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Abstract

Atomic charges are widely used to analyze molecular electronic structure and substituent
effects, yet their numerical values and interpretations are inherently dependent on the
adopted density partitioning scheme. Here, we adapt the Equivariant Atomic Contribution
framework to molecular systems (EAC-qm), enabling prediction of atom-resolved contin-
uous charge densities from which atomic charges are obtained as spatial moments. The
predicted densities reproduce reference density functional theory results with high accuracy
and preserve global charge conservation. To assess chemical interpretability, we examine
charge responses in monosubstituted aromatic systems using Hammett substituent con-
stants as external empirical references. Atomic charges derived from EAC-qm exhibit a
strong linear association with Hammett parameters, compared with values obtained from
traditional density partitioning approaches applied to the same electronic structures. These
correlations indicate that density-derived charges respond systematically to established
substituent electronic trends. Beyond scalar charges, atom-resolved dipole moments can be
evaluated as first-order moments of the same continuous density representation. Illustra-
tive examples for formaldehyde (H,CO) and formamide (HCONH;) show that local dipole
vectors provide directional information about intra-atomic polarization that is not captured
by point-charge models. Overall, the results suggest that machine-learned continuous
electron densities provide a representation-consistent basis for constructing atom-centered
electronic descriptors with chemical interpretability.

Keywords: machine-learned electron density; atomic charges; density partitioning;
substituent effects; Hammett constants

1. Introduction

Atomic charges are widely employed to quantify molecular electronic structure, polar-
ity, chemical reactivity, and substituent effects. However, atomic charges are not strictly
observable quantities; their values and physical interpretation depend heavily on the par-
titioning scheme adopted. A variety of atomic charge partitioning schemes have been
developed to date. According to the quantity being partitioned, they can be broadly classi-
fied into methods based on atomic orbitals or wavefunctions (such as Mulliken charges [1]
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and Natural Bond Orbital (NBO) analysis [2]), methods based on real-space partitioning
of the electron density (such as Bader [3], Hirshfeld analyses [4], and Density Derived
Electrostatic and Chemical (DDEC) [5,6]), and fitting approaches aimed at reproducing
the molecular electrostatic potential (such as RESP charges [7]). While these methods
successfully translate quantum chemical results into atomic-level features and have proven
valuable for analyzing substituent effects and reactivity trends, the underlying physical
assumptions regarding electron assignment and localization differ significantly across
schemes. Consequently, atomic charges derived from different methods may lack a unified
quantitative scale for describing electronic effects in certain systems or chemical contexts,
limiting their reliability as empirical correlation features.

In recent years, a variety of machine-learning approaches such as PACMAN [§],
PhysNet [9], Chemprop [10], etc. Refs. [11-14], have been developed to predict atomic
properties, including atomic charges, based on local environments. Most of these methods
rely on related local representations to map atomic neighbors to atom-resolved quantities.
In practice, such models are typically trained on atomic charges obtained from conventional
partitioning schemes, which serve as supervision labels. Therefore, these models inevitably
inherit the limitations of the underlying charge-partitioning methods. Atomic charges are
not uniquely defined. Consequently, the assumptions and biases embedded in a given
partitioning procedure are directly transferred to the machine-learning model, thereby
constraining both its learning target and its interpretability.

In addition, if one aims to obtain higher-order quantities, such as atomic dipole
moments, an additional model is typically required. In this case, the two end-to-end
predicted quantities fundamentally lack representation-level consistency. In this work,
representation-level consistency refers to the requirement that atomic charges, dipole
moments, and higher-order descriptors arise as successive spatial moments of the same
underlying atom-resolved charge density representation, ensuring that all derived quanti-
ties share a common physical origin. That is, although the training labels may originate
from the same charge partitioning scheme, the quantities are learned as separate prediction
tasks. Since the dipole is not computed from the predicted charges but directly predicted
by another network or output head, their internal representations are not guaranteed to be
physically consistent.

In addition to charge-prediction models trained on predefined partitioning schemes,
several recent frameworks have aimed at learning the full electron density directly. While
these approaches provide spatially resolved electronic information, they typically treat the
total density as a regression target without explicitly addressing the question of atomic
decomposition. As a result, atomic charges or multipoles must still be obtained through a
subsequent partitioning or projection procedure. Conceptually, existing machine-learning
strategies therefore fall into two categories: either they inherit the assumptions of a pre-
defined charge-partitioning scheme through supervised learning, or they learn the total
density but rely on post hoc analysis to extract atom-resolved quantities. In neither case
is the atomic decomposition itself learned as an intrinsic component of the model. This
observation highlights a fundamental gap: whether we can construct a framework that
learns an atomic density decomposition directly from data, without imposing predefined
partitioning rules and without requiring post-processing to recover atom-resolved charges.

In our previous work, we introduced the equivariant atomic contribution network
(EAC-Net) [15]. Rather than predicting scalar charges directly, the model learns a spatially
resolved contribution of charge density associated with each atom, whose sum repro-
duces the total charge density of the system. Atomic charges can then be obtained as a
derived quantity by integrating the corresponding atomic contribution over all space. From
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this perspective, EAC constitutes a machine-learning-defined charge-partitioning scheme,
constructed implicitly through the learned charge-density decomposition.

Despite this appealing formulation, the physical soundness and numerical reliability
of such a machine-learning-induced charge partitioning have not yet been systematically
examined, particularly for organic molecular systems. In the present work, we address
this gap by applying the EAC framework to a diverse set of organic molecules and criti-
cally assessing its performance and behavior in the context of atomic charge partitioning.
The previous EAC-mp foundation model was trained on chemically diverse inorganic
crystal structures from the Materials Project database [16]. Based on this, we develop
the EAC-gm model optimized for molecular systems based on the QM9 dataset [17,18]
and apply it to a series of representative chemical problems. First, using Hammett sub-
stituent constants as empirical benchmarks, we assess the chemical consistency of atomic
net charges derived from EAC-qm in describing aromatic substituent effects, in comparison
with conventional charge partitioning schemes such as DDEC6 and NBO. Second, building
upon the continuous atomic charge densities predicted by the model, we introduce atomic
electric dipole moments and their local, nucleus-referenced forms, providing a physically
transparent framework for analyzing atomic-scale polarization and charge reorganization.
Together, these results demonstrate that machine-learned continuous charge densities en-
able a unified and extensible description of atomic electronic structure that goes beyond
scalar charge assignments.

In contrast, the present EAC-based framework explicitly learns an atom-resolved
density decomposition as an intrinsic component of the model architecture. This enables
several new capabilities.

* Atomic net charges and higher-order multipole moments arise naturally as spatial
moments of the same learned atomic density contributions, ensuring representation-
level consistency between scalar and vectorial descriptors.

*  The atomic decomposition is not imposed through predefined partitioning rules, but
emerges from supervised learning of the total density, allowing the model to define an
internally consistent, data-driven partitioning scheme.

