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Abstract: The structure, bonding, and properties of diradicals, triradicals, and polyradicals
have been investigated using broken symmetry (BS) molecular orbital (MO) and BS density
functional theory (DFT) methods, which are regarded as the first steps in the mean-field
approach toward strongly correlated electron systems (SCES). The natural orbital (NO)
analyses of the BS MO and BS DFT solutions were performed to elucidate the natural
orbitals of their occupation numbers, which are used for derivations of the diradical
character (y) and several chemical indices for the open-shell molecules under investigation.
These chemical indices are also obtained using SCES, the next theoretical step, which uses
symmetry-recovered resonating BS (RBS) and multi-determinant methods such as multi-
reference (MR) configuration interaction (CI) and MR-coupled cluster (CC) methods that
employ the NOs generated in the first step. The nonlinear optical response properties of
organic open-shell species were theoretically investigated with several procedures, such as
MR CI (CC), the numerical Liouville, and Monte Carlo wavefunction methods, as the third
step to SCES. The second-order hyperpolarizability (7y) of diradicals such as a phenalenyl
radical dimer were mainly investigated in relation to the generation of quantum squeezed
lights, which are used for the construction of the quantum entangled states for quantum
optical devices such as quantum sensing and quantum computation. Basic quantum
mechanical concepts, such as the Pegg—Barnett quantum phase operator, were also revisited
in relation to the design and chemical synthesis of stable diradicals and polyradicals such
as optical quantum molecular materials and future molecular qubits materials.

Keywords: diradicals; quantum optics; second hyperpolarizability; numerical Liouville
method; strong electron correlation; molecular materials; quantum optics; quantum sensing

1. Introduction

One hundred years have passed since the establishment of quantum mechanics
(QM) [1-13] between 1924 and 1927. Quantum mechanics provides fundamental equations
to solve chemical problems at the atomic and electron levels in whole fields of chemistry.
Indeed, quantum chemistry based on quantum mechanics has been developed to provide
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fundamental principles, basic concepts, and computational methods to gain an under-
standing and explanation of the nature of the chemical bonds of molecules [14-19]. In
the 1980s, new quantum physics emerged due to experimental discoveries of quantum
Hall effects [20-22], high-T. superconductivity [23], etc., on strongly correlated electron
systems (SCES). Open-shell systems, such as diradicals and polyradicals, have also been
accepted as examples of SCES in chemistry, opening a new field of molecular magnetism.
In 2004, a quantum chemistry group at Osaka University published a monograph entitled
“Introduction to Quantum Chemistry of Mesoscopic Molecular Systems (in Japanese; Bussei
Ryoshi-kagaku Nyumon)” [24], consisting of fourteen chapters that introduce interesting
subjects regarding SCES investigations. The key common concepts in the book are strong
electron correlation, spin, photon, Bose condensation, quantum phase, and quantum com-
putation. The latter two concepts in quantum information science [25-28] were a favorite
theme of Prof. Masayoshi Nakano. The book’s last chapter, Chapter 14 [24], highlights
future prospects relating to (i) bio-molecular spin, (ii) organic photo devices, (iii) quan-
tum computation, (iv) the quantum brain, and (v) quantum chaos. Nowadays, quantum
computation [27,28] is an interesting topic in the field of chemical and material sciences.

In this memorial issue attributed to Prof. Masayoshi Nakano at Osaka University, the
basic concepts, theoretical methods, and computational procedures developed for open-
shell molecules and clusters [29] are revisited in relation to his varied and distinguished
work on quantum chemistry for molecular optical materials. He was born in Osaka in
1966 and graduated from Osaka University in 1991 with a PhD in quantum chemistry and
chemical engineering. After his post-doctoral studies in the group of Prof. Nasu, focusing
on theoretical optics at the Institute for Molecular Science (IMS), Okazaki, Japan, he joined
our quantum chemistry group at Osaka University in 1992. In 2005, he was promoted
to Full Professor at the Department of Material Engineering Science, Osaka University,
performing theoretical investigations of nonlinear optical responses and quantum optics on
open-shell molecules such as diradicals, which are under discussion in this issue. However,
in 2022, Prof. Masayoshi Nakano suddenly passed away, only partially completing his
goals for quantum optical sciences and engineering.

During his high school years (in 1981), Prof. Kenichi Fukui [30], at Kyoto University,
won the Nobel Prize in Chemistry for his great contribution to chemical reactions, and
particularly, concerted reactions. During his undergraduate course at Osaka University,
young Nakano had a great interest in quantum physics and chemistry. Historically, the
concepts of orbital symmetry conservation by Woodward and Hoffmann [31,32] and frontier
orbital theory [33] by Fukui were the guiding principles for the theoretical investigations
of chemical reactions in the late 1960s and early 1970s. The orbital correlation diagrams
by Longuet-Higgins [34] and the concept of aromaticity by Dewar [35] were also guiding
principles for the greater understanding of concerted reactions. These theoretical models
that were used for derivations of the selection rules are applicable to molecules with closed-
shell orbitals, indicating a weak electron correlation with the field of modern theoretical
science. Therefore, in the 1970s, Prof. Nakano's interest steered toward open-shell molecules
for theoretical investigations in SCES.

In the 1970s, Prof. Nagamiya, Prof. Kanamori, and Prof. Yoshimori developed the
theory of magnetism in the Department of Solid-State Physics at Osaka University, provid-
ing a theoretical foundation and influence for quantum chemical approaches to open-shell
systems, which were different from those of the Fukui school at Kyoto University. The
Kanamori-Goodenough rule [36,37] for super-exchange interactions between spins in open-
shell systems is now well known, even among experimental chemists. The theoretical
chemistry group at Osaka University was also interested in another direction of quantum
chemistry from the Kyoto school [30], namely the theoretical study of structure, bonding,
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and properties of open-shell molecules, such as homolytic diradicals and electron-transfer
diradicals, at that time. Since then, we have been performing theoretical investigations
on open-shell molecules, which are now regarded as SCES, in general. Interestingly, the
quantum theory of SCES is now closely related to the theory of quantum information
(QI) [25,26,38] and quantum biology (QB) [39], as illustrated in Figure 1. In 2019, Osaka Uni-
versity opened a new center of QIQB at the Toyonaka Campus for research and education
of the young generation.

Figure 1. Strongly correlated electrons (SCES) such as the di-, tri-, and polyradicals. These have
been attractive target molecules for quantum materials (QM), quantum information (QI), quantum
dynamics (QD), and quantum biology (QB) [24].

Over the past five decades, theoretical interests in our quantum chemistry group
have been classified into (i) theory-oriented (TO) quantum chemistry (QC), (ii) reaction-
oriented (RO) QC, (iii) material-oriented (MO) QC, and (iv) biology-oriented (BO) QC.
Therefore, first of all, historical developments of the computational methods in TO QC
for SCES [40] are briefly summarized in Sections 2—4. Early applications of these to rad-
ical reactions of active oxygen and oxy-radicals via the RO QC approach have already
been summarized in several review articles [41-43]. Molecular magnetism and spin-
mediated superconductivity [24,44,45] are our interest in MO QC. The broken symmetry
(BS) and post-BS methods, developed in the 1980s [40], have been used as convenient
and practical theoretical procedures to investigate metalloenzymes such as P450 for mono-
oxygenations [41] and CaMnyOs cluster catalysts for water oxidation, namely in the field
of BO QC [46,47].
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Prof. Nakano and his research groups have been mainly interested in TO QC and
MO QC, performing a number of theoretical investigations in these fields. He and
his collaborators have investigated the nature of chemical bonds of open-shell systems,
such as diradicals, in relation to quantum optics and optical devices, as summarized in
Sections 5-7 [48-59]. In the 1980s, he was interested in the second- and third-order non-
linear response properties of molecular materials [60,61], which are indispensable for the
generation of squeezed states of quantum light [57-59] with squeezed and anti-squeezed
components, namely broken symmetry but in a coherent (minimum uncertainty) state.
The squeezed lights have been used to generate the so-called entangled state of light for
several quantum devices [62-65]. For example, the entangled state is now essential for the
construction of new optical computers based on a loop-based approach [65]. He has also
investigated the interaction between quantum light and molecular material [66,67]. He also
had an interest in the fundamental problems of quantum mechanics and the Pegg-Barnett
phase operator [68-71] in relation to a well-defined Hermitian phase operator in quantum
mechanics and collapse-revival phenomena [72] in the Jaynes—-Cummings model [73]. In
this review, the philosophical background and basic interest in quantum optics of Prof.
Nakano are briefly revisited in relation to the theoretical modeling and design of quantum
materials such as diradicals and polyradicals for qubits of quantum devices [52,62,65].

2. Symmetry Breaking and Its Recovery via Quantum Resonance
2.1. Cultural Background and Symmetry Breaking in Japan

First of all, we would like to touch on the cultural background of our review article
in this special issue for Prof. Nakano. In the 1960s, a new faculty of Engineering Science
was opened at Osaka University for investigations and developments of future materials in
Science and Engineering. In the early 1970s, Prof. Tsubomura, in the Chemistry Department
of our Faculty of Engineering Science, was a founder of the Institute of Artificial Photo-
synthesis (1981) located near the faculty, and kindly recommended that we read the essay
of Prof. San-ichiro Mizushima entitled “A History of Physical Chemistry in Japan” [74].
Prof. Mizushima had been a great leader in the field of physical chemistry in Japan. Prof.
Mizushima initiated his essay [74] by pointing out that it is fairly difficult to explain the
Japanese mentality appropriately for English-speaking people.

According to his essay, “In Japan, the traditional method of introducing new culture
has not been substitution, but putting things side by side, i.e., instead of wiping out the
old and putting a new thing in its place, we have preserved what was already there. One
of the reasons is a long history of Japanese culture developed in the nature of the island
surrounded by sea”. Prof. Mizushima has deeply considered the beauty of our Japanese
culture and symmetry breaking: the subtle symmetry breaking in flower arrangements,
symmetry breaking in Japanese gardens, etc. [74]. Our introduction of quantum mechanics
into chemistry [40-43] is in accordance with a traditional way of thinking. From such a
perspective, we may imagine the similarity of a flower arrangement to the unsymmetrical
structure of a water oxidation site of photosystem II (PSII) for subtle biological function, as
illustrated in Figure 2. According to the essay by Prof. Mizushima [74], such philosophical
backgrounds come partly from our natural environment. Therefore, our mind is open to
the philosophy written in the essay by Prof. P. W. Anderson [75] entitled “More is Different:
Broken Symmetry and the Nature of the Hierarchical Structure of Science”. Anderson’s
essay in 1972 provided a cultural influence on our theoretical investigation of “diradical”
molecular magnetism [40,45] and magneto-optics [60,61].
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A

Figure 2. (A) Subtle symmetry breaking of flower arrangements in Japan and (B) an unsymmetrical
geometric structure of the water oxidation system in photosystem II (PSII), indicating the common
symmetry breaking [24], (C) Japanese Kagome basket, and (D) Triangular lattice.

Our theoretical group can also remember the great influence of the concept of “spon-
taneous symmetry breaking” [76,77], discovered by Prof. Nambu, who was a Japanese
American at the house of his family in Toyonaka City in Japan. Nambu'’s philosophy [76,77]
has helped us to understand why the chemical world is so complex, even though the basic
quantum laws [78] that govern it are simple. Thus, the concept of symmetry breaking is
common in several fields of science [75-84]. This review is really related to the explanation
of the concept of orbital symmetry breaking in an independent particle model with a single
Slater determinant and its recovery via quantum resonance and multi-determinant models
for diradicals and polyradicals [24,40].

In 1980, Klitzing et al. [20] experimentally discovered the quantum Hall effect for
two-dimensional electronic systems. Thouless et al. [22] have investigated this effect on the
theoretical ground, discovering the topological quantum number for the understanding
and explanation of the quantum Hall effect. Since then, topology has also been one of the
fundamental concepts in physics. Kosterlitz—Thouless theory for two-dimensional (XY
model) systems [85,86] and Haldane conjecture for one-dimensional systems [87,88], as
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well as the Berry phase [89,90], have been presented in solid-state physics, indicating the
concept of topological symmetry for an understanding of these discoveries.

In quantum chemistry, the resonating valence bond (RVB) model [16,17] was proposed
to describe the quantum resonance of the VB structures of molecules. Therefore, in an
analogy of RVB, the resonating BS (RBS) model has resulted because of the quantum effect
in diradicals and polyradicals. The RBS concept has also been applied to explain the
quantum spin frustrations in triangle lattices. The Japanese can easily imagine the old
Kagome basket in Figure 2C and the triangular lattice in the spin-frustration system in
Figure 2D for topological beauty. Thus, the concept of topology is also a guiding principle
in quantum chemistry.

2.2. Equivalence Transformation in Material Sciences

Equivalence transformations have been used for understanding similarity, as shown
in Figure 2. They have been investigated in relation to the emergence and derivations of
new ideas for problems under investigation from well-known ideas in other fields [91-94].
In Japan, Prof. Ichikawa presented equivalence transformation thinking for a creative
purpose [91]. Prof. Hoffmann presented a well-known paper entitled “Building Bridges Be-
tween Inorganic and Organic Chemistry (Nobel Lecture)” [95], showing the isolobal concept
for equivalence transformation between organic and inorganic chemical bonding on the ba-
sis of the molecular orbital (MO) model. On the other hand, we have presented the isolobal
and isospin analogies between open-shell organic molecules and inorganic molecules on
the basis of broken symmetry orbitals with both orbital and spin degrees of freedom [96].
Thus, the concept of equivalence transformation is effective for creative purposes.

As mentioned above, the concept of broken symmetry has emerged in solid-state
physics [75], nuclear physics [79], elementary particle physics [80,81], and molecular
physics [82-84]. A quantum squeezed state in this review also exhibits unsymmetrical
quantum fluctuations (symmetry breaking) (see Figure 3 later). On the other hand, the
concept of topology [22,87] provides an analogy between quantum spins in several lattices.

Here, we briefly revisit the fundamental concepts illustrated in Figure 1 as an example
of equivalence transformation. The general quantum state of the quantum bit (qubit) for
quantum information science in Figure 1 can be represented as a linear superposition of two
orthonormal basis states (or basis vectors) [38,52,53]. These vectors are usually expressed
with the ket notation of Dirac [78] as |0) and |1), respectively. A pure qubit state |'¥) is a
coherent superposition of the basis sets, providing the following expression:

[Y) =al0) + 1), (1)
where « and B are the probability amplitudes [38], and they are constrained as
o2+ |8 = 1. @

Two vectors in Equation (1) are realized with several physical units in Figure 1. For
example, two units (levels) for electrons can be taken as the up- and down-spins. The
levels for photons are the left-handed and right-handed circular polarizations, and they
are measured as the horizontal (H) and vertical (V) linear polarizations [38,52]. Therefore,
equivalence transformations are feasible for qubits under the same mathematical equation,
depending on the materials employed in Figure 1.

