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Abstract: Although research has shown that through the additional rigidity introduced in the
secondary suspension, traction rods can affect the vertical dynamic performance of railway vehicles,
this topic has been less studied by researchers in the field. In this paper, the effect of a traction rod on
the vertical vibration behavior of a carbody of a railway vehicle is analyzed, using the results obtained
through numerical simulations. Numerical simulation applications are developed based on a vehicle
model, where the vehicle carbody is modeled using a free-free equivalent beam Euler–Bernoulli,
and the bogie chassis and wheelsets are represented by rigid bodies linked together by Kelvin-Voigt
systems that model the secondary suspension and the primary suspension. The novelty element of
this paper is found in the model of the traction rod. This includes traction rod damping, which has
been neglected in previous research. The stiffness and damping of the traction rod are represented by
a longitudinal Kelvin–Voigt system integrated into a secondary suspension model. The effect of the
traction rod on the vertical vibration behavior of the vehicle carbody is analyzed based on the power
spectral density of the acceleration, the root mean square of acceleration, and the ride comfort index,
for three cases for analysis: a ‘without traction rod’ case, a ‘with traction rod—with damping’ case,
and a ‘with traction rod—without damping’ case. The conclusions of the paper highlight the influence
of the stiffness and damping of the traction rod on the vibration level of the carbody, especially in its
middle. Depending on the stiffness of the traction rod, significant increases in the ride comfort index
are obtained, which at high velocities can exceed 300%. Damping of the traction rod reduces the ride
comfort index by up to 10%.

Keywords: railway vehicle; traction rod; vertical vibration; numerical simulation; ride comfort

1. Introduction

The assessment of the vibration behavior of railway vehicles is a problem that can
be approached both theoretically and experimentally [1–3]. Research based on theoretical
approaches has been developed with the help of the results obtained through numerical
simulations [4,5], and experimental approaches use the results of tests carried out in the
laboratory on scale experimental models [6–11] and on special test vehicles [12,13], or the
results of tests carried out on the line [14].

Numerical simulation applications are useful tools for estimating the railway vehicles’
vibration behavior and optimizing their dynamic performance regarding ride quality
and ride comfort from the design phase, and then for investigating problems that occur
during operation. In relation to experimental tests, which are costly and involve a large
consumption of time and resources, numerical simulations have the advantage that they
allow investigation of the vehicle’s vibration behavior, even in extreme situations that
cannot be highlighted in real test conditions [15–18].

However, in the development of theoretical research into the evaluation of the vibration
behavior of railway vehicles based on numerical simulation results, there are challenges
in the stage of mechanical modeling of the vehicle–track system [19–27]. This becomes
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a difficult task when both the vibration characteristics of the railway vehicle and the
combined effect due to several sources of vibration found at the wheel–rail contact point
must be considered [28–33]. In the case of the railway vehicle, the difficulties are related
to the modeling of a complex mechanical system, with a specific behavior of vibrations,
which includes both rigid modes of vibration and flexible modes of vibration, independent
or coupled to each other. At the point of wheel–rail contact, there are several sources of
excitation of the vibrations of the railway vehicle: the irregularities of the rolling surfaces
and the constructive discontinuities of the rail, and the undulating wear of the rolling
surfaces of the wheel or the deviations from the circular shape of the wheel (eccentricity,
ovality, polygonalization, plane place, or flattening) [34–39]. If the mechanical model of the
vehicle–track system considers all these factors that can influence the vibration behavior of
railway vehicles, complex mathematical and numerical models, which require very long
simulation times, are produced.

In general, the mechanical model is obtained via a simplified representation of the
real technical system vehicle track, based on the elimination of secondary effects and the
retaining of only the significant ones, in accordance with the specific aspects of the studied
problem and the precision required of the results. Useful qualitative and even quantitative
information regarding the basic characteristics of railway vehicle vibrations can also be
obtained based on simple models. To obtain reliable results, it is necessary to adopt complex
models, which consider several important factors that influence the vibration behavior of
the vehicle. For example, the vibration behavior of the railway vehicle is largely determined
by the suspension. Consequently, the precision of the numerical simulation results will
be closely related to the complexity of the suspension model [20–22]. Or, when it comes
to assessing the vibration comfort performance of the railway vehicle, the accuracy of
the results depends significantly on the modeling of the carbody. Previous research has
highlighted that at high velocities, the ride comfort performance of railway vehicles, as
evaluated using the results obtained with models of said vehicles, in which the carbody
is modeled by a “rigid carbody”-type model, are overestimated. In such research, it is
important to use a ‘flexible carbody’-type model [40,41].

Another major factor that influences the vertical vibration behavior of the railway
vehicle is the traction rod, which ensures the transmission of forces in the longitudinal
direction between the carbody and the bogie [42]. Although there is a lot of research that
addresses the problem of vertical vibrations and their effect on the dynamic behavior of the
railway vehicle, either in terms of ride quality or ride comfort, the influence of the traction
rod is a very understudied issue. To the knowledge of the authors, the only papers that
address this research topic are the ones described below.

Ma and Song introduced the stiffness of the traction rod into the model of a subway
vehicle to analyze its influence on the vertical dynamic performance of a vehicle [43]. The
conclusions of the study highlight that the additional stiffness introduced by the traction
rod leads to an increase in the stiffness of the secondary suspension, which can have the
effect of amplifying some undesirable phenomena, such as wear and deformation of the
wheels, and can reduce ride comfort.

Starting from the theory that bogies can be used as a dynamic vibration absorber to
reduce the vertical bending vibrations of the carbody of railway vehicles, as proposed by
Tomioka and Takigami [13], a team of researchers recently conducted two studies [44,45].
These had as their study object the traction rod effect on the dynamic behavior of the car-
body of high-speed railway vehicles, and the identification of the possibility of improving
ride comfort by optimizing the stiffness of the traction rod, respectively. The originality of
these studies is the representation of the traction rod in the vehicle model. More precisely,
as a novelty compared to the original research, in which the stiffness of the traction rod
was represented by an elastic element with linear characteristics, in these latest studies, the
traction rod is represented as a non-linear element.
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As can be seen from the brief description of these studies, all consider only the
stiffness of the traction rod and the bushings at the two ends of the traction rod, neglecting
its damping.

In this paper, the effect of the traction rod on the vertical vibration behavior of the
railway vehicle carbody is analyzed, considering the damping of the traction bar. The
problem is investigated using results obtained through numerical simulations developed
based on a vehicle model of the rigid–flexible coupled type, with seven degrees of freedom,
in which the rigid modes of the vertical vibration of the carbody (bounce and pitch), the
first mode of vertical bending, and the rigid modes of vertical vibration of the bogies
(bounce and pitch) were considered. The stiffness and damping of the traction rod are
represented in the vehicle model by a longitudinal Kelvin–Voigt system integrated into
the secondary suspension model. The vertical vibration behavior of the railway vehicle
carbody is evaluated based on the power spectral density of the acceleration, the root mean
square of acceleration, and the ride comfort index, comparing three cases (‘without traction
rod’, ‘with traction rod—with damping’, and ‘with traction rod—without damping’). For
each of these cases, a dedicated model of secondary suspension is adopted. In the first case,
the secondary suspension is modeled by a vertical Kelvin–Voigt system, and in the second
case, by two Kelvin–Voigt systems, one vertical and one longitudinal. In the third case, the
secondary suspension model includes a vertical Kelvin–Voigt system and a longitudinal
elastic element. In this context, the physical implications of these three study scenarios are
analyzed from the point of view of the influence of the stiffness and damping of the traction
bar on the level of vertical vibrations of the carbody and on ride comfort. The results
presented for the case “without traction rod” and the case “with traction rod—without
damping” are qualitatively comparable with the results from the specialized literature [45],
which have already been verified based on experimental tests carried out in the laboratory
on a scale model.

The novelty of the presented study consists of the model of the traction rod, which
is integrated into the model of the secondary suspension of the vehicle. Unlike previous
research, in the model of the traction rod, both the stiffness of the bar and its damping
are represented.

2. The Railway Vehicle Model and Equations of Motion
2.1. Description of the Railway Vehicle Model

To study the effect of the traction rod on the vertical vibrations of the railway vehicle
carbody, the mechanical model presented in Figure 1 is adopted. It consists of the vehicle
carbody, modeled by a free–free equivalent beam of the Euler–Bernoulli type, and the
chassis of the two bogies and the four wheelsets, represented by rigid bodies, linked
together by Kelvin–Voigt systems that model the primary suspension and the secondary
suspension of the vehicle (see Figure 2).

The secondary suspension of a bogie is modeled by a Kelvin–Voigt vertical system with
stiffness 2kss and damping 2css (Figure 2(a1)), for which the case ‘without traction rod’ is
obtained. For the case ‘with traction rod—with damping’, a longitudinal Kelvin–Voigt sys-
tem with stiffness 2ktr and damping 2ctr is integrated into the secondary suspension model,
through which the elasticity and damping of the traction rod is modeled (Figure 2(a2)).
The distance from this system to the neutral axis of the carbody is denoted by hc, and the
distance to the center of gravity of the bogie is denoted by hb. For the case ‘with traction
rod—without damping’, the traction rod is modeled by an elastic element with stiffness 2ktr
(Figure 2(a3)). The primary suspension of a wheelset is modeled by a vertical Kelvin–Voigt
system with stiffness 2kps and damping 2cps (Figure 2b).
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Figure 1. The mechanical model of the railway vehicle. 

 
Figure 2. Vehicle suspension model: (a) secondary suspension model; (b) primary suspension 
model. 

The following vertical vibration modes of the carbody are considered: bounce, pitch, 
and the first vertical bending mode. The vertical displacement of the carbody correspond-
ing to the bounce, denoted by zc, and the pitch rotation angle of the carbody, denoted by 
θc, are highlighted in Figure 1. The vertical displacement of the section of the carbody 
located at the distance x from the reference system at time t, is denoted wc(x,t). This dis-
placement results from the overlap of the displacements corresponding to the three modes 
of vibration of the carbody—the bounce, the pitch and the first mode of vertical bending, 
corresponding to the relation 
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Figure 2. Vehicle suspension model: (a) secondary suspension model; (b) primary suspension model.

The following vertical vibration modes of the carbody are considered: bounce, pitch,
and the first vertical bending mode. The vertical displacement of the carbody corresponding
to the bounce, denoted by zc, and the pitch rotation angle of the carbody, denoted by θc, are
highlighted in Figure 1. The vertical displacement of the section of the carbody located at
the distance x from the reference system at time t, is denoted wc(x,t). This displacement
results from the overlap of the displacements corresponding to the three modes of vibration
of the carbody—the bounce, the pitch and the first mode of vertical bending, corresponding
to the relation

wc(x, t) = zc(t) +
(

x− lc
2

)
θc(t) + Xc(x)Tc(t), (1)



Vehicles 2023, 5 1486

where lc is the length of the carbody, Tc is the time coordinate of the first vertical bending
mode, and Xc is the eigenfunction of the vertical bending mode described by the relation

Xc(x) = sinβx + sinhβx− sinβlc − sinhβlc
cosβlc − coshβlc

(cosβx + coshβx) (2)

with
β = 4

√
ω2

cρc/(Ec Ic) (3)

that verifies the characteristic equation

cosβlc coshβlc − 1 = 0, (4)

whereωc is the natural angular frequency of the first vertical bending mode of the carbody;
ρc = mc/lc represents the mass of the beam per unit length; EcIc is the bending stiffness,
where Ec is the longitudinal modulus of elasticity; and Ic is the moment of inertia of the
cross-section of the beam.

The vibration modes of the two bogies are bounce and pitch. The vertical displacement
corresponding to the bounce is denoted by zb1,2, and the rotation angle at the pitch is
denoted by θb1,2.

The railway vehicle is running on a track with vertical irregularities, marked next
to each axle with zw1. . .4. It is specified that since the natural frequencies of the vertical
vibration of the vehicle are much lower than the natural frequencies of the wheelset–track
system, the perfectly rigid track hypothesis is adopted.

2.2. The Motion Equations

The motion equations of the vehicle are written for the complex case ‘with traction
rod—with damping’, from which the equations for the simpler cases ‘without traction rod’
and ‘with traction rod—without damping’ can then be derived.

The Euler–Bernoulli beam theory is used to derive the general form of the motion
equation of the carbody. This is of the following form:

Ec Ic
∂4wc(x, t)

∂x4 + µIc
∂5wc(x, t)

∂x4∂t
+ ρc

∂2wc(x, t)
∂t2 =

2

∑
i=1

Fssiδ(x− lci)− hc

2

∑
i=1

Ftri
dδ(x− lci)

dx
, (5)

where δ(.) is Dirac’s delta function, µ is the structural damping coefficient, lc1,2 fixes the
supporting points of the carbody on the secondary suspension, Fss1,2 represents the forces
in the secondary suspension, and Ftr1,2 are the longitudinal forces in the traction rods.

Distances lc1,2 are determined depending on the length of the carbody lc and the
longitudinal base of the secondary suspension 2ac,

lc1,2 = lc/2± ac. (6)

The vertical forces of the secondary suspension and the longitudinal forces in the
traction rods are of the following form:

Fss1,2 = −2css

[
∂wc(lc1,2, t)

∂t
− .

zb1,2

]
− 2kss[wc(lc1,2, t)− zb1,2]. (7)

Ftr1,2 = 2ctr

(
hc

∂2wc(lc1,2, t)
∂x∂t

+ hb
.
θb1,2

)
+ 2ktr

(
hc

∂wc(lc1,2, t)
∂x

+ hbθb1,2

)
. (8)

Applying the modal analysis method [46] from the general Equation (5), the motion
equations of the bounce, the pitch and the first vertical bending mode of the carbody
are obtained:

mc
..
zc =

2

∑
i=1

Fssi, (9)
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Jc
..
θc =

2

∑
i=1

Fssi

(
lci −

lc
2

)
+ hc

2

∑
i=1

Ftri, (10)

mmc
..
Tc + cmc

.
Tc + kmcTc =

2

∑
i=1

FssiXc(lci)− hc

2

∑
i=1

Ftri
dXc(lci)

dx
, (11)

where mmc represents the modal mass of the carbody, cmc is modal damping of the carbody,
and kmc is modal stiffness of the carbody,

mmc = ρc

L∫
0

X2
c dx, cmc = µIc

L∫
0

(
d2Xc

dx2

)2

dx, kmc = Ec Ic

L∫
0

(
d2Xc

dx2

)2

dx. (12)

The bounce and pitch equations of the two bogies are deduced with the help of the
fundamental laws of mechanics, taking into account that they are acted upon by the inertia
forces during bounce and pitch, the forces from the secondary suspension corresponding
to the two bogies (Fss1,2), the forces from the traction rods (Ftr1,2), and the forces of the
primary suspension corresponding to the four wheelsets (Fps1. . .4):

mb
..
zb1 =

2

∑
j=1

Fpsj − Fss1, mb
..
zb2 =

4

∑
j=3

Fpsj − Fss2, (13)

Jb
..
θb1 = ab

2

∑
j=1

(−1)j+1Fpsj − hbFtr1, Jb
..
θb2 = ab

4

∑
j=3

(−1)j+1Fpsj − hbFtr2. (14)

The forces of the secondary suspension and the forces in the traction rods were defined
above (see Equations (7) and (8)), and the forces of the primary suspension are of the
following form:

Fps1,2 = −2cps(
.
zb1 ± ab

.
θb1 −

.
zw1,2)− 2kps(zb1 ± abθb1 − zw1,2), (15)

Fps3,4 = −2cps(
.
zb2 ± ab

.
θb2 −

.
zw3,4)− 2kps(zb2 ± abθb2 − zw3,4). (16)

The motion equations of the carbody and the two bogies form the following system

M
..
q + C

.
q + Kq = P

..
z. w + R

.
zw, (17)

where q is the vector of displacement coordinates, and zw is the vector of inhomogeneous
terms:

q = [zc θc Tc zb1 θb1 zb2 θb2]
T,

zw = [0 0 0 zw1 + zw2 zw1 − zw2 zw3 + zw4 zw3 − zw4]
T.

M, C şi K are the inertia, damping, and stiffness matrices. These are in the following
form:

M = diag(mc, Jc, mmc, mb, Jb, mb, Jb),

C =



4css 0 4εcss −2css 0 −2css 0
0 4a2

c css + 4h2
c ctr 0 −2accss 2hchbctr 2accss 2hchbctr

4εcss 0 cmc + 4ε2css + 4λ2h2
c ctr −2εcss 2λhchbctr −2εcss 2λhchbctr

−2css −2accss −2εcss 4cps + 2css 0 0 0
0 2hchbctr 2λhchbctr 0 4a2

bcps + 2h2
bctr 0 0

−2css 2accss −2εcss 0 0 4cps + 2css 0
0 2hchbctr −2λhchbctr 0 0 0 4a2

bcps + 2h2
bctr


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K =



4kss 0 4εkss −2kss 0 −2kss 0
0 4a2

c kss + 4h2
c kktr 0 −2ackss 2hchbktr 2ackss 2hchbktr

4εkss 0 kmc + 4ε2kss + 4λ2h2
c ktr −2εkss 2λhchbktr −2εkss 2λhchbktr

−2kss −2ackss −2εkss 4kps + 2kss 0 0 0
0 2hchbktr 2λhchbktr 0 4a2

bkps + 2h2
bktr 0 0

−2kss 2ackss −2εkss 0 0 4kps + 2kss 0
0 2hchbktr −2λhchbktr 0 0 0 4a2

bkps + 2h2
bktr


The following notations can be found in matrices C and K:

Xc(lc1) = Xc(lc2) = ε,
dXc(lc1)

dx
= −dXc(lc2)

dx
= λ.

The vectors P and R are of the following form:

P =
[
0 0 0 2cps 2abcps 2cps 2abcps

]T,

R =
[
0 0 0 2kps 2abkps 2kps 2abkps

]T.

For the cases ‘without traction rod’ and ‘with traction rod—without damping’, the
matrices C and K change their form.

It is observed that in all three cases, ‘without traction rod’, ‘with traction rod’—with
damping’, and ‘with traction rod—without damping’, the vibrations of bounce, pitch, and
vertical bending of the carbody are coupled with the bogie bounce. The difference between
the cases ‘without traction rod’ and ‘with traction rod’ consists of the way in which the
pitch vibrations of the bogies are manifested. In the case ‘without traction rod’, these are
independent vibrations. In the case ‘with traction rod’, the pitch vibrations of the bogies
are transmitted to the carbody through the traction rods (Figure 3). The pitch vibrations of
the bogies are coupled with the pitch and vertical bending vibrations of the carbody, and
through them with the bounce vibrations of the carbody.
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Figure 3. Transmission of the pitch bogies to the carbody through the traction rods.