* As the decomposition is continuous and equivariant by construction, the resulting
atom-centered descriptors remain compatible with symmetry constraints and can be
systematically extended to higher-order moments without modifying the learning target.

Therefore, the advantage of the present approach is primarily conceptual—learning the
atomic density decomposition itself—while also providing practical benefits by eliminating
the need for separate models or post hoc partitioning procedures to obtain atom-resolved
electronic quantities.

2. Materials and Methods
2.1. EAC Framework

The Equivariant Atomic Contribution (EAC) framework was previously introduced
for real-space charge density prediction using equivariant atomic representations [15]. The
framework predicts electron densities by explicitly decomposing the total charge density
into atom-centered contributions while preserving exact E(3) equivariance. Rather than
assigning scalar atomic charges through post hoc partitioning schemes, the EAC framework
learns a continuous atomic charge density p 4 (r) for each atom A, such that the total electron
density is expressed as

p(r) =Y pa(r). )
A
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This formulation defines an intrinsic, model-consistent density decomposition and
enables atomic properties such as net charges and dipole moments to be derived directly
from continuous charge densities.

The EAC architecture consists of three conceptually distinct stages: (i) atom—atom
interaction, (ii) atom—-grid coupling, and (iii) density decoding, as illustrated in Figure 1.
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Figure 1. Architecture of the EAC framework. (a) Computational workflow of the model. Atomic
features are first processed through stacked equivariant interaction layers to obtain atomic descriptors.
These descriptors are then coupled with spatial coordinates r to construct atom—grid features, which
are decoded by a neural network to produce atom-resolved density contributions. (b) Illustration of
the three-stage structure of the framework, including atom—-atom interaction, atom-grid coupling,
and density decoding. The atom-resolved contributions p;(r) are summed to obtain the total electron
density p(r). Different colored boxes indicate different modules of the network.

2.1.1. Atom—-Atom Interaction

Each atom is first embedded according to its atomic number and local chemical envi-
ronment. Atomic representations are constructed using an E(3)-equivariant graph neural
network implemented within the e3nn framework [19]. Following the NequlP architec-
ture [20], atomic features are expanded in irreducible representations characterized by
angular momentum orders [ = 0,1, ..., L, enabling directional and anisotropic information
to be encoded in a symmetry-consistent manner.

Through successive equivariant message-passing layers, atomic descriptors are up-
dated by aggregating information from neighboring atoms within a finite cutoff radius. Ten-
sor products between atomic features and relative position vectors ensure strict rotational
equivariance. This stage produces a set of atom-centered equivariant descriptors {Di(l)}
that encode chemically meaningful information independent of any spatial discretization.

2.1.2. Atom—Grid Coupling

A defining feature of the EAC framework is the explicit coupling between atom-
centered descriptors and real-space grid points. Instead of constructing independent
features at each spatial location, atomic descriptors are directly coupled to grid coordinates
through atom—grid edges.

For each atom A and spatial point r, equivariant edge features are constructed as
functions of the relative position vector (r — R4) and the corresponding atomic descriptors.
Directional information is incorporated through spherical harmonic expansions of the
relative position vector. This design allows atomic representations learned in the atom-—
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atom stage to be reused consistently across arbitrary grid resolutions, decoupling atomic
representation learning from spatial discretization.

2.1.3. Density Decoding and Atomic Decomposition

The atomic charge density contribution p4(r) is decoded from scalar (I = 0) compo-
nents of the equivariant edge features using neural networks that determine both magni-
tude and spatial weighting. The total electron density is obtained by summing over all
atomic contributions, as shown in Equation (1).

Because the atomic density contributions are produced directly by the model output,
no external charge partitioning scheme is required. The atomic decomposition is there-
fore intrinsic to the learned representation and remains self-consistent across different
chemical environments.

In this work, we employ a molecularly optimized variant, denoted EAC-qm, obtained
via transfer learning from a pre-trained EAC-mp foundation model. The foundation model
was originally trained on chemically diverse crystal structures from the Materials Project
database [16]. The molecular adaptation is performed using charge density data derived
from the QM9 dataset [17,18]. This strategy preserves chemically transferable atomic
representations while adapting the atom-grid coupling and density decoding modules to
organic molecular systems.

2.2. Dataset and Data Partitioning

To adapt the EAC framework for molecular systems, charge density data derived from
the QM9 dataset were employed [17]. The QM9 dataset was selected primarily because it
provides a large number of small organic molecules with publicly available, consistently
computed three-dimensional electron density data suitable for supervised learning of
continuous charge densities. QM9-based density datasets explicitly provide real-space
charge density grids, which are essential for training and validating the atom-resolved
density decomposition framework adopted in this work. The QM9 dataset comprises
equilibrium geometries of small organic molecules containing H, C, N, O, and F atoms. In
this work, we utilize a publicly available extension of QM9 in which charge densities were
computed using the Vienna Ab initio Simulation Package (VASP) [18]. All charge densities
correspond to converged ground-state density functional theory (DFT) calculations and are
provided as three-dimensional real-space grids.

The raw dataset is organized into compressed archives, each containing charge density
files for 1000 independent molecular structures. To construct training, validation, and
test sets, complete archives were selected to avoid information leakage between subsets.
Specifically, fifteen archives (15,000 structures in total) were used for training, two archives
(2000 structures) were used for validation, and two additional archives (2000 structures)
were reserved as an independent test set. Splitting at the archive level ensures that no molec-
ular structure appears in more than one subset, thereby preventing data contamination
across training and evaluation stages.

All selected molecules are neutral, closed-shell systems containing only H, C, N,
O, and F atoms, consistent with the elemental scope of QM9. No additional chemistry-
based filtering was applied beyond the availability of converged charge density data. The
resulting dataset spans a chemically diverse set of small organic molecules and functional
groups representative of the QM9 chemical space.

Because each charge density is defined on a dense three-dimensional grid with ex-
tremely high dimensionality, a grid-point sampling strategy was employed during training
to reduce computational cost while preserving representational expressiveness. For each
molecular structure, a fixed number of spatial grid points were uniformly sampled from
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the full charge density grid. The sampled grid coordinates serve as input spatial locations,
while the corresponding DFT charge density values are used as supervision targets. This
sampling strategy allows efficient training without explicitly storing or processing the full
three-dimensional grid at each optimization step.

All molecular identifiers corresponding to the training, validation, and test subsets,
as well as the trained model parameters and configuration files, are publicly available
through the versioned Zenodo repository [21] associated with this work. This ensures full
transparency and reproducibility of the dataset construction and model evaluation protocol.

2.3. Model Training and Hyperparameters

To construct a molecularly optimized model, we fine-tuned the pre-trained EAC-mp
foundation model [15] on the QM9 charge density dataset, resulting in the EAC-gm model
used in this work.