The possible quantum states for a single spin qubit can be visualized using a Bloch
sphere, as illustrated in Figure 3A [52]. A classical bit for digital computers is only at the
North Pole or South Pole for |0) or |1). On the other hand, a pure qubit state can be repre-
sented with any point on the surface. For example, the pure qubit state (|0) + [1))/21/2
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lies on the equator of the sphere at the positive X-axis. The a and p for any qubit are
expressed by the two degrees of freedom in the Bloch sphere [38,52,53]

6 0. 0
= —_— pry ¢ —
& = cosy, B=e¢e sin ©)]

where ¢'? is the physically significant relative phase [38,68-73].

The |0) and |1) points in the Bloch sphere correspond to the right-circular (S3 = 1)
and left-circular points (S3 = —1) in the Poincaré sphere for light, respectively, as shown in
Figure 3B [38,52,53]. The horizontal linear (S; = 1) and vertical linear (S; = —1) correspond
to the points on the equator of the sphere at the X-axis, respectively. A pure qubit state for
quantum light is expressed with any point on the Poincaré (Bloch) square, indicating the
concept of equivalence transformation between the quantum spin state and the quantum
light state. Any quantum state of the qubit, constituted of quantum materials such as the
Josephson junction of superconductors [97,98], is expressed by the same sphere. Therefore,
we have been interested in the structure, bonding, and properties of molecular materials
relating to spin, photons, and superconductivity [23,99,100] in a unified manner [24,98].
Anderson has presented a “pseudo spin” model for superconductivity [99]. Prof. Nakano
and his collaborators have mainly been interested in the photon modes among the three
directions in material science and engineering. They have investigated the second hyperpo-
larizability () of molecular materials, which is related to the generation of the coherent
state of light and squeezed light [52,53,57-59] in Figure 1.

Schrodinger investigated the coherent state of the quantum harmonic oscillator [13].
The coherent state [13] was considered the minimum quantum fluctuation state of the
uncertainty principle of Heisenberg [12]. In the 1960s, Klauder [48], Glauber [49,50], and
Sudarshan [51] have reformulated the coherent state [13], providing the following relation.

1
AXAP = 7 4)
where AX and AP are the quantum fluctuations of the position operator (X) and momentum
operator (P).

The concept of the coherent state [52] was also extended to other fields, such as
quantum computing [62]. Photon is a Bose particle with the spin S = 1, indicating the
three following components: Sz =1, 0, —1 [52]. However, a photon in the vacuum has no
longitudinal (Sz = 0) component, exhibiting the transverse (57 = 1, —1) components, which
are regarded as the two-level “pseudo” spin state [52,99-101]. Therefore, as mentioned
above, quantum light and quantum spin are under the equivalence transformation, as
illustrated in Figure 3. In a previous paper [98], we also examined the “pseudo” spin models
for quantum spin, quantum light, and the Cooper pair for superconductivity [96-102] for
understanding, explaining, and designing molecular materials, as shown in Figure 1.

Kitagawa and Ueda [103] first investigated the coherent state in Figure 3C and an-
other coherent state in Figure 3D, namely the squeezed state of spin, where the magnitude
between <AX>? and <AP>? is not equivalent, indicating the possibility of symmetry break-
ing (a reduction in the quantum fluctuation of X or P). Recently, experimental works for
the spin-squeezed state are in progress in relation to the development of spin quantum
devices [104-107]. Similarly, the squeezed states of quantum light are also investigated by
both theoretical and experimental methods in relation to the generation of the entangled
state of quantum light [48-73]. As is well known, Einstein-Podolsky—Rosen (EPR) [108]
entangled light is the resource for a high-quality level of quantum key distribution (QKD).
However, the squeezed states are sensitive to environmental conditions, indicating that
quantum dynamic simulations to elucidate decoherence processes [52,53] are indispens-
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able, as illustrated in Figure 1. Nakano et al. [70,71] have performed quantum dynamics
simulations in this regard.

S.
A : B ? Right

| 0 > Circular

e
VAL

| . v Linear > K

Vertical
Linear

Sz

Circular

Figure 3. (A) Schematic illustrations of a possible quantum state of spin qubit in the Bloch sphere,
(B) the Poincaré sphere for quantum light and the optical qubit; (C) uncertainties of the spin com-
ponents (symmetry) in the coherent state, and (D) uncertainties of the spin components (broken
symmetry) in the squeezed state [98].

2.3. Theoretical Models for Strongly Correlated Electron Systems

In this section, fundamental concepts and basic theories for the strongly correlated
electron systems (SCES) in Figure 1 are revisited briefly [24]. In the 1970s, the Hiickel [109]
and extended Hiickel [110] methods were used for the elucidation of spatially symmetry-
adapted molecular orbitals (MO). The Woodward-Hoffmann (WH) rule [31,32], based on
the Hiickel MO (HMO) [109] and extended Hiickel MO (EHMO) [110], has been applied for
the elucidation and predictions of various types of concerted reactions. HMO and EHMO
were obtained by neglecting the electron repulsion to provide symmetry-adapted orbitals,
which are characterized by spatial symmetry, which is expressed with the spatial symmetry
group Py. Therefore, these MO models work well for derivations of the WH rules and
isolobal modeling [95], providing the famous words: there are none for violation of this
rule. However, these MO models are not sufficient for the MO-theoretical descriptions
of symmetry-forbidden diradical reactions by the WH rule [31,32] because of the lack
of orbital bifurcation to reduce the electron repulsion effect and the emergence of local
spins [24,40].

In the early 1970s, we searched the appropriate MO models, including this repulsion
effect, explicitly for diradicals with the singlet- and triplet-spin states, and found that
Hubbard [111], Kanamori [112], and Gutzwiller [113] already proposed effective model
Hamiltonians involving the electron repulsion effects (L) with different spins in the singlet
diradical. The Hubbard Hamiltonian for di-radicals, tri-radicals, etc., was written in the
second quantization notation, including electron spin o in the quantum chemistry

H=-— Z tij (C;}C]‘J + C]TUCZ‘,U) + UZ ni4n; | (5)
ij,o i

where C;FU denotes the operator that creates an electron with ¢ = 1, | at site i, and ¢;; is
the transfer integral, and U denotes the on-site repulsion integral, which is neglected
in the Hiickel model [109,110]. The corresponding annihilation operator is C; ,, and the
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Ny = C;FUCI-,U is the spin-density operator for spin ¢ on the i-th site. These fermion
operators obey the canonical anticommutation relations.

{C;,rg/ Cj,r} = 51’]'501’/ {C;;,, C;FT} = {Ci,g’, C]',-L—} =0, (6)

The Hubbard model [111] is closely related to the local spin-density (LSD)-type density
functional theory (DFT) + U model [114]. These simple models are practically useful for
theoretical investigations of SCES. The transfer integrals of the on-site (f;;) and nearest
sites (t;;) are chemically referred to as the Coulomb integral (—«;;) and resonance integral
(=Bij) in the HMO model [109]. Therefore, the Hubbard model [111] in physics was often
referred to as the Hiickel-Hubbard (HH) or Hiickel-Hubbard—Hund (HHH) model with
the exchange integral (Kj;) in our chemistry papers [24,40].

Recently, as mentioned above, quantum mechanics is closely related to quantum
information science, as shown in Figure 1. For example, the fermion relations in
Equation (6) are mapped into those of Pauli matrices [9,115] with Jordan—-Wigner [116]
and/or Bravyi-Kitaev [117] transformations for the quantum information and computa-
tions [52,53] of large radical systems using quantum bits (qubits), as touched in the final
Section 7. From recent developments, we feel nostalgia for the past five decades: we
analytically solved the HH models for the di-, tri, and tetra-radicals to examine the fun-
damental concepts and basic theories for open-shell systems under investigation in this
special issue. Nowadays, we may expect to obtain exact solutions of any quantum system
by such quantum devices, as touched in Section 7 [53,62].

2.4. Instability of Chemical Bonds and HOMO-LUMO Mixing for Diradicals

The Hiickel-Hubbard model [24,40] may be regarded as a simplified version of the
Hartree-Fock (HF) independent particle model [118,119] that provides the symmetry-
adapted molecular orbitals (MO) used for the MO-modeling of concerted reactions of
organic molecules. To this end, the spatial symmetries of the highest occupied MO (HOMO)
and the lowest unoccupied MO (LUMO) [33] play important roles in the theoretical elucida-
tion of the symmetry-allowed concerted reactions for which the HOMO-LUMO energy gap
is sufficiently large to prevent the singlet and triplet instability for the symmetry breaking
revealed by the classic papers [120-125].

On the other hand, the HOMO-LUMO energy gap (A¢) becomes small for symmetry-
forbidden diradical reactions, indicating the triplet instability of the HH and HF MO
solutions [126-128] A

€ _ £LUMO — €HOMO
u- u ! 7
where the ex (X = HOMO, LUMO) denotes the orbital energy of X. The instability
condition indicates that the closed-shell bond is reorganized into the more stable spin-
polarized (SP) bond given by the unrestricted (U) Hubbard, Hartree-Fock (UHF), and
Hartree-Fock-Slater (UHFS) [128] solutions. UHFS is a precursor for unrestricted density
functional theory (DFT). The HOMO-LUMO mixing of the spin-restricted (R) HF (RHF,
RHFS) solution [126-128] was indeed found to be effective and convenient to obtain spin-
polarized (SP) molecular orbitals (MO) for 1,3-diradicals [129-131] at the Hubbard and
UHEF level of theory as follows:
;7 = cos 0¢; + sin 0¢; (8a)

P =

. = cos O¢; — sin 0¢; (8b)

1

where 0 denotes the orbital mixing parameter determined by the UHF (UHFS) compu-
tations [126-128]. Since HOMO ¢; and LUMO ¢; by RHF are symmetry-adapted and
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usually belong to different spatial symmetries (Py), UHF MOs, ;" and ¢;, obtained by
the HOMO-LUMO mixing, are often spatially symmetry-broken, as shown in Figure 4. The
“broken symmetry (BS)” orbitals respond to local electrons with up- or down-spins (1 or |),
which are often represented with the dot (e7 or | e) for local spin in radical reactions [132].

Figure 4. Bifurcations of the molecular orbitals from the symmetric closed-shell orbitals into the right-
and left-localized broken symmetry (BS) orbitals (different orbitals for different spins (DODS)) in
the course of the C-C dissociation of cyclopropane (A) and oxirane (B). The o-o diradical orbitals of
(A) are almost localized at the 1,3-radical sites, respectively. On the other hand, the o-0 and 7-7
diradical orbitals of (B) exhibit small delocalization over the C-O-C skeleton, indicating a moderate
orbital overlap (T) responding to a reduction in the diradical character (y) [40,132].

In the 1970s, the stereospecific ring-opening reaction was investigated in relation to a
typical example of the WH rule [31,32]. As an example, the dissociation of the C-C bond
of cyclopropane into the ring-opened form is examined, as shown in Figure 4 [129,130].
The Cyy-symmetry-adapted closed-shell molecular orbital is obtained for cyclopropane
before ring-opening, as shown in Figure 4A. However, it bifurcates into BS MOs localized
mainly at the C; and Cj sites, indicating the loss of the Cpy-orbital symmetry responding to
the 0-0 1,3-diradical structure (1eH,C-CH,-CHjye ). The internal rotation of the terminal
CH; group is facile because of the non-exsistant C-C bond, providing 7-rt 1,3-diradical.
Thus, the stereo-specificity of the ring-opening reaction of the three-membered rings is
lost because of its strong diradical character, indicating radical reactions. The BS orbitals
obtained by Equation (8) are often referred to as the different orbitals for different spins
(DODS) in quantum chemistry. Introductions of polar substituents at 1,3-carbon sites have
been investigated to reduce the diradical character of the ring-opened 1,3-radicals. The
HOMO-LUMO energy gap for such large -electron systems by HMO is a useful index for
estimation of the diradical character because of Equations (7) and (8).

Huisgen [131] investigated the stereochemical reactions of «-cyano-cis-stilbene oxide,
finding that apart from the normal symmetry-allowed conrotatory mode of ring-opening,
predicted by the WH rule [32], the disrotatory process, forbidden by the WH rule [32],
also appeared to occur in this reaction. The diradical character [132] was considered to
remain for the ring-opened oxirane. We will revisit the Huisgen—Firestone debate on
the 1,3-diradicals after a detailed examination of the computational models employed
(see later).

2.5. Structure, Bonding, and Potential Enerqy Structure for Homolytic Diradicals

In the early 1970s, the elucidation of the scope and reliability of the BS method
for mono-, di-, tri-, and tetra-radicals was an important theoretical problem. Analytical
solutions for [n electrons, n orbitals] references (n = 2-4) have been obtained to eluci-
date the functional behaviors of the BS solutions [126-128]. For example, methylene
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(CHy) and carbene molecules (CR;Ry) are typical examples of mono-centric species with
a two-orbital two-electron model [20, 2e], as shown in Figure 5. Hoffmann et al. [133]
performed the EHMO calculations of the o-type MO with two electrons (0)? and 7t-type
MO with two electrons (7)? and (o) (1)! MO configurations of methylene and many car-
bene molecules, elucidating potential curves against the R;jCR; angle. Judging from their
potential curves, the o and 7 orbital energy gaps in Equation (7) are small for some methy-
lene analogs, indicating instability [126]. For example, the energy gap between the o-type
HOMO and 7-type HOMO of CH, (Figure 5a) is small. Therefore, the HOMO-LUMO
mixing in Equation (8) occurs, providing the DODS’ orbitals responding to a mono-centric
singlet diradical state (Figure 5b) [126]. The relative stability between the singlet (Figure 5b
and triplet (Figure 5c) diradicals was also estimated at the EHMO level of theory. On the
other hand, the energy gaps between the o-type HOMO and ni-type LUMO are variable for
carbene molecules CR1R;, depending on the types of substituents R; and R, introduced.
The mixing parameters 6 in Equation (8) are also variable with the energy gaps, indicating
variations of diradical configuration (6 > 0) (Figure 5b) between two closed-shell limits [126]:
the closed-shell o-orbital (Figure 5d) with 6 =0 and the closed-shell n-orbital (Figure 5e)
with 6 = 90 degrees, as shown in Figure 5.

a b c@ d e
H H R R R
R Q/1 @/
@\H c el @\RZO\

& P 0

1

ORz

N a N s on”
i /C v\ /C.+.C\

Figure 5. Closed-shell o-orbital of singlet methylene (a), different orbitals for different spin (DODS)
orbitals of singlet (b) and triplet (c) diradical states of methylene and o-type (d) and n-type (e) closed-
shell orbitals of carbenes with Ry and R, substituents. The radical dissociation of the covalent bonds
of the hydrogen molecule (f), ethane (g), and others (h), for which ionic dissociation products are also
depicted. The internal rotation of the CH, group of the C-C double bond proves the perpendicular
conformation with strong diradical character (i). The dissociation of the C=C double bond provides
two triplet methylene molecules (j).

Methylene (CH;) and related small carbenes have been target molecules for the exami-
nation of the scope and reliability of ab initio computations such as small-scale CI [134,135]
and two- and multi-configuration (MC) self-consistent-fields (SCFs) [136,137]. The relative
stability between singlet and triplet states was found to be highly sensitive to the types of
substituents (Ry, Ry), such as hetero atoms. On the other hand, Tomioka and his group have
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synthesized persistent triplet carbenes by introducing balky substituents [138,139]. Nowa-
days, a number of experimental results have been reported for triplet carbene (Figure 5c)
and singlet carbenes (Figure 5b,d,e), as summarized in the review articles [134-140].

In the early 1970s, orbital bifurcations (symmetry breaking) were not familiar with the
dissociation reactions of singlet covalent bonds into two doublet radicals, as illustrated in
Figure 5. However, the dissociation of hydrogen molecules into two hydrogen atoms was
chemically well known (Figure 5f). The dissociation of the C-C covalent bond of ethane
(H3C-CH3) into two methyl radicals (2CH3) (Figure 5g) was also one of the typical processes.
The situation was the same for the ring-opening of unsubstituted cyclopropane, as shown
in Figure 5. The dissociation of the C-C double (triple) bond of ethylene (acetylene) into
two triplet methylene (Figure 5¢) (quartet C-H tri-radical) was one of the theoretically
interesting processes (Figure 5j). Thus, orbital bifurcations in the dissociation reactions
entailed unfamiliar spin-coupling problems at that time; for example, the singlet state
consisted of the exchange coupling of two triplet (quartet) states, namely the reverse
process of singlet fission [24,40].

In the 1970s, the orbital bifurcation process [40,126] of the two-center two-electron
model [2e, 20] for dissociation of the R-R covalent bond into two radicals (2Re) was first
solved to understand the essential roles of electron delocalization (f) and electron repulsion
(U) in chemical bonding. To this end, the covalent bonding parameter (x) is defined to
express the magnitude of chemical bonding.

t
x=t,=-F/, ©)

The normalized total energy of the spin-restricted HF (RHF) solution (Eryr) [24] for
the closed-shell bond of the [2e, 20] system is given by [40]

ERHF = 7E(RHZ) 20 = —2x+ % (103)
where « denotes the aforementioned Coulomb integral for the HMO model. Half of
the one-center repulsion (U) remains at the dissociation limit (x = 0) by the RHF model,
indicating instability because of the half inclusion of the closed-shell zwitterionic (ZW)
structure (R™...*R or R*...”R) in Figure 5. This, in turn, indicates an important role for
the introduction of polar substituents to stabilize the ZW states [119]. On the other hand,
the broken symmetry (BS) UHF solution responding to the generation of radical fragments
(Re...oR) (Figure 5h) emerges in the weak covalent bonding region as follows.

E(UHF) — 2« 1
Eunrss) = E(UHF) — 2 LI) = —2x? (x < 2) (10b)

The orbital bifurcation point from the RHF to UHF is given by x = 1/2, where the
HOMO-LUMO energy gap (2) becomes equivalent to the on-site repulsion integral U.
The UHF orbital bifurcation model provides the exact dissociation limit because of no U
term in the mono-centric free radical at the dissociation limit.

The above theoretical modeling means, chemically, a conversion from a closed-shell
bond, for example, H3C-CH3, to a homolytic singlet diradical; H3Ce7. .. eCHj is obtained
by the C-C bond dissociation [40,126]. The situation is the same for the conversion from the
closed-shell HO-OH bond to the open-shell singlet HO. . .OH bond with the HOe...| «OH
diradical character [24,40,43]. Therefore, as mentioned above, the narrow HOMO-LUMO
energy gap (Ae) obtained by the EHMO model [110] is also regarded as a chemical index
for conversion from the non-radical to the diradical (magnetic) bond. Active oxygen and
oxy-radicals with reactive local spin often undergo toxic reactions in biological systems [43].
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The thermal cis-trans isomerization of the C-C (C-N) double bonds has been accepted
as a great interest in relation to the chemical and biological processes [141-143]. This process
is also expressed with the above BS Hubbard model [40]. The diradical character of the C-C
double bond was induced with the internal rotation of one of the CHj, groups, as shown in
Figure 5h [144]. We have examined this internal rotational process for ethylene with several
substituents, indicating the utility of the BS MO model and CI using the natural orbitals
(DODS-NO) of the BS solution [144], where DODS-NO is often referred to as UNO [40]. On
the other hand, EPR spectroscopy has been used for the experimental study of diradical
species [142]. The HOMO-LUMO mixing procedure [126] was applicable to obtain the
BS-UHF MOs for systems with moderate diradical character [144]. The orbital bifurcation
occurs in the case of the hybrid density functional models (HUDFT) obtained by the
mixing of the UHF and unrestricted DFT (UDFT) models for large organic molecules [144],
although the bifurcation points are variable with the weight of the UHF component.

2.6. Resonating Broken Symmetry for Recovery of Symmetry Breaking

The orbital symmetry breaking by the HOMO-LUMO mixing in Figures 4 and 5 does
not imply the broken symmetry-ordered (Néel) state obtained by the true magnetic phase
transition in solid-state physics. P. W. Anderson has pointed out the misunderstanding
of the concept of symmetry breaking by quantum chemists in his famous book [145-147].
The DODS solution (UHF) I (Ret...e|R) in Figure 6, obtained by HOMO-LUMO mixing,
degenerates in energy with the DODS solution II (Re]...e1R) obtained by the HOMO-
LUMO mixing with a different phase (— and + mixing instead of + and — mixing in
Equation (8)). The overlap between these DODS solutions is not zero, entailing the quantum
resonance [146] between two diradical configurations, as illustrated in Figure 6. Indeed,
the quantum mechanical resonance occurs in di-, tri-, and polyradicals [145-152], affording
the resonating BS (RBS) states, which are true eigenfunctions of the total spin operator
$?, namely the pure singlet and triplet states of diradicals [126-128]. The normalized
energy for the pure singlet diradical state given by the out-of-phase mixing of two diradical
configurations is given by

E(Res — UHF) —2a  —4x?
EResonating UHF — U = 1+ 422

(11a)

Iab(aﬁ pal
Triplet

BSI BSII
2) —a b

labap| labfal

Singlet

(—p+r)

1
‘/—Elab(aﬁ + Ba)l

Figure 6. Quantum resonance of the broken symmetry (BS) configurations, BS-I and BS-II, provide
resonating BS (RBS) states, which are singlet and triplet-spin states of diradicals. The energy gap
between them is given by 2] (chemist’s notation) in the Heisenberg model [40].
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The normalized pure triplet energy obtained by the in-phase mixing of them is zero,
Egiplet = 0, indicating the no bond state, as illustrated in Figure 7.
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Figure 7. The renormalized total energy curves by the RHF, UHF, EHF, and CI solutions on the basis
of the Hubbard model for two-center two-electron (2e, 20) [40,149] systems. The HOMO-LUMO
mixing occurs in the region (x < 1/2). The complex charge density wave (CCDW) denotes the
singlet bond-order broken solution in chemistry [123,124]. The axial-spin-density wave (ASDW)
solution [84,124] is a UHF (collinear spin) solution [121,126]. The Extended Hartree—Fock (EHF) [144]
provides the same energy by the CI (2e, 20).

The configuration interaction (CI) is often used for a symmetry-adapted approach to
diradicals. The 2 x 2 CI corresponds to the full CI for the [2e, 20] model [40,126-128]. The
normalized total energy for the singlet state is given by

Eqp = %(1 — V1622 +1) (11b)
Therefore, the resonating (Res) broken symmetry (RBS) energy is almost equivalent to
that of the exact 2 x 2 Cl in the weak bond region, namely the diradical region.

Eres_UHF ~ Ec1 ~ —4x° (11c)

The magnitude of the BS-UHF energy in Eq. (10b) is reduced to one half of the
Res-UHF (RBS) energy because of the contamination of the triplet configuration with
Egiplet = 0, indicating the necessity of spin projection (SP) and approximate SP (AP) using
the triplet (high-spin) energy [40]. This is the reason why we perform the SP (AP) for
the broken symmetry (BS) solution by removing the energy contribution arising from the
triplet contamination for quantitative purposes. Thus, the simple Hubbard model has been
useful for the elucidation and understanding of characteristic behaviors of the RHF (RDFT),
UHF (UHDFT), Res-UHF (UHDFT), AP-UHF (HUDFT), and CI (UNO) descriptions of the
chemical bond for [2e, 20] systems, as shown in Figure 7.
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The DODS orbitals in Equation (8) correspond to the atomic orbitals (AO) localized
at two sites, a and b, respectively, in the well-known VB (RVB) model, and the out-of-
phase singlet spin state is often expressed by Dirac notation [78]: {|af) — | fa) } /21/% with
S, = 0 [40]. On the other hand, the in-phase triplet-spin state is given by {|ag) + | Ba) } /21/2
with S, = 0. Two other triplet-spin states are expressed by |aa) and |BB). Therefore,
in- and out-of-phase mixing provides the {|aa) + |BB) } /212 and {|an) — | BB) }/21/2.
These four quantum resonating spin configurations are often referred to as the Bell
states [153-155] and/or entangled states [156-158] in the field of quantum informa-
tion [38,52,53]. The Bell states are used for derivation of Bell’s inequality [153] for ex-
amination of the Einstein—Podolsky—Rosen (EPR) paradox [108]. Aspect et al. [158] have
demonstrated the breakdown of the EPR paradox [108]. The entanglement state is now an
important state for quantum teleportation and quantum computation [38,52,53], as touched
on in the previous Section 2.2. Recently, organic radicals, diradicals, and polyradicals have
attracted great interest as quantum bits for quantum devices. However, the decoherence
problem is known to be serious for such systems, indicating further investigations (see
Section 7).

2.7. Chemical Indices for Diradicals by Broken Symmetry (BS) and Resonating BS (RBS) Methods

Simple VB models using atomic orbitals [146] are hardly applicable for large-scale
stable organic diradicals, which are of current interest for material sciences and the de-
velopment of molecular devices. In 1975, we proposed the use of BS-UHF MO methods
for organic diradicals [126] such as 1,3-diradicals (Figure 8a), carbonyl ylides (Figure 8b)
with intermediate diradical character, and azomethine ylides (Figure 8c) with a weak
1,3-diradical character. The diradical character (see y below), defined by 2 x 2 CI by the
natural orbitals (UNO) by UHF [126,130,132], are 80-90, 40-50, and 10-20% for Figure 8a,
Figure 8b, and Figure 8¢, respectively, indicating the high dependence of types of central
atoms or groups. Therefore, the diradical character of parent azomethine ylide (Figure 8c)
was reduced with the introduction of appropriate substituents, providing stable 1,3-dipole
structures, which responded to the concerted (3+2) cycloaddition [159]. Similarly, carbonyl
ylide (Figure 8b) derivatives with the reduced diradical character undergo the concerted
1,3-dipolar cycloadditions [132,159]. Abe et al. [160] also synthesized the 1,3-diradical
(Figure 8a) derivatives, for which the central CH; was replaced with the CX, group:
X = electron-withdrawing group (type I) and X = electron-donating group (type II). Type I
and II compounds were found to be regarded as a resonant state between singlet dirad-
ical and zwitterionic (or m-bonded) structures [160], indicating a reduction in the strong
diradical character of the parent 1,3-diradical (Figure 8a). BS MO and DFT models are
applicable to investigate the reduction in the diradical characters by the introduction of
polar substituents.

Trimethylenemethane analogs (Figure 8d,e) [161-163] were calculated to be the ground
triplet state [126]. In the late 1970s, several theoretical investigations [164-166] were
performed for parent trimethylenemethane, showing the triplet ground state. On the other
hand, cyclobutadiene (Figure 8f) was the singlet anti-aromatic molecule [127], as illustrated
in Figure 8. The singlet ground state of Figure 8f was explained with dynamic spin
polarization [167] and the pseudo-Jahn-Teller effect [168], indicating further investigations
(see later). Over the past five decades, the independent particle model [157,158] based
on the single Slater determinant has provided several BS models, such as UDFT, hybrid
UDFT, etc., for the theoretical modeling of tri-diradical (Figure 8g) dimer and clusters
of phenalenyl radical (Figure 8h). Therefore, common chemical indices between BS and
CI models have also been employed to investigate the nature of chemical bonds of the
open-shell systems expressed by Equation (8).
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Figure 8. Schematic illustrations of 1,3-diradical (a), 1,3-diradicaloid (b), and 1,3-dipole (c) for three-
center systems; trimethylenemethane (d) and its analog (oxyallyl) (e), and cyclobutadiene (f) for
the four-center systems; benzene with substituted with triradicals (g), and the phenalenyl radical
(h) with delocalized SOMO, as well as the Kagome radical cluster (i).

The orbital overlap T; between the BS MOs obtained by the HOMO-LUMO mixing in
Equation (8) is defined as [40,126-128]:

T; = (¢;"|; ) = cos 20 (12)

Therefore, T; becomes 1.0 in the case of the closed-shell (restricted) case; 1/}1.+ =y, =¢;,
whereas T; is 0.0 for the complete mixing case (6 = /4): complete the SP split pair in
accordance with the order parameter in the phase transition. In order to express the decrease
in chemical bonding via orbital symmetry breaking, Coulson’s (first order) effective bond
order [169] is defined by [126]:

ni—n; (14 cos 26) — (1 — cos 26)

b; = 5 L= > =cos 20 =T; (13)

where n; and 1} denote the occupation numbers of the bonding (HOMO; HONO) and
antibonding (LUMO; LUNO) orbitals, respectively, and they are expressed by using the
orbital overlap; n; =1 + Tj and n;* = 1 — Tj [126]. The effective bond order (b) is nothing
but the orbital overlap between the BS MOs under the BS approximations.

Salem and his collaborators [170] performed 3 x 3 CI using the ground, singlet excited,
and doubly excited configurations for a diradical pair. On the other hand, we have defined
a 2 x 2 CI scheme to define the diradical character by the ground and doubly excited
configurations [126-128]. To this end, the natural orbital (NO) analyses of several types of
BS solutions have been performed for the BS solutions to elucidate their canonical natural
orbitals (UNO) and their occupation numbers (1; and n;*). The UNO provides the pure
singlet diradical state, which is expressed by two configurations:

1 _ P
Yrps(4) = 2(1+T-2){(1 + cos 20)|¢pipi| — (1 — cos 20)|¢; 7|} (14)

1
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where T; (= cos 26 in Equation (14)) is the orbital overlap between the up- and down-spin
orbitals in Equation (14), and the first and second terms denote the ground and doubly
excited configurations, respectively. The single excitation triplet configuration is removed
in the case of the spin-projected BS, 2 x 2 CI (UNO), and MCSCF solutions. As mentioned
above, the single singlet excited configuration usually appears if the RHF and other MOs
are used for the diradical [170]. On the other hand, the effective bond order (B) for ¥ rps in

our scheme is given by:
ni(RBS(+)) — nf (RBS(+))

B= 5 (15a)
_(+T) (12 )" _ 2T12 (15b)
2(1+T7) 1+ T;
2b;
= > b, 15
1+0p2 = (159)

The B value after spin correction, namely after the elimination of the triplet state, is
larger than b in Equation (13). Therefore, the B value in Equation (15a) is also applicable to
the 2 x 2 MCSCF wave function [40].

The spin density (p) appears in the BS solution by the independent
particle model [171,172], even for singlet diradicals, since its functional behavior is given
by the orbital overlap T; and the occupation number #; as follows:

pi=\/1-T2 = \/m2—n) (16)

We have examined the physical meaning of the spin density for strongly correlated
electron systems (SCES) [40,173,174] from the spin correlation functions for magnetic ma-
terials [175] and large open-shell species, which are observed by the neutron diffraction
methods [176]. The spin correlation function for SCES by the BS model is approximately
expressed with the product of spin densities p; and p; at the i and j magnetic sites [173,174].
This means that the parallel and anti-parallel spin alignments with the positive and negative
spin-density products (SDP; p;p;) are considered as the ferromagnetic and antiferromag-
netic spin correlations (not spin order) for finite open-shell species such as diradicals
and polyradicals.

Therefore, the spin density is a useful chemical index, even for singlet diradicals, and
the magnitude increases sharply in the weak diradical regime, indicating the overestimation
of the diradical character. On the other hand, the diradical character (y) is defined as twice
the weight of the doubly excited configuration (Wp) under the canonical delocalized NO
(UNO) approximation as

(1-T;)? 2T;
y=2Wp=-— 17 —1-— (17a)
1+ T? 1+ T?

1

=1-B (17b)

The y value is also obtained by the multi-determinant approaches, such as complete
active space (CAS) UNO CI, CASSCF, CASPT2, MR UNO CI, and the MR-coupled cluster
(CC) [24,40]. It is directly related to the decrease in the effective bond order B, indicating
a moderate increase with the decrease in the orbital overlap, as shown in Equation (17b).
Thus, the y value is a common chemical index between the AP BS and MR methods.
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Information entropy (—n In 1) is introduced in the field of quantum information
science [22,38,70,71,87,90] in Figure 1. It is also used as an index of the effective bond
orders [177,178] defined by the occupation numbers [40,46,47] as:

o i’lill‘l n;
' 2n2

(18)

where the denominator in Equation (18) denotes the information entropy for the closed-
shell bond with no fluctuability [70,71]. The information entropy is also obtained by the
occupation numbers of natural orbitals by MR methods such as MCSCE, MR CI (CC) etc.

In summary, the functional dependence of the chemical indices against the orbital
overlap (T) is illustrated in Figure 9. The spin density (p;) by BS increases sharply, even
in the strong orbital overlap region, where the diradical character (y;) is relatively small.
This characteristic feature is partly ascribed to the triplet-spin contamination of the BS
solution. The effective bond order (b;) and information entropy (I;) linearly decrease
with the decrease in the orbital overlap (Tj). On the other hand, the diradical character (y;)
increases sharply in the small orbital overlap region, whereas the effective bond (B; =1 — y;)
after spin projection indicates the reverse tendency. Thus, functional dependence indicates
the characteristic behaviors of the chemical indices for the diradical species by the BS and
beyond BS methods.
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Figure 9. Schematic illustration of the variations in the chemical indices against the orbital overlap (T})
between broken symmetry (BS) orbitals in the BS methods coupled with spin projections. Spin density
(pi; blue line) increases sharply, even in the large orbital overlap region (T; = 0.7-0.8), indicating
the overestimation of the diradical property. The unpaired electron density (Uj; black line) exhibits
a similar tendency. The diradical character (y;; violet line) increases sharply in the weak overlap
region [40,45,126].

2.8. Interrelationship Between VB and Localized MO Models

Here, the interrelationship between the VB and MO methods is revisited briefly. G. N.
Lewis [179] proposed the octet model for the chemical bonds of organic molecules. The
Heitler-London quantum mechanical theory [14] for chemical bonds provided a quantum-
theoretical foundation of the concept of the electron-pair bond [179] for the two-center
two-electron systems in Figure 5. The 1,3-dipole compounds in Figure 8 are essentially
regarded as the three-center four-electron systems, which have two electron-pair bonds
based on the Lewis model [179]. In fact, Linnett and collaborators [180-182] have presented
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the double-quartet theory, providing a four-dot representation to avoid electron repulsions
in 1,3-dipoles. However, the Linnett model may entail a misunderstanding of the tetra-
radical structure of 1,3-dipoles [132]. The Linnett model indeed requires a detailed analysis
of the static and dynamic electron correlations in SECS [40] (see later).

Firestone [183] applied the Linnett model for organic molecules. He presented the
Linnett model for the 1,3-dipoles and 1,3-dipolar cycloaddition reactions [184], propos-
ing the diradical mechanism in sharp contrast to the concerted mechanism proposed by
Huisgen [185] on the basis of the stereochemical results for the 1,3-dipolar reactions. Fire-
stone’s proposal [183], based on the Linnett model [182], entailed serious debates with Prof.
Huisgen [186] based on the closed-shell (RHF) MO model. However, their debates were
not on the same wavelength because of different theoretical models. Therefore, a common
basis was necessary for understanding and explaining the nature of the chemical bonds
of 1,3-dipoles.

We performed a natural orbital analysis [126-128,187] of the complex wavefunctions
obtained for the 1,3-dipoles by several Linnett-type models to elucidate the natural orbitals
and their occupation numbers [40]. It was found that the occupation number of the HOMO
obtained by the diagonalization of the first-order density matrix of the Linnett wavefunc-
tions was largely reduced from 2.0 (closed-shell) and the occupation number of LUMO
was larger than zero (open-shell), indicating a strongly correlated pair responding to the
diradical state, whereas the occupation number of the next HOMO was near 2.0, responding
to a weak (spin polarization) correlation [40]. Thus, two electrons exhibit static (strong)
electron correlation, and the remaining two electrons present a dynamic (weak) electron cor-
relation in conformity with the classification of the electron correlations by Sinanoglu [188].
Thus, the NO analysis [126-128,187] supported a diradical picture [132] instead of the
tetra-radical picture of 1,3-dipol compounds [180-184]. Recently, Saito et al. [189] have per-
formed extensive theoretical modeling of the 1,3-dipolar cycloadditions by the MR-coupled
cluster (CC) level of computations, supporting the concerted mechanism [132,186].

We have performed a NO analysis of the BS solutions for the 1,3-dipolar compounds
in Figure 8, showing that the HOMO-LUMO pair indicates a radical character (y < 1.0),
whereas the other pairs are regarded as almost closed shells with a small dynamical correla-
tion. Therefore, the HOMO-LUMO pair is considered for elucidation of the interrelationship
between the MO and VB models within the static (non-dynamical) level of electron correla-
tion instead of the Linnett model [170]. To this end, the canonical HOMO-LUMO pair is
transformed into the localized MO (LMO) picture for the VB explanation of diradical and
diradicaloid species. More generally, the localized natural orbitals (LNO) are obtained by
the localization of natural orbitals (ULO) of the BS solutions [190].

The LMOs are defined as the complete mixing limit (6 = 7t/4) in Equation (4):
p = 0 = ©/4 for bi-centric diradicals. The BS MOs in Equation (8) are indeed re-expressed
with LMOs (LNOs) in Equation (19), as follows:

l/Jl-+ = €OS WPLMOa + SIN WP MOb (19a)

P = cos WPrpob + SN WPLMOa, (19b)

where the mixing parameter w is given by 6 + 7t/4. Therefore, the BS MO configuration can
be expanded by using LMO (LNO) as

vy

Yoo = (20a)

= ’(COS wWPLMOa + Sin WPrmOob) (COS WPrvop + Sin WLmOa)

1
- E{ﬁcos 2wPsp + V2P1p + sin 2w(Pzwa + cbZWb)} (20b)
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where the no-bar and bar denote the alpha («) and beta (8) spins, respectively, and the
pure singlet diradical (SD) and triplet diradical (TD) covalent terms in the VB concept are

therefore given by
1 - .
Dsp = ﬁﬂ‘l’LMOaG”LMOb‘ + |PLvobPLMOn| | (212)
1 - .
Op = E{’QbLMOa(PLMOb‘ - ‘(PLMOb(II)LMOa‘} (21b)

where the SD and TD terms are expressed by |prmoadPrmobi|aB8) — |Ba) }|/2'/% and
|prvoadivon (| @B) + | Ba) }| /2172, respectively. On the other hand, the zwitterionic (ZW)
configurations result from the charge transfer from ¢y 10, to ¢ra10p (Vice versa) as follows:

Pzwa = |PrvoaPimoa), Pzwb = |PrMobPLMOD | (22a)

The low-spin (LS) BSI MO configuration involves the pure triplet covalent term,
showing the spin-symmetry breaking property. Similarly, the LS BS-II MO configuration is
expressed by

1
= E{\/ECOS 2wdgp — V2&rp + sin 2w (DPzwa + CIDZWb)} (22b)

T

Ygsi1 =

The LS BSII MO solution also involves the pure triplet term. Thus, spin-symmetry
breaking is inevitable in the case of the single-determinant (reference) BS solution for
diradical species. However, both the orbital and spin symmetries are conserved in finite
quantum systems [40,145,146]; for example, the error arising from the triplet term in
Equations (20b) and (22b) i easily eliminated by the AP procedure that eliminates the pure
triplet term.

Indeed, as shown in Equations (20b) and (22b), the BSI and BSII solutions are degener-
ate in energy. Then, the quantum resonance of them is required, providing the VB Cl-type
solution as follows [24,40]:

1 1 .
Yres(+) = ﬁ(TBSI + ¥psn) = ﬁ{\/icos 2wPgp + sin 2w(Pzwa + CDZWb)} (23)

1
Yres(—) = E(TBSI — ¥sir) = Prp (24)

where the normalizing factor is neglected for simplicity; thus, the in- (+) and out-of-phase
(—) resonating LMO (or localized natural orbitals (LNO)) BS (RBS) solutions are nothing but
the pure singlet- and triplet-state wave functions, respectively; the broken symmetries are
recovered via the quantum resonance. The chemical bonding of the diracaloids is expressed
with the configuration mixing of the covalent singlet term and two ZW terms under the
LMO (LNO) approximation in conformity with the VB concept. The singlet diradicaloid
state is expressed by the 3 x 3 CI of the VB configurations in Equation (23) instead of the
2 x 2 MO scheme in Equation (14).

The VB-type explanation of the electronic structures becomes feasible under the LMO
(LNO) model [40,190]. For example, the effective bond order becomes zero for the pure
covalent term (diradical configuration in the VB term), but it increases with the increase in
mixing with the ZW term until the ZW /SD ratio becomes 1.0, namely the closed-shell MO
limit. The LMO (LNO) CI descriptions of both the ground diradical and excited ZW states
are examined for bi-centric and tetra-centric diradicals, as illustrated in Figure 10 [191]. The
ZW state becomes the ground state under an introduction of donor (push)-acceptor (pull)
substituents into the diradicals, as shown in Figure 10.
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Energy

ZWII ZWII

Introductions of Polar Substitutions

Figure 10. Energy diagrams obtained by the localized NO (ULO) CI [190,191], providing the VB
ClI-type pictures for singlet (S) and triplet (T) diradical (DR) and singlet zwitterionic (ZW) states.
The introduction of the push—pull polar substituents a radical states stabilizes the ZW ionic state,
inducing the conversion from S(DR) to ZW in the ground state [40,144].

3. Collinear and Non-Collinear Spin Structures and Spin Frustrations in
Tri- and Polyradicals

3.1. Collinear and Non-Collinear Spin Structures for Tri- and Polyradicals

In the 1960s-1970s, theoretical groups of Prof. Nagamiya [175] and Prof. Yoshi-
mori [192] in the Solid-State Physics Department extensively investigated the helical spin
structures of magnetic solids such as manganese oxides. In 1975, because of the strong
influence of magnetic materials, we also examined the possible general spin structures of or-
ganic radicals and radical clusters, as shown in Figure 11 [193]. For example, three collinear
(axial) solutions (11, {11, T} 1) are available for the equilateral triangular conformation,
indicating spin degeneracy. A two-dimensional (2D) triangular spin structure is also feasi-
ble for the triangular conformation and related Kagome-type cluster (Figure 8i) [194,195],
as illustrated in Figure 2D.

s s

(m’m2’) (mm’'2’) (6m2’) (6m’2)
f 9
(4’lmmm’) (#Immm’) (@ Imm’m’) (@3m)

Figure 11. Magnetic group theoretical notations of two axial-spin structures (a,b); high-spin structure
(c); and the helical (triangular)-spin structure (d) for the equilateral triangular conformation. Magnetic
group theoretical notations of two axial-spin structures (e,f); high-spin structure (g) for the square
planar conformation and the tetrahedral-spin structure (h) for tetrahedral conformation [40,193,195].
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According to the theory of magnetic materials [175,192], magnetic group theory [196]
has been used to characterize the spin structures of radical clusters, as shown in Figure 11,
where the time-reversal operation (T) denoted by ‘ is necessary for spin inversion because
spin angular momentum is an axial vector instead of polar vector: the axial vector is
different from the quantum spin described by Equation (1). Therefore, the magnetic group
(G) is defined for spin structures by both spatial symmetry (Py) and time-reversal (T)
symmetry, as follows [40,196,197]

G=H+T Py — H) (25)

where H denotes the subgroup of Py, and the second term is the remaining group with
the time-reversal operation (T). Figure 11 illustrates the magnetic group symmetry of the
spin structures consisting of local classical spin vectors for tri- and multi-centric radical
clusters. The magnetic symmetries have been used for characterizations of spin correlation
diagrams for exchange-allowed and -forbidden radical reactions. The details are given in
references [40,197].

The two collinear (axial) spin structures for the equilateral triangle geometry
(Figure 11a,b) have Cy-type magnetic symmetry. Figure 11a,b become the ground states
for acute and obtuse triangles after the Jahn—Teller distortion, respectively. On the other
hand, the ferromagnetic (Figure 11c) and non-collinear (helical or triangular: Figure 11d)
spin structures exhibit the full C3 magnetic symmetry at the equilateral triangle geome-
try, as illustrated in Figure 11. For example, the 1,3,5-triradical benzenes (Figure 8g) in
Figure 8 are regarded as triradicals with ferromagnetic (111) or triangular antiferromag-
netic (helical) spin structures. The odd-membered rings consisting of organic radicals (eR),
(n=3,5,7,...), such as the phenalenyl radical (Figure 8h), are also expected to exhibit
non-collinear spin structures [193]. The magnetic group is also useful for the characteriza-
tions of the tetra-radical spin structures (Figure 11e-g) of the square planar radical clusters.
Theoretically, the cone- and tetrahedral-type spin structures (Figure 11h) are also feasible
for putative tetrahedral- and cubane-type radicals and radical clusters [193].

The triangular- and tetrahedral-type multi-center radicals in Figure 11 have been
realized, respectively, in the cases of the triangular transition metal M304 (M = Mn(III)
with S =4/2, etc.) clusters and cubane-type transition metal M4O4 and M4Sy clusters, as
examined in references [198,199]. The CaMnyOs cluster with the cubane-type CaMn3;O4
has been found to be the catalytic site of the water oxidation reaction in photosystem II
(PSII) [47]. Therefore, many third transition metal (M = Cu, Mn, Co, ...) clusters have been
synthesized as model catalysts for water oxidation [46,47]. On the other hand, triangular
and Kagome (Figure 8i) lattices consisting of transition metal ions have been investigated
extensively in the field of solid-state physics [192,194,195].

3.2. Instability of the UHF Solution and General Spin Orbitals for Non-Collinear Spin Structures

In 1972, Prof. Fukutome [84] developed a generalized Hartree-Fock (GHF) theory
responding to the collinear and non-collinear spin structures [193] in Figure 11. He has
elucidated eight types of GHF solutions [84], including the RHF, UHF with a collinear
(axial) spin-density wave (SDW) in solid-state physics, and the GHF with a non-collinear
SDW: two-dimensional (2D) spin structures, such as a helical SDW, and 3D spin structures,
such as the cone and tetrahedral SDWs in Figure 11. According to the Fukutome GHF
theory [84], electronic structures are variable depending on the type of spin correlation:
RHF (no spin density) - UHF with a 1D SDW — GHF (HSDW) with a 2D SDW — GHF
(helical spin wave (HSW)) with a 3D SDW.

The triradical species in Figures 8 and 11 are interesting examples of non-collinear
spin structures in quantum chemistry. Indeed, the equilateral triangle H3 radical is one
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of the best molecules for the explanation and understanding of these spin structures in
Figure 12 [148,149]. The doublet open-shell 2RHF solution is always doublet unstable
because of the spin polarization (SP) effect, providing the axial (one-dimensional (1D)) spin-
density wave (2ASDW) [84], which is the conventional UHF solution with collinear spins
(Figure 11a,b) in chemistry. The 2ASDW solution can be obtained by the HOMO-LUMO
mixing in Equation (8). However, 2ASDW is spin-flip (SF) unstable because of the degen-
eracy between HOMO and SOMO in the equilateral triangle geometry, reorganizing into
the more stable helical SDW(GHF) ((HSDW) solution with the triangular spin structure
illustrated in Figure 12. The ZHSDW solution is obtained by the HOMO-SOMO-LUMO
mixing procedure [198]. 2HSDW is often referred to as a general Hartree-Fock (GHF) with
a non-collinear spin structure, which is generally expressed by a two-component spinor,
namely general spin orbitals (GSO).

Yaso = c1 promoX + ¢2 psomo Y+ 3 P{umoZ (X, Y, Z = a-or B-spin)  (26)

where GSO involves both «- and -spin components for 2D spin structures.
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Figure 12. Potential energy curves against the covalent bonding parameter (x) of the Hubbard
models for the equilateral conformation with (30, 3e) by the doublet RHF (*RHF), UHF (2ASDW),
spin-projected (P) ASDW (PASDW), and spin-optimized (SO) self-consistent-field (SCF) PASDW,
which are equivalent to the full CI (30, 3e) of the Hubbard model [148,149].

As mentioned above, the UHF (2ASDW) solution is not an eigenfunction of the total
spin angular momentum operator $?, and the GHF (*HSDW) solution is not an eigenfunc-
tion of the $? and S, operators [148,149]. Therefore, spin projections for them are necessary
for the elimination of spin contamination errors, providing more stable projected PUHF
(*PASDW) and PGHF (*PHSDW) solutions, as shown in Figure 12. The SCF computation
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after the S? and S, projections provides the most general extended Hartree-Fock (EHF)
solutions responsible for the spin degeneracies. There are two different spin functions for
the three electron systems [148,149], namely the total doublet functions obtained by the
doublet (D) and singlet (S) coupling 2[DeS] and doublet and triplet (T) coupling 2[DeT].
For example, doublet H; and HO; radicals dissociate into doublet H radical-singlet H, and
doublet H radical-triplet O; in accordance with these coupling schemes. Therefore, the dou-
blet spin state is generally expressed by the linear combination of these two spin-coupling
schemes, providing the so-called spin-optimized (SO) HSDW solution [40,200].

The Hubbard model for the equilateral triangular systems with [30, 3e] was solved
analytically to confirm the above theoretical predictions, as shown in Figure 12 [148].
The normalized total energies for the unprojected and projected (P) UHF(ASDW) and
GHF(HSDW) solutions indeed confirmed the theoretical conclusions. The hybrid DFT
solutions obtained by the mixing of GHF and general DFT (GDFT) are handy and use-
ful for the theoretical investigations of triangular- and cubane-type clusters, as shown
previously [198,199].

3.3. Developments of BS GSO-X (X = HF, DFT, and Hybrid DFT) Program Systems

In the 1980s-1990s, the chemical synthesis of multi-center-transition metal clusters with
spin frustrations was performed to obtain artificial catalysts for an oxygen-evolving center
(OEC) of photosystem II (PSII): XMn3O4 and MngOy4 [198,199], and artificial iron-sulfur (Fe-
S) [201] catalysts for the nitrogen fixation center of FeMoco [202-204]. However, complex
clusters with spin frustration could not be investigated by conventional program packages.
Therefore, Yamanaka et al. [198] have newly developed ab initio program packages for
GSO-X (X = HE DFT, hybrid DFT) for theoretical elucidations of the structure and bonding
of large transition metal complexes with spin frustrations, as illustrated in Figure 13. The
closed-shell state is described by the restricted Hartree-Fock (RHF) or restricted DFT
(RDFT) solution. On the other hand, one (1D)-, two (2D)-, and three (3D)-dimensional spin
structures are generally described by the 1D UHF(UDEFT), 2D Helical SDW(HSDW), and 3D
torsional DFT(TSDW) (GDEFT) solutions, respectively [198,199], where the corresponding
DFT solutions are given in Figure 13.

Search Region of
Spin Density

Symmetry Broken
Pattern

Figure 13. Collinear and non-collinear broken symmetry (BS) solutions are classified by the magnetic
double groups of M(e”) and A(e)M(e”) [84,205]. These solutions are obtained by using the GSO-X
(X =HF, DFT, and hybrid DFT) program system developed by Yamanaka et al. [198,199,206].
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The general spin structures for the systems under consideration are first obtained by
the spin vector model in Figure 11 [193], which is characterized by the magnetic group
(spin rotation (S) x time-reversal (T) symmetry) [196], as illustrated in Figure 11. On the
other hand, spatial symmetry-adapted (Py) molecular orbitals (MO) for systems such as
Fe4S, clusters were obtained with the EHMO model. Therefore, trial general spin orbitals
(GSO) for them are constructed by HOMO-SOMO-LUMO mixing using the magnetic
double group theory (PN x S x T) [84,205]. Therefore, the spin structures obtained by
the magnetic group (see Figure 11) [193] are useful for the construction of possible GSO
solutions. The SCF calculations, starting from the trial GSO obtained, were performed to
obtain GHF solutions with the desired magnetic double group theory [198,205]. The GSO
HDFT is applicable to elucidate the structure and bonding of multi-center clusters with
spin frustrations, such as the cubane-type MnsOy cluster [199]. Details of the program
packages are given in reference [186].

Yamanaka et al. [206,207] have further performed GDFT computations of triangular-
type and related Co-model clusters, whose 2D lattices in Figure 2D exhibit low-temperature
superconductivity. They have also performed the GDFT computations of triangular ladder
models consisting of (H), clusters (n = 3-7) [207]. Total energy and total spin angular
momentums for low-spin and high-spin states by GDFT have been utilized to obtain the
effective exchange interactions (J) between the local spins, even in these spin-frustration
systems. The calculated | values are used for the construction of quantum Heisenberg
models for spin-frustration systems, which are diagonalized by several methods to elucidate
the quantum energy levels in relation to the RVB model for superconductivity [14,146].

3.4. Spin Frustration and Resonating Broken Symmetry Method

Spin vector models in Figures 11 and 13 are conveniently used for a pictorial under-
standing of local spins in molecular magnetic materials. However, we should be very
careful with the quantum effects of molecular spins [22,40,44,87]. Here, we revisit the
quantum spin in Equation (1). The spin quantum number of local electron spins in organic
radicals is S = 1/2 with two states in Equation (1), indicating opportunities of the spin-
frustrated quantum systems in the triangular-type and Kagome-type geometries [195] in
Figure 2D. Therefore, we come back to the RVB and related quantum spin models, such
as RBS, for these systems [145-149,200,207]. For example, the triradicals consisting of a
half-integer spin (S = 1/2) in Figure 11 are indeed quantum spin systems that are described
by the three different VB structures with one singlet-pair bond plus one unpaired spin,
indicating the so-called spin-frustrated state [200,207]. The three VB structures are degen-
erated in energy in the equilateral conformation, entailing the quantum resonance states,
which are expressed with a total of two degenerated doublet states in energy and one total
quartet state [199-201]. Three BS structures are also degenerated in energy, providing the
RBS states for the doublets and quintet states.

The RVB states investigated by Pauling-Anderson [208,209] have been employed to
rationalize the high-T. superconductivity of cuprates with essentially a two-dimensional
lattice [146,147,208,210]. Recently, the RVB concept has also been applicable to specific
electronic behaviors of one-dimensional radical chains and frustrated radical clusters of
organic radicals (see later). In this review, we do not enter the new topological materials
investigated in solid-state physics. We do not touch the exact DFT model instead of the
Kohn-Sham-type DFT model, which provides the broken symmetry (BS) solution: we may
expect no symmetry breaking for the exact DFT.

The spin-frustrated clusters consisting of quantum spin (S = 1/2) in Figure 11 are
certainly described with RVB models because of the strong spin frustrations. However,
the RVB model is not applicable to complex organic radical clusters since the SOMO of
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component radicals are often delocalized over molecular skeletons. Therefore, we can
use the SOMO of the BS for the molecular g-bit in the analogy of the RVB, providing the
resonating states of the BS solutions with the same energy, namely the RBS state. Indeed,
the RBS state consisted of three triangular (2D) spin structures [200], proving two double
and one quintet quantum states, as illustrated in Figure 12.

The resonating BS (RBS) models [200,207] are applicable for theoretical investigations
of such complex molecular systems. For example, the hole-doped BEDT-TTF dimer deriva-
tives have a quantum spin S = 1/2, which is required for new quantum materials from
the original RVB models [146,147]. The 2D lattices of BEDT-TTF with nearly a triangular
lattice in Figure 2D have been indeed investigated in relation to several magnetic phases,
such as superconductivity, etc. Recently, triangular lattices constituted of these derivatives,
such as k-(BEDT-TTF),Cuy(CN)3, have attracted great interest in relation to the quantum
spin liquid (QSL) state of the spin-frustration system [211-216]. The QSL state is a phase
of matter with long-range quantum entanglement but has an absence of the ordinary
magnetic order in spite of the non-negligible effective exchange interaction [211-216]. The
design [215,216] and synthesis of appropriate organic radicals, such as (Figure 8g) for QSL,
remain a challenge for chemists.

3.5. Dirac Identity for Permutation Operator and Heisenberg Spin Hamiltonian Model

Quantum spin systems consisting of S = 1/2 spin are now re-accepted and are of
great interest for quantum spin materials, which is in sharp contrast with local classical
spins of transition metals ions such as Fe (III) (S = 5/2) and Mn (III) (S = 4/2). In the
early 1970s, both spin-free [217-219] and spin-dependent models [193,197,201] were pro-
posed for the theoretical modeling of radical reactions. In many electron systems, the
exchange of electron spin is a fundamental concept for understanding the nature of chemi-
cal bonding [14-17]. Indeed, the magnetism and chemical bonds [37,39,40,82-90] are classic
problems in quantum chemistry.

Prof. Matsen’s group [217] performed the spin-free approach to investigate radical
reactions, where the permutation group (Sy) [220,221] is used for the quantum mechanical
description of the exchange interactions between quantum spins. On the other hand,
over the past decades, we have used a spin-dependent approach, namely the quantum
Heisenberg model, to open-shell systems because of several reasons [222]. For example,
the spin Hamiltonian models have been used for the theoretical analysis of experimental
results for metalloenzymes [41-43] by EPR and several magnetic experiments. In fact, spin
Hamiltonian models [40,45] have also been employed to elucidate the effective exchange
interactions of SCES [210] in material science [44,45]. The computational results by ab
initio methods in Figure 13 are often used to determine the bonding parameters of the BS
Hubbard models [111], which are often mapped into the Heisenberg spin Hamiltonian
model [40,45] through transformation from the canonical orbital to localized orbitals [190]
for exchange-coupled open-shell species [40].

The permutation operator in the quantum VB model [220,221] is closely related to spin
exchange in the spin Hamiltonian [78]. The scalar product of local spins is expressed by the
squares of the total spin (S; + S;) and local spin operators as follows [40,222]:

1
51 =5 [(si +5/)% -5 - sﬂ 27)

The expectation value of the spin scalar product is given by the singlet and triplet
diradicals as follows:

1(S;-S;) _;{0(04—1)—;(;4—1) —;(;H)] :_73, (28a)



Chemistry 2025, 7, 38 27 of 69

1 1/1 1/1 1

3 e ) = — — —| = — —| = = —
(Si-Sj) 2[1(1+1) 2(2+1> 2(2+1>} T (28b)
Therefore, the permutation operator Pj; [221,222] can be defined by the spin

scalar product.
1P =255+ 1) =ax( 24 1) = 2
ij = iSity)=2x{+t5)=-1L (29a)
1 11
3p. —3/ng.q. 4+ 1\ — S4Z) =

pj = <251 S]+2> —2x<4+2> =1 (29b)

The above relationship is called the Dirac identity [79], indicating the direct relation
between the permutation operator (Sy) in the valence bond (VB) model [217-219] and
the spin operators in the spin Hamiltonian model. Dirac identity [78] is the theoretical
foundation for the spin-free approach to radical reactions by Matsen and his collabora-
tors [217-219,223], which is in sharp contrast to our spin-dependent approach to open-shell
systems [40,206,207]. The equivalence transformation between spin-free [219] and spin-
dependent [197] models is feasible by using Equation (29).

The BS MO model, such as the Hubbard model in Equation (6), is often transformed
into the spin Hamiltonian model [40,197,222] based on the second quantization formula of
the spin operator S; in the weak bond region as follows:

Hl']‘ = —ZI[jS['S]' (30)

where Jj; is the effective exchange integral. The total energies of the singlet and triplet states
of the binuclear open-shell systems on the Heisenberg model [40,45,46,222] are given by

3 1
1Espin = 1<Hij> = E]ij/ 3Espin = 3<Hij> = _Ejz] (31a)

The energy gap between the singlet and triplet states is given by (see also Figure 6)
g 3E . —2F..
Espm - Espm - 2]1]/ (31b)

where Equation (31b) for the | value is often referred to as the chemist’s notation where
the signs of | are negative and positive for the antiferromagnetic and ferromagnetic
exchange interactions.

The above two spin models can be generalized in the case of the multi-electrons A and
B at the sites a and b, where the A (B) electrons are parallel at the a (b) site, namely the local
high-spin configurations. The effective exchange integrals, defined by each orbital (i, j), are
approximated by the orbital-averaged exchange integrals as follows [40,45,46,222]:

Hab = —221- 2]' ]ijsi'sj = _zfabsﬂ'sh/ (323)

where
Sa=),5i(i=12--,A), S = Zj Si(j=1,2,---,B). (32b)
Therefore, the Heisenberg models for the polyradical species [46,47,222] are generally
given by
H==)",2aSaSp (33)



Chemistry 2025, 7, 38

28 of 69

where |, is the orbital-averaged effective exchange integral between the spin sites a and
b with the total spin operators S; and S;. The | ;,-values are calculated by using the total
energy and total spin angular momentums (S?) of the BS solutions [40,222]

| ISpy HSEy
) Hs<52>X _LS<SZ>X

where YEy and H5<§?>y denote the total energy and total angular momentums obtained
by the X-computational method (BS = UHE, UDFT, HUDEFT) for the Y-spin state (Y = HS or
LS), respectively. The total energy of the spin-projected (SPBS) is given by the following
equation [40,222].

I ab (34)

LSEpps = LSEps + Jup {LS<52> —S5(S+ 1)} (BS = UHF, UDFT, UHFDT)  (35)

where S(S + 1) denotes the exact eigenvalue of the total spin-density operator; therefore, the
second term in Equation (35) corresponds to the spin correction term for spin contamination
in the BS model [40]. The computational scheme in Equations (34) and (35) is also applicable
to the symmetry-adapted multi-determinant methods such as CASSCF, MR CI, and MR
CC [40].

The exact diagonalizations of the spin Hamiltonians consisting of the ab initio cal-
culated J,; are necessary to elucidate the quantum energy levels and projection factors
for the molecular quantum spins [44,45], which are used for the explanation and under-
standing of the EPR experimental results [224-226]. The diagonalizations of the quantum
spin Hamiltonian for the radical clusters are performed by the density matrix renormal-
ized group (DMRG) [227,228], matrix product state (MPS) [229], and quantum Monte
Carlo (QMC) [221] methods. The large-scale spin Hamiltonian for large magnetic clus-
ters is mapped into the quantum spin Hamiltonians with the Jordan-Wigner transfor-
mation [116] of the Pauli matrix into qubits for diagonalization by the phase estimation
procedures [38,52,230] of quantum computations in the future.

4. Beyond BS Methods for Quantitative Computations of
Open-Shell Systems

4.1. Early MR CI and MR CC Methods as Direct Extensions of BS Methods for Radicals

Strongly correlated electron systems (SCES) in Figure 1 have been investigated by
many body theories developed in the late 1950s and 1960s, as shown in a review article [231].
As mentioned in the above Sections 1-3, we have been interested in BS unrestricted HF
(UHF) and unrestricted HF-Slater (UHFS) models by the use of different orbitals for differ-
ent spins (DODS) and the more generalized HF (GHF) and generalized HFS (GHEFS) based
on the general spin orbitals (GSO) in Equation (26)—the two-component spinors that arise
from the static electron and spin correlations. These models under the mean-field approxi-
mation are regarded as a first step to SCES, being applicable to the ground and lower-layer
states. However, well-balanced descriptions of both the ground and excited states are
necessary for the theoretical investigations of quantum optics, as shown in Figure 1.

In the 1970s, as the second step, the MR CI methods [232-237] were examined regard-
ing theoretical investigations of the ground and excited states of SCES. Several basis orbitals
were examined for effective CI calculations [233-235]. To this end, we have performed the
NO analysis [236-238] of BS solutions [126-128] for SCES to obtain the UNOs and their
occupation numbers [40]. The NO analysis has indeed elucidated the active orbitals that are
closely related to the non-dynamical correlation corrections for SCES [188,189,236,237]; the
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partitioning of active orbitals has entailed the necessity of using the genuine MR approach
to SCES, as illustrated in Figure 14.

Occupation _
Number . 0-000
(V) Virtual

*
(iv) Valencg
(unoccupied)

(i) SOMO  ~ CAS(SCES)

(ii) Valence
(occupied)

Occupation

Number =2.000

Figure 14. Classification of natural orbitals (UNO) on the basis of their occupation numbers obtained
by the natural orbital analysis of BS solutions for open-shell systems. The SOMO (iii) and CAS (SCES;
ii and vi) are the minimum CAS for strongly correlated electron systems (SCES), where occupied and
unoccupied (*) valence orbitals were responsible for non-dynamical correlations. Core (i) and virtual
(v) orbitals are responding to the dynamical electron correlations [40,236,237].

Okstiz and Sinanoglu [239] classified the electron correlation effects into (i) internal,
(if) semi-internal, and (iii) external correlations on the basis of the decomposition of orbital
space in Figure 14. We have performed the full CI within the SOMOs and strongly cor-
related the occupied and unoccupied (*) valence orbitals responsible for non-dynamical
correlations, which were referred to as active reaction natural orbitals (RNO) [240,241],
which is now referred to as complete active space (CAS) [242]. We have performed the
second-order (SO) MRCISD [236] in which the references are chosen as all possible distribu-
tions of electrons within CAS. However, the SO-type MRSDCl is too heavy for open-shell
molecules, and perturbation selections were necessary [233,234]. The second-order type
MR CI was necessary for well-balanced descriptions of low- and high-spin states of open-
shell species. The SO-type MRCI schemes using UNO in Figure 14 are the most natural
extensions of the BS and RBS methods, namely the independent particle model, because the
reference MR space can be constructed so as to describe the quasi-degenerated electronic
systems related to the BS solutions, as illustrated in Figure 15. We presented our MRCI(CC)
scheme at Sanibel 1980 [236]. Roos [242] proposed CASSCEF by the use of complete active
space (CAS) at the same Sanibel conference.
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Figure 15. Early computational schemes started from the instability of RHF, providing generalized
HF (GHF) including UHF, as a first step to SCES. As the next step, the natural orbital analysis of the
GHEF solution was performed to elucidate the natural orbitals (UNO) and occupation numbers ().
The active spaces of SCES for the MR references were selected for MR CI and MR CC with n values.
Full valence (FV) multi-configuration (MC) SCF was a dream at that time (1980) [40,236,237].

Cizek has presented the size-consistent coupled cluster (CC) methods for atoms and
molecules [243] instead of the CI approach [232-235]. The CC method was found to be
effective in nuclear physics [244]. The MR reference version of the CC method was also
presented for the degenerated systems [245,246]. Therefore, from the equivalence trans-
formation, MRCI into MRCC for atoms and molecules was also a natural new approach
to SCES [247]. However, for our natural extension of the BS to MR CI (CC) [236,237],
the active space in our scheme was limited so as to include non-dynamical (static) cor-
relations that are origins of the instabilities in the RHF solution at that time. Under this
approximation, only the minimum reaction (R) NO (Mini-RNO) = principal active space
(PAS), namely CAS in our definition in Figure 14, was considered instead of the maximum
RNO (Max-RNO) = PAS + SAS (secondary active space). Therefore, the reference function
in Min-RNO was taken to be UNO (= UHF-NO) and GNO (= GHF-NO) CASCI in our MR
CI and MR CC schemes for both non-dynamical and dynamical correlations. Nevertheless,
perturbation selections of the main configurations [234] were inevitable, performing the
MR CI [236,237] followed by Davison correction [248] instead of MRCC [247]. Later, Roos
et al. developed CASPT?2 [249] and related PT theories to include higher-order excitations.

The CC excitation operator [236,243,244] was considered for the reference state to
obtain the UNO (GNO) CASCC as

Pcas.ci(MRCC) = el |Y — NOCASCI) (Y = UHF, GHF, or GHFS) (36)

where T = X Tj (i = 1-4). A uniform excitation operator formalism had been considered in
the MRCC approach before Jeziorski and Monkhorst [250] proposed their CC scheme in
1981. UNO (GNO) CASCC-single (S) was formally equivalent to UNO (GNO) CASSCEF after
the convergence of the CC-S equation since we considered only the one-electron excitation
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operator responsible for semi-internal correlation for active (or full valence active space)
NO space,

®cas_scr = el |[Y — NOCASCI) (Y = UHF, GHF, or GHFS) (37)

where the generalized Hartree-Fock-Slater (GHFS) solutions were feasible for transi-
tion metal complexes [40,237] since the UHF computations were often time-consuming
or divergent for such materials [47]. The situation for UHF is the same, even for
CaMnyOy clusters [47], indicating the utility of the UNO obtained by hybrid DFT
computations [46,47,241,251].

The inclusion of the external correlations was crucial for quantitative computations of
binding energies for open-shell species. To this end, the inclusion of the double excitation
operator (D) in UNO (GNO) CASCCS is essential for dynamical correlation correction,
namely UNO (GNO) CASCCSD, as

®cas_c1(MRCC) = el1+T2 |y — NOCASCI) (Y = UHF, GHF, or GHFS).  (38)

The UNO (GNO) CASCCSD approach, starting from UNO (GNO) CASCI, was our
chemical picture. However, MR CC calculations for diradicals were not practical at that time.
Alternatively, UNO MR CI with Davidson’s correction [248] was used as an approximate
method for UNO MR CC [236,237].

4.2. Potential Curves for Dissociation of the Covalent Bond: Fluorine Molecule

The MRCC approach to SCES, such as open-shell molecules [236], was our dream
for a long time. Nowadays, ab initio coupled cluster (CC) computations, in Figure 15,
are feasible for relatively small molecules. We are extremely grateful for the theoretical
efforts toward MRCC [247-252] by the Mukherjee group and many related developers (see
Ref. [253]). As an example of open-shell molecules, the potential energy (PE) curve of the
fluorine molecule is examined by the CC methods since the UHF and UMP methods do not
provide quantitative PE curves because of the strong electron repulsion effects between lone
pairs [254]. Figure 16 shows the PE curves of F, by several CC-type computations using the
[20, 2e] CAS ClI reference for diradicals. From Figure 16A, BS UCCSD, using a cc-pVTZ basis
set, provides a reasonable PE curve for dissociation from the F, molecule to two fluorine
atoms. However, its depth near the equilibrium region is shallow as compared with the PE
curve of APCCSD, indicating the necessity of AP for quantitative purposes [254].

Figure 16B shows the variations in the total spin quantum <S*> numbers against
the F-F distance. The <S> value by the UHF and UMP2 methods for a low-spin BS state
increases sharply with the elongation from the equilibrium distance, indicating the necessity
of the spin-projected (SP) AP-UHF and APUMP2 [253]. The <S> value by UCCSD also
increases with the increase in the F-F distance, requiring the AP, even at the CCSD level,
providing AP-UCCSD [253] for quantitative purposes.

Size consistency is essential for the quantitative descriptions of the dissociation reac-
tions of the covalent bonds. UCCSD and AP-UCCSD satisfy the size consistency condition,
as shown in Figure 16A. On the other hand, the PE curves by Mukherjee (Mk)-type MRCC
(MKMRCCSD) do not provide the exact energies near the dissociation region because of this
type of error, as shown in Figure 16, where the canonical delocalized orbitals by CASSCF
[20,2e] and delocalized UNO by UCCSD are employed. The size-consistent error is in-
deed a serious problem in the MkMRCCSD method. On the other hand, the MkMRCCSD
computations by using the localized orbitals of the CASSCF [20, 2e] [253] and localized
natural orbital (LNO) [254] by UCCSD, provide the exact PE curves for the dissociation
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reaction of Fy, as shown in Figure 16. Thus, LNOs are often necessary for the elimination of
size-consistent errors for MR-type computations in Figure 16.
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Figure 16. (A) Potential energy curves for the dissociation reaction of the fluorine molecule by
UCCSD, AP-UCCSD, and MKMRCC [20, 2e] with canonical molecular orbitals (MO) and localized
MO (LMO) by CASSCEF [20, 2e] and UNO (ULO) by UCCSD [253]. (B) The calculated total spin
quantum <S%> number against the F-F distance by the UHF, UMP, and UCCSD methods [254].

4.3. Geometry Optimization of Open-Shell Molecules: Methylene

Carbene molecules have been investigated extensively [133-140]. The bonding and
reactivity of these molecules are highly dependent on structures, as revealed on experimen-
tal grounds. Here, geometry optimizations [255] are briefly revisited for investigations of
the structure and bonding of open-shell molecules. Kitagawa and Saito et al. [256] have
developed an energy gradient optimization procedure under the approximate spin (AP)
projection scheme to eliminate the geometric errors arising from spin contamination in
the singlet BS solution. Methylene, in Figure 5, is a typical mono-centric diradical [126],
for which the observed geometries are considerably different between the singlet (S) and
triplet (T) states; for example, the observed HCH angles are 102.4 and 134 degrees for the
S and T states, respectively. Therefore, the singlet BS solution is supposed to provide an
intermediate angle between them because of the triplet contaminations.

Kitagawa et al. [257] have performed the full geometry optimizations of CHj by using
their AP geometry optimization procedure. They examined the basis set dependencies by
setting the STO-3G, 6-31G*, and 6-311++G** basis sets. The BS methods employed were
UHF, UMP2, UMP3, UMP4(SDQ), and UB3LYP for Figure 5b. The optimized HCH angles
by these BS methods with 6-311++G** were in the range of 115-121 (100-104) degrees,
where the corresponding values after AP were given in parentheses. The singlet (low-
spin; LS) BS methods have indeed overestimated the HCH angle because of the triplet
contamination, whereas the AP BS provided reasonable values because of the elimination of
the error term. On the other hand, the optimized HCH angles for the triplet (high-spin; HS)
state by these methods were in the range of 132-136 degrees, indicating no contamination
error from the higher spin states.

Kitagawa et al. [257] performed the coupled cluster (CC) level computations of CHp,
reporting that the optimized HCH angles are 122, 101, and 102 degrees by UCCSD, AP-
UCCSD, and MKMRCCSD, respectively. The spin contamination error remains at the
UCCSD level of theory, indicating the necessity of the AP correction. The corrected value
by AP-UCCSD is compatible with that of MKMRCC and the observed value. Kitagawa
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et al. [257] have depicted the potential energy (PE) curves of both the singlet and triplet
states of CH; against the HCH angle, as shown in Figure 17.
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Figure 17. (A) Potential energy curves [256] against the HCH angles of the singlet (BS) and triplet
(HS) states of methylene by RCCSD, ROCCSD, UCCSD, AP-UCCSD, and MKkMRCC with canonical
molecular orbitals (MO) by CASSCEF [20, 2e] and UNO of UCCSD [257]. (B) Relative energies between
the singlet and triplet states of methylene by the symmetry-adapted (SA), broken symmetry (BS), and
symmetry projected (AP) methods [257].

From Figure 17, the PE curves for the singlet state are almost the same between MkM-
RCCSD based on the canonical natural orbital by CASSCF [20, 2e] and UNO-MKMRCCSD,
indicating that the PE curve by APUCCSD is compatible with those of them, although the
RHF CCSD (RCCSD) indicates the wrong behavior near the linear H-C-H geometry. The
UCCSD calculations provide the wrong PE curve in the region of the larger HCH angle
than 100 degrees because of the triplet contamination error. Thus, the AP procedure is
necessary when optimized geometries of open-shell systems exhibit non-negligible dif-
ferences between the LS and HS states. Indeed, Kitagawa et al. [257] have shown several
such examples in both organic and inorganic systems. The computational results at the CC
level of theory are found to be useful for examining the scope and reliability of hybrid DFT
computational methods for open-shell systems, as shown later.

4.4. Trimethylenemethane Analogs: Heteroatom Effect

Historically, trimethyelemethane (TMM) (Figure 8d) has been extensively investi-
gated as a typical ground triplet diradical [161-166]. Iminoallyl (IA) and oxyallyl (OXA)
(Figure 8e) are heteroatom analogs, obtained by the substitutions of one of the CH, groups
of TMM with NH and O. The spectroscopic experiments [258] have revealed that 8e is
the ground singlet diradical species, indicating stabilization of the singlet configuration
with the heteroatom substitution. As an extension of our early BS computation [126],
Saito et al. [259] performed the full geometry optimizations of TMM (Figure 8d), IA, and
OXA(Figure 8e). The diradical characters (y) of the singlet state for these species are 99
(98), 61 (70), and 31 (46) % by AP-UB3LYP, where the corresponding values by UNO-
MKMRCCSD(2e, 20) are given in parentheses. The calculated y values indicate a reduction
in the diradical characters by the heteroatom substitutions.

The singlet-triplet (ST) energy gaps (2]) at the optimized geometries are calculated
by the AP-UHE, AP-UCCSD(T), unrestricted Brueckner double (UBD), AP-UBD(T), and
MKMRCCCD methods. Table 1 summarizes the calculated 2] values for TMM, IA, and
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OXA. From Table 1, all the computational methods examined predicted the triplet ground
states for TMM and IA in accordance with the experiments [258]. On the other hand,
the relative stability between the S and T states of OXA is variable, depending on the
computational methods. For example, AP-UCCSD(T), AP-UBD(T), UNO-MKMRCCSD(2e,
20), and CASPT?2 predicted the triplet ground state in contradiction to the experimental
result [259]. On the other hand, ULO-MKMRCCSD(2e, 20) reproduced the experimental
result for OXA [259], indicating the importance of the elimination of the size-consistent
error. The MRCI(2e, 20) [260] also reproduced the negative | value for OXA.

Table 1. The singlet-triplet energy gap (2] kcal/mol) for parent anti-aromatic compounds by AP-UHF-
and UHF-based computational methods [259].

Method TMM IA OXA
AP-UHF 443 39.6 223
AP-UCCSD 25.0 183 47
AP-UCCSD(T) 17.9 135 1.8
AP-UBD 26.1 183 49
AP-UBD(T) 183 133 2.2
AP-UBLYP 58 9.5 -35
AP-UB3LYP 21.6 152 1.2
AP-UCAM-B3LYP 25.6 184 3.9
CASSCF(2e,20) 11.6 43 ~5.2
ROHF-MKMRCCSD(2e, 20) 20.6 146 1.6
UNO-MKMRCCSD(2e, 20) 213 13.5 17
ULO-MKMRCCSD(2e, 20) 15.8 9.1 ~1.6
CASPT2(2e, 20)/6-31G(d) [260] 34
MRCISD(2e, 20) [260] -15
Exp. [258] 16.1 -13

The pure DFT (UBLYP) provided the large negative | value for OXA, whereas the
hybrid DFT (UB3LYP, CAM-UB3LYP) predicted a positive | value, indicating the variation
with the weight (w) of the Hartree-Fock exchange term. This indicates the importance of
the examination of the DFT results beyond the DFT results, such as MR CI. Practically, the
w value of the hybrid DFT is modified to reproduce the MRCI result before its use for large
open-shell systems under examination.

Nowadays, the RHF and BS MO methods, such as UHF and GHEF, are used as hybrid
DFT methods to obtain the corresponding DFT models: RDFT, UDFT, and GDFT for a
first-step approach to large molecules. The natural orbital (NO) analysis of the BS solutions,
UHF(HDFT) and GHF(HGDEFT), for these systems are performed to elucidate the canonical
natural orbitals (UNO) and their occupation numbers, which are used for selections of
active orbital space for the non-dynamical (static) correlations. UNO CASSCEF is also
feasible for organic open-shell systems with relatively small CAS space. The localized
natural orbitals (LNO) are also obtained by RHF (HRDFT), UHF (HDFT), GHF (HGDEFT),
and CASSCEF. The MR CI (CC), MR DFT, and DMRG computations are performed on
open-shell systems by using LNOs obtained by these methods. We can construct LNO by
appropriate computational methods, such as the Pipek-Mezey localization method [261],
depending on the systems under examination. These methods are applicable to large
open-shell systems. Figure 18 illustrates several MR methods using UNO (ULO) for SCES,
which are important as molecular quantum materials, as illustrated in Figure 1.



Chemistry 2025, 7, 38

35 of 69

cC——C / AN
NR Rs/ \

BS Calculation

{

UNO (ULO)
of BS Solution

v

uno (ULo) | [ uNo (uLo) | [uNo (uLo) | [uno (uLoy | [ uNo (uLo)
MRCI MRDFT MRCC DMRG-CAS | | QMC-CAS

N

UNO (ULO)
Qc

——

Figure 18. Modern computational schemes of open-shell systems start from a first-step BS approach
to beyond BS methods. The natural orbital analysis of the BS solution provides the natural orbitals
UNO (ULO) and their occupation numbers (1) to select CAS in Figure 14. CAS CI references are
used for the recent MR CI, MRDFT, MRCC, density matrix renormalization group (DMRG)-CAS,
quantum Monte Carlo (QMC)-CAS, and UNO (ULO) quantum computation (QC) methods for
SCES [24,40,47,235,236,240,241,251].

5. Theoretical and Computational Studies of Diradical Species
5.1. Anti-Aromatic Compounds with 47t Electrons

After the explanation of the theoretical foundations for SCES in Figure 18, we come
back to open-shell organic molecules, such as the diradicals and anti-aromatic molecules
in Figure 19. In 1973, Breslow [262] wrote an account of the structure, bonding, and
reactivity of the anti-aromatic compounds with 4 electrons, such as the cyclopropenyl
anion [263], cyclobutadiene [264], and cyclopentadienyl cation [265]. More generally, 4n7t
electron systems [266] are known as anti-aromatic molecules, as shown in Figures 8 and 11.
According to the Lewis pair bond theory [179,180], two singlet-pair bonds are feasible for a
square planer 47t system, providing two VB structures, which exhibit quantum resonance
in the sense of the RVB model [145,146]. Therefore, the examination of the RVB model was
necessary for the square planer 47 system.
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Figure 19. Antiaromatic molecules: cyclopropenyl anion (a) [261], cyclobudadiene (b) [262,263], and
cyclopropenyl cation (c) [262,265]. Relative stabilities between the singlet (S) and triplet (T) states
of parent molecules were calculated by the AP UCCSD, AP-UCCSD(T), and MKkMRCC methods, as
shown in Table 1. The SR gaps for the derivatives of these anti-aromatic compounds were variable,
depending on the substituents (R;) introduced, as shown in the experimental papers in parentheses.
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We have performed BS (UHF) calculations of the square planer cyclobutadiene
(CBD) [267], followed by the natural orbitals (NO) analysis of the BS solution. From
the BS analysis, the occupation numbers of the HOMO and LUMO were nearly 1.0, but the
next HOMO was almost the closed-shell orbital (1 ~ 2.0), indicating the diradical nature
of CBD-like 1,3-dipoles [132]. The NO analysis indicated that the HOMO-LUMO mixing
scheme in Equation (8) is applicable for CBD, providing that the BS-A (DODS) orbital
for the up-spin is delocalized on the C; and C3 atoms, whereas the BS-B (DODS) orbital
for the down-spin is delocalized on the C; and C4 atoms. Therefore, this type of BS-I
solution provides the spin structure 11e in Figure 11. On the other hand, the other type
of HOMO-LUMO mixing provides BS-B orbital for the up-spin and BS-A orbital for the
down-spin, showing the BS-II solution with the spin structure Figure 11f. The BS-I and
BS-II solutions are degenerated in energy, giving the resonating BS (RBS) states responsible
for the singlet and triplet states with a 2] energy gap, as shown in Figure 6. Thus, the
two-configuration RBS model is sufficient enough for a first step to CBD since the stable
C-C bonds are retained near the equilibrium geometry in sharp contrast to the four radical
clusters without the intermolecular bonds.

For stabilizations of anti-aromatic molecules [266], several substituents are introduced
to the cyclopropenyl anion (Figure 19a), cyclobutadiene (Figure 19b), and cyclopentadienyl
cation (Figure 19¢), and are illustrated in Figure 19. Saito et al. [267] have performed
theoretical computations of the effective exchange integrals (J) for these diradicals. Table 2
summarizes the calculated | values. From Table 2, the | values by all the computational
methods are positive in the sign for Figure 19a, indicating the ferromagnetic (triplet) ground
state [127,258]. However, the RHF-based methods have overestimated the magnitude of
the positive | values. On the other hand, the | values by AP UCCSD and AP UCCSD(T)
are 15.5 and 12.7 kcal/mol, respectively. The latter value is compatible with those of the
MKMRCCSD calculations, indicating the important contribution of the triple excitation
correction in the so-called gold standard CCSD(T) method.

Table 2. The singlet-triplet energy gap (2] kcal/mol) for parent anti-aromatic compounds by RHF-
and UHF-based computational methods [267].

Method C3H3~ CyHy CsH5*
R(O)HF 49.7 33.1 34.0
R(O)MP2 760 14.2 26.5
R(O)CCSD 72.8 10.5 229
R(O)CCSD(T) 73.0 4.0 20.3
UHF 20.9 —62.2 —9.2
UHF-MP2 19.3 14.8 39.2
UHF-CCSD 15.5 -9.9 11.1
UHF-CCSD(T) 12.7 —4.8 14.8
ROHFE-MkCCSD 12.0 —8.6 13.5
CASSCF-MkCCSD 13.0 —-8.1 9.4
UNO-MkCCSD 12.3 —8.9 13.8
U(D)NO-MkCCSD 12.3 -9.0 13.7

The calculated | values for cyclobutadiene (Figure 19b) by the RHF-based methods are
positive in sign, indicating the ferromagnetic (triplet) ground state. On the other hand, the
calculated ] values for cyclobutadiene (Figure 19b) by the UHF-based methods are negative
in sign, indicating the anti-aromatic (singlet) ground state. Kollmar and Staemmler [167]
have performed theoretical investigations of Figure 19b, indicating the important role of
dynamic spin polarization for the stabilization of the singlet diradical state rather than the
triplet diradical state. All the MKkMRCCSD computations examined are also negative in
sign, supporting the UHF-based computational results. Interestingly, the | value by AP
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UCCSD is rather compatible with that of the MKMRCCSD calculation. The AP CCSD(T)
provided a smaller magnitude | value than that of MkMRCCSD, suggesting the necessary
of MKMRCCSD(T) or MKMRCCSDT for Figure 19b.

In 1980, Bally and Masamune [266] summarized the experimental results for the
cyclobutadiene derivatives stabilized by bulky groups, together with theoretical investi-
gations at that time. Automerization from the Dy, — Dy, — Dy, structure was discussed
in relation to the Jahn-Teller effect [168]. Recently, Saito et al. [267] have investigated the
barrier height for the automerization of CBD by both the BS DFT and coupled cluster (CC)
methods, providing about 8 kcal/mol by the MKMRCC. The Brueckner doubles, including
perturbative triple excitation (UBD(T)) with AP, which is effective in reproducing this
barrier at the DFT level. Therefore, AP-UBD(T) [267] is considered to be applicable for
cyclobutadiene with bulky groups [266].

From Table 2, the | values by all the computational methods are positive in sign for
cyclopentadienyl cation (19c), indicating the ferromagnetic (triplet) ground state. However,
the RHF-based methods have overestimated the magnitude of the positive | values. On the
other hand, the | values by AP UHF are negative in sign, whereas it is largely positive by
AP UMP?2, indicating the necessity of the CC level of theory. In fact, AP UCCSD and AP
UCCSD(T) provide reasonable | values that are compatible with those of MKMRCCSD.

Saito et al. [267] have examined the scope and applicability of several types of
DFT computational methods for the anti-aromatic molecules (Figure 19a,c,d). The | val-
ues for Figure 19a by these DFT methods are positive in sign and are in the range of
6.7-17.7 kcal /mol, indicating a ferromagnetic interaction. This means that the appropriate
DFT method can be selected to reproduce the | value of the cyclopropenyl parent structure
(Figure 19a) of MKMRCCSD before the DFT computations of many large cyclopropenyl
anions with stabilizing substituents Figure 19a (R;; i = 1-3).

The | values for Figure 19b by several DFT methods are negative in sign in the broad
range: —4.2——24.3 kcal/mol, indicating an antiferromagnetic interaction. This, in turn,
means that the appropriate DFT method can be selected to reproduce the | value of the
parent structure (Figure 19b) by MKMRCCSD before the DFT computations of many large
cyclobutadiene with stabilizing substituents Figure 19b (R;; i = 1-4) [266]. As mentioned
above, Saito et al. [267] have performed DFT computations of the substituted Figure 19b
(Rj; 1 = 1-4), showing reliable computational results.

The | values for Figure 19¢ by these DFT methods are positive in sign in the range
of 1.5-9.3 kcal/mol, indicating a ferromagnetic interaction in accordance with the experi-
ment [266]. This also means that the appropriate DFT method can be selected to reproduce
the | value of the parent structure (Figure 19c) of MKMRCCSD before the DFT computa-
tions of many large cyclopentadienyl cations with stabilizing substituents Figure 19¢ (R;;
i=1-5)[268-271]. Many experimental [272] and theoretical [273-277] studies have been per-
formed for Figure 19c. From these papers, we can learn the scope and limitations of several
computational methods for the anti-aromatic compounds with large bulky substituents.

5.2. Through-Bond Interactions Between Phenalenyl Radicals

As shown in the preceding section, organic chemists can synthesize target molecules,
such as organic molecules with diradical characters [160-163,185,186,214]. Open-shell
diradicals can be constructed with through-bond (L) interactions of free radicals. Kubo
and his collaborators [278-281] have synthesized diradical compounds (Figure 20) con-
sisting of two stable phenalenyl radicals (Figure 8h) [282] linked with several types of
ligands, as shown in Figure 20. For example, Kubo et al. [283] have synthesized tetra-tert-
butyldicyclopentalb;d [thieno [1,2,3-cd; 5,6,7-c’d’]diphenalene (TTB-TDPL) (Figure 20a),
for which the HOMO and LUNO are obtained by the linear combinations of SOMOs of
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phenalenyl groups (Figure 8h). The HOMO-LUMO energy gap for TTB-TDPL is small,
indicating the triplet instability in Equation (3). This entails the HOMO-LUMO mixing
in Equation (4), providing the BS orbitals, which are mainly localized on the left and
right phenalenyl groups. However, the BS orbitals are delocalized over the thieno linker
group (L) Figure 20a, providing a large orbital overlap (T) on Equation (9). Therefore, the
diradical character (y) Equation (14) is expected to be small. In fact, Kubo et al. [266] have
performed the CASSCEF [20, 2e] calculations, showing the 4% contribution of the doubly
excited configuration, namely the 8% diradical character in our definition.

Calr®:
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-2 e
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Figure 20. Schematic illustrations of large organic diradicals formed with through-bond interactions

via the linking group (L) of phenalenyl radicals. Linking groups are denoted as (a-d). Indeno
fluorene: 207-electron hydrocarbon with Kekulé (e) and diradical (f) structures, and meta-xylene
with the triplet ground state (g) [278-289].

Kubo et al. [284] and Shimizu et al. [285] have synthesized the biphenalenyl birad-
icaloid compound linked with the phenyl ring [BBCP] (Figure 20b). The diradical character
by UB3LYP was not reduced for BBCP because of the weak through-bond interaction via the
phenyl group. The moderate diradical character (y) was also calculated for the biphenalenyl
biradicaloid compound linked with the bi- and tri-phenyl rings in Figure 20c,d. Kamada
et al. [286] have derived the diradical character of the biphenalenyl compounds in Figure 20
from the experimental results. To this end, they have also observed strong two-photon
absorptions of singlet diradical hydrocarbons in Figure 19 [287]. Konishi et al. [288] have
synthesized tetracene with the Kekulé structure in addition to the biradical character.

Shimizu et al. [289] have synthesized indeno [2, 1-b] fluorene with the anti-aromatic
207 electrons in Figure 20. This compound has a small HOMO-LUMO energy gap in
Equation (7) in accordance with a calculated moderate singlet diradical character (y = 0.68;
68%) because of the meta-quinodimethan subunit, indicating the resonance for the Kekulé
(Figure 20e) and diradical (Figure 20f) structures in Figure 20. The singlet and triplet energy
gaps (AEgrt = 2]) observed by temperature-dependent EPR were about —4.2 kcal/mole for
fluorene with R = mesityl group, which is in sharp contrast to the m-xylene (Figure 20g) with
the triplet ground state, which has been proposed as a unit of ferromagnetic polymers [289].
The y values were estimated to be 68 and 83% for the biphenalenes with Ph and no Ph(H)
substitutions in Figure 20c [285,289], indicating a reduction by Ph substitution [282-289].
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The APDFT and MCSCEF [20, 2e] have been successively applied to estimate the diradical
characters of large m-electron systems.

The one-dimensional (1D) chain of BBCP (Figure 20b) was observed with X-ray exper-
iments [285]. It exhibits characteristic behaviors of 1D chains. Kubo et al. [279,280] have
proposed the resonating valence bond (RVB) picture [145,146] for the conductive behavior
of the 1D chain. Pal et al. [290] have also proposed the RVB model [145,146] for crystals
of a phenalenyl-based neutral radical conductor, for which the electron-accepting boron
compound BO,(NR); is used as the linker L in Figure 20. On the other hand, Huang and
Kertesz [291] have proposed the t-] model for the explanation of the 1D chain of BBCP
(Figure 20c). Thus, further chemical syntheses of molecular materials with phenalenyl
radical groups are expected for the elucidation of the electronic and magnetic properties in
their crystal states.

5.3. Through-Space Interactions Between Phenalenyl Radicals

The phenalenyl radical (Figure 8h) in Figure 8 has a delocalized SOMO, which is
responsible for the magnetic properties of its dimer and clusters with through-space in-
teractions such the 1D chain mentioned above. However, the unsubstituted phenalenyl
radical (Figure 8h) is highly reactive, requiring protection by the introduction of bulky
substituents, indicating the necessity of crystal engineering. In fact, Figure 8h stabilized
with introductions of three tertiary () butyl groups at 2, 5, and 8 positions, as illustrated by
Figure 8h with the R = t-butyl group [282], which has been used for the purpose. In fact,
the dimer of Figure 8h was isolated in a crystalline state. The X-ray diffraction experiments
have elucidated the packing structure, as illustrated in Figure 21. The SQUID experiments
by Fukui et al. [292] have elucidated a large negative value (] = —659 cm 1), indicating an
almost diamagnetic diradicaloids state because of a strong SOMO-SOMO interaction.
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Figure 21. Structures of the phenalenyl radical with the 2, 5, and 8 t-butyl groups (a) and 1, 4, and
7 t-butyl groups (b), and the stacking dimer structure (c) of a and a simplified dimer structure (d) of
¢ with the same inter plane distance (3.3 A) [293].

Takano et al. [293] have performed hybrid DFT and CASSCF computations of the
dimer model (Figure 21d) of an unsubstituted phenalenyl radical (Figure 21a), as shown
in Figure 21. The calculated chemical indices and | values for Figure 21d are summarized
in Table 3. The diradical characters (y) were calculated to be about 3 (0.78), 5 (0.72), and
6 (0.70) % for Figure 21d by UB3LYP, CASCEF [20, 2e], and CASSCEF [60, 6¢], respectively,
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where the SOMO-SOMO orbital overlaps are given in parentheses. These chemical indices
indicate the characteristics of the nature of chemical bonds of diradicaloids Figure 21d. The
calculated | values for Figure 21d are largely negative in sign, indicating —1470 (—1505)
and —1729 (—1984) cm~!, where the corresponding values for Figure 21c are given in
parentheses. Similar | values between Figure 21c,d indicate that the t-butyl group does not
contribute to the SOMO-SOMO interaction.

Table 3. The effective exchange integrals and chemical indices for the stacking dimer of the parent
phenalenyl radical by UHF-based methods and CASSCF methods.

Methods T; In y (%) B J (em~1)
AP-UB2LYP 0.41 0.35 30 0.70 —1470
APUB2'LYP 0.56 0.50 15 0.85 —1731
AP-UB3LYP 0.78 0.74 3 0.97 —1729
CAS SCF [20, 2e] 0.72 0.67 5 0.95 —2266
CAS SCF [60, 6e] 0.70 0.65 6 0.94 —3417

Takano et al. [293] have investigated the slide-type packing structure in Figure 22a—c in
addition to the face-to-face packing structures (21d in Figure 21), as illustrated in Figure 22.
The calculated ] values by UB2LYP were 133 (—4), 346 (72), and 87 (—16) cm~! for Figure 22a,
Figure 22b, and Figure 22c, respectively, where the corresponding values by CASSCF [2o0,
2e] are given in parentheses. Interestingly, the calculated | values for Figure 22b by both
methods are positive in sign, indicating the conversion of the sign of the | value with the
sliding conformation change in the staggered packing: CASSCF [20, 2e] indicates that the
SOMO-50MO interaction provides a ferromagnetic intermolecular Hund (ferromagnetic)
term, which is in sharp contrast to the large intermolecular antiferromagnetic interaction
before the sliding, and the nearest intermolecular spin-density product terms (SDP) [45]
arising from the spin polarization effect are also ferromagnetic. The numbers of the SDP
are given in Figure 22. This means that the ferromagnetic state is realized by controlling the
stacking structure of Figure 21a. Kodama et al. [294,295] have reported the through-space
antiferromagnetic interactions between phenalenyl radicals.

N=6

Figure 22. Dislocated dimer structures of phenalenyl radicals (a—c), indicating the possibility of
ferromagnetic interactions (b) between phenalenyl radicals via dynamic spin polarization effects [293].
N denotes the numbers of the nearest intermolecular magnetic couplings via the spin polarization
effect obtained by UB2KYP.
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Mou et al. [296] have investigated the o- and 7-type stacking modes of the phenalenyl
radical. Kubo et al. [280,281] have synthesized the 1,4,7-t-butyl substituted phenalenyl
radical (Figure 21b). Interestingly, they have elucidated that the dimer of Figure 21b exhibits
a ferromagnetic interaction because of a specific stacking structure in accordance with the
calculated results in Figure 21. The experimental results for the phenalenyl radical solids
have indicated the necessity of RBS computations using three different BS configurations
for triangular radical clusters without covalent bonds in Figure 12, where the delocalized
SOMO of a component radical (for example, biphenalenyl radical) is regarded as the
localized MO. In fact, Takeda, Kawakami Yamanaka, and their collaborators [200] have
developed the ab initio RBS CI scheme for spin-frustrated radical clusters instead of the
RVB model [145,146].

Research groups of Prof. Kubo and Prof. Nakano have performed both extensive
experimental and theoretical investigations of the dimers and solids of several phenalenyl-
type free radicals to develop material sciences of stable radical species. Nowadays, many
experimental and theoretical results for phenalenyl derivatives and other stable free radicals
have been published in many papers cited in excellent review articles [297-303]. For
example, Abe has reported a review article summarizing a number of experimental and
theoretical results [297]. Therefore, citations of all the papers in these reviews are not
performed in this theory-oriented review.

6. Nonlinear Optical Properties of Diradical Materials
6.1. Linear and Nonlinear Responses of Materials for Electronic Field

The optical properties of diradicals and clusters of diradicals have attracted great
interest for several reasons [52,303]. Nakano and his collaborators focused on the academic
interest of fundamental problems of quantum optics [66—71]. They are also interested in
the nonlinear optical properties of open-shell molecules, such as diradicals, for optical
applications. First of all, linear and nonlinear responses of materials for an electronic
field are briefly revisited to understand their workings and underlying basic concepts and
computational procedures [55,56]. The energy change of molecular materials under the
electromagnetic field (F) is generally expanded as follows:

1 1 1
AE = —piFi — SeiiFiFj = = BijcFiFiFe — oy Yiga FiFjbcE = - (39)

where i, j, k denote the x, y, and z coordinates, and y;, i, ,Bijkr and Yijk are referred to as
dipole moment, polarizability, first hyperpolarizability, and second hyperpolarizability,
respectively. The magnetic responses are neglected in Equation (39) for brevity. The
first hyperpolarizability B (—2w, w, w) is the origin of second-harmonic generation
(SHG) [303,304]. The second hyperpolarizability 7v;j (—3w, w, w, w) is the origin of third-
harmonic generation (THG). SHG and THG are applicable for investigating the optical
responses of molecular materials [305,306].

Polarization P! at the microscopic level is also defined by the difference of the dipole
moment with and without an electronic field as

4 ' P' = _Vlt'ot - M) ' (40)
= Y a;j VF (w1) + £ Bije® Fl(wr) F¥(w2) + ¥ it @ Fl (wr) F¥ (w2) F (w3) + - -

where F/ denotes the local electronic field for the molecule. On the other hand, macroscopic
polarizability is defined by

Pl =¥ xiyWF (w1) + Zxyx P F (w1)F¥(w2) + & xiyxe B F (w1) FX¥ (w2) FE (w3)
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where I denotes the I-th component of polarizability at the experimental coordinate, and
)(U(l), XI]K(Z)r and XI]KL(3) are referred to as linear, second-order, and third-order susceptibil-
ities, respectively. Macroscopic second-order xyx® susceptibility disappears in the case
of crystals with the inversion center, even if the microscopic B is not zero. This, in turn,
indicates the utility of the SHG method for the investigation of the structure and bonding
of molecules on the surface, etc. [306-308]. The third-order susceptibility XUKL(3) is directly
related to 7;jyf (the local field correction coefficient). Details of f are not touched on in this
review [303].

6.2. Theoretical Computational Methods of Linear and Nonlinear Responses of Materials

Response properties of molecules and molecular clusters are highly sensitive to the
computational methods and basis sets employed. Theoretically, computational schemes
of linear and nonlinear optical responses are generally classified into four methods as
follows: (i) sum-over-states (SOS), (ii) response theoretical methods, (iii) the finite field
(FF) method, and (iv) the numerical quantum Liouville equation method [55,56]. Time-
dependent (TD) perturbation (PT) methods are used for the SOS approach. On the other
hand, TD variation principle (VP) methods based on the semi-classical method using the
classical electromagnetic field and quantum electronic states of molecules are used for
several types of response theories. Sasagane et al. [309] have derived response properties
(ii) by the Taylor expansion forms of quasi-energy derivatives (QED). The QED formula
at the Hartree-Fock (HF) level of theory is reduced to the TD HF (TDCHF, TDCPHE
RPA) method [310,311]. Kobayashi et al. [312] have used the MP2 method for the QED
computations, indicating the importance of correlation correction.

The finite field (FF) method is practically used for the theoretical computations of
static polarizability and hyperpolarizability of molecules [313,314]. Several computational
methods, such as size-consistent HF, MP2, CC, etc., which are examined in Sections 2—4,
are indeed applicable to the FF computations of molecular optical properties. The second
hyperpolarizability () is given by the fourth derivatives of energy with the electronic field,
for example:

Yijj = —{E(F',F) + E(=F',F/) + E(F', —F/) + E(~F', —F/) }
4E(0

+2[E(F/) + E(~F) + E(F') + E(— )] ) (42)

(67")’

where E(F) denotes the energy under the electronic field with the i direction.

The computational methods based on the perturbation approaches are not applicable
for the higher-order nonlinear responses induced by a strong electronic field. The numerical
quantum Liouville equation method [315,316] is one of the computational methods that is
useful for such experimental conditions, as illustrated in Figure 23.

Microscopic Macroscopic Output
Polarization Polarization Electric Field

p P F,

Figure 23. Interrelationships between microscopic (p) and macroscopic (P) polarizations of nonlin-
ear optical materials for the conversion of an incident electric field (Fy) to output electronic field
(Fo) [55,56]. Magnetic response terms are neglected here.
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6.3. Functional Behaviors of Nonlinear vy Value with Diradical Character: Exact Models

The electromagnetic properties of diradicals have been investigated extensively in re-
lation to the development of molecular-based materials and devices. Over the past decades,
the third-order optical susceptibility, namely the second hyperpolarizability () of molec-
ular materials, has attracted great interest in relation to the generation of squeezed light,
which is essential for the formation of the entanglement state for quantum teleportation
and optical computation [48-65]. Research groups of Prof. Nakano, Prof. Kubo, and Prof.
Champagne [317-321] have performed international collaborative work for the elucidation
of fundamental aspects of optical properties of the following open-shell systems: spin,
charge, and orbital degrees of freedom of SCES in Figure 1.

To this end, Nakano et al. [315,316] have derived a perturbation expansions formula
of v, elucidating the three following contributions: Type I (0-n-n-1n-0), Type II (0-n-0-m-0),
Type lI-1 (0-n-n-m-0), and Type 1II-2 (0-n-m-n’-0), where 0, n, n’, and m denote the ground
state, virtual n, n’, and m transition states, respectively, as illustrated in Figure 24. Nakano
et al. [316-322] have investigated the functional dependence of 7 on the diradical character
(y) in Equation (17). They have performed the valence bond (VB) and VB CI exact diag-
onalization of the Hiickel-Hubbard-Hund (HHH) Hamiltonian involving the exchange
integral (Kag) for two centers A and B in the two-electron model (20, 2e) [321].

Type | Type ll

SN/ "\o/ \0

(0-n-n-n-0) (0-n-0-m-0)
Typelil-1 Type llI-2
m m
n—n/

0/ 0 O/n 'KO

(0-n-n-m-Q) (0-n-m-n"-0)

Figure 24. Classifications of the virtual excitation processes into four types (Type I, Type II, Type III-1,
and Type III-2) for the second-order hyperpolarizability () by the perturbation methods [315-317].

From the above theoretical modeling, it has been found that the < values of type Il and
type III-2, defined by the perturbation expansion formula [321,322], are drastically enhanced
in the symmetric open-shell diradical systems with intermediate diradical character (y),
as shown in Figure 25. They have also elucidated the interrelationships between 7y and
the diradical character (y) of molecular materials [321,322]. Thus, theoretical modeling
by the above theoretical groups has provided a guiding principle for the development of
molecular materials with large 7y values for experimental chemists. