Tip = /RZ” xXjpip(z)dz ®)

since these involve the calculation of second moments, and the integrability of p does not
guarantee the convergence of such integrals. These difficulties are usually ignored in the
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physical literature, or are dismissed by vague assumptions such as the “sufficiently fast”
decrease in the Wigner distribution at infinity.

The aim of this paper was to remedy this vagueness by proposing an adequate
functional framework for a rigorous analysis of mixed states and of the associated density
operator. For this purpose, we will use the Feichtinger modulation spaces M! (R"),instead
of L?(R") as a “reservoir” for quantum states. In the simplest case, where s = 0, we have
the so-called Feichtinger algebra Mcl)(R”) = So(R") which can be defined by

2(n

pes®) = { LI @

We agree that it is not clear at all why the condition above should define a vector
space—let alone an algebra!—since the Wigner transform is not additive; surprisingly
enough, however, this is the case, and one sees that if we assume that the state {(¢;, ;) }
is such that i; € So(R") for every j, then the normalization condition (2) is satisfied.
We will also see that the existence of covariances such as (3) (and hence the covariance
matrix) is guaranteed if we make the sharper assumption that ¢; € ML(R"™) for some s > 2.
While the theory of modulation spaces has become a standard tool in time-frequency and
harmonic analysis, it is somewhat less known in quantum physics. In [3], we applied it to
deformation quantization; in [4], spectral and regularity results for operators in modulation
spaces were studied. One of the reasons for which this theory is less popular in quantum
mechanics might be that the usual treatments are given in terms of short-time Fourier
transforms (also called Gabor transforms) instead of the Wigner transform as we do here,
and this has the tendency to make the theory obscure for many physicists ignoring the
simple relation between Wigner and Gabor transforms. We therefore speculate that this
lack of communication between both communities is of a pedagogical nature. The use
of Wigner transforms in the theory of modulation spaces actually has many advantages:
for instance, it makes the symplectic invariance of these spaces become obvious and thus
directly links them to the Weyl-Wigner-Moyal formalism.

The notation used here is standard: the phase space variable is z = (x,p) with
x = (x1,...,x5) € R"and p = (p1,...,pn) € (R")* = R". The scalar product on
L?(R") is:

Wlg) = |, ¥(x)P(x)dx

(where ¢(x) is the complex conjugate of ¢(x)) and the associated norm is denoted by ||¢||.

2. The Modulation Spaces M (R")

We give here a brief review of the main definitions and properties of the class of
modulation spaces we will need. Modulation spaces were introduced by Feichtinger
during the early 1980s [5-7]. The most complete treatment can be found in the book [1] by
Grochenig; also see the recent review paper [8]. In [9] (Chapters 16 and 17), modulation
spaces are studied from the point of view of the Wigner transform which we use here.

We will denote by W (¢, ¢) the cross-Wigner function of:

(¥,¢) € L*(R") x L*(R") ;
which is defined by
W0 = ()"

when ¢ = ¢, one obtains the usual Wigner transform:

e FPY(x + Ly)g(x — Ty)dy . 5)

n

W) = ()" [ e+ hnw(e— Tndy. ©)
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Recall [9,10] that W (1, ¢) is a continuous function belonging to L?(R?") and that:
W, 9) ()] < ()" llpll llel )
as well as
[ Ww.9) =)z = (vl4). ®
Taking ¢ = ¢, it follows that, in particular:
[ W)z = 1yl ©)
hence, the integral condition (2) holds as soon as ¢ € L?(R") is normalized to one.
In what follows, s is a non-negative real number: s > 0. We set z = (x, p) and:
(z) = (1+ 2112 (10)

The function z — (z) is the Weyl symbol of the elliptic pseudodifferential operator
(1 — A)Y/2 where A is the Laplacian in the z variables. We denote by L} (R?") the weighted
L!-space, which is defined by

LIR?) = {p:R*" — C: ()0 € L}(R*)}, (11)

that is, p € L!(R?") if and only if we have:

lell = [ lo@)z)dz < 0. (12)

Due to the submultiplicativity of the weights, these spaces are in fact Banach algebras
with respect to convolution (see [11]). The same is true for the spaces M; (R™).

Definition 1. The modulation space M} (R") consists of all p € L*>(R") such that:
W(y,¢) € Ls(R*") (13)
for every ¢ € S(R") (the Schwartz space of test functions decreasing rapidly at infinity).

It turns out that it suffices to check that condition (13) holds for one function ¢ # 0 for
it then holds for all; moreover, the mappings ¢ — |[4|[,, 1 defined by

19l = WO yggn = [, IW(0,9)(2)I(2)°d2

form a family of equivalent norms, and the topology on M!(R") thus defined makes it into
a Banach space. We have the chain of inclusions:

SR") ¢ MYR") ¢ LYR™") n F(LY(R")) ¢ LY(R") N CO(R") (14)

where S(R") is the Schwartz space of test functions and F(L!(R")) is the space of Fourier
transforms Fp of the elements ¢ of L' (R"). Observe that:

MH(R™) ¢ ML(R") ifand only if s > §';

and one proves [1] that:
NszoM5 (R") = S(R") .

Recall that the metaplectic group Mp(n) is the unitary representation on L?(R") of the
symplectic group. Sp(n). The modulation spaces M! (R") are invariant under the action of
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the metaplectic group: if S € Mp(n) and ¢ € M!(R"), then S € ML (R™"). This property
actually follows from the symplectic covariance property:

W(Sy)(z) = Wip(S'z) (15)

of the Wigner transform, where S € Sp() is the projection of S € Mp(n) (see [9] for a
detailed study of the metaplectic representation and symplectic covariance).

When s = 0, we write M}(R") = Sy(R") (the Feichtinger algebra); clearly
MI(R") C So(R") for all s > 0. In addition to being a vector space, So(R") is a Ba-
nach algebra for both pointwise multiplication and convolution. It is actually the smallest
Banach algebra invariant under the action of the metaplectic group Mp(n) and phase space
translations. As mentioned in the introduction, the Feichtinger algebra can be characterized
by the condition (4): So(R") is the vector space of all ¢ € L?(R") such that Wy € L'(R?").

3. Feichtinger States
Consider, as in the introduction, a mixed quantum state {(;, ;) } and denote by

p=Y ), p =) Wy,
] ]

the corresponding density operator and its Wigner distribution: p; is the orthogonal
projection on the ray Cy;, which is:

P = (Plp)gy, ¢ € LAR").
Observe that (27t7)" p is the Weyl symbol of the operator p [9].

Definition 2. A mixed state {(ipj, «;)} is a Feichtinger state if and only we have ; € ML(R™)
for some s > 0.

Feichtinger states are preserved by the action of the metaplectic group:

Proposition 1. Let {(;, «;)} be a Feichtinger state and S € Mp(n). Then, {(SAtp]-,zxj)} is also a
Feichtinger state.

Proof. It is an immediate consequence of the metaplectic invariance of the modulation
spaces MI(R"). O

The Wigner distribution p of a Feichtinger state is a bona-fide quasi-distribution:

Proposition 2. Let { (¢, a;)} bea Feichtinger state. Then, p € L' (R?") and the marginal properties:

[ pE)dp = Ll () (16)
)
o Pt = Py (17)
hold, and we have:
/RZn p(z)dz=1. (18)

Proof. Since M!(R") C M}(R") = So(R"), we automatically have Wy, € L' (R?") for
every j, hence p € L!(R?"). On the other hand, we know that the marginal conditions:
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L W (2)dp = [yi(x) (19)
L W (2)dx = [Fy;(p)? (20)

hold if both 1; and Fi; are integrable [10], and this is precisely the case here in view of the
inclusion (14). It follows that:

/Rzn o(z)dz = ;ocj /Rzn Wip;(x, p)dpdx = 1

since the a; sum up to one and the 1; are unit vectors in L2R"). O

Remark 1. The assumption that {(y;, «;)} is a Feichtinger state is crucial since it ensures that
the marginal properties (19) and (20) hold.

Modulation spaces also allow to rigorously define the covariance matrix X of a state.
It is the symmetric 21 x 2 X n matrix defined by

Y= o (z—2)(z—2)Tp(z)dz (21)

where Z, the expectation vector, is given by

zZ= Jean zp(z)dz (22)

(all vectors z are viewed as column matrices in these definitions). Assuming z = 0, the
covariance matrix is explicitly given by

_ (Xxx Zxp _yT
== (ZPX Zpp) ' =X = Zxp
where xp = ((fgjpk)lgjlkén with U,%jpk given by (3), etc.
Proposition 3. Assume that {(y;, a;)} is a Feichtinger state with s > 2: (i) Then, the covariance
matrix ¥ is well defined; (ii) the Fourier transform Fp of the Wigner distribution of p is twice
continuously differentiable: Fp € C2(R?").

Proof. It suffices to assume that s = 2; we then have:
[ 101+ [212)dz < co. (23)

Setting zo, = x, if 1 < o < mandzy, = ppif n+1 < a < 2n, we have (z) =
((z1), ..., (zn)) where (z,) is given by the absolutely convergent integral:

Zy = /RZ" zap(2)dz

similarly, the integral
ZaZp = /RZH zazpp(2)dz

is also absolutely convergent in view of the trivial inequalities |z,zg| < 1+ |z[%. We have:

n [
= ) [
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differentiating twice under the integration sign, we obtain:

. A\ 2
0:,Fp = — i F(zap) , 02,025Fp = (=4 ) F(zazpp)

hence, the estimates:

< 00,

O

4. Independence of the Statistical Ensemble

Several distinct statistical ensembles can give rise to the same density matrix. For
instance, given an arbitrary mixed state {(1;,«;)} as above, the density matrix p = }; a;p;
where p; is the orthogonal projection on the rays Cy; which can be written, using the

spectral decomposition theorem, as p = }; )\]«E;. where the A; are the eigenvalues of p

and the ;/)\; is the orthogonal projections on the rays C¢; the ¢; being the eigenvectors
corresponding to the A;.

The main result of this section is a generalization to the infinite-dimensional case of a
result due to Jaynes [12]. Recall that a partial isometry is an operator whose restriction to
the orthogonal complement of its null-space is an isometry [13].

Proposition 4. Let {(y;, A;)} be a mixed state and (¢;) be the orthonormal basis of L%(R") and
write ; = Yy ajxP. (i) The operator A defined by

n 1/2
A(p] = ;)\]/ a]'k(Pk

is a Hilbert-Schmidt operator and o = AA* is the density matrix of the state {(j, Aj) }. (ii) Two
mixed states {(j, Aj)} and {(1,[7]’-, A;)} generate the same density matrix o = AA* if and only

if there exists a partial isometry U of L2(R") such that A = AU where A7 is defined in terms
of {1, A1)},

Proof. (i) We have:

(RgilAgy) = b Loyte el = & Ll = Ay
since ||¢j]|* = L |ajx[* = 1. It follows that:

Y (Agj|Ag;) =Y A =1 (24)

] ]

hence, A is a Hilbert-Schmidt operator. It follows that A* is also Hilbert-Schmidt, hence
AA¥ is a trace class operator with unit trace:

Tr(AA*) = Tr(A*A) =1
the second equality in view of (24). Let us show that, in fact, f = AA*, that is

oY = ;Ak(tplt/)k)wk
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for every i € L?(R"). It is sufficient to show that this identity holds for the basis vectors
¢j, that is:

Ph; = L M99 ¢ (25)
k
for every j. Using the expansions:
k= AmPm = Y_ axepe
m l

we can rewrite this identity as

0P; =Y Mdijaree -
ot

On the other hand, by definition of A, we have:
Ay = YN *ae;
k

hence, by linearity:
AA G =Y N PagAg; =Y Mdjaxed (26)
k k¢

which is the same thing as p¢;. (i) Let U be a partial isometry of L2(R");
then A/A” = AA* = p. Conversely, suppose that ATA”" = AA*. A classical result
from the theory of Hilbert spaces (Douglas’ lemma [14]) tells us that there exists a partial
isometry U such that A’ = AU—thus, we are done. [

Remark 2. The result above has been considered and proven by [15-17] in the case of quantum
states having a finite number of elements. Their proofs do not immediately extend to the infinite
dimensional case.

An immediate consequence is that the property of being a Feichtinger state is invariant
under transformations preserving the density matrix.

Corollary 1. Let {(i;,«;) : j € J}be a Feichtinger state where | is a finite set of indices. Then,
every state {(¢;, B;) generating the same density matrix p is also a Feichtinger state. In particular,
the spectral decomposition p = };c; A;p; consists of orthogonal projections p; on rays Cip; where
l/J]‘ S M51 (Rn).

Proof. Assume that ¢; € M;(R") for every j. In view of Proposition 4, there exist finite
linear relations ¢ = };aj; for each index k, hence, ¢ € ML(R™) for every k since
ML (R") is a vector space. [J

Remark 3. The proof does not trivially extend to the general case where the index set | is infinite
because of convergence problems. The question of whether the Corollary extends to the general case
remains open.

As a bonus, we obtain the following new result about the convex sums of Wigner
distributions.
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Corollary 2. Let (y;); be a sequence in MY (R™"). Let (¢;); be a sequence of functions in L*(R")
and sequences («;) and (B;) of positive numbers such that y;a; = Y ; B; = 1. We assume that

il = [lp;|| = 1 for all j. If we have:

LW =) BWo;
] ]

then ¢ € ML (R™) for every k.

Proof. Both series are absolutely convergent in view of (7); for instance:

LWyl < ()" Ley = ()"

]

The function:

0= (27Th)n Za]Wl[J] = (27‘[h)n Z,BJW(P]

] ]

is the Wigner distribution of a density matrix generated by the Feichtinger state {(¢;,«;)}
In view of Corollary 1, we must then have ¢; € ML(R") for every j. O

5. Discussion

We saw that the class of modulation spaces M! (R") provides us with a very convenient
framework for the study of the Wigner distribution of density matrices; it is far less
restrictive than the conventional use of the Schwartz space S(R") which requires that
the functions and all their derivatives be zero at infinity. In addition, the topology of
modulation spaces is simpler since they are defined by a norm making them Banach spaces,
while that of S(R") is defined by a family of semi-norms making it to a Fréchet space.
Another particularly attractive feature of modulation spaces is that they enable introducing
a useful class of Banach Gelfand triples (see [18]). For instance:

(So(R"), L*(R"), S5(R"))

where S{j(R") is the dual space of the Feichtinger algebra, So(R") is a such triple. S (R")
consists of all p € S’'(R") such that W(yp, ¢) € L®(R?") for one (and hence all) ¢ € So(R");
the duality bracket is simply given by the pairing:

)=

R2n

W(p, ) (2)W(Y', ¢)(z)dz . (27)

Since Sp(R") is the smallest Banach space, isometrically invariant under the action
of the metaplectic group, its dual is essentially the largest space of distributions with this
property. The use of such triples makes the use of the Dirac bra-ket notation much more
natural and rigorous. For instance, objects such as (i|¢) automatically have a meaning for
all ¢ € Sp(R") and all € Sj(R").

Author Contributions: Writing—original draft preparation, C.d.G.; writing-review and editing,
M.d.G.; supervision, M.d.G. Both authors have read and agreed to the published version of
the manuscript.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.



Quantum Rep. 2021, 3 481

Acknowledgments: Maurice de Gosson has been supported by the grant P 33447 of the Austrian
Research Foundation FWEF. The authors thank Hans Feichtinger for illuminating discussions about
modulation spaces, and for having suggested various improvements of the original text.

Conflicts of Interest: The authors declare no conflict of interest.

References

10.
11.
12.
13.
14.

15.

16.
17.

18.

Grochenig, K. Foundations of Time-Frequency Analysis; Birkhauser: Boston, MA, USA, 2000

Cordero, E.; Tabacco, A. Triangular subgroups of Sp(d, R) and reproducing formulae. J. Funct. Anal. 2013, 264, 2034-2058
[CrossRef]

de Gosson, M.; Luef, F. On the usefulness of modulation spaces in deformation quantization. |. Phys. A Math. Theor. 2009, 42,
315205 [CrossRef]

Dias, N.C.; de Gosson, M.; Luef, E; Prata, ].N. A pseudo-differential calculus on non-standard symplectic space; spectral and
regularity results in modulation spaces. |. Math. Pures Appl. 2011, 96, 423-445 [CrossRef] [PubMed]

Feichtinger, H.G. On a new Segal algebra. Monatsh. Math. 1981, 92, 269-289 [CrossRef]

Feichtinger, H.G. Banach spaces of distributions of Wiener type and interpolation. In Proceedings of the Conference Functional
Analysis and Approximation, Oberwolfach; Butzer, P., Nagy, S., G orlich, E., Eds.; Springer: Heidelberg/Berlin, Germany, 1981
Feichtinger, H.G. Modulation Spaces: Looking Back and Ahead Sampl. Theory Signal Image Process 2006, 5, 109-140 [CrossRef]
Jakobsen, M.S. On a (no longer) New Segal Algebra: A review of the Feichtinger algebra. J. Fourier Anal. Appl. 2018, 24, 1579-1660
[CrossRef]

de Gosson, M. Symplectic Methods in Harmonic Analysis and in Mathematical Physics; Birkhduser: Boston, MA, USA, 2011

de Gosson, M. The Wigner Transform; Advanced Textbooks in Mathematics; World Scientific: Singapore, 2017

Reiter, H.; Stegeman, J.D. Classical Harmonic Analysis and Locally Compact Groups, 2nd ed.; Clarendon Press: Oxford, UK, 2000
Jaynes, E.T. Information theory and statistical mechanics, II. Phys. Rev. 1957, 108, 171 [CrossRef]

Halmos, P.R.; McLaughlin, J.E. Partial isometries. Pac. ]. Math. 1963, 13, 585-596 [CrossRef]

Douglas, R.G. On Majorization, Factorization, and Range Inclusion of Operators on Hilbert Space. Proc. Am. Math. Soc. 1966, 17,
413-415 [CrossRef]

Bergou, J.A.; Hillery, M. Introduction to the Theory of Quantum Information Processing; Graduate Texts in Physics; Springer
Science+Business Media: New York, NY, USA, 2013

Nielsen, M. A. Probability distributions consistent with a mixed state. Phys. Rev. A 2000, 62, 052308-1 [CrossRef]

Nielsen, M.A.; Chuang, I.L. Quantum Computation and Quantum Information; Cambridge University Press: Cambridge, CA,
USA, 2010

Feichtinger, H.G.; Luef, F.; Cordero, E. Banach Gelfand Triples for Gabor Analysis. In Pseudo-Differential Operators; Springer:
Berlin/Heidelberg, Germany, 1949; pp. 1-33


http://doi.org/10.1016/j.jfa.2013.02.004
http://dx.doi.org/10.1088/1751-8113/42/31/315205
http://dx.doi.org/10.1016/j.matpur.2011.07.006
http://www.ncbi.nlm.nih.gov/pubmed/22158824
http://dx.doi.org/10.1007/BF01320058
http://dx.doi.org/10.1007/BF03549447
http://dx.doi.org/10.1007/s00041-018-9596-4
http://dx.doi.org/10.1103/PhysRev.108.171
http://dx.doi.org/10.2140/pjm.1963.13.585
http://dx.doi.org/10.1090/S0002-9939-1966-0203464-1
http://dx.doi.org/10.1103/PhysRevA.62.052308

	Introduction
	The Modulation Spaces Ms1(Rn)
	Feichtinger States
	Independence of the Statistical Ensemble
	Discussion
	References