2.3.1. Transfer Learning Strategy

In the EAC-gm model, transfer learning was employed to preserve chemically trans-
ferable atomic representations learned from chemically diverse inorganic systems in the
Materials Project dataset [16]. During fine-tuning, the parameters of the atom—atom inter-
action network, which generate equivariant atomic descriptors encoding local chemical
environments, were frozen and not updated by gradient descent. Only the atom-grid
coupling module and the density decoding networks were optimized using molecular
charge density data. This strategy retains chemically meaningful atomic representations
while adapting the real-space density reconstruction to the molecular domain.

2.3.2. Training Procedure

Model training was performed using stochastic gradient descent with mini-batches
consisting of multiple molecular structures. For each structure in a batch, a fixed number
of spatial grid points were sampled. The loss function was defined as the mean absolute
error between predicted and reference DFT charge densities evaluated at the sampled grid
points. The normalized mean absolute error (NMAE) was used to monitor convergence
during training and validation.

Training was conducted for 200,000 optimization steps using a learning rate schedule
ranging from 1.0 x 1073 to 1.0 x 10~°. All models employ spherical harmonic expansions
up to a maximum angular momentum order L = 5, ensuring sufficient angular resolution
while maintaining computational efficiency. The main hyperparameters used for model
training are summarized in Table 1.

Training was performed on a computational node equipped with NVIDIA RTX A6000
GPUs. Under this hardware configuration, the complete fine-tuning process required
approximately 16 h.

Table 1. Hyperparameters used for model training.

Parameter EAC-qm-Scratch EAC-gqm (Fine-Tuned)
Training steps 200k 200k
Structures per batch 15 15
Grid points per structure 25 25
Minimum learning rate 1.0 x 107° 1.0 x 107°
Maximum learning rate 1.0 x 1073 1.0 x 1073
Total model parameters 3.08M 3.08 M
Trainable parameters 3.08M 0.85M
Maximum spherical harmonic order 5 5
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2.3.3. Training Convergence

Figure 2 shows the training and validation NMAE curves of the EAC-qm model as
a function of optimization steps. The validation error closely follows the training error
throughout optimization, indicating stable convergence without significant overfitting.
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Figure 2. Training and validation normalized mean absolute error (NMAE) as a function of optimiza-
tion steps for the EAC-qm model. The learning rate schedule is shown for reference.

2.4. Reference Quantum Chemical Calculations

To provide physically consistent reference data and enable comparison with estab-
lished atomic charge and multipole analysis schemes, density functional theory (DFT)
calculations and post-processing analyses were performed using Vienna Ab initio Simula-
tion Package (VASP), Gaussian 16, and DDEC6.

2.4.1. VASP Calculations

Reference charge densities were obtained from plane-wave DFT calculations per-
formed using VASP [22]. The projector augmented-wave (PAW) method was employed to
describe core-valence interactions [23], together with the Perdew—-Burke-Ernzerhof (PBE)
generalized gradient approximation functional [24].

An energy cutoff of 400 eV was used for the plane-wave basis set. For isolated
molecules, sufficiently large simulation cells were constructed to eliminate spurious peri-
odic interactions, and I'-point sampling was applied. Electronic self-consistent field (SCF)
convergence was set to 1 x 107 eV. Static self-consistent calculations (NSW = 0) were
performed to obtain converged ground-state charge densities, which were subsequently
used for model training and analysis.

2.4.2. Gaussian 16 and NBO Analysis

Natural Bond Orbital (NBO) analyses were carried out using Gaussian 16 [25]. Density
functional theory calculations were performed using the BSLYP hybrid functional [26,27]
with the 6-31G(d) basis set [28]. Single-point energy calculations with the keyword pop=nbo
were employed to extract atomic charges from the NBO partitioning scheme. The SCF
convergence threshold was set to 1 x 10~ atomic units.

2.4.3. DDEC6 Charge Analysis

Density Derived Electrostatic and Chemical (DDEC6) atomic charges were computed
using the Chargemol program, which applies an iterative stockholder partitioning of the
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electron density [5,6]. The DDEC6 method partitions the total charge density into atom-
centered contributions designed to reproduce both chemical and electrostatic properties,
and serves as a widely used reference scheme for comparison with machine-learning-
derived charges.

2.4.4. Molecular Visualization and Post-Processing

Molecular structures were prepared and visualized using GaussView 6 [29]. Post-
processing of VASP outputs, including charge density extraction and format conversion,
was performed using VASPKIT [30]. All atomic charges and dipole moments derived from
grid-based charge densities were evaluated using the numerical integration procedure
described in Section 2.6 and Appendix C.

2.5. Definition of Atomic Charges and Dipole Moments

Within the EAC framework, the total electron density is represented as a sum of
atom-centered contributions,

p(r) =Y pa(r). 2
A

Once such an atomic decomposition of the charge density is available, atomic charges and
dipole moments can be evaluated directly from spatial moments of the corresponding
density functions.

2.5.1. Atomic Net Charges

The net atomic charge g4 is obtained from the zeroth-order moment of the atomic
charge density,

qa=2Za— /PA(T) dr, 3)

where Z, denotes the nuclear charge and p4(r) is the atom-resolved electron density
contribution predicted by the model.
By construction, summing over all atoms yields the total charge of the system,

Y ga=)Y 74— /p(r) dr, (4)
A A b

which reduces to zero for neutral systems considered in this work. In practice, the integrals
are evaluated numerically on uniform real-space grids using the finite-volume procedure
described in Appendix C.1.

2.5.2. Atomic Contributions to the Molecular Dipole Moment

Given a reference point ry (e.g., the origin used for computing the molecular dipole
moment), the molecular dipole moment is computed from the total charge density as

Protal = — /(" —ro)o(r)dr+ ;ZA(RA —19), (5)

where R 4 denotes the nuclear position.
Using the atom-resolved decomposition of p(r), the dipole moment can be written as

lobal
HPiotal = Z”io : ’ (6)
A

a sum of atomic contributions,

with
‘uilobal:7/(1,7r0)pA(r)dr+ZA(RA*1’0)- (7)
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This expression follows directly from the additivity of the density representation and
ensures that the atomic dipole contributions sum exactly to the total molecular dipole moment.

2.5.3. Local (Nucleus-Referenced) Atomic Dipole Moments

For analysis of intra-atomic polarization, it is often convenient to rewrite the atomic
dipole contribution by shifting the reference from the global origin r to the atomic nucleus
R 4. Rearranging the previous expression yields

”i\lobal _ /<,, —R)pa(r)dr+ga(Ra — 1) 8)

This decomposition separates the atomic dipole contribution into two parts. The
second term,
HA™ =qa(Ra —19), ©)
depends only on the net atomic charge and reflects inter-atomic charge transfer with respect
to the chosen origin.

The first term,
pelee = = [(r=Ra)pa(r) dr, (10)

corresponds to the first spatial moment of the atomic charge density relative to the nucleus.
In the following, this quantity is referred to as the atomic local dipole moment.

