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Abstract

Following a trajectory and avoiding obstacles are two closely linked control tasks for an
autonomous vehicle. Classical reactive controllers are tuned for one operating range, do
not look ahead and have no built-in way to keep a minimum distance from an obstacle.
This paper presents a Linear Time-Invariant Model Predictive Control (LTI-MPC) scheme
combined with a Luenberger observer for the kinematic bicycle model. The model is lin-
earised once around (0,0, 0,v,,,,) and written in deviation coordinates so that the drift
term of the predictor is exact. The observer, tuned with the discrete-time algebraic Riccati
equation, rebuilds the heading from the noisy DGPS-RTK position and odometry speed, so
no heading sensor is needed. Static obstacles are handled by a local re-planner with a de-
signed clearance, and a closed-form rule links its blending length to the maximum reference
heading. Tested in a closed loop with observer and measurement noise on five scenarios,
the LTI-MPC reaches a tracking RMSE of 0.018 m at 4 m/s on a sinusoidal path; achieves,
in simulation, a clearance of 0.98-0.99 m from the obstacle (the reference is designed for
1.0m, the requirement is 0.5m); and is the only controller among PID-type, Stanley and
MPC whose accuracy degrades smoothly from 2 to 8 m/s with a single tuning. The observer
converges within 1° in 0.24 s. A sweep of constant-radius turns shows that the linearisation
stays accurate at up to 30° of heading change.

Keywords: autonomous vehicles; model predictive control; linear time-invariant systems;
Luenberger observer; trajectory tracking; obstacle avoidance; kinematic bicycle model

1. Introduction

Autonomous vehicles represent one of the most active research topics in automation,
intelligent transportation and robotics. Moving from SAE level 2 to levels 4 and 5 [ 1] requires
good perception, planning and control under many driving conditions [2]. Trajectory
tracking is a central control task: the vehicle must reach and stay on a reference path
by acting simultaneously on the front-wheel steering angle (lateral control) and on the
longitudinal acceleration [ 3,4 ]. Many methods exist: proportional-integral-derivative (PID)
control [5,6], pure-pursuit [7], Stanley control [8,9], linear-quadratic state feedback [10],
and model predictive control [11-14]. Among them, model predictive control (MPC) stands
out because it uses a model of the system, looks ahead over a prediction horizon, handles
constraints directly and can combine several objectives in one cost function [15,16]. In a
typical PID architecture, a lateral loop acts on the heading error and a longitudinal loop
acts on the speed error, sometimes with a look-ahead term to reduce the lag in the curves.
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These reactive schemes have well-known limits [3,4]: they do not anticipate, they are tuned
for one operating range, they treat the two loops separately although they interact, they do
not use the available vehicle model and, most importantly for safety, they have no built-in
way to keep a minimum distance from an obstacle.

The first of these limits—the single tuning point—is what caps any fixed-gain design. In
a preliminary study on the longitudinal channel of the same vehicle, a speed PID was tuned
by multi-objective particle swarm optimisation over a set of grade, load, road friction and
actuation delay scenarios. The optimised gains removed the overshoot and cut the energy
use of a Ziegler-Nichols baseline, but the study also showed that one set of gains fixed
offline cannot stay optimal once the operating conditions leave the range assumed at tuning
time and that the overshoot returns as the actuation delay grows. This is the structural limit
of fixed-gain PID, and it points to predictive, model-based control as the next step. The
present work takes this step. Where the earlier study dealt with speed alone, we now treat
lateral and longitudinal control together, swap the fixed PID gains for a model predictive
controller built on the kinematic model and a prediction horizon and add two aspects that
no fixed-gain law can provide: an observer that estimates a quantity that the sensors do
not measure and a planning layer that converts the safety requirement into a geometric
condition on the reference path. The comparison with PID-type and Stanley controllers in
Section 7 reuses the protocol of the longitudinal study deliberately (each baseline is tuned
once and then tested over the whole operating range), so that the robustness gained by
prediction can be read directly.

Figure 1 illustrates the difference between the two families: a reactive law only reacts
to the error that it sees in the present, while the MPC uses its model to start acting before
the curve.

Reactive (PID, Stanley) Predictive (MPC)
Predicted 2 s

[
J
Acts on the current error only, Starts turning before the curve,
one tuning per speed speed is in the model

Figure 1. Reactive tracking (left) versus predictive tracking (right) in a curve. Dashed grey line:
reference path; red line: trajectory of the reactive controller; green line: trajectory of the MPC; blue
box: prediction horizon.

In practice, the scheme has three parts. First, a linear MPC linearises the kinematic
bicycle model once around a nominal operating point (0,0, 0, v,,,,), Wwhere v, ., is chosen
for each scenario. The resulting linear time-invariant (LTI) system gives a quadratic pro-
gram that is solved in real time and whose fixed structure makes analysis and embedded
implementation simpler. Second, a Luenberger observer rebuilds the heading angle ¥
from noisy position and speed measurements, so no heading sensor is needed. Its gain is
computed with the discrete-time algebraic Riccati equation (DARE), which gives a steady-
state Kalman-type design with stable linearised error dynamics. Third, a local re-planner
generates reference trajectories that keep a chosen clearance from obstacles; the MPC then
tracks these references, and the safety margin is checked in simulation.

The three building blocks (linear MPC, Luenberger observer, local re-planner) are
individually well known. What this paper adds is the way that they are combined and
the design rules that allow the combination to work: (i) the prediction model is written in
deviation coordinates so that the affine drift of the moving operating point is accounted for
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exactly once, which removes a systematic longitudinal error that appears when the drift
is added to an absolute-coordinate predictor; (ii) the heading is reconstructed from the
position and odometry only, with the convergence/noise trade-off of the observer measured
and used to choose its tuning, so that no heading sensor is required; (iii) the obstacle
clearance is built into the reference by a re-planner whose blending length is tied to the
linearisation range by a closed-form rule, so that the planner can never drive the controller
outside the domain where its model is valid; and (iv) the evaluation uses a single-tuning,
multi-speed protocol and documents the validity envelope of the linearisation, instead of
reporting accuracy at one operating point. The contributions are as follows: (a) an LTI-MPC
written for the four-state kinematic bicycle model with inputs (4, ), linearised around an
operating point chosen per scenario, in the convention of Polack et al. [17]; (b) a Luenberger
observer with a DARE-based gain, whose convergence is studied in simulation under
realistic DGPS-RTK noise; (c) a planning-and-tracking architecture for static obstacles,
where the clearance is built into the reference and kept in practice because the MPC tracking
error is small; (d) a MATLAB (R2022b) simulation campaign on five scenarios, all within
the validity range of the kinematic model (a, < 0.5 ug ~ 4.9m/s? per [17]); (e) a fair
comparison with PID-type and Stanley controllers (each baseline tuned once by grid search
at4m/s, all controllers tested from 2 to 8 m/s), which shows that the LTI-MPC gains less
in raw accuracy at the tuning point (the three controllers are within a factor of two there)
than in robustness over the speed range, where the PID-type law becomes unstable and
Stanley degrades by a factor 1.6x at 8m/s; and (f) a check, on the obstacle scenario, that
the scheme keeps about 0.5 m of margin above the 0.5 m requirement (minimum distance
~ 1.0m). We also report openly where the LTI approach stops working, with scenario S3, a
sweep of constant-radius turns, showing that the fixed linearisation stays accurate up to
heading changes of about 30° and degrades beyond 45°.

The rest of the paper is organised as follows. Related work on vehicle MPC, state
observers and obstacle avoidance is reviewed in Section 2. Section 3 introduces the vehicle
model, its constraints and the reference representation; Sections 46 present the controller,
the observer and the re-planner in turn. The simulations are reported in Section 7 and
discussed in Section 8, and Section 9 closes the paper.

2. Related Work
2.1. MPC for Autonomous Vehicle Trajectory Tracking

In production vehicles, the speed and path loops are still mostly fixed-gain PID con-
trollers, and a large part of the literature focuses on how to tune them rather than on
replacing them: metaheuristics such as particle swarm, genetic or salp-swarm search take
the place of hand rules for the speed loop [18,19], adaptive laws adjust the gains during
operation [20], and multi-objective criteria weigh the tracking error against the overshoot,
settling time and energy. All of this improves the response where the gains were tuned, but
the gains stay frozen afterwards, and a reference change or a disturbance outside the tuning
range is met without anticipation. Model predictive control addresses this at the level of
the controller structure rather than of its gains. Recent speed controllers therefore place
the powertrain lag and dead time directly into the prediction model of a receding-horizon
regulator [21] or keep the PID as an inner loop under an event-triggered MPC [22]. Model
predictive control removes this limit at the structural level. Its use for vehicle trajectory
tracking dates back to the work of Falcone et al. [11], and it has since grown into a large
body of literature. Two main families exist. In linear time-invariant MPC (LTI-MPC), the
dynamics are linearised once around a nominal operating point: this is cheap to compute
but valid over a limited range. In linear time-varying MPC (LTV-MPC), it is linearised at
every step along the predicted trajectory: this offers better tracking at a slightly higher
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cost [13,23]. Domina and Tihanyi [23] used an LTV-MPC for path following at the limit of
handling and showed that successive linearisation copes well with strongly nonlinear dy-
namics. Chen et al. [13] proposed an LTV-MPC steering controller for emergency collision
avoidance. Gain-scheduled and LPV formulations [24-26] keep the QP structure of linear
MPC while updating the model along a scheduling trajectory, and robust variants based on
tube [27] or polytopic vertex [28] descriptions of the parameter uncertainty have recently
been proposed for path tracking; adaptive schemes that re-estimate tyre parameters online
are reported in [29]. Delay-aware robust formulations are studied in [30], and the influence
of the discretisation scheme (forward versus backward Euler) on closed-loop stability and
warm-start efficiency is analysed in [31].