3. Evaluation of the Vertical Vibration Behavior of the Railway Vehicle Carbody

The power spectral density of acceleration, the root mean square of acceleration, and
the ride comfort index are used to evaluate the vertical vibration behavior of the railway
vehicle carbody.

The power spectral density of acceleration of the carbody at some point x, placed on
the longitudinal axis of the carbody, is described by the relation

Gc(x,ω) = G(ω)
∣∣Hc(x,ω)

∣∣2, (18)

where G(ω) represents the power spectral density of the vertical irregularities of the track,
and Hc(x,ω) is the frequency response function of the acceleration of the vehicle carbody.
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The power spectral density of the vertical irregularities of the track is defined by the
relation [47]:

G(ω) =
AΩ2

c V3

[ω2 + (VΩc)
2][ω2 + (VΩr)

2]
, (19)

where V is the velocity of the vehicle, Ω is the wave number, Ωc = 0.8246 rad/m,
Ωr = 0.0206 rad/m, and A is a constant that depends on the quality of the track; for a
good-quality track, A = 2.119 × 10−7 radm; for a low-quality track, A = 6.124 × 10−7 radm.

The frequency response function of the carbody acceleration is calculated with the relation

Hc(x,ω) = Hzc(ω) +

(
lc
2
− x
)

Hθc(ω) + Xc(x)HTc(ω), (20)

where Hzc(ω), Hθc(ω), HTc(ω) are the partial frequency response functions of the accel-
eration of the carbody corresponding to the vibration modes of the carbody, respectively:
bounce, pitch and vertical bending. Details on how to calculate the partial frequency
response functions are presented in Appendix A.

Relation (20) is particularized for the calculation of the power spectral density of
the acceleration in the middle of the carbody (for x = lc/2), denoted by Gcm(ω), or above
the secondary suspension corresponding to one of the two bogies (for x = lc1,2), denoted
by Gc1,2(ω):

Gcm(ω) = Gc

(
lc
2

,ω
)
= G(ω)

∣∣∣∣Hc

(
lc
2

,ω
)∣∣∣∣2 = G(ω)

∣∣Hcm(ω)
∣∣2, (21)

Gc1,2(ω) = Gc(lc1,2,ω) = G(ω)
∣∣Hc(lc1,2,ω)

∣∣2 = G(ω)
∣∣Hc1,2(ω)

∣∣2, (22)

where Hcm(ω) is the frequency response function of the acceleration at the middle of
the carbody, and Hc1,2(lc1,2) is the frequency response function of the acceleration of the
carbody above the secondary suspension, which is calculated with the following relations:

Hcm(ω) = Hzc(ω) + Xc

(
lc
2

)
HTc(ω), (23)

Hc1,2(ω) = Hzc(ω)± acHθc(ω) + Xc(lc1,2)HTc(ω). (24)

The root mean square of acceleration of the carbody is calculated as a function of the
power spectral density of the acceleration, defined according to the relations above. Thus,
at some point x located on the longitudinal axis of the carbody, the root mean square of
acceleration is

ac(x) =

√
1
π

∫
Gc(x,ω)dω , (25)

where the power spectral density of the acceleration is given by relation (18). In the middle
of the carbody and above the secondary suspension, the root mean square of acceleration is
calculated with the following relations:

acm =

√
1
π

∫
Gcm(ω)dω , (26)

ac1,2 =

√
1
π

∫
Gc1,2(ω)dω , (27)

where Gcm(ω) and Gc1,2(ω) are defined by relations (23) and (24).
According to the mean comfort method, described in the UIC 513R leaflet [48] and the

standard of railway applications EN 12299 [49], the quantification of vibration comfort is
carried out using the ride comfort index (NMV) and a conventional scale that connects the
values of this index and the sensation of comfort (see Figure 4).
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where s = iω (with i2 = −1), f1 = 0.4 Hz, f2 = 100 Hz, and Q1 = 0.71. 
The Wb filter has the following frequency weighting function: 
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where f3 = 16 Hz, f4 = 16 Hz, f5 = 2.5 Hz, f6 = 4 Hz, Q2 = 0.63, Q4 = 0.8 and K = 0.4. 
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For the assessment of ride comfort in vertical vibrations, the partial ride comfort index
is defined according to the relation [50]:

NMV = 6aWab
c95 , (28)

where ac is the root mean square of acceleration of the carbody, 95 represents the quantile
of order 95%, and Wab is an acceleration weighting filter resulting from the product of two
filters Wab = Wa × Wb, where Wa is a passband filter and the filter Wb considers human
sensitivity to vertical vibrations within the frequency interval of 4 Hz and 12 Hz.

The frequency weighting function of the filter Wa are of the following form:

Ha(s) =
s2(2π f2)

2[
s2 +

2π f1

Q1′
s + (2π f1)

2
][

s2 +
2π f2

Q1
s + (2π f2)

2
] (29)

where s = iω (with i2 = −1), f 1 = 0.4 Hz, f 2 = 100 Hz, and Q1 = 0.71.
The Wb filter has the following frequency weighting function:

Hb(s) =
(s + 2π f3) ·

[
s2 +

2π f5

Q3
s + (2π f5)

2
]

2πK f 2
4 f 2

6[
s2 +

2π f4

Q2
s + (2π f4)

2
][

s2 +
2π f6

Q4
s + (2π f6)

2
]

f3 f 2
5

(30)

where f 3 = 16 Hz, f 4 = 16 Hz, f 5 = 2.5 Hz, f 6 = 4 Hz, Q2 = 0.63, Q4 = 0.8 and K = 0.4.
The vertical carbody accelerations are assumed to have a Gaussian distribution with zero

mean. In these conditions, the partial ride comfort index is obtained with the general relation

NMV = 6Φ−1(0.95)

√
1
π

∫
GC(x,ω)|Hab(ω)|2dω, (31)

where Φ−1(0.95) represents the quantile of the standard Gaussian distribution with the
probability of 95% and Hab(ω) = Ha(ω) × Hb(ω), where Ha(ω) and Hb(ω) are the frequency
weighting function corresponding to the filters Wa and Wb.

The frequency weighting functions of the Wa and Wb filters are represented in Figure 5a,
and the frequency weighting function of the Wab filter is represented in Figure 5b.

For the calculation of the ride comfort indices at the middle of the carbody NMVm and
above to the support points of the carbody on the secondary suspension NMV1,2, in relation
(31) the power spectral density of the acceleration of the carbody Gc(x,ω) is replaced by
the spectral density of power Gcm(ω) defined by relation (21), respectively, with Gc1,2(ω),
according to relation (22).
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4. Numerical Analysis of the Effect of the Traction Rod on the Vertical Vibration
Behavior of the Railway Vehicle Carbody
4.1. Parameters of the Railway Vehicle Numerical Model

Table 1 presents the reference parameters of the railway vehicle for the numerical
simulations.

Table 1. Parameters of the numerical model of the railway vehicle.

Carbody mass mc = 34,000 kg

Bogie mass mb = 3200 kg

Carbody inertia moment Jc = 1,963,840 kg·m2

Bogie inertia moment Jb = 2048 kg·m2

Carbody length lc = 26.4 m

Carbody wheelbase 2ac = 19 m

Bogie wheelbase 2ab = 2.56 m

The elevations of the traction rod hc = 1.3 m; hb = 0.2 m

Bending stiffness EcIc = 3158 × 109 Nm2

Modal mass of the carbody mmc = 35,224 kg

Modal stiffness of the carbody kmc = 88.998 MN/m

Modal damping of the carbody cmc = 53.117 kNs/m

Vertical stiffness of the primary suspension kzb = 1.1 MN/m

Vertical damping of the primary suspension czb = 13.05 kNs/m

Vertical stiffness of the secondary suspension kzc = 0.6 MN/m

Vertical damping of the secondary suspension czc = 17.22 kNs/m

Reference stiffness of the traction rod ktr = 10 MN/m

Reference damping of the traction rod ctr = 25 kNs/m

4.2. Numerical Simulation Results and Discussion

In this section, the results obtained through numerical simulations are presented,
based on which the effect of the traction bar on the vertical vibration behavior of the
railway vehicle carbody is analyzed. To evaluate the vertical vibration behavior of the
carbody, the power spectral density of the carbody acceleration, the root mean square of
the carbody acceleration and the partial ride comfort index, calculated at the middle of
the carbody and above the secondary suspension of the first bogie (bogie 1), are used. To
analyze the effect of the traction rod, the cases ‘without traction rod’ and ‘with traction
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rod—with damping’ are considered, and to highlight the effect of the damping of the
traction rod, the cases ‘with traction rod—with damping’ and ‘with traction rod—without
damping’ are considered.

Figure 6 shows the power spectral density of the acceleration of the carbody, at a
velocity of 200 km/h, for the cases ‘without traction rod’ and ‘with traction rod’—with
damping’. For the case ‘with traction rod’, three values of the stiffness of the traction rod
are considered, respectively: the reference value (ktr = 10 MN/m) and two analysis values
(ktr = 15 MN/m and ktr = 20 MN/m).
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Series of maxima and minima are evident on the power density spectrum of the
acceleration. The maxima correspond to the natural frequencies of the vehicle vibration
modes. In the middle of the carbody, the peaks corresponding to the natural frequencies
of carbody bounce (1.17 Hz), the vertical bending of the carbody (8 Hz), and the bogie
bounce (6.65 Hz) are highlighted. The peak corresponding to the natural frequency of
the bogies’ pitch (9.63 Hz) appears only in the case ‘with traction rod’. In this case, pitch
vibrations of the bogies are transmitted through the traction bar to the carbody. The peaks
of the natural frequencies of the bounce and vertical bending of the carbody and the bogie
pitch are also observed on the spectrum of the power density of the acceleration above
the secondary suspension, but here, these vibration modes have a less significant weight.
In this case, the spectrum of the acceleration power spectral density is dominated by the
peak corresponding to the natural frequency of the carbody pitch, which is at 1.46 Hz for
the case ‘without traction rod’. For the case ‘with traction rod’, the natural frequency of
the pitch vibrations of the carbody changes according to the stiffness of the traction rod,
respectively, being 1.72 Hz for the reference value of the stiffness of the traction rod, 1.81 Hz
for ktr = 15 MN/m, and 1.89 Hz for ktr = 20 MN/m.
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The minima of the power spectral density of the acceleration are produced by the
antiresonance effect due to the geometric filtering effect of the wheelbase of the carbody
and the wheelbase of the bogie. These minima occur at geometric filtering frequencies.
When the geometric filtering frequencies overlap with one of the natural frequencies of the
vehicle’s vibration modes, their influence is significantly reduced. The effect of geometric
filtering has been highlighted in numerous studies of vertical vibrations of the railway
vehicles [50–52]. As can be seen in the diagrams in Figure 6, geometric filtering has a
more important effect at the middle of the carbody, because here, both the filtering effect
produced by the bogie wheelbase and the geometric filtering effect produced by the carbody
wheelbase are cumulated. The geometric filtering effect above the secondary suspension
is less effective than in the middle of the carbody, because only the bogie wheelbase
is produced. On the other hand, geometric filtering effect is velocity dependent. As a
result of the geometric filtering effect, the vibration level of the carbody does not increase
continuously as the velocity increases [52], as will be shown later.

As for the influence of the traction rod on the vertical vibration level of the carbody, it
manifests especially at the natural frequency of the vertical bending of the carbody and
the natural frequency of the pitch vibrations of the bogie. Increasing the stiffness of the
traction rod results in significant increases in the vibration level at both natural frequencies,
and this is best highlighted in the middle of the carbody (diagram a). For example, at
the natural frequency of the vertical bending of the carbody, comparing the case ‘without
traction rod’ and the case ‘with traction rod’, an increase in the power spectral density
of the acceleration is registered as 43.34% for ktr = 10 MN/m. If the traction rod stiffness
is 15 MN/m, the power spectral density of the acceleration increases is 115.29%, and for
kxc = 20 MN/m, it is 154.95%. At the natural frequency of the bogie pitch, increasing the
traction rod stiffness from 10 MN/m to 20 MN/m leads to an increase of about 400% in the
power spectral density of the acceleration.

The influence of the damping of the traction rod on the vertical vibration level of
the carbody at a velocity of 200 km/h is highlighted in Figure 7. The case ‘with traction
rod’, with a traction rod stiffness of 20 MN/m, and the cases ‘without damping’ and ‘with
damping’ (with ctr = 25 kNs/m) were considered.
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(a) in the middle of the carbody; (b) above the secondary suspension of bogie 1.

The increase in the power spectral density for the case ‘without damping’ is high-
lighted in the natural frequencies of the vertical bending of the carbody and the bogie pitch
(diagram a), and at the natural frequency of the carbody pitch (diagram b). In the middle
of the carbody, at 8 Hz, there is an increase in the power spectral density of acceleration
of 3.3%, and, at 9.63 Hz, the increase is 11.8%. Above the secondary suspension, at a
frequency of 1.89 Hz, the increase in the power spectral density of the acceleration is 4.7%.
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The increase in the power spectral density of the acceleration in the case ‘with traction
rod—without damping’ also depends on the stiffness of the traction rod, as shown in
Figure 8.

Vehicles 2023, 5, FOR PEER REVIEW 14 
 

 

 
Figure 8. The increase in the power spectral density of the acceleration in the ‘with traction rod—
without damping’ case: (a) in the middle of the carbody at the natural frequency of the vertical 
bending of the carbody; (b) in the middle of the carbody at the natural frequency of the bogie pitch; 
(c) above the secondary suspension of bogie 1 at the natural frequency of the carbody pitch. 

Diagrams (a) and (b) in Figure 8 show the increase in the power spectral density of 
the acceleration at the natural frequencies of the vertical bending of the carbody (8 Hz) 
and the pitch of the bogie (9.63 Hz) for several values of the stiffness of the traction rod 
between 10 MN/m and 20 MN/m, for the case ‘with traction rod—without damping’ in 
relation to the case ‘with traction rod—with damping’ with ctr = 25 kNs/m and ctr = 50 
kNs/m. It is observed that if the damping of the traction rod is not considered, the increase 
in the power spectral density of the acceleration at the frequency of 8 Hz can reach up to 
10.2% (for ktr = 10 MN/m) in relation to the case ‘with damping’ for ctr = 25 kNs/m, respec-
tively, up to 13.2% (for ktr = 11 MN/m) for ctr = 50 kNs/m. At a frequency of 9.63 Hz, the 
maximum increase in the power spectral density of the acceleration in the case ‘without 
damping’ in relation to the case ‘with damping’ is 12% (for ktr = 19 MN/m) for ctr = 25 
kNs/m and of 21.8% (for ktr = 20 MN/m) for ctr = 50 kNs/m. At the natural frequency of the 
pitch vibrations of the carbody (diagram c), the highest increase in the power spectral 
density of the acceleration (12.36%) is recorded for a traction rod stiffness of 10 MN/m and 
a traction rod damping of 50 kNs/m. 

In Figures 9 and 10, the power spectral density of the acceleration at the natural fre-
quency of the vertical bending of the carbody and the natural frequency of the bogie pitch, 
respectively, in the velocity range between 10 km/h and 200 km/h in correlation with trac-
tion rod stiffness is represented. The general tendency is for the carbody vibration level to 
increase with the velocity at both natural frequencies, but the increase is not continuous 
due to the geometric filtering effect. Depending on the velocity, the diagrams show a 

Figure 8. The increase in the power spectral density of the acceleration in the ‘with traction rod—
without damping’ case: (a) in the middle of the carbody at the natural frequency of the vertical
bending of the carbody; (b) in the middle of the carbody at the natural frequency of the bogie pitch;
(c) above the secondary suspension of bogie 1 at the natural frequency of the carbody pitch.

Diagrams (a) and (b) in Figure 8 show the increase in the power spectral density of the
acceleration at the natural frequencies of the vertical bending of the carbody (8 Hz) and the
pitch of the bogie (9.63 Hz) for several values of the stiffness of the traction rod between
10 MN/m and 20 MN/m, for the case ‘with traction rod—without damping’ in relation to
the case ‘with traction rod—with damping’ with ctr = 25 kNs/m and ctr = 50 kNs/m. It is
observed that if the damping of the traction rod is not considered, the increase in the power
spectral density of the acceleration at the frequency of 8 Hz can reach up to 10.2% (for
ktr = 10 MN/m) in relation to the case ‘with damping’ for ctr = 25 kNs/m, respectively, up
to 13.2% (for ktr = 11 MN/m) for ctr = 50 kNs/m. At a frequency of 9.63 Hz, the maximum
increase in the power spectral density of the acceleration in the case ‘without damping’
in relation to the case ‘with damping’ is 12% (for ktr = 19 MN/m) for ctr = 25 kNs/m and
of 21.8% (for ktr = 20 MN/m) for ctr = 50 kNs/m. At the natural frequency of the pitch
vibrations of the carbody (diagram c), the highest increase in the power spectral density of
the acceleration (12.36%) is recorded for a traction rod stiffness of 10 MN/m and a traction
rod damping of 50 kNs/m.
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In Figures 9 and 10, the power spectral density of the acceleration at the natural
frequency of the vertical bending of the carbody and the natural frequency of the bogie
pitch, respectively, in the velocity range between 10 km/h and 200 km/h in correlation
with traction rod stiffness is represented. The general tendency is for the carbody vibration
level to increase with the velocity at both natural frequencies, but the increase is not
continuous due to the geometric filtering effect. Depending on the velocity, the diagrams
show a succession of maxima of the power spectral density of the acceleration; these
correspond to a situation wherein geometric filtering has no effect. The minima appear
at geometric filtering velocities. The geometric filtering effect is more intense in the area
of low velocities, where more geometric filtering velocities are concentrated, an aspect
highlighted in diagrams (a’) and (b’). The influence of the stiffness of the traction rod
on the level of vertical vibrations of the carbody is dependent on the velocity and on the
geometric filtering effect, respectively. The largest increases in the power spectral density of
the acceleration due to the traction rod occur at high velocities, when geometric filtering has
no effect. For example, at the vertical bending frequency of the carbody, in the middle of
the carbody (Figure 9), at a velocity of 121 km/h, there is an increase in the power spectral
density of 19%, prompted by increasing the stiffness of the traction rod from 10 MN/m to
20 MN/m; at a velocity of 158 km/h, the increase is 28.8%. At the pitch frequency of the
bogie, in the middle of the carbody (Figure 10), when increasing the traction rod stiffness
from 10 MN/m to 20 MN/m at a velocity of 147 km/h, the increase in the power spectral
density is 432.8%; at a velocity of 190 km/h, the increase is 422.7%.
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Figure 10. Power spectral density of acceleration at the pitch frequency of the bogie: (a) and (a’) at
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Figure 11 shows the root mean square of acceleration of the carbody at its middle and
above the secondary suspension of the first bogie, over a velocity range between 10 km/h
and 200 km/h, in correlation with the stiffness of the traction rod. Here, too, the general
tendency of the root mean square to increase with velocity is noticeable, which is not
continuous due to the geometric filtering effect. The influence of the traction rod on the
root mean square of acceleration manifests itself at velocities higher than 100 km/h and,
particularly in the middle of the carbody, where significant increases in the vibration level
are recorded for the values of traction rod stiffness greater than 10 MN/m. For example,
the diagrams of Figure 12 show the root mean square of the acceleration at velocities of
160 km/h, 180 km/h, and 200 km/h for the case ‘without traction rod’ and for the case
‘with traction rod—with damping’, with three values of the stiffness of the traction rod.
Table 2 shows the increase in the root mean square of the acceleration for the case ‘with
traction rod—with damping’ in relation to the case ‘without traction rod’.

Table 2. The increase in the root mean square of acceleration due to the traction rod.

Velocity [km/h] ktr = 10 MN/m ktr = 15 MN/m ktr = 20 MN/m

The increase in the middle of the carbody

160 125.06% 172.38% 195.77%
180 73.17% 129.45% 176.06%
200 28.64% 53.06% 75.11%

The increase above the secondary suspension of bogie 1

160 4.95% 7.84% 9.08%
180 6.59% 11.29% 15.86%
200 8.66% 12.05% 14.07%
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secondary suspension of bogie 1.
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Figure 12. Example of the influence of the traction rod stiffness on the root mean square of acceleration:
(a) at the middle of the carbody; and (b) above the secondary suspension of bogie 1.

To analyze the influence of the traction rod damping on the root mean square of
acceleration, in Figure 13, the cases ‘without traction rod’ and ‘with traction rod’ (for
ktr = 20 MN/m) were considered, both ‘with damping’ and ‘without damping’, for the
velocities analyzed above.
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Comparing the cases ‘with damping’ and ‘without damping’, it is observed that if
the damping of the traction rod is not considered, the increase in the root mean square of
acceleration can reach up to 6.9% in the middle of the carbody, respectively, to 2.81% above
the secondary suspension, at a velocity of 180 km/h. This increase, however, depends
on the velocity, as shown in Figure 14, in which the percentage increase in the root mean
square of acceleration for the case ‘without damping’ compared to the case ‘with damping’
is presented. It is observed that in the middle of the carbody, the increase in the root mean
square of acceleration reaches 8.9%, while above the secondary suspension, this increase is
less important, not exceeding 2.9%.
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Based on the following figures, the influence of the traction rod on ride comfort is
analyzed based on the partial ride comfort index for vertical vibrations. Figure 15 shows
the ride comfort index calculated for the velocity range 10... 200 km/h in correlation
with the stiffness of the traction rod. The ride comfort index increases with speed, but
not monotonically, due to the geometric filtering effect, similar to the root mean square
acceleration. The effect of the traction rod on the ride comfort index keeps the same trend
as the root mean square; it is important at velocities above 100 km/h for traction rod
stiffnesses between 10 MN/m and 20 MN/m. Here, significant increases in the ride comfort
index are observed both in the middle of the carbody and above the secondary suspension.
For example, Figure 16 shows the ride comfort indices at velocities of 160 km/h, 180 km/h
and 200 km/h, for the case ‘without traction rod’ and for the case ‘with traction rod—
with damping’ with three values of the traction rod stiffness: 10 MN/m, 15 MN/m and
20 MN/m. For these cases, the percentage increases in the ride comfort index due to the
traction rod were calculated (see Table 3).
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Table 3. Increased ride comfort index due to the traction rod. 
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Table 3. Increased ride comfort index due to the traction rod.

Velocity [km/h] ktr = 10 MN/m ktr = 15 MN/m ktr = 20 MN/m

The increase in the middle of the carbody

160 241.76% 322.69% 361.84%
180 138.75% 212.68% 282.29%
200 55.81% 97.83% 133.93%

The increase above the secondary suspension of bogie 1

160 42.21% 62.13% 72.94%
180 28.90% 51.78% 72.26%
200 21.90% 34.66% 45.54%

The influence of traction rod damping on ride comfort is highlighted in the diagrams in
Figure 17, where ride comfort indices are presented for the case ‘without traction rod’ and for
the case ‘with traction rod’, both ‘with damping’ and ‘without damping’ for ktr = 20 MN/m
at velocities of 160 km/h, 180 km/h and 200 km/h.
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carbody; and (b) above the secondary suspension of bogie 1.

If we compare the case ‘with traction rod—without damping’ and the case ‘with
traction rod—with damping’, the ride comfort index in the middle of the carbody increases
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without damping the traction rod by 5.6% at a velocity of 160 km/h, by 3.3% at a velocity
of 180 km/h, and by 3.1% at 200 km/h. Above the secondary suspension, the ride comfort
index increases by 4.2% at 160 km/h, 5.3% at 180 km/h, and 1.95% at 200 km/h. Depending
on the velocity, these increases can reach almost 10% in the middle of the carbody and 6%
above the secondary suspension, as shown in Figure 18.
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5. Conclusions

In this paper, the effect of the traction rod on the vertical vibration behavior of a railway
vehicle carbody—evaluated based on the power spectral density of the carbody acceleration,
the root mean square of the carbody acceleration, and the ride comfort index—was analyzed.
In this context, a parametric study was carried out regarding the vertical vibration level of
the carbody at its middle and above the secondary suspension, according to the stiffness
and damping of the traction rod, in correlation with the velocity. To this end, the results of
the numerical simulations obtained for the cases ‘with traction rod—with damping’ and
‘with traction rod—without damping’ were used, which were compared with the results
of the numerical simulations for the case ‘without traction rod’. The results for the case
‘without traction rod’ and the case ‘with traction rod—without damping’ are qualitatively
comparable to those in the literature review. Numerical simulation applications were
developed based on a theoretical rigid–flexible vehicle model, where the traction rod is
represented in an original way by a longitudinal Kelvin–Voigt system integrated into the
secondary suspension model.

After analyzing the results of the numerical simulations, the following conclusions
were drawn:

1. The effect of the traction rod on the power density spectrum of the carbody accelera-
tion was highlighted on the one hand by increasing the natural frequency of the pitch
vibrations of the carbody without significant changes in the vibration level, and on the
other hand by increasing the level of vibrations of the carbody at the natural frequen-
cies corresponding to the carbody vertical bending and the bogie pitch. Increasing
the vibration level of the carbody at these frequencies correlated with traction rod
stiffness, traction rod damping, and velocity.

2. The effect of the traction rod on the root mean square of the acceleration is particularly
pronounced in the middle of the carbody at velocities above 100 km/h. Depending on
the stiffness of the traction rod and velocity, there were significant increases in the root
mean square of the carbody acceleration that reached almost 200%. In the absence of
traction rod damping, significant increases in the root mean square (of between 0.47%
and 8.9%) in the middle of the carbody were obtained, which varied depending on
the velocity.
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3. The ride comfort index at vertical vibration is significantly influenced by the stiffness
of the traction rod. Significant increases in the ride comfort index that exceed 300%
in the middle of the carbody and 70% above the secondary suspension, respectively,
were obtained, depending on the velocity and the stiffness of the traction rod. The
lack of traction rod damping causes significant increases in the ride comfort index,
which can reach up to almost 10% in the middle of the carbody and 6% above the
secondary suspension, depending on the velocity.

The above conclusions, which highlight the influence of the stiffness and damping
of the traction rod on the vibration level of the carbody, will be useful in future research
focusing on the evaluation of vibration behavior, or the evaluation of the ride quality and
ride comfort of railway vehicles.
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Appendix A

For the calculation of the partial frequency response functions of the carbody accelera-
tion corresponding to the three modes of vibration, bounce, pitch, and vertical bending,
respectively, it is considered that the vertical irregularities of the track are harmonic with
the amplitude zw0. Relative to the middle of the carbody, the vertical irregularities of the
track are described along the four wheelsets by the harmonic functions

zw1,2(t) = zw0 cosω
(

t +
ac ± ab

V

)
; zw3,4(t) = zw0 cosω

(
t− ac ∓ ab

V

)
, (A1)

whereω = 2πV/Λ represents the angular frequency given by the vertical irregularities of
the track with wavelength Λ.

Considering that the response of the vehicle to the harmonic irregularities of the track
is also harmonic, with the same frequency, the coordinates that describe the displacements
of the carbody and bogies can be written according to the general relation

qk(t) = Qk cos(ωt + αk), cu k = 1÷ 7, (A2)

where Qk is the displacement amplitude, and αk is the phase of the coordinate k compared
to the vertical irregularities of the track relative to the carbody middle.

In the system of Equation (17), the complex quantities associated with the real quanti-
ties are introduced (for i2 = −1):

zwj(t) = Zw0jeiωt, for j = 1÷ 4, (A3)

qk(t) = Qkeiωt, for k = 1÷ 7, (A4)

with q1(t) = zc(t) = Zc0eiωt, q2(t) = θc(t) = Θc0eiωt, q3(t) = Tc(t) = Tc0eiωt,

q4(t) = zb1(t) = Zb01eiωt, q5(t) = θb1(t) = Θb01eiωt,

q6(t) = zb2(t) = Zb02eiωt, q7(t) = θb2(t) = Θb02eiωt,
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where Zw0j, Zc0, Θc0, Tc0, Zb01, Zb02, Θb01, Θb02 are the complex amplitudes:

Zw01 = Zw0ei(2π/V)(ac+ab), Zw02 = Zw0ei(2π/V)(ac−ab),

Zw03 = Zw0ei(2π/V)(−ac+ab), Zw04 = Zw0ei(2π/V)(−ac−ab)

Zc0 = Zceiαzc , Θc0 = Θc0eiαθc , Tc0 = TceiαTc ,

Zb01 = Zb01eiαzb1 Zb02 = Zb02eiαzb2 , Θb01 = Θb01eiαθ1 , Θb02 = Θb02eiαθ2 .

The system of Equation (17), which is a system of second-order differential equations
with ordinary derivatives, turns into a system of inhomogeneous algebraic equations

(−ω2M + A)
–
Q = B, (A5)

where the vectors Q and B, respectively, and the matrices M and A are of the form
–
Q = [Q1 Q2 . . . Q7]

T

B = αzb



0
0
0

exp[iω(ac + ab)/V] + exp[iω(ac − ab)/V]
exp[iω(−ac + ab)/V] + exp[iω(−ac − ab)/V]

exp[iω(ac + ab)/V]− exp[iω(ac − ab)/V]
exp[iω(−ac + ab)/V]− exp[iω(−ac − ab)/V]


M = diag(mc, Jc, mmc, mb, Jb, mb, Jb)

A =



2αss 0 2εαss −αss 0 −αss 0
0 A1 0 −acαss A3 −acαss A3

2εαss 0 A2 −εαss λA3 −εαss −λA3
−αzc −acαss −εαss 2αps + αss 0 0 0

0 A3 λA3 0 0 A4 0
−αss acαss −εαss 0 2αps + αss 0 0

0 A3 −λA3 0 0 0 A4


in which the notations were entered:

αss = 2(iωcss + kss), αps = 2(iωcps + kps), αtr = 2(iωctr + ktr), αmc = iωcmc + kmc,

A1 = 2a2
cαss + 2h2

cαtr, A2 = αmc + 2ε2αss + 2h2
cλ

2αtr, A3 = hchbαtr, A4 = 2a2
bαps + h2

bαtr.

The system of Equation (A5) results in the frequency response functions of the acceler-
ation of the vehicle carbody, corresponding to the three modes of vibration: bounce, pitch,
and vertical bending,

Hzc(ω) = −ω2 Zco(ω)

Zwo
, Hθc(ω) = −ω2 Θc0(ω)

Zwo
, HTc(ω) = −ω2 Tc0(ω)

Zwo
. (A6)
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