This form makes explicit that, once the atomic charge density p4(r) is specified, both
net charges and local dipole moments arise naturally as its zeroth- and first-order spatial
moments. Although these quantities depend on the adopted density decomposition scheme,
within a unified and internally consistent representation they provide complementary scalar
and directional information about atomic-scale electron redistribution.

2.6. Numerical Evaluation of Charges and Dipoles

Atomic charges and dipole moments are evaluated from grid-based charge densities
predicted by the EAC model. All integrals are computed numerically on uniform three-
dimensional real-space grids consistent with the charge density format used in plane-wave
density functional theory calculations.

For zeroth-order moments (atomic charges), direct summation over grid points
weighted by the corresponding voxel volume is sufficient to achieve stable and converged
results. However, first-order moments such as dipole moments are more sensitive to
discretization artifacts. To improve numerical stability and preserve spatial symmetry, a
finite-volume interpretation of the grid representation is adopted, in which each grid cell is
treated as a voxel and integration is performed using a midpoint quadrature scheme.

In this procedure, charge densities are effectively associated with voxel-centered coor-
dinates rather than grid nodes. This reduces systematic symmetry-breaking contributions
that may arise from endpoint quadrature and ensures that dipole components vanish to
numerical precision for systems possessing inversion or mirror symmetry.

All integrations are performed consistently for total charge densities as well as for
atom-resolved densities p 4 (r). For molecular systems computed using VASP, only valence
electron densities are present in the CHGCAR files (VASP Charge Density Output File).
Because core electron densities are spherically symmetric and integrate to the corresponding
core charges, molecular dipole moments computed from valence densities are equivalent
to those obtained from the full electron density representation.

Additional implementation details, including the voxel-averaging scheme, treatment
of periodic boundary conditions, are provided in Appendix C.
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3. Results
3.1. Charge Density Prediction and Physical Consistency

We first evaluate the ability of the EAC-qm model to reproduce reference density
functional theory (DFT) charge densities for molecular systems derived from the QM9
dataset [17]. All reference densities were obtained from plane-wave DFT calculations
performed using VASP [22-24], as described in Section 2.4.1.

Figure 3a presents the parity comparison between predicted and reference charge
density values evaluated on the independent test set. Each point corresponds to a grid
sample from the three-dimensional charge density field. The predicted densities closely
follow the diagonal line over the entire density range, indicating excellent agreement with
the reference DFT values. The inset shows the distribution of absolute density deviations,
which are strongly concentrated near zero. The normalized mean absolute error remains
below 1%, demonstrating that the learned representation accurately captures the spatial
distribution of valence electron density.
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Figure 3. (a) Parity comparison between EAC-gm-predicted charge densities and reference DFT values
on the QMO test set. The inset shows the distribution of absolute density deviations. (b) Verification of
charge conservation: integrated valence electrons obtained from predicted densities versus reference
electron counts from pseudopotential files. (c) Molecular dipole moment predictions for the QM9
dataset. Dipole moments derived from EAC-qm-predicted densities are plotted against DFT reference
values. The diagonal line indicates perfect agreement.

Beyond pointwise accuracy, physically meaningful charge density representations
must satisfy global conservation constraints. To assess this, we integrated the predicted
charge densities over real space and compared the resulting total valence electron counts
with those specified by the pseudopotential files used in the underlying DFT calculations.
As shown in Figure 3b, the integrated electron numbers agree closely with the reference
values across the entire test set, with deviations remaining at the level of 1073 electrons.
Although no explicit charge-conservation constraint was imposed during training, the
model preserves total electron count to high numerical precision.

Quantitative analysis in Figure 3c shows that dipole moments predicted by the EAC-
gm model agree closely with reference values, achieving a root-mean-square error (RMSE)
of 0.23 D, which is comparable to the DDEC6 reference dipole moments (RMSE = 0.25 D)
obtained from the Chargemol analysis of the VASP charge densities. This result demon-
strates that the charge densities learned by EAC-qm not only accurately reproduce DFT
results but also faithfully capture key electrostatic physical properties, establishing a reli-
able foundation for subsequent atomic-scale dipole moment decomposition based on these
charge densities.

To further examine the robustness and out-of-distribution transferability of the learned
density representation, we constructed an additional external molecular test set and per-
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formed explicit geometry perturbation analyses. The detailed protocol and quantitative
results are provided in Appendix B.

Together, these results indicate that the EAC-qgqm model not only reproduces local
charge density values with high fidelity but also maintains global charge conservation. This
combination of pointwise accuracy and integral consistency provides a reliable foundation
for deriving atom-resolved charges and dipole moments from the predicted continuous
electron densities.

3.2. Substituent Effects and Hammett Correlations

To evaluate whether atomic charges derived from the learned charge density rep-
resentation capture chemically meaningful substituent effects, we analyzed a series of
monosubstituted benzene derivatives as model systems. All three charge schemes were
evaluated on the same set of molecular geometries (the same substituted benzene struc-
tures) to ensure a consistent basis for the Hammett correlation comparison. Substituent
effects in aromatic chemistry are commonly characterized using Hammett substituent
constants, originally introduced to correlate reaction kinetics and equilibria with electronic
properties of substituents [31]. Subsequent compilations have tabulated ¢y, and 7, values
for a broad range of functional groups [32,33]. In this work, these literature values are
used exclusively as external empirical reference descriptors and are not reparameterized or
predicted. The complete list of Hammett constants employed in this study is provided in
Appendix A Table A1.

For each substituted benzene, the substituent-induced electronic response of the
aromatic ring was quantified by evaluating the change in net atomic charge at the meta
and para carbon positions relative to unsubstituted benzene. The charge response Ag
is defined as the difference between the atomic net charge of a given ring carbon in the
substituted system and that of the corresponding carbon in benzene. This definition
provides a direct measure of substituent-induced redistribution of electron density within
the aromatic framework.

Figure 4a,b illustrate the spatial distribution of atomic net charges in representative
systems. Electron-donating substituents (e.g., -NHj, -OH) lead to charge accumulation on
the benzene ring carbons, particularly at the ortho and para positions, whereas electron-
withdrawing substituents (e.g., -NO,, -COOH) induce charge depletion. These qualitative
trends are consistent with classical chemical intuition regarding inductive and resonance
effects in substituted aromatics.

The quantitative correlations between calculated charge responses and Hammett
constants are shown in Figure 4c—e. Panels (c) and (d) present results obtained from DDEC6
and NBO atomic charges, respectively, while panel (e) shows the corresponding correlations
derived from EAC-qm charge densities. In all cases, approximately linear relationships
are observed between Agy, and oy, as well as between Ag, and ¢,. The coefficients of
determination indicate that the EAC-qm-derived charge responses exhibit stronger linear
association with Hammett constants compared to the DDEC6 and NBO results shown in
the same figure.

It is important to emphasize that Hammett constants are empirical parameters derived
from specific reaction series and therefore reflect reaction-dependent electronic effects
rather than uniquely defined observables [33]. The purpose of the present analysis is not to
construct a predictive model for ¢ values, but rather to assess whether the atomic charges
obtained from a unified density decomposition respond systematically to substituent
electronic character in a manner aligned with established empirical trends. Within this
context, the observed correlations support the interpretability of the density-derived atomic
charges as chemically consistent descriptors of substituent-induced electron redistribution.
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Figure 4. (a,b) Atomic net charge maps of substituted benzene rings, where blue and red colors
indicate electron accumulation and depletion, respectively. Panel (a) shows electron-donating sub-
stituents (-NHy, -OH), while panel (b) shows electron-withdrawing substituents (-NO,, -COOH).
(c—e) Correlation of meta- (red) and para- (blue) carbon charge changes with Hammett constants for
(c) DDECS, (d) NBO, and (e) EAC-gqm-derived atomic charges.

To objectively compare the statistical performance of the three charge analysis meth-
ods (EAC-qm, DDEC6, and NBO), we performed a systematic evaluation of correlation
strength, statistical confidence, resampling robustness, and influence diagnostics using a
dataset of n = 46 substituents. All three methods exhibit statistically significant positive
correlations with the Hammett constants (p < 10~%), confirming that charge response
captures meaningful substituent effects. However, clear quantitative differences emerge
among the methods. As summarized in Table 2, EAC-qm achieves a substantially higher
Pearson correlation coefficient (r = 0.883) and coefficient of determination (R?> = 0.780)
than DDEC6 (R? = 0.527) and NBO (R? = 0.520), indicating that EAC-qm explains approx-
imately 78% of the variance in Hammett constants, compared to only about 52% for the
conventional schemes. Consistent with this, the 95% confidence interval of the EAC-qm
correlation is shifted toward higher values ([0.798, 0.934]), with its lower bound approach-
ing the mean correlation level of the traditional methods. In contrast, DDEC6 and NBO
exhibit nearly identical confidence intervals, reflecting similar statistical performance and

moderate correlation strength.

Table 2. Main statistical metrics of Hammett correlations for three methods.

Method Pearson r R? 95% CI of r p-Value

EAC-gm 0.883 0.780 [0.798, 0.934] 4.45 x 1071°

DDEC6 0.726 0.527 [0.552, 0.839] 1.16 x 1078
NBO 0.721 0.520 [0.545, 0.836] 1.58 x 1078

To assess robustness against sampling variation, we performed both leave-one-out
cross-validation and bootstrap resampling (10,000 iterations). The results, summarized
in Table 3, demonstrate that EAC-qm exhibits markedly greater stability. Its leave-one-
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out R? shows minimal variation (standard deviation = 0.009), indicating weak sensitivity
to individual substituents. Bootstrap resampling further confirms this robustness: the
95% confidence interval of R? for EAC-qm remains within [0.644, 0.878], whereas the
corresponding intervals for DDEC6 and NBO extend down to approximately 0.28 and 0.26,
respectively. These results indicate that the correlation obtained from EAC-qm is not only
stronger but also significantly more resilient to data perturbations.

Table 3. Robustness analysis of Hammett correlations.

Method Mean LOO R? LOO Std Bootstrap R% 95% CI

EAC-qm 0.780 0.009 [0.644, 0.878]

DDEC6 0.526 0.017 [0.281, 0.705]
NBO 0.520 0.019 [0.255, 0.717]

Influence diagnostics based on standardized residuals and Cook’s distance further
support this conclusion. Although all methods exhibit a small number of substituents with
residual magnitudes exceeding two standard deviations, leave-one-out analysis shows
that the overall conclusions are not dominated by individual data points. In particular,
removing any single substituent from the EAC-qm dataset yields R? values between 0.754
and 0.810, confirming that the observed correlation is distributed across the dataset rather
than driven by isolated influential samples.

Overall, these statistical analyses consistently demonstrate that EAC-qm provides
both stronger and more stable correlations with Hammett constants than traditional charge
partitioning methods. While all approaches recover statistically significant empirical linear
relationships, the improved explanatory power and robustness of EAC-qm indicate that it
more faithfully captures the electronic response underlying substituent effects.

3.3. Atomic Dipole Moments

In addition to net atomic charges, the atom-resolved charge densities predicted by
the EAC-qgm model enable evaluation of atomic local dipole moments as first-order spatial
moments relative to the corresponding nuclear positions (Section 2.5). These quantities pro-
vide directional information about intra-atomic electron redistribution that is not captured
by scalar charges alone.

Figure 5 illustrates atomic local dipole moments for formaldehyde (H>CO) and for-
mamide (HCONH,;). The arrows indicate the direction and magnitude of the atomic
local dipole moments, defined as pointing from the centroid of the assigned electron den-
sity toward the atomic nucleus. The vectors are overlaid on the valence electron density
distribution in the molecular plane.

In both molecules, atoms participating in polar bonds exhibit pronounced local dipole
moments aligned with the bond polarization pattern. For example, in formaldehyde, the
carbon and oxygen atoms display local dipole orientations consistent with the electron-
withdrawing character of the carbonyl group. Similarly, in formamide, anisotropic electron
redistribution around the carbonyl and amide nitrogen atoms is reflected in the direction of
the corresponding local dipole vectors.

These examples demonstrate that, once a continuous atom-resolved density represen-
tation is available, atomic local dipole moments arise naturally as directional descriptors of
intra-atomic polarization. While their quantitative values depend on the adopted density
decomposition scheme, they provide complementary vectorial information that extends
beyond net charge analysis.
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Figure 5. Atomic local dipole moments in (a) formaldehyde (H>CO) and (b) formamide (HCONH>)
computed from EAC-qm-predicted atomic charge densities. Arrows indicate the direction and
magnitude of the atomic local dipole moments, defined as pointing from the centroid of the assigned
electron density toward the atomic nucleus, overlaid on the valence electron density distribution in
the molecular plane.

For comparison, the same reconstruction procedure is carried out using atomic charges
and dipoles obtained from DDEC6 analysis.

The quantitative comparison between reconstructed and reference DFT electrostatic
potentials is summarized in Appendix E. Notably, although the EAC-qm model is not ex-
plicitly optimized to reproduce the electrostatic potential, the ESP reconstructed from EAC-
derived atomic charges and local dipoles exhibits R* = 0.9846 and RMSE = 4.92 x 1072V,
comparable to the DDEC6 baseline (R? = 0.9880, RMSE = 4.34 x 1072 V).

4. Discussion
4.1. Representation-Level Consistency of Density-Derived Descriptors

Electron density occupies a central role in ground-state quantum chemistry, as formal-
ized by density functional theory [34,35]. In this framework, all ground-state observables
are functionals of the electron density. However, atom-resolved quantities such as atomic
charges and dipole moments are not uniquely defined observables; rather, they depend on
how the total density is partitioned into atomic contributions.

Various partitioning schemes, including stockholder-type approaches [5] and orbital-
based analyses [2], provide internally consistent procedures for constructing atomic de-
scriptors. Nevertheless, different schemes may yield quantitatively different atomic charges
for the same underlying electron density, reflecting differences in representation rather
than inconsistencies in the density itself. From this perspective, the choice of density
decomposition plays a defining role in the resulting atomic descriptors.

In the present work, atomic charges and dipole moments are derived from a unified,
model-consistent decomposition of the total electron density into continuous atom-centered
contributions. Because both scalar and vectorial descriptors are obtained as spatial moments
of the same density representation, they share a common origin and are evaluated within a
single internally consistent framework. The analysis of substituent effects using Hammett
constants illustrates that such density-derived atomic charges respond systematically to
established empirical electronic trends.

Importantly, the observed agreement with empirical substituent parameters should
not be interpreted as evidence that atomic charges are uniquely determined or directly
observable. Rather, it indicates that, within a given representation, atom-resolved descrip-
tors can capture chemically meaningful patterns of electron redistribution. Maintaining
representation-level consistency between the density model and the derived atomic proper-
ties therefore provides a coherent basis for comparing scalar and higher-order descriptors
across related chemical systems.
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4.2. Higher-Order Atomic Moments and Directional Polarization

Scalar atomic charges provide a compact measure of net electron redistribution, but
they do not encode directional information. In polar bonds and anisotropic chemical
environments, electron density rearrangement is inherently vectorial. Within a continuous
density representation, such directional effects can be characterized through higher-order
spatial moments of the atom-resolved charge densities.

In the present framework, atomic local dipole moments arise directly as first-order
moments relative to the corresponding nuclear positions. Because these quantities are
evaluated from the same underlying density decomposition used to compute atomic
charges, they represent a natural extension of scalar descriptors rather than an independent
partitioning scheme. The illustrative examples in Section 3.3 show that local dipole vectors
reflect bond polarization patterns and provide additional directional information beyond
net charge analysis.

As with atomic charges, the numerical values of atomic dipole moments depend on
the adopted density decomposition. Their significance therefore lies not in uniqueness, but
in internal consistency within a given representation. Viewed in this context, higher-order
atomic moments expand the descriptive space of atom-centered electronic quantities while
remaining anchored to the same continuous charge density model.

The result of electrostatic potentials reconstruction demonstrates that the atom-
resolved quantities derived from the machine-learned continuous charge density are not
only internally consistent by construction, but also capable of reproducing physically
meaningful electrostatic observables at a level similar to established partitioning schemes.

For broader context, it is useful to relate the present local dipole moments to tradi-
tional distributed multipole analysis (DMA) [36,37]. In classical DMA frameworks, atomic
multipoles are obtained from wavefunction-based multipole expansions and subsequent
partitioning procedures. In contrast, the local dipoles in the present work arise directly
as first-order spatial moments of a continuous, machine-learned atom-resolved charge
density decomposition. Rather than introducing multipoles through an external expansion
formalism, the descriptors here are intrinsically tied to the same density representation used
for atomic charges. This density-consistent construction emphasizes internal coherence
across scalar and higher-order quantities within a unified framework.

The machine-learning representation of continuous charge densities thus provides
a practical and extensible route for exploring atomic-scale polarization phenomena in
complex molecular systems [38]. Further discussion is provided in Appendix D.

4.3. Scope, Limitations, and Future Directions

Several limitations of the present study should be acknowledged. First, the molecular
dataset used for model adaptation is restricted to small organic molecules containing H, C,
N, O, and F atoms. Although these systems span a diverse range of functional groups within
the QM9 chemical space [17], extension to heavier elements or transition-metal-containing
compounds would require additional training data and potential architectural refinement.
To partially assess transferability beyond the QM9 chemical space, we evaluated the model
on 20 larger organic molecules from the PubChem database in Appendix B, including
geometrically perturbed configurations, which demonstrate sub-percent-level density
accuracy and stable behavior under 0.1 A distortions. Nevertheless, systematic extension
to substantially different chemical compositions remains a direction for future work.

Second, the present analysis focuses exclusively on neutral ground-state structures.
Atomic charges and dipole moments derived here therefore reflect equilibrium electron
densities obtained from ground-state density functional theory calculations. The behavior
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of the model under significant geometric distortion, in charged systems, or in electronically
excited states has not been examined and remains an open question.

Third, the predicted charge densities inherit the level of approximation of the refer-
ence DFT calculations. Because the training data are generated using the PBE functional
within a plane-wave framework, the resulting atomic descriptors are ultimately condi-
tioned on that level of electronic structure theory. Systematic differences associated with
alternative exchange-correlation functionals or higher-level wavefunction methods were
not investigated in this work.

Finally, although the EAC framework was originally developed for periodic sys-
tems [15], the present study concentrates on molecular applications. A systematic evalua-
tion of density-derived atomic descriptors across condensed-phase environments, surfaces,
and adsorption systems would be valuable for assessing transferability across different
chemical contexts.

Within these boundaries, the results indicate that atom-resolved quantities derived
from a unified charge density representation can provide chemically interpretable scalar
and vectorial descriptors. Future work may explore extensions to broader chemical spaces,
incorporation of diverse electronic structure references, and integration of density-derived
descriptors into data-driven modeling of reactivity and materials properties.

5. Conclusions

In this work, we examined atom-resolved electronic descriptors derived from machine-
learned continuous charge densities within the EAC framework. The EAC-qm model
accurately reproduces reference DFT charge densities for molecular systems and preserves
global charge conservation without explicit enforcement. Using Hammett substituent
constants as external empirical references, we showed that atomic net charges obtained
from the unified density decomposition respond systematically to established electronic
trends in substituted aromatic systems.

Because atomic charges and dipole moments are evaluated as successive spatial
moments of the same atom-centered density representation, scalar and vectorial descriptors
can be interpreted within a single internally consistent framework. While the numerical
values of atom-resolved quantities depend on the adopted density decomposition scheme,
the present results indicate that a continuous, model-consistent representation provides a
coherent basis for analyzing electron redistribution across related chemical systems.

These findings highlight the importance of representation-level consistency when
constructing atom-centered electronic descriptors from machine-learned densities and
suggest that density-derived moments offer a transferable route for incorporating physically
grounded electronic information into data-driven molecular and materials modeling.
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Abbreviations

The following abbreviations are used in this manuscript:

EAC Equivariant Atomic Contribution

EAC-Net  Equivariant Atomic Contribution Network

EAC-mp  EAC foundation model trained on Materials Project data
EAC-gm Molecularly fine-tuned EAC model based on QM9

QM9 Quantum Chemistry Structures and Properties Dataset
DFT Density Functional Theory

VASP Vienna Ab initio Simulation Package

PAW Projector Augmented-Wave

SCF Self-Consistent Field

DDEC Density Derived Electrostatic and Chemical

DDEC6 Sixth-generation DDEC method

NBO Natural Bond Orbital

RESP Restrained Electrostatic Potential

DMA Distributed Multipole Analysis

GDMA Gaussian Distributed Multipole Analysis
NMAE Normalized Mean Absolute Error
CHGCAR  VASP Charge Density Output File

Appendix A. Hammett Substituent Constants

Hammett constants were taken from standard experimental compilations (e.g., Ham-
mett; Hansch and Leo) and were not reparameterized in this work.

Table A1l. Hammett substituent constants used in this work.

Substituent Om oy Reference
CeHg 0.00 0.00

C¢H5-CHO 0.35 0.42 [33]
CeHs5—-CN 0.56 0.66 [39]
C¢H5—-COOH 0.37 0.45 [39]
C¢Hs5-NH» —0.16 —0.66 [39]
CeH5-NO; 0.71 0.78 [39]
C¢H5-OH 0.12 —-0.37 [39]
CeH5-OCHj3 0.12 -0.27 [39]
Ce¢Hs5-CoHs -0.07 -0.15 [39]
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Table Al. Cont.

Substituent Om Tp Reference

CgHs—CF3 0.43 0.54 [39]
CeHs5-CHj3 —0.07 —-0.17 [39]
C¢Hs-F 0.34 0.06 [39]
CgH5—OCH,CHj3 0.10 —0.24 [40]
CeH5-CgHs 0.06 0.01 [40]
CeHs5—COCH;3 0.38 0.50 [39]
CgHs—-OCOCHj3 0.36 0.31 [39]
CeHs5-NHCOCHj3 0.21 0.00 [33]
CgHs—CMes —0.10 —0.20 [39]
CgHs-NMe) -0.15 —0.83 [39]
C¢H5-NHCHO 0.19 0.00 [33]
C¢Hs5—CHCH> 0.06 —0.04 [33]
CeHs—-CCHj3 0.21 0.23 [33]
CeHs5—NHNH, —0.02 —0.55 [33]

CgHs-OCF;3 0.38 0.35 [33]

Appendix B. External Molecular Systems and Geometry Perturbation Test

To further evaluate the out-of-distribution generalization capability of the EAC-qm
model, we constructed an external test set consisting of 20 organic molecules selected from
the PubChem database [41] as shown in Table A2. These systems contain 10-20 heavy
atoms and thus extend beyond the typical size range represented in the QM9 dataset.
For each parent structure, three distorted geometries were generated by applying ran-
dom atomic displacements with an amplitude of 0.1 A, while preserving the molecular
connectivity. The resulting dataset therefore comprises 20 equilibrium structures and
60 perturbed configurations.

Table A2. List of PubChem molecules used for the external transferability test.

PubChem CID Molecular Formula Num of Heavy Atoms
2960132 C13H13N502 20
149961891 CisHi7N 16
171550903 C13Hi1Ny 20
4601638 C10H13NO, 13
1174125 C14H14N203 19
4341091 CoH1603 12
199978 C14H19N3zO 18
712460 C15H15802 17
163414922 C11H2oN203 16
1174129 Ci15H16N202 19
2819582 C13H13N30 17
14719924 C7H11N3 10
8496418 C14H19N303 20
12783975 C10H1803 13
155704401 Ci7Ho9N 18
149961947 C10H2202 12
10444290 C10H12N205 17
10801770 C16H13NO3 20
351844 C14H2003 17
5697085 Ci15H19N30; 20

For all geometries, reference charge densities were obtained using VASP under the
same computational settings as described in the Methods section. The corresponding
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structures were then provided as input to the EAC-qm model, which directly predicts
the continuous three-dimensional charge density without access to the reference den-
sity. To enable a pointwise comparison, both densities were evaluated on an identical
100 x 100 x 100 real-space grid. A parity plot between VASP and EAC-qm densities is
shown in Figure A1.
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Figure A1l. Parity comparison between EAC-qm-predicted charge densities and reference DFT values
on the test set from PubChem. The inset shows the distribution of absolute density deviations.

As illustrated in Figure Al, the predicted densities exhibit near-perfect agreement
with the first-principles reference values. Linear regression analysis yields a coefficient of
determination of R? = 0.9999, indicating an almost exact linear correspondence between
model predictions and DFT results. The relative mean absolute error is emae = 0.98%,
demonstrating that the model maintains sub-percent-level accuracy even for molecular
systems not included in the fine-tuning dataset.

Importantly, this test set probes two distinct aspects of transferability. First, the selected
molecules differ in size and structural motifs from the QM9 training subset, providing an
assessment of out-of-distribution chemical generalization. Second, the explicitly introduced
geometric perturbations examine the stability of the learned density representation under
small deviations from equilibrium. The absence of systematic bias or error amplification
under 0.1 A distortions indicates that the EAC-qm model exhibits smooth and physically
consistent behavior in the vicinity of equilibrium configurations.

The inset histogram in Figure A1 further shows that the vast majority of grid-point
errors are tightly concentrated near zero, with rapidly decaying tails. This distribution
suggests that the residual discrepancies arise primarily from small, spatially localized
fluctuations rather than structured or region-specific distortions. Overall, these results
demonstrate that EAC-qm can robustly reconstruct first-principles charge densities for
previously unseen molecular systems and mildly distorted geometries, supporting the
transferability and stability of the learned atom-resolved density representation.
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Appendix C. Computing Details
Appendix C.1. Theoretical Justification for Computing Dipole Moments from CHGCAR Files

The molecular dipole moment is defined as:
”total [ / (1’ — ro)p(r) dr + ZZA(RA — 1"0)
A

For EAC-gm models trained on CHGCAR files, the charge density contains only
valence electrons. The full expression including core electrons is:

”total - - / (1’ - 1"0) [pval(r) + Pcore (1")] dr + ; [ZA + ZA,core] (RA o 1"0)

Rearranging this expression yields:

”total = ]/lz,%tlal + Z [— / (1‘ - RA)pcore(V) dr + (RA - 1‘0) <ZA,c0re - /pcore(r) dr>:|
A

Due to the spherically symmetric distribution of core electrons and the fact that their
integrated charge equals Z4 core, the latter two terms vanish. Therefore, !l = yto%al and
molecular dipole moments can be computed directly from CHGCAR files containing only
valence electron densities.

Appendix C.2. Numerical Evaluation of Charges and Dipoles from Grid-Based Charge Densities

In this work, atomic charges and atomic dipole moments are evaluated from machine-
learned charge densities represented on uniform real-space grids. Particular care is taken
to ensure numerical consistency and symmetry preservation when computing both zeroth-
and first-order moments of the charge density.

The charge density predicted by the EAC model is defined on a regular three-
dimensional grid with dimensions (Nx, Ny, Nz) , consistent with the grid convention used
in plane-wave density functional theory codes such as VASP. The grid values correspond
to samples of the charge density field at uniformly spaced points within a periodic unit cell,
where the sampling points are located at fractional coordinates

<Z\l]x,l\7]y,£>,i=o,1,--- Ny —1,j=0,--- Ny—1,k=0,--- ,N,—1
and periodic boundary conditions are implicitly assumed.

While direct summation over these grid points is sufficient for evaluating integrated
quantities such as the total charge, the computation of dipole moments involves first-order
spatial moments of the charge density and is therefore more sensitive to discretization
artifacts. In particular, using grid-point coordinates directly corresponds to a left-endpoint
quadrature rule, which can lead to small but systematic symmetry-breaking contributions
to the dipole moment for systems that are exactly symmetric in the continuum limit.

To mitigate this issue, we adopt a finite-volume interpretation of the grid-based charge
density. Each grid point is treated as a vertex of a cubic voxel, and the charge density
associated with a voxel is approximated by the average of the charge densities at its eight
corner points. Specifically, the voxel-averaged charge density is defined as

B 1
Pz‘,j,k:§ Z Pita,j+Bk+7
a,B,ve{0,1}
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where all indices are taken modulo (Nx, Ny, NZ) to enforce periodic boundary conditions.
This procedure effectively converts the node-based sampling into a cell-centered represen-
tation of the charge density.

The corresponding spatial coordinates are taken to be the centers of the voxels, located
at fractional coordinates

i+1/2 j+1/2 k+1/2
( N " Ny, ' N )’
which are subsequently mapped to real-space positions using the lattice vectors of the
simulation cell. With this representation, numerical integration of both the charge and
dipole moments is carried out using a midpoint quadrature rule over the voxel volumes.
This discretization scheme preserves charge conservation and significantly improves
the numerical stability of dipole moment calculations. In particular, for systems possessing
inversion or mirror symmetries, the corresponding components of the dipole moment
vanish to numerical precision, consistent with the symmetry of the underlying charge
density. The same procedure is applied consistently to the evaluation of molecular dipole
moments as well as atomic charges and atomic (global and local) dipole moments derived
from the atom-decomposed charge densities.

Appendix D. Physical Significance of Atomic Local Dipole Moments

To elucidate the physical significance of atomic local dipole moments beyond net
atomic charges, we analyze the in-plane electric field distribution of HCONH, constructed
from different atom-resolved electrostatic representations (Figure A2). When only atomic
charges are included (Figure A2a), each atom acts effectively as a point charge, and the
local electric field around each atom is largely radial in character, with field lines either
converging into or diverging from each atom depending on the sign of the charge. In this
charge-only description, the directional structure of the local field is entirely dictated by
the molecular geometry and the spatial arrangement of point charges.
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Figure A2. In-plane electric field distributions of HCONH, evaluated on the molecular plane of
HCONH,. All fields are shown as vector plots on the same plane for comparison. (a) Electric
field constructed from atomic charges predicted by EAC-QM only. (b) Electric field constructed
from atomic charges and atomic local dipole moments predicted by EAC-QM, with red arrows
indicating the directions of the local dipole moments. (¢) Vector difference between the electric fields
in (b) and (a), isolating the contribution from atomic local dipole moments.

Upon incorporating atomic local dipole moments predicted by EAC-QM (Figure A2b),
the electric field undergoes a pronounced qualitative reorganization in the vicinity of
atomic centers. In contrast to the charge-only case, the field lines near each atom no longer
display purely radial symmetry but instead show clear directional features aligned with the
corresponding local dipole moments (indicated by red arrows). This behavior reflects intra-
atomic polarization effects that cannot be captured by point charges alone and introduces
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an additional directional degree of freedom associated with intra-atomic polarization into
the local electrostatic environment.

The difference between the two field representations, shown in Figure A2c, isolates
the contribution arising from atomic local dipole moments. The resulting differential field
is strongly localized around individual atoms and exhibits distinct directional patterns that
directly follow the orientations of the local dipoles. Importantly, this contribution does not
simply rescale the magnitude of the electric field but selectively redistributes its direction in
specific spatial regions. These results demonstrate that atomic local dipole moments encode
additional, anisotropic information about the local electrostatic environment, complement-
ing net atomic charges and providing a more refined description of direction-dependent
polarization effects relevant to intermolecular interactions and external-field responses.

These results highlight an alternative analytical perspective enabled by the present
framework: how electron density is redistributed anisotropically within individual atoms
after net atomic charges have been defined. While atomic-level dipolar information has
long been accessible through multipole-based approaches such as Distributed Multipole
Analysis, the key distinction here is that atomic local dipole moments are derived as the
first spatial moments of explicitly learned, atom-resolved charge densities within a unified
and self-consistent representation of the total electron density. As a result, such intra-
atomic polarization effects can be analyzed systematically and consistently across different
chemical environments, going beyond descriptions based solely on atomic net charges or
point-charge approximations. The machine-learning representation of continuous charge
densities thus provides a practical and extensible route for exploring atomic-scale polariza-
tion phenomena in complex molecular systems [38].

Appendix E. Electrostatic Potential Reconstruction

To assess the practical electrostatic relevance of atomic charges and local dipole mo-
ments derived from the EAC-qm model, we perform a direct reconstruction of the molecular
electrostatic potential (ESP) for HCONH,; and compare it with the reference DFT electro-
static potential obtained from VASP LOCPOT files.

The reference ESP is taken directly from the LOCPOT output of the DFT calculation. To
avoid numerical instabilities and unphysical divergence of the point-multipole expansion
near atomic nuclei, all grid points within 1.7 A of any atom are excluded from the analysis.
This cutoff corresponds to the largest van der Waals radius among the constituent elements
(carbon), ensuring a conservative exclusion region.

The ESP is reconstructed using two atom-centered multipole models:

_ q4 Hy(r—Ra)
V(r) = ; r— Ry + R (A1)

Figure A3 shows scatter plots comparing reconstructed electrostatic potentials with
the reference DFT values. The left panel corresponds to DDEC6-derived charges and
dipoles, while the right panel corresponds to EAC-qm-derived quantities. For DDECS6,
the reconstructed ESP yields R?> = 0.9880 and RMSE = 4.34 x 10~ V. For EAC-qm, the
corresponding values are R?> = 0.9846 and RMSE = 4.92 x 1072 V.

Although the EAC-qm result is slightly inferior to DDECS in this specific metric,
both methods achieve the same order of accuracy, and the difference in RMSE remains
small. Importantly, the EAC-qm model is not explicitly trained to reproduce electrostatic
potentials; its atomic charges and local dipoles arise from a unified decomposition of
the learned continuous charge density. The comparable ESP reconstruction accuracy
therefore indicates that the machine-learned atomic multipole descriptors retain physically
meaningful electrostatic information.
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Figure A3. Comparison between reconstructed and DFT electrostatic potentials for HCONH,.

(a) DDECé6-derived atomic charges and dipoles. (b) EAC-qm-derived atomic charges and local
dipoles. The reference DFT electrostatic potential is taken from the VASP LOCPOT file computed
with LVHAR = .TRUE., corresponding to the electronic Hartree potential only. Grid points within
1.7 A of any atom are excluded. The dashed red line indicates perfect agreement (y = x).
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