More recent works have explored hybrid formulations combining MPC with learn-
ing. Xiong et al. [32] proposed a learning-augmented MPC framework using ensemble
residual dynamics learning to compensate for model mismatches under sharp curvature
conditions, while Fang et al. [33] developed a distributionally robust chance-constrained
linear parameter-varying MPC (DRCC-LPVMPC) accounting for model discrepancies
through Wasserstein ambiguity sets. A noteworthy variant is linear parameter-varying
MPC (LPV-MPC), where the system matrices depend on measurable scheduling variables;
Kumar and Pachamuthu [25] presented a real-time LPV-based nonlinear MPC for robust
trajectory tracking, emphasising the trade-off between fixed-speed and variable-speed con-
trol modes. Chu et al. [34] integrated MPC with PID feedback to combine anticipation
with robust steady-state tracking, while Tang et al. [14] introduced an improved kinematic
MPC for high-speed path tracking. In [35], Lai et al. paired an improved A* planner with
kinematic and dynamic MPC on a single platform and showed where the switch from low-
to medium-speed control pays off.

2.2. State Observers for Vehicle Dynamics

Whenever a quantity needed by the controller is not measured, it has to be estimated.
For road vehicles, this typically concerns the lateral velocity, the sideslip angle and, when
the sensor set is minimal, the heading. The Luenberger observer [36] is still a common
choice, being simple and open to analysis; Brivadis et al. [37] carried its original form over
to discrete-time nonlinear systems with convergence guarantees under mild observability
assumptions. For vehicle sideslip and road friction, an extended Luenberger design based
on local linearisation and the Routh-Hurwitz criterion is given in [5]. The extended Kalman
filter remains the standard tool in practice [38,39], and recent heading pipelines that fuse
dual-antenna GNSS, INS and kinematic constraints through adaptive Kalman filtering
reach sub-degree accuracy [40], but they require hardware that this work deliberately
omits. While an EKF fed by an IMU generally outperforms a Luenberger observer in the
presence of stochastic noise, we retain the Luenberger observer for three reasons that fit
a low-cost architecture: it needs no additional sensor (an IMU adds cost, calibration and
gyroscope drift to compensate); its gain is computed once offline, so the run-time cost is
a matrix—vector product with no covariance propagation; and its behaviour is fixed and
inspectable (constant poles, see Section 5), which simplifies certification. The price is a
fixed convergence/noise trade-off, quantified in Section 5; an EKF with IMU is the natural
upgrade when the sensor budget allows it.

2.3. MPC-Based Obstacle Avoidance

There are three usual ways of bringing obstacles into an MPC. In the hard constraint ap-
proach, static or dynamic obstacles are encoded as inequality constraints on the optimisation
problem (typically ellipsoidal exclusion regions) [41,42]. More recently, control barrier
function (CBF) formulations have been embedded directly inside the MPC problem as safety

https://doi.org/10.3390/vehicles8110294


https://doi.org/10.3390/vehicles8110294

Vehicles 2026, 8, 294

50f 31

filters that guarantee the forward invariance of a safe set [43]; data-driven distributionally
robust chance constraints on linearised obstacle half-spaces have also been combined with
LPV-MPC and validated on a scaled vehicle [33]. In the soft constraint approach, slack
variables are introduced to allow infeasibility recovery at the cost of safety guarantees that
hold only with high probability [16]. Finally, in the planning and tracking decomposition,
a high-level planner generates a collision-free reference trajectory and a low-level MPC
tracks this reference [2,44]; this is the approach adopted in the present paper. Recent works
in this context include the two-layer MPC architecture of Gratzer et al. [45], in which a
real-time QP-based tracker is asynchronously informed by a mixed-integer planner, and
the MPC-based planning and tracking scheme of Dong et al. [44], which combines braking
(adaptive cruise) and active steering for collision avoidance with an ADMM-accelerated
NMPC planner. The planning and tracking decomposition has the advantage of separating
the geometric problem (avoidance) from the dynamic problem (tracking), which simplifies
the QP formulation while preserving a clearance margin as a design parameter, with the
bounded tracking error empirically observed. Prediction-based collision avoidance has
also been demonstrated in the field on unmanned surface vehicles, with learning-based
policies [46] and event-triggered nonlinear MPC [47]; the event-triggered scheme is of
interest here because it reduces the number of QP solves, which is complementary to the
low per-solve cost of the LTI formulation.

Figure 2 summarises the approaches reviewed in this section and shows, at each level,
the option retained in this work: the simplest one that is sufficient in the low-speed domain

targeted here.
Trajectory tracking and
obstacle avoidance
[ Controller ] [ State estimation } [Obstacle avoidance}
Reactive: PID, Stanley, EKF / sensor fusion Hard constraints in the QP
pure-pursuit (adaptive gain, IMU, cameras) (non-convex)

Soft / chance constraints

Predictive: NMPC
(probabilistic guarantee)

(nonlinear, costly)

Luenberger observer
(fixed DARE gain, GPS + odometry)

Predictive: LTV-MPC Planning-and-tracking split
(relinearised each step) (clearance by geometry, convex QP)

D choices made in this work

Predictive: LTI-MPC
(one linearisation, fixed QP)

Figure 2. Overview of the reviewed approaches.

3. Vehicle Modelling and Reference Trajectories
3.1. Kinematic Bicycle Model

Figure 3 summarises the problem addressed in this paper. A vehicle must follow a
reference path and pass a static obstacle with a clearance of at least d,¢. At every sampling
period Ty, the controller decides the two inputs, acceleration a and steering angle ¢, from
the measured position (X,Y) and speed v,; the heading ¥ is not measured and must
be estimated. This section defines the vehicle model, the constraints and the reference
trajectories used throughout.

The vehicle is modelled by the kinematic bicycle model, in which the wheels of the same
axle are merged into a single virtual wheel located at the centre of the axle. This model relies
on the no-slip rolling assumption and neglects tyre forces. According to Polack et al. [17],

the kinematic model remains consistent as long as the lateral acceleration a4, = v?/R stays

Y
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below the threshold a, < 0.5 pg ~ 49m/ s? (with u = 1, dry road), which restricts the use
of the model to low-speed urban driving applications, automatic parking, mobile robots
and autonomous shuttles. All scenarios in this paper respect this validity criterion.

measured: position (X,Y), speed vy
not measured: heading 1)

to decide every Ts = 0.1 s:
steering 4, acceleration a

= headin =% 4
reference path = BV :I j \\
----- L R N L e Ll e
GPS positions (+2 em) L - 4 /| obstacle
N ’
wheel speed vy Ve e 7

to guarantee: pass the obstacle
with clearance > dgape = 0.5 m

Figure 3. Problem statement: path to follow, obstacle to pass, measured and unmeasured variables.
Blue dashed line: reference path; black dots: GPS position fixes; grey disk: obstacle; red dashed circle:
safety zone of radius r, + d,.

Let (X, Y) denote the position of the rear-axle centre in the global frame, ¢ the heading
angle, v, the longitudinal speed, § the front-wheel steering angle, and L = I; + I, the
wheelbase. The kinematic equations of motion read

. . v
X =v,cos9, Y =u,siny, tp:fxtané, 0, =a, (1)

where a is the longitudinal acceleration command. The system has four states and
two control inputs, x = (X,Y,9,0,)" € R*and u = (4,6)" € R?, and can be written
compactly as X(f) = f(x(t),u(t)). This formulation is consistent with the standard con-
vention in autonomous driving applications [17,48]. The geometric layout of the model is
illustrated in Figure 4.

front axle \5

rear axle, (X,Y)

Figure 4. Kinematic bicycle model and notation.

3.2. Constraints

The vehicle is subject to physical constraints on the steering angle and its rate,
10 < Smax = 35° and 8] < b, = 120°/s, and on the longitudinal acceleration, 4., =
-5 < a < a,,,, = +3m/s?, together with a jerk limitation |4 < 3m/s®. The asymmetric
bounds on a reflect the difference between accelerating and braking capabilities in a typical
passenger vehicle.
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3.3. Reference Trajectory Representation

A reference trajectory is described by a parameterised curve x,(s) = (X,(s), Y, (s), ¢,(s),
0y, (8) )T, where s € [0, s¢]is an arc length parameter. The reference heading , is consistent
with the curve tangent, ¥, (s) = arctan,(dY,/ds,dX,/ds). For real-time MPC, the reference
is sampled along the prediction horizon at intervals As = v, ,T,, where T is the control
sampling period.

4. Linear MPC Formulation

This section builds the LTI-MPC that tracks the reference while respecting the con-
straints above. Unlike LTV-MPC, which re-linearises at every step, the scheme linearises the
kinematic model once around a fixed operating point, which gives a linear time-invariant
(LTI) prediction model. There are four reasons for this choice.

(i) The linearisation is valid over the target range. In low-speed urban driving (|p| < 30°,
9] < 30°), the model error stays small around the linearisation point. Outside this range
(highway speeds, emergency manoeuvres), LTV-MPC or NMPC would be better.

(ii) Low computational cost. The matrices A, B and d are computed once and stored; LTV-
MPC has to re-linearise along the predicted trajectory at every step, which typically
adds 5-15ms per step; a systematic comparison of linear and nonlinear MPC solve
times across solvers and CPUs is given in [49].

(iii) Simple stability analysis. With constant matrices, the classical tools of linear-quadratic
control (Lyapunov stability, robustness margins, pole placement) apply directly and
give clear guarantees on the linearised closed loop. In the LTV case, these tools become
much heavier (parametric LMIs, time-varying ISS).

(iv) Easy embedded deployment. The QP has a fixed structure and can be solved by a general
solver such as MATLAB'’s quadprog or, when speed matters, by an embedded solver
such as OSQP [50] or the code-generating ACADO toolkit [51], which make full use of
warm starting. The fixed matrices A and B can also be stored in ROM, which simplifies
code generation for automotive ECUs.

The price to pay is a loss in accuracy when the state moves away from the linearisation
point. We reduce it by adapting the operating-point speed v,,,, to each scenario, which is a
simple form of gain scheduling (Section 4.1).

4.1. Linearisation Around an Adaptive Operating Point

The vehicle dynamics are linearised around the operating point
x=1(0,0,0,000m)", @ =(0,0), (2)

where v,,.,,, is the nominal cruising speed of the considered scenario. In our experiments,
Vnom = D m/s for scenarios S1 and S3, v, = 4m/s for S4 and v,,.,,, is chosen to match the
test speed for the multi-speed scenarios S2 (2, 4, 6m/s) and S5 (3, 5, 7m/s). Adapting v,
to each scenario keeps the linearisation accurate over the relevant operating range, while
preserving the LTI structure during operation. Two points deserve to be made explicit.
First, changing v,,.,,, is a model adaptation, not controller retuning: the weights Q, R, R,,,
P, the horizon N and the constraints are the same in every scenario in this paper, and only
the entries Ay; = v, 1s and Bz, = v, Ts/L of the prediction model change. Second, in
operation, v, is taken from the mission: a low-speed vehicle follows a planned route with
a known cruise speed, so the planner provides v, together with the reference trajectory;
it is held constant along a route segment and may be switched between segments, since the
matrices for a new value are obtained in closed form from (3). The comparison in Section 7.6,
where the MPC is run from 2 to 8 m/s, shows the behaviour when the actual speed departs
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from the design speed; the sensitivity test reported there (Section 7.6) quantifies the loss in
accuracy for a 1 m/s mismatch.

The first-order Taylor expansion of f around (X, it) gives f (x,u) = A°(x — X) + B (u — if),
with the continuous-time Jacobians evaluated at ¥ and ii. For the kinematic model, since
sin(0) = 0, cos(0) = 1, tan(0) = 0 and 1/ cos?(0) = 1, the Jacobians take the simple
closed form

00 0 1 0 0

aeo]0 0 Tom OF O 0 )
00 0 O 0 Vpom/L
00 0 O 1 0

This compact form reveals the key coupling of the kinematic model: the lateral velocity
Y is proportional to 0,1, while the heading rate ¢ is proportional to (vpom/L)J.

4.2. Discretisation in Deviation Coordinates

We discretise the system using the explicit Euler method with sampling period
T, = 0.1s, yielding A = I 4+ AT and B = B°T,. The operating point X is not an equi-
librium, since f(X,%) = (Vpom,0,0,0)T # 0: the vehicle keeps advancing along X at the
nominal speed. The prediction model is therefore written in deviation coordinates ¥ = x — x
(and i = u — i1 = u), for which the Euler-discretised first-order expansion reads

X1 = A%+ Bu; +d, d=T,f(%,i) = (VpomTs,0,0,0)7, (4)

Here, d is the constant term that appears because the operating point is not an equilibrium:
the vehicle keeps moving along X at the nominal speed. Since A°¥ = f (%, i) for the kinematic
model, (4) holds exactly for the linearised dynamics and is the same as x;,; = Ax; + By,
written in absolute coordinates. Two aspects follow for the implementation. A predictor
working on deviations ¥ must contain d: without it, the predicted vehicle falls behind by a
constant amount per step, the error grows with the horizon and the tracking of a straight
line fails. A predictor written in absolute coordinates, on the other hand, must not be given
d, because the term Ay,0, ; already produces the advance v, T, and the drift would then
be counted twice. The three cases are illustrated in Figure 5.

Absolute coordinates
Tjt1 = ACEj +Buj AL G

Deviation coordinates
Cij+1 = A{ij +Buj' g

Absolute coordinates
Tjy1 = Az'j + Buj

7 \7 ¥
advance vpomTs already Z4 = Vy — Vnom = 0, advance counted twice:
produced by Ajy v, ; advance carried by d from Aj4v,,; and from d
¢ Y
— (used here) wrong: predlcted vehlcleJ
runs at 2vnom

Figure 5. Correct and incorrect means of including the drift term d in the predictor.

The sampling period T, = 0.1s is a standard choice for automotive MPC [11,12],
balancing responsiveness (typical actuator bandwidth ~ 5Hz) with the computational
load (10 Hz control rate).

4.3. Cost Function

Over the prediction horizon of N steps, the MPC cost penalises three aspects: the
tracking error on the four state components, the size of the two inputs and the change in the
inputs from one step to the next (which keeps the commands smooth and helps to respect
the actuator rate limits). The predicted states x; and the reference samples x, ; are both

]

expressed in deviation coordinates, ¥; = x; —¥and ¥, ; = x

i = X : r,j — %; since the offset X cancels in
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the difference, X; — X, ; = x; — x, j, and the cost can be written with the physical components

of the state x; = (X;, Y, ¢, v, )T and of the input u; = (a;,5;)":

MZ

J =[x X = X2 4 4y (= Yo 0% + 4 (8 = )7 + G, (O = 0 )7

71

+ [ra @7+ 1567 + 15 (8 — 8j_1)% + 7555} — (5]»,1)2]

-

—
Q1

N~—

-
]
o

+pxXn = X, )2+ Py (Y = Yo )2 + Py (YN = ) + Po, (Ve = Uy )

The state terms start at j = 1: x is the current estimate, which no input can change, so its
term would be a constant. The final state x,; has its own weight. In compact form,

N-1 N-1
J= 3 g =Xy [ Il + = il ]+ ey = %1, (6)
=1 j=0

where ||v||]2\,I = 9" Mo and the weighting matrices are diagonal:

Q = diag(qX/qY/qurqvx)/ R = diag(ra/ ré)/

(7)
Ry, = diag(raq, Tas), P = diag(px, Py, Py Po,)-

Each term is a square in its own unit (m?, rad?, (m/s)?, (m/s?)?), so the weights of Table 1
also perform the unit conversion between them.

Table 1. LTI-MPC parameters.

Parameter Symbol Value
Horizon and timing

Prediction horizon N 20
Sampling period T, 0.1s
State tracking weights (stage)

Longitudinal position weight Jx 1
Lateral position weight Jy 100
Heading weight 9y 50
Longitudinal speed weight To, 10
Control magnitude weights

Acceleration weight 7, 0.1
Steering weight rs 5.0
Control rate weights

Acceleration rate weight TAn 1.0
Steering rate weight Tas 30.0
Terminal weights (P = 2Q)

Terminal X weight 2% 2
Terminal Y weight Py 200
Terminal ¢ weight Py 100
Terminal v, weight Po, 20
Operating point

Nominal cruising speed Unom 2-7m/s (scenario-dependent)

The weights indicate what the controller should prioritise. Staying in the lane and
pointing along it are the safety-critical quantities, so gy and g, are set much higher than
qgx and g, ; being slightly ahead of or behind the reference along X has no negative impact
and is corrected through the speed. Steering is weighted more than acceleration (rs > ;)
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because a smooth steering command matters for comfort and tyre wear, while moderate
changes in acceleration are acceptable at low speed. Smoothness comes mainly from the rate
weights Ry, 755 is the largest weight in the problem, and it is what prevents the steering
rate limit of Section 3 from being reached. For j = 0, the rate term uses u_, the input applied
at the previous sampling instant t;_;, so that the command is continuous from one MPC
iteration to the next.

The terminal weight P stands for the cost beyond the horizon. The theoretically exact
choice is the solution of the discrete-time Riccati equation of the unconstrained LQR problem;
we use the simpler choice P = 2Q), which gives a stable closed loop in all scenarios of Section 7
at no computational cost.

The complete LTI-MPC problem at time t, reads

uo,“n’.l,iuII}Fl ]
st.¥y = X(h) — X, u_y = u(te_y),
Xy = AX; + Bu; + d,
Upin S Uj S Upay, 1) — 4] S Bl j=0,...,N—1,

where X(f;) is the current state estimate provided by the Luenberger observer (Section 5).
The bounds are applied component-wise, with 1, = (@min, —Omax)" s Ymax = @maxs Omax) "
and At = (dmay, Omax)! Ts- The receding-horizon implementation applies only the first
control u} from the optimal sequence and then re-solves (8) at the next sampling instant.
Problem (8) is a convex quadratic program with N -n1,, = 20 x 2 = 40 decision variables (the
n, = 2 inputs at each of the N prediction steps; the predicted states are eliminated through
the model); it is solved using MATLAB’s quadprog from the Optimization Toolbox [52],
using its interior-point convex algorithm, which is well suited to medium-scale convex QPs.
Alternative solvers, such as the dedicated MPC solvers in MATLAB’s Model Predictive Control
Toolbox [53], can be used interchangeably without algorithmic modification.

4.4. Algorithm and Tuning

Algorithm 1 summarises the LTI-MPC procedure. Note that, in contrast to LTV-MPC
schemes, the matrices A, B and d are computed only once during initialisation, after which
the QP is solved with constant prediction matrices.

Algorithm 1 LTI-MPC for trajectory tracking

Require: Reference x,(-), current estimate X(f,), previous input u_;, operating point v, ...
Ensure: Control u; to apply at t;.
1: Initialisation (once): compute A°, B¢ at ¥ = (0,0,0, v,,)"; discretise to obtain A, B, d.
2: Sample reference: x, ; < x,(s(t) + jopomTs),j =0, ..., N.
3: Solve QP (8) (with constant A, B,d) to obtain u}.,,_;.
4: return u;.

Figure 6 shows how Algorithm 1 works over time. At each sampling instant £, the
controller solves the QP (8) over a prediction horizon of N steps, obtains the optimal control
sequence u,,,_;, applies only the first element u to the vehicle, and, at the next instant ¢, ,,
re-solves the QP using fresh state measurements and a window shifted one step forward.
In the figure, the predicted states {x; }].Ii o appear in blue against the reference (dashed grey),
the applied input u; in red in the lower panel, the discarded inputs u].,_; in light blue and
the shifted window in orange.
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current horizon (N steps)
state x

past (measured)

time ¢

s e tear t)+NT,

control u

upy applied  uj.y_; discarded
past inputs

————————> time ¢
tg tpt1 te+NTs

Figure 6. Receding horizon principle: predicted states (top) and input sequence (bottom).

The MPC weighting matrices are tuned through a hybrid approach combining engi-
neering intuition and parametric optimisation on the sinusoidal scenario. The retained
values are reported in Table 1, with the weights expressed component-wise as in (5).

5. Luenberger State Observer

In a realistic deployment, the heading angle i is not directly available from low-
cost sensors (low-end IMUs are noisy and prone to drift, while higher-end inertial units
significantly increase the sensor cost). We therefore design a Luenberger observer that
reconstructs i from position and longitudinal speed measurements only.

5.1. Measurement Model and Observability

We assume that the measurable quantities are y(t) = (X, Ym,vxlm)T = Cx(t) + v(t),
where

1 00

C=]01 0

0
0| e R (9)
0001

extracts the first, second and fourth components of the state and v is the measurement noise.
In a typical configuration, X,, and Y,, come from differential GPS-RTK, and v, ,, comes
from wheel encoder odometry; the heading ¢ is not directly measured.

Observability Analysis

The observability of the linearised model around a nominal operating point is studied
via the Kalman observability matrix O = (CT, (CA)", (CA?)T, (CA%)" )T e R12*4 A direct
calculation for the linearised system (4) at ¥ = (0,0,0,0,,,)" yields

4 ifo,om >0

. 10
3 ifvgm =0 (10)

rank(Q) = {

The system is therefore fully observable as long as the vehicle is in motion. Intuitively,
i can be inferred from the temporal evolution of (X, Y), since Y/X ~ tan 1 for small ¢p; this
inference becomes impossible when the vehicle is stationary.

The rank condition holds for every v, > 0, but the matrix O becomes poorly condi-
tioned as the speed drops. Table 2 lists its smallest singular value o,,;,(O) for the discrete-
time system at T?** = 10 ms: below v,,,,,, = 0.5m/s, the condition number x(O) = 0.,/ Tpin
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exceeds 200, so the heading is observable in theory but poorly in practice. This is why the
convergence result below assumes v, > 0.5m/s. Figure 7 shows the geometry behind this.

moving (v; > 0): the heading is stopped (v = 0): every heading gives
read from the displacement, tany = AY/AX the same measurements, 1 is unobservable
P="7

(Xky1, Yer1)

¢
/(f (X, Yi) = (Xig1, Yiey1)

(X, Y)
(7P

Figure 7. Observability of the heading from GPS fixes: moving (left) and stationary (right).

Table 2. Conditioning of the observability matrix for several values of v

nom-*

Vpom (M/S) rank (Q) O in (AQ) x (Q)
0.0 3 0 o
0.1 4 22x1073 901
0.3 4 6.7 x 1073 300
0.5 4 1.1x1072 180
1.0 4 22 %1072 90
5.0 4 1.1x 107! 18

5.2. Observer Design

The observer is built on the same linearised model as the MPC, in the deviation
coordinates of Section 4.2. Its continuous-time form is

X(t) = A + Baut) + (&%, 1) + L(y(t) — CX(t) — Cx), (11)

where L € R*S is the observer gain and Cx¥ = (0,0,0,,,,)" accounts for the offset be-
tween the deviation and measured coordinates. The estimation error e = ¥ — ¥ satisfies
é = (A, — LC)e — Lv + €(x,u), where ¢ collects the linearisation residual of the true nonlin-
ear dynamics. We design L via a Kalman-like steady-state approach: the structure is that of
a Luenberger observer (constant gain, no online covariance propagation), and the gain is
the steady-state Kalman gain, so the two names describe the same estimator; we keep the
name Luenberger to stress that no covariance is updated at runtime. Specifically, the DARE
is solved for the discretised system with process noise covariance Qygr and measurement
noise covariance Ryp = diag(0.01,0.01,0.01), yielding

L;=P._CT(CP.CT + Ryp)~Y, 12
d

where P, is the steady-state solution of the DARE (MATLAB idare). The observer is
implemented in discrete time with T = 0.01s (ten times faster than the MPC) using the
prediction—correction recursion

3?7;—1 = Aik + Buy +d, J?k+1 = 3?1:4—1 + Ly (]/k+1 - C§I:+1 - Cf)/ (13)

where A, B and d are the deviation-coordinate matrices of (4) discretised at TSP*. The data
flow is illustrated in Figure 8: the predictor propagates the previous estimate with the
applied control and the drift d, the innovation y;,; — C%;, is weighted by the constant gain
L, (computed once offline via the DARE) and the corrected estimate is both fed back for
the next step and delivered to the MPC.
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vk (noise)
Vehicle
T &= jil@m)
Luenberger observer
Predictor + kbt = Oy m Vs Tkl > 10 MPC
to 4

.’E;_H = A%y + Buyp +d

>
- - > d > >
nnovation \er

‘
|
|
i
|
|
|
|
|
[
|
|
|

Tr+1

Zpq1 (feedback)

Figure 8. Block diagram of the discrete-time Luenberger observer.

5.2.1. Choosing the Heading Process Noise Weight

The entry of Qg associated with 1 decides the extent to which the observer believes the
model rather than the measurements for the unmeasured state and therefore how quickly
i converges versus how much measurement noise it passes on. This point matters here
because ¢ feeds an MPC with a large heading weight ¢,,: any noise that is in ¢ ends up
in the steering command. Table 3 quantifies this trade-off in the sinusoidal scenario at
4 m/s, with an initial heading error of —3.2° and the noise levels of Section 7; it reports the
dominant time constant 7y, the time #;. to reach [J| < 1°, the RMS estimation error after
1s, the closed-loop tracking RMSE and the mean steering variation per MPC step |Ad|. The
fastest setting (1072) converges the fastest but leaves the largest RMS heading error and
a mean step-to-step steering variation above 4°, while 10~% more than halves both figures
at the cost of slightly slower convergence, and smaller values bring diminishing returns
while slowing convergence to about 1s. We retain Qg = diag(10~%,1073,1073,1072) for
all simulations.

Table 3. Observer trade-off versus the heading process noise weight Qg .-

Qkrp  Tdom (Ms)  E. (s) % RMS (°) Tracking RMSE (m) 1Ad] (°)

1072 53 0.16 1.23 0.023 4.24
1073 236 0.24 0.47 0.017 1.88
3x107* 444 0.55 0.31 0.016 1.35
10~4 779 0.99 0.25 0.015 1.08

5.2.2. Closed-Loop Poles

For v,,, = 4m/s and the retained parameters, the DARE yields the closed-loop
poles of A — L;C given in Table 4. All poles lie strictly inside the unit disc (Iz|y., = 0.959).
The dominant time constant (in continuous time) is 74,, = 236 ms, consistent with
the empirical time of 0.24s needed to bring an initial 3.2° heading error below 1°
(32e7HTwom <1 = t = 1.16 T4y, ); see Section 7.8.

Table 4. Closed-loop observer poles at v,,,,, = 4m/s.

Pole (Discrete z) Continuous s (rad/s) T (ms)
0.730 £ 0.005f —31.5 £+ 0.6f 32
0.744 —29.5 34
0.959 —4.2 236
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5.2.3. Convergence of the Observer

Assume [¢p — ¢yl < 7t/4, v, > 0.5m/s and |6| < J,,,. Then, for a small enough initial
estimation error ¢(0) and bounded measurement noise ||v|, < 7, the observer satisfies the
input-to-state stability bound

le(t)ll < cre™lle(0)Il + ¢, 7, vVt =0, (14)

with decay rate A > [Re(sgom)| = 4.2rad/s (i.e., Tgom = 236ms) and constants ¢;, ¢, > 0
determined by the spectrum of A, — LC.

Why this holds. The dominant terms in the linearised error dynamics are governed by
A. — LC, whose eigenvalues lie strictly in the open left half-plane by DARE construction.
The exponential decay rate is bounded below by the slowest pole. The higher-order terms
e(x,u) are bounded under the stated assumptions on ¢, v, and §, which guarantee that
the linearisation remains accurate. A complete proof follows standard converse Lyapunov
arguments for locally Lipschitz perturbations of an exponentially stable linear system; see,
e.g., [37] for the discrete-time nonlinear setting.

Note that the observer validity region (| — ¢l < 71/4) is wider than the accurate
tracking envelope of the LTI-MPC (|y| < 30°, Section 7.3): the estimate converges even in
manoeuvres where the controller’s tracking accuracy degrades.

5.2.4. Parametric Robustness

The observer is structurally robust to uncertainties in the wheelbase L: since neither A,
nor C depends on L (only B, does), the spectrum of A.—LC is independent of L. A wheelbase
mismatch only enters the error dynamics through the input term (B, — Bc)u, a bounded
disturbance proportional to |AL||f| that shifts the steady-state estimation error without
affecting convergence. If the gain L; is computed for v, while the vehicle actually drives at
v, the dominant time constant changes: with L; designed at 4m/s and v, € {2,6} m/s, the
eigenvalues of A(v,) — L;(Upom)C give Tyom between 138 and 520 ms, with the loop staying
stable in all cases. Updating v,,.,,, per scenario, as the MPC does, brings the observer back
to its nominal time constant.

6. Local Trajectory Re-Planning for Obstacle Avoidance

The LTI-MPC of Section 4 excels in trajectory tracking, but it does not natively reason
about obstacles. To enable obstacle avoidance, we introduce a local re-planner that mod-
ifies the reference trajectory to ensure a designed clearance to all known static obstacles.
A static obstacle is modelled as a disk O; = {(x,y) : (x — X, )? + (y — ¥,,)* < 12}, where
(%0,i,Y,,) is the centre and r,; the physical radius. The vehicle is treated as a point (its
footprint is folded into d. ) and has to stay at least d,,¢, away from every obstacle—that is,
\/(X - xo,i)z + (Y - yo,i)z > ro,i + dsafe é Rz"

Starting from a baseline reference (X, (s),Y,(s)) and an obstacle O;, the re-planner

builds a new path (X,(s),Y,(s)) that follows the baseline away from the obstacle, moves
sideways near it so that the clearance condition holds and stays continuously differentiable
so that the MPC can track it as well as the original. We adopt a Gaussian bell weighted
lateral displacement,

X, (s) —x, )2
(X, (8) —x, ;) ) (15)

Y,(9) = Y, (8) + (Vg = Y, () eXP(‘ 208

Here, Yo =y, + €(R; + )
selects the side, and ¢, = Ly.,q/2 sets how far along the path the deviation extends; Lye.q

margin) 1S the lateral position to reach while passing, ¢ € {+1, -1}

is a design parameter, usually 15-25m so that the reference heading stays within the linear
range and 20 m in Section 7. Figure 9 shows the construction: the baseline Y, (s) (dashed
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blue) becomes Y, (s) (solid red), which moves around the obstacle (grey disk) outside its

safety zone of radius R; (dashed orange) at the height Y,,,; the blending length Ly ,..q = 20,

gt/
is the distance between the two inflection points, where the reference heading is the largest.

Ytgt

re-planned Y (s)

baseline Y;.(s) dsate | 8 R = dsaf

(IOJQ: yo,i)

Lijena = 200 > X

Figure 9. Construction of the re-planned reference around an obstacle.

Lpieng cannot be chosen freely: a shorter bell gives a sharper manoeuvre, a longer one
keeps the heading small and the choice has to respect the range where the linearisation is
valid. The maximum reference heading angle produced by the Gaussian bell re-planner
follows the closed-form relation

2Ay
1P, | max = arctan(—) , (16)
Lblend Je

where Ay is the target lateral displacement (e.g., Ay = 2.5m for the obstacle avoidance
scenario) and e =~ 2.718 is Euler’s number. With Ly;..q = 10m, this yields [1,],,., = 16.9°,
which consumes more than half of the accurate tracking envelope (|| < 30°, Section 7.3)
and leaves little margin for the tracking error and for the additional heading excursions
caused by measurement noise. With Ly.,q = 20m, the formula gives [, | ., = 8.6°, which
is well within the linear regime, and the closed-loop system becomes robust and stable.
This scenario uses Lyjsnqg = 20m.

Clearance of the Re-Planned Reference

If [Yigt — Yo il = R; + Omargin, then the re-planned reference (15) satisfies

\/(Xr - xo,z’)2 + (Yr - yo,i)z = Rz‘ + 5margin - E(o-a)/

where E(c,) —» 0as o, —» 0%.
This property concerns only the reference trajectory generated by the re-planner. The
minimum distance actually achieved by the vehicle is dY¢h > dr¢f

rem = dre —llegacklleo- A formal safety
guarantee would require an Input-to-State Stability (ISS) analysis providing an explicit
bound on [ley . lle.- We report empirical tracking error bounds in Section 7; an analytical ISS
bound is left for future work.

While the re-planner ensures that the reference satisfies the safety constraint, the MPC
tracking error introduces a small additional perturbation. Empirically (see Section 7), the
achieved clearance remains well above d¢. provided that the lateral displacement parameter
is chosen with a reasonable margin (we use 2.5 m for an obstacle radius of 1.5m). For several
obstacles, (15) can be applied sequentially; when two obstacles are closer than about L4,
their bells overlap and the resulting reference must be checked against both safety zones.

Section 7.5 reports a two-obstacle case, and Section 8.3 states the limits of this extension.
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7. Simulation Results

This section reports the simulation results obtained with the proposed LTI-MPC +
Luenberger framework in five representative scenarios. The simulation environment is
implemented in MATLAB and consists of (i) a continuous-time vehicle simulator using
the nonlinear kinematic dynamics (1) integrated by a fourth-order Runge—Kutta scheme
with step T$™ = 10ms; (ii) the LTI-MPC, with the QP (8) solved at each control step
(T, = 100ms) by quadprog (interior-point convex); (iii) the Luenberger observer, run at
the simulation rate with the gain L; pre-computed once via idare. Vehicle parameters are
reported in Table 5 (the same vehicle as in the preliminary longitudinal PID study) and
MPC parameters in Table 1.

Figure 10 shows the closed loop that is simulated. The reference trajectory x,(s) first
proceeds through the local re-planner of Section 6, which returns a collision-free reference
¥, around the known static obstacles; the LTI-MPC of Section 4 tracks ¥, using the state
estimate X; the vehicle is measured through y = Cx + v (noisy DGPS position and odometry
speed), and the Luenberger observer of Section 5 rebuilds the unmeasured heading i from
y and the applied control u, which closes the loop.

obstacles,
safety margin

Ref.erence Tooal LTLMPC Veh.icle
trajectory 1 AP e (nonlinear
2,(s) re-planner sotver kinematics)
A
x
Sensors
Luenberger DGPS, odometry

observer

y=Cz+v

Figure 10. Overall architecture: re-planner, LTI-MPC, vehicle, sensors and Luenberger observer.

All scenarios are run in a closed loop with the Luenberger observer in the feedback path
and with additive measurement noise oy = oy = 0.02m (typical of differential GPS-RTK
in open-sky conditions) and ¢, = 0.05m/s (typical of wheel encoder odometry). The
observer is initialised with %(0) = (0,0,1%(0),0,(0) — Vpom) T, except in Section 7.8, where
an initial heading error is introduced deliberately. Tracking errors are measured on the true
state. Steady-state metrics are computed for ¢t > 2 s, excluding the last second before the end
of the reference path, and the simulation is stopped when the prediction horizon reaches
the end of the path, so that no end-of-path transient contaminates the metrics. Where useful,
results with perfect state feedback (no noise, no observer) are also reported to separate the
control-limited error from the noise-limited error.

Table 5. Vehicle parameters.

Parameter Symbol Value
Wheelbase L=1I+1, 2.60m (I, = 1.20,1, = 1.40)
Mass m 1500 kg

Steering saturation Omax +35°

Max. steering rate S 120°/s

Max. acceleration/deceleration Amaxs Amin +3, —5m/s?

Max. jerk Anax 3m/s?
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7.1. Scenario S1: Straight Line with Lateral Disturbance

The vehicle travels along a straight line at v, , = 5m/s. A lateral velocity disturbance
w(t) = 0.4h(t)sin(27t(t —8)/3) m/s,  te€[8,11]s,

is added to Y, where & is a Hann window ensuring smooth onset and offset. Figure 11
presents the trajectory, the lateral and heading errors and the steering command; the orange
band marks the disturbance interval. Outside the disturbance interval, the tracking error
stays at the noise floor of the observer; during the disturbance, the LTI-MPC limits the lateral
deviation to le, |ax = 0.109 m and returns to within 1cm of the reference 0.54 s after the
disturbance ends. Over the whole run, the RMSE is 0.024 m, and the steering peak of 9.88°
stays well away from saturation. Because the MPC looks NT,; = 2s ahead, the correction
starts gently and the vehicle returns to the line without overshoot.

a) Trajector’ b) Lateral error
o1 (@ Trajectory o1 (b) Late
Vehicle
— Reference
0.05 - - Dist. zone | 0.05
— O AN AN - T WA A - ~ 0
E E
>
> 005} @ 005t
0.1 0.1
-0.15 3 - 3 3 -0.15 - 3 -
0 20 40 60 80 100 0 5 10 15 20
X (m) Time (s)
6 (c) Heading error (d) Steering command
B _
g g
e ©

o 5 10 15 20 0 5 10 15 20
Time () Time (s)
Figure 11. Scenario S1, straight line with a lateral disturbance: (a) trajectory, (b) lateral error,

(c) heading error, (d) steering command. In (a), the blue line is the vehicle trajectory and the red
dashed line the reference; the shaded band marks the disturbance interval.

7.2. Scenario S2: Sinusoidal Trajectory at Multiple Speeds

Here, the reference is a sinusoid, Y,(X) = 1.5sin(271X/30) m, followed over 120 m.
Its tightest radius of curvature is R ;;, = 1/(1.52m/ 30)2) =~ 15.2m, so the Polack criterion
allows speeds of up to v, = 1/0.54gRmin ~ 8.6m/s. The maximum reference heading
iS Pax = arctan(l.5 - 27t/30) =~ 17.4°, within the LTI envelope. We test v, = 2,4,6m/s
with v,,,,, adapted to each speed. Figure 12 reports the trajectories, lateral errors, steering
commands and headings; Table 6 reports the steady-state metrics (¢t > 2s) with the ob-
server in the loop under 2 cm/0.05 m/s measurement noise (“noisy”) and with exact state
feedback (“perfect”).

The steady-state RMSE grows with the speed, reflecting the increased difficulty of
tracking under tighter time constants. With perfect state feedback, the steering peaks
stay at the geometric value arctan(Lx,,,) = 9.7° and the RMSE is control-limited; with
the observer in the loop, the RMSE increases by a few millimetres and the steering peaks
rise to 13.7-15.3°, reflecting the heading estimate noise discussed in Section 5. The noise
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matters most at 2m/s, where the observer receives the least kinematic information per
second (Table 2). Even so, the worst lateral error, 0.052 m at 6 m/s, is about ten times
smaller than the tolerances usually accepted for lane keeping in a town.

Trajectories b) Latera error
151 (@ Tra 0.06 ®)
A AR A —oms
1\ — v=4ms =
1H b [\ veemd 004 — v=4mis
i |‘| { \ " \—-Ref. | \\ v=6m/s
] \ 1
o5y . - . 0.02¢ r\
— ! ! ! I | | —_
| { 1
Eofb V11 & o /:]Qf
s IS S S A Y A S S
\ [
o5t / S S -0.02
1
\ oo /
1
r v ’I \ -0.

| J 006 | | | | | J
0 20 40 60 80 100 120 0 10 20 30 40 50 60
X (m) Time (s)
(c) Steering command (d) Heading
151 —v=2m/s 20 —v=2m/s
—yEamis —v=4ms
10} v=6m/s v=6m/s
10
5| |
% 0 § or
5 d
-10 +
-10 i
15 . . . . | 20 . . . . . |
0 10 20 30 40 50 60 0 10 20 30 40 50 60

Time (s) Time (s)

Figure 12. Scenario S2, sinusoidal reference at 2, 4 and 6m/s: (a) trajectories, (b) lateral error,
(c) steering, (d) heading.

Table 6. Scenario S2: steady-state metrics with and without measurement noise.

(m/s) Noisy (Observer in the Loop) Perfect State Feedback
v, (m/s
) RMSE (m)  leylmax (M) Bliax () RMSE (m)  Blmax(*)
2 0.008 0.025 15.3 0.008 9.6
4 0.018 0.040 13.7 0.016 9.5
6 0.026 0.052 12.4 0.027 94

7.3. Scenario S3: Constant-Radius Turn Sweep (Envelope of the LTI Approximation)

The path has three parts: a 10 m straight line, a circular arc of radius R = 50 m that
turns the heading by 0 € {15°,30°,45°,60°} and a 60 m straight exit, all driven at v, = 5m/s.
The lateral acceleration, a, = 25/50 = 0.5m/ s?, is well inside the Polack limit, so any
error that appears comes from the fixed linearisation and not from the kinematic model
itself. In the arc, the exact steering is 5geom = arctan(L/R) = 2.98°. Figure 13 shows the
trajectories (references dashed), the speed, the lateral error and the steering (1 s moving
average) around J,.,,; ON the exit straight, the error settles at a value that grows with the
exit heading. The metrics are given in Table 7: the exit RMSE is taken over the last 55 of the
valid window, and |6l,,,,, is the raw peak of the applied steering, noise included, whereas
the figure shows the 1s average.

The scenario was built to identify where a linearisation around ¢ = 0 stops working,
and two findings emerge. On the exit straight, the vehicle keeps a constant lateral offset
that increases with the exit heading: under 5cm up to 30°, 0.149 m at 45°, 0.400 m at 60°.
The predictor uses Y = vy and X = v in place of vsiny and vcos; the error is about
5% on the sine and 13 % on the cosine at 30°, and it is 17% and 50% at 60°. The speed
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also drops during the turn (Figure 13b): the predictor believes that the vehicle advances
along X more rapidly than in reality, by the factor 1/ cos ¢, so the controller slows down
to keep the predicted X error small. This is entirely an effect of the model and not of the
vehicle. Neither effect leads to instability: the raw steering peaks stay within £6.9° (Table 7),
and the smoothed command of Figure 13d holds the geometric value d,,,, during the arc,
for a duration that grows with the arc angle, before returning to zero on the exit straight.
The accuracy simply degrades gracefully with |¢|. Practically, reference trajectories for the
proposed LTI-MPC should be designed with [i,| < 30° (exit error at the centimetre level),
which is naturally satisfied by typical urban paths and by the re-planner of Section 6; for
high-heading manoeuvres, LTV-MPC with online re-linearisation or nonlinear MPC would
be required.

0" (a) Trajectories (dashed: references) 51; (b) Longitudinal speed

—15°

E 10
>
20
0 I I I J ] I I I I J
0 20 40 60 80 100 0 5 10 15 20 25
X (m) Time(s)
05 (c) Lateral error . (d) Steering (1 s moving average)
—15° —45°
6l —30° —60°
4 =
g 2|
w
0
2+
0.1 : : : : . -4 : : : . .
0 5 10 15 20 25 0 5 10 15 20 25
Time (s) Time (s)

Figure 13. Scenario S3, constant-radius turns from 15° to 60°: (a) trajectories, (b) speed, (c) lateral
error, (d) steering.

Table 7. Scenario S3: metrics for each arc angle.

Arc Angle (°) RMSE (m) eyl max (M) Exit-Straight RMSE (m) 10l max (%)
15 0.011 0.028 0.007 6.8
30 0.036 0.053 0.042 6.8
45 0.112 0.169 0.149 6.8
60 0.283 0.436 0.400 6.9

7.4. Scenario S4: Extended Serpentine with Curvature Inversions

The reference combines two harmonics, Y, (X) = 1.0sin(277X/40) + 0.3 sin(271X/20),
over 160matv, = 4m/s. It shows multiple curvature inversions and amplitude modulations
while keeping the maximum heading within the LTI envelope (¢, ~ 14.1°). Figure 14
reports the trajectory, lateral error, steering (with the £6,,,, limits) and heading. The LTI-
MPC achieves a steady-state RMSE of 0.012m and a peak lateral error |ey|max = 0.028 m,
tracking the highly varying reference with centimetre accuracy throughout. The peak
steering effort reaches |6],,,, = 10.1°, well below saturation, with no sustained oscillation.
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Figure 14. Scenario S4, extended serpentine at 4m/s: (a) trajectory, (b) lateral error, (c) steering,
(d) heading.

7.5. Scenario S5: Static Obstacle Avoidance

The vehicle approaches a static obstacle of radius r, = 1.5m centred at (x,,y,) = (40,0) m
while travelling along an initially straight reference. The required clearance to the obstacle
surface is d.;. = 0.5m, giving an avoidance radius R, = 7, + dge = 2.0m. The re-
planner generates the avoidance trajectory (15) with Y\, = +2.5m (passage on the left,
Omargin = 0.5m) and Lyjeng = 20m, so that [¢f,],,« = 8.6° by (16). We test v, = 3,5,7m/s

with v, set to each test speed. Figure 15 reports the trajectories, the distance from the

nom
vehicle to the obstacle surface versus the safety threshold, the lateral error with respect to
the re-planned reference and the steering command (1 s moving average); Table 8 reports
the metrics, where d_;, is the minimum distance from the rear-axle centre to the obstacle
surface and ||, is the raw peak of the applied command.

The LTI-MPC + re-planner architecture achieves a minimum distance to the obsta-
cle surface of d;,, € [0.98,0.99] m at all tested speeds, i.e., twice the required clearance
dgae = 0.5 m. The result is consistent with the bound d¥h > drf — |le,.. |l of Section 6: the
re-planned reference passes at Yy, — , = 1.0m from the surface, and the MPC tracks it
with ley lmax < 0.030m, so the achieved clearance is within a few centimetres of the designed
one. This scenario carries the main practical contribution of this paper. A re-planner that
writes the clearance into the reference, followed by an MPC that tracks the reference with
a very small error (RMSE at most 0.013 m at every speed), gives a system that meets the
safety requirement by construction at the reference level and, in simulation, at the vehicle
level. The steering needed for this is moderate: the raw peak is at most 7.0° (Table 8) and

the smoothed command of Figure 15d stays within roughly +5°.
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Table 8. Scenario S5: obstacle avoidance metrics.

Uy (m/s) RMSE (m) |ey|max (m) |6|max (o) dmin (m) dmin 2 dsafe
3 0.008 0.016 7.0 0.98 v
5 0.010 0.021 5.9 0.99 v
7 0.013 0.030 7.0 0.99 v
(a) Avoidance trajectories . (b) Distance to obstacle surface
ar \ I —v=3mi/s
= =v=5m/s
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E N 3 - d_=05m
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Figure 15. Scenario S5, static obstacle at 3, 5 and 7m/s: (a) trajectories, (b) distance to the obstacle,
(c) lateral error, (d) steering.

Two Spaced Obstacles

To test the sequential application of (15), a second obstacle of the same radius is
placed at (x,,y,) = (55,0) m, i.e., 15m behind the first one, which is less than Ly, = 20m,
so that the two bells overlap; both are passed on the same side with Y\, = 2.5m. Figure 16
shows the resulting reference and the vehicle trajectory at 5m/s. The two overlapping
bells merge into a single smooth excursion whose maximum reference heading is 8.9°,
barely above the 8.6° of a single bell. The minimum distance to the obstacle surfaces is
0.99m for the first obstacle and 1.00 m for the second, the tracking RMSE is 0.009 m and
the raw steering peak is 8.0°, so the clearance of the single-obstacle case is preserved.
When the obstacles are on opposite sides, or closer than about Ly;..q4/2, the superposition
can reduce the clearance or produce a heading above |¢,|,,,; the planner then has to be
run with the combined reference checked against every safety zone, and, if the check
fails, the vehicle should slow down rather than rely on (15) alone. We therefore limit the
claim of this paper to isolated or well-separated static obstacles and to pairs passed on
the same side.
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(a) Reference and trajectory (b) Distance to each obstacle surface
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Figure 16. Two obstacles 15m apart (S5, v, = 5m/s): (a) re-planned reference and trajectory,
(b) clearance from each obstacle. In (a), the grey disks are the obstacles, the red dashed circles their
safety zones, the dotted line the baseline reference, the thin solid line the re-planned reference and
the blue line the vehicle trajectory; in (b), the two solid lines are the distances to each obstacle surface
and the red dashed line is d

safe*

7.6. Comparison with Baseline Controllers (PID-Type and Stanley )

To quantify the benefit of the predictive formulation over classical reactive con-
trollers, we conduct a head-to-head comparison on the sinusoidal benchmark of Section 7.2;
the two baselines are the reactive laws that are most often retained in recent comparative
and hybrid studies [54]. The PID-type baseline uses a proportional lateral law with heading
feedback, 6 = — (Kye, + Kyey) (a PD-like structure in the path error sense), together with a
PI longitudinal speed loop; the Stanley controller implements the front-axle cross-track law
6 = —e,, —arctan (k eg"“t [ (kgoge + ;) [9]. All three controllers receive the same observer
estimate and the same measurement noise and are subject to the same steering, steering
rate, acceleration and jerk limits.

Sensitivity to the Design Speed

To separate the effect of a speed mismatch from the comparison with the baselines,
the MPC designed at v,,,,, = 4m/s was also run, without any change, at 3 and 5m/s on
the sinusoidal reference; Table 9 gives the resulting steady-state RMSE next to the value
obtained when v,,,,, matches the test speed. A mismatch of £1m/s raises the RMSE from
0.013 to 0.080 m at 3m/s and from 0.025 to 0.123 m at 5m/s, i.e., by a factor of five to six,
while the steering peaks are essentially unchanged and the closed loop remains stable; the
error is a slow lateral offset, not an oscillation. This is the price of the fixed linearisation:
the lateral gain of the prediction model, v, T, no longer matches that of the vehicle, and
the controller under- or over-estimates the effect of its own steering. In practice, v,,,,, must
therefore follow the cruise speed to well within 1 m/s, which is what the segment-wise
selection of Section 4.1 provides and which the comparison below assumes.

Table 9. Sensitivity of the LTI-MPC to a mismatch between the design speed v, and the actual
speed (S2, observer and noise in the loop).

Actual Speed (m/s) Vpom (M/S) RMSE (m)  |ey|yax (M) 10l max (°)

3 3 (matched) 0.013 0.036 13.3
3 4 (mismatch —1) 0.080 0.124 14.1
5 5 (matched) 0.025 0.050 13.5
5 4 (mismatch +1) 0.123 0.192 13.1
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The comparison protocol is designed to be fair and to test the “single tuning per oper-
ating range” limitation of reactive controllers, in the same spirit as the scenario ensemble
evaluation used for the longitudinal PID in the preliminary study (there, the swept parame-
ters were the grade, load, friction and latency; here, the swept parameter is the cruise speed,
which is the one that changes the lateral plant gain v, /L most directly). The baseline gains
are tuned by a parametric sweep on S2 at 4 m/s to minimise the steady-state RMSE (retained
values K, = 4.0, Ky, = 6.0,k = 5.0, kyy = 2.0; Pl speed gains 1.0 and 0.2), exactly as the MPC
weights were tuned, and all controllers are then run without retuning at v, = 2,4,6,8m/s.
Figure 17 compares the trajectories, lateral errors and steering commands (0.2s moving
average) of the three controllers at 6 m/s and reports the steady-state RMSE across speeds
(bars clipped at 0.3 m for readability); Table 10 gives the steady-state metrics (t > 2s) with
observer and measurement noise, together with the ratio of each controller’'s RMSE to the
LTI-MPC RMSE at the same speed.

(a) Trajectories (v=6 m/s) (b) Lateral error (v=6 m/s)
2r — PID-type — LTI-MPC
— Stanley  — — Ref. 01Ff — PID-type — Stanley — LTI-MPC
o 005}
1
P \ _
il
\E’ 0 \\ I’ é>~ 0
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Figure 17. PID-type, Stanley and LTI-MPC on the sinusoidal reference: (a) trajectories, (b) lateral
error, (c) steering at 6 m/s; (d) RMSE versus speed.

Table 10. PID-type, Stanley and LTI-MPC on scenario S2 across speeds.

v, (m/s) Controller RMSE (m)  leylax (m) 10l max (%) RMSE Ratio vs. MPC

2 PID-type 0.031 0.049 24.6 3.7x
Stanley 0.047 0.077 16.7 5.6x
LTI-MPC 0.008 0.025 15.3 1.0x
4 PID-type 0.031 0.056 20.6 1.7x
Stanley 0.013 0.028 13.2 0.7x
LTI-MPC 0.018 0.040 13.7 1.0x
6 PID-type 0.038 0.108 27.0 1.5%
Stanley 0.043 0.076 12.1 1.7x
LTI-MPC 0.026 0.052 12.4 1.0x
8 PID-type unstable - 35.0 -
Stanley 0.073 0.130 13.7 1.6x
LTI-MPC 0.045 0.082 13.6 1.0x
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Three observations follow. At the tuning speed of 4 m/s, a well-tuned Stanley controller
performs as well as the LTI-MPC on this easy, unconstrained reference (RMSE ratio 0.7x),
and the PID-type law is 1.7x worse; with exact state feedback, the three RMSE values
are 0.016 m (MPC), 0.010m (Stanley) and 0.030 m (PID-type). Order-of-magnitude gains
over reactive controllers on such a benchmark can only be obtained against poorly tuned
baselines, and we make no such claim. Away from 4m/s, the situation changes. The
loop gain of a reactive controller grows with the speed, so both baselines lose accuracy at
the two ends of the range (Stanley is 5.6x worse than the MPC at 2m/s and 1.7x worse at
6m/s), and, at 8 m/s, the PID-type controller becomes unstable under the actuator rate
limits. The LTI-MPC, which carries the speed in its prediction model and enforces the rate
limits in the QPF, moves from 0.008 m at 2m/s to 0.045m at 8 m/s without any discontinuity.
Third, the MPC produces the smoothest steering at every speed: the raw peaks of Table 10
are 12.4° for the MPC against 27.0° for the PID-type law at 6 m/s, and the residual high-
frequency activity visible on the PID-type trace of Figure 17c is absent from the MPC trace,
reflecting the explicit penalisation of the control rate 5. The advantage of the predictive
formulation therefore lies less in the raw accuracy at a single operating point than in its
robustness across the operating range, its explicit constraint handling and, through the
re-planner, its ability to reason about obstacles, none of which the reactive laws provide.

7.7. Computational Performance

Table 11 reports the QP solve time per MPC iteration measured over 287 consecutive
iterations in the sinusoidal scenario at 4 m/s, and Figure 18 shows its distribution. The times
are the wall-clock times of MATLAB'’s quadprog (interior-point convex algorithm, default
tolerances) measured with tic/toc on a laptop with an Intel Core i7-1165G7 (2.80 GHz)
and 16 GB of RAM under Windows; the first call, which includes just-in-time compilation,
is excluded. The values in the table are the mean, median, minimum and maximum over
the run. In the reported run, the solver took 1.96 ms on average (median 1.91 ms, between
1.64 and 2.83 ms) over 287 iterations; a second, independent run averaged 2.20 ms. In both
cases, more than 97 % of the 100 ms period is left unused. An embedded operator-splitting
solver such as OSQP [50] would cut the solve time to a fraction of a millisecond, and an
event-triggered scheme in the spirit of [47] would cut the number of solves. What makes
this cheap is the LTI structure: the linearisation, the discretisation and the stacking of the
QP matrices are applied once at start-up, and only the linear term g and the rate bounds
change from one step to the next.

(a) QP solvetime per iteration

(b) Distribution
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Figure 18. QP solve time per MPC iteration: (a) time series, (b) histogram.
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Table 11. QP solve time per MPC iteration.

Operation Time (ms)
Linearisation and discretisation (cached, LTI) ~0.01
QP solve—mean 1.96
QP solve—median 1.91
QP solve—max. 2.83
QP solve—min. 1.64

7.8. Observer Convergence and Robustness to Noise

Figure 19 illustrates the convergence of the Luenberger observer on the sinusoidal tra-
jectory at 4 m/s with the measurement noise of Section 7: the true versus estimated heading,
the estimation error with the +1° band and the lateral position (true, noisy measurement
and estimate). Starting with a heading error of —3.2°, the observer brings it below 1° in
0.24 s, in line with the dominant time constant of Table 4. Once converged (t > 1s), the
RMS error of ¢ settles at 0.47°, with peaks of 1.7° where the curvature changes the fastest.

2 (a) True vs estimated heading
T
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20 I I I I I
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Figure 19. Convergence of the observer at 4m/s: (a) true and estimated heading, (b) estimation error,

(c) lateral position. In (b), the blue line is the heading estimation error and the red dashed lines mark
the +1° band.

8. Discussion
8.1. Strengths of the Proposed Scheme

Within the range where the linearisation holds, the LTI-MPC tracks structured paths
with a lateral RMSE of between 0.008 and 0.026 m at 2-6 m/s, observer and realistic noise
included, which is comfortably within the requirements of urban driving. With a constant
A and B, the standard stability tools of linear-quadratic control (terminal cost, terminal set)
apply to the linearised loop directly; determining such a certificate for the present tuning
is left for later work. The safety margin comes from the pair re-planner plus MPC and
is verified in simulation: on S5, the tracking error never exceeds 0.030 m, so the achieved
clearance is within a few centimetres of the designed one, and relation (16) informs the
designer of the required blending length in order for the re-planned path to stay in the
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linear range. In a fair comparison, the predictive controller is the only one of the three
whose accuracy degrades smoothly from 2 to 8 m/s with a single tuning. The QP solve
time leaves a large real-time margin, and the Luenberger observer removes the need for a
heading sensor.

8.2. From Fixed-Gain PID to Predictive Control

The results of Section 7.6 close the loop opened by the longitudinal study. There, the
best fixed-gain PID that offline optimisation could find still lost its margin as the delay grew.
Here, the PID-type lateral law, tuned by the same type of offline search, becomes unstable
when the cruise speed moves away from its tuning point, while the LTI-MPC, which has
the speed in its prediction model, degrades smoothly. The two experiments show the same
aspect from two sides: a fixed gain cannot follow a plant whose gain changes, but a model
can. The three elements added in this work resolve the three gaps found in the fixed-gain
study: the prediction horizon gives the anticipation that a PID lacks, the observer gives the
state that a PID has to perform without and the re-planner gives the safety mechanism that
no choice of gains can provide.

8.3. Limitations

Figure 20 places the five scenarios in the (speed, heading) plane and shows where the
LTI approximation is accurate, degraded or no longer applicable.
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Figure 20. Operating envelope of the LTI-MPC in the (speed, heading) plane, with the test points
of the five scenarios. Blue dots: operating points (speed, maximum heading) of scenarios S1 to S5;
green, orange and red areas: accurate, degraded and out-of-range regions of the linearisation.

Several limits should be stated. The first concerns the simulation itself. The vehicle is
simulated with the same kinematic bicycle equations that the controller is designed from;
tyre forces, steering backlash and actuator delay are absent, so the simulation cannot reveal
the errors that these effects would introduce on hardware. To give at least an indication,
scenario S2 at 4m/s was repeated with a simulation model that was deliberately different
from the design model: the wheelbase increased by 15 %, a first-order steering actuator with
a 100 ms time constant was included and GPS noise was raised to 10 cm RMS with a slowly
varying bias, representative of a degraded urban canyon fix. Table 12 gives the result. A
15 % wheelbase error and a 100 ms steering lag are absorbed almost without effect (RMSE
0.015-0.019 m against 0.016 m for the nominal run of this test, which differs from the 0.018 m
of Table 6 only by the noise realisation; the steering peaks are slightly larger), because the
MPC corrects the resulting model error at every step. The degraded GPS is a different
matter: 10 cm noise with a slowly varying bias of about 15 cm raises the RMSE to 0.205 m
and drives the steering to its 35° limit, although the loop does not diverge. A slowly drifting
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position bias is indistinguishable, for the observer, from a real lateral offset, so it enters
directly into the tracking error, while the heading estimate amplifies the measurement noise
into steering activity. For urban use, this is the limitation that matters the most, and it is the
main reason to move to an EKF with an IMU (Section 2.2). None of these tests substitutes
experiments on a vehicle, which remain the real validation and the next step.

Other limits follow from the modelling choices. The kinematic bicycle model holds
only up to a, < 49m/ s? [17]; faster driving or tighter curves call for a dynamic model
with tyre forces. The re-planner knows only static obstacles and a point vehicle: moving
obstacles would need a motion model, and a real footprint requires a larger R;. The observer
converges only locally and its heading estimate is noisy enough to appear in the steering
(Table 3); an EKF with an IMU would help in this regard. The Gaussian bell is a convenient
heuristic, and a more principled planner could produce smoother manoeuvres. Three
further caveats should be stated plainly. The validation is numerical, and the vehicle is
simulated with the same kinematic model used to design the controller, which makes the
test easier than it would be on hardware; a high-fidelity simulator or a scaled vehicle is
needed before any claim about deployment. The safety margin is observed, not proven; a
proof would require an ISS bound on the tracking error. Moreover, the behaviour under
DGPS noise that is far above the design level, as in urban canyons, has only been mentioned
briefly and would likely require retuning Ryy or an EKF.

Table 12. Robustness on S2 at 4 m/s when the simulated vehicle differs from the design model
(observer and noise in the loop).

Simulation Model RMSE (m) leylmax (M) 10l max (%)
Nominal (this run) 0.016 0.033 13.2
Wheelbase +15 % 0.015 0.031 14.7
Steering actuator lag 100 ms 0.019 0.042 14.3
GPS noise 10 cm RMS + bias 0.205 0.496 35.0
All three combined 0.211 0.492 35.0

8.4. Comparison with Hard Constraint Formulations

Another option is to place the obstacle directly as a hard constraint in the MPC QP. This
idea is appealing but brings three practical problems: staying outside a disk is a non-convex
constraint, and its linearisation introduces errors that can leave the QP without a feasible
solution; the MPC has to decide on which side to pass, which calls for ad hoc rules or for a
planner above it; and such formulations react strongly to the solver settings. Separating
planning from tracking overcomes all three: the geometry is handled by the planner and
the dynamics by the MPC, and the QP remains an ordinary convex tracking problem with
box constraints on the inputs.

8.5. Practical Deployment

Before applying the scheme to a vehicle, several additions would be sensible: an EKF
that fuses GPS, IMU and odometry; a dynamic bicycle model with Pacejka tyres for higher
speeds; a probabilistic obstacle description with chance-constrained MPC [33]; tests on a
scaled vehicle; and a three-level architecture in which a mission planner selects waypoints,
a local planner shapes obstacle-aware references and the LTI-MPC tracks them.

8.6. Sensitivity to Design Parameters

The horizon N sets the balance between accuracy and computation: with N < 10, the
controller sees too little of the road ahead; with N > 30, it gains almost nothing in accuracy
while the QP grows (its size is linear in N and its solve time is more than linear); and
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N = 20 lies between these cases. The lateral weight g = 100 needed no adjustment across
scenarios. The rate weights decide the smoothness: if too small, the steering chatters; if
too large, the response lags. Here, 7,5 = 30 gives smooth commands that still react. On
the observer side, Qg fixes the trade-off of Table 3. On the planner side, (16) gives the
blending length: for a 2.5 m sideways move, Ly j.,q = 20m keeps [, |, under 9°.

9. Conclusions and Future Work

We have described a linear time-invariant MPC, coupled with a Luenberger observer,
for following a path and avoiding obstacles with a vehicle represented by the kinematic
bicycle model. It continues a preliminary study of fixed-gain longitudinal PID control,
whose limited robustness had pointed towards model-based anticipation. Three needs of
low-speed urban driving are met: seeing ahead through a prediction horizon, respecting
the physical limits of the actuators directly in the optimisation and keeping a minimum
distance from obstacles by separating planning from tracking.

The main contributions are as follows: an LTI-MPC for the four-state kinematic model
with inputs (g, 6), linearised once around (0, 0,0, v,,,,,) and written in deviation coordinates
with the exact drift d = (0,0, Ts,0,0,0) T; a Luenberger observer designed with the DARE,
which rebuilds the heading from the DGPS-RTK position and odometry with 0.47° RMS
accuracy and converges in 0.24s, with a measured convergence/noise trade-off used to
choose its tuning; a local re-planner with a closed-form rule linking the blending length
to the maximum reference heading, which builds a clearance of 1.0 m into the reference,
with the vehicle reaching 0.98-0.99 m in simulation at 3-7m/s against a 0.5 m requirement,
where the difference is the small tracking error; a fair comparison with PID-type and
Stanley controllers (tuned once at 4m/s, tested from 2 to 8 m/s) showing that the predictive
controller is the only one whose accuracy degrades smoothly over the range, with RMSE
ratios of 3.7x/5.6x at 2m/s and 1.5x/1.7x at 6 m/s, and an unstable PID-type controller at
8m/s; and a simulation campaign on five scenarios, all with the observer and realistic noise
in the loop, giving a tracking RMSE of 0.008-0.026 m at 2-6 m/s inside the LT1 validity range.
The sweep of constant-radius turns in scenario S3 shows where the fixed linearisation stops:
the exit straight error stays at the centimetre level for up to 30° of heading change and reaches
0.400m at 60°, so LTV-MPC or NMPC would be needed for large-heading manoeuvres.

The QP solve time of 1.96 ms leaves a real-time margin above 98.0% at the 100 ms
sampling period on a laptop-class CPU. This margin suggests that the scheme is a candidate
for embedded automotive hardware in low-speed uses such as automatic parking, shuttles,
delivery robots and automated guided vehicles, but the claim has to be confirmed by timing
the QP on an embedded platform, which has not been performed here.

Future work includes (i) moving obstacles, with spatio-temporal planning and chance-
constrained MPC; (ii) higher speeds, with a dynamic vehicle model and Pacejka tyre
forces; (iii) hardware-in-the-loop tests on a scaled vehicle; (iv) an ISS analysis of the
closed-loop tracking error, to convert the empirical clearance margin into a proven safety
guarantee; (v) coupling with perception, to handle uncertain obstacle detections with
robust or distributionally robust MPC; and (vi) closing the gap left by the longitudinal
study, namely powertrain lag and perception-to-actuation delay, by adding a delay model to
the MPC predictor and by allowing the observer to estimate the grade and load disturbances
that a fixed-gain law can only react to.
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Abbreviations

The following abbreviations are used in this manuscript:

MPC Model Predictive Control
LTI Linear Time-Invariant
LTV Linear Time-Varying
NMPC Nonlinear Model Predictive Control
QP Quadratic Program
DARE Discrete-Time Algebraic Riccati Equation
EKF Extended Kalman Filter
ISs Input-to-State Stability
DGPS-RTK  Differential GPS with Real-Time Kinematic correction
PID Proportional-Integral-Derivative
RMSE Root Mean Square Error
ECU Electronic Control Unit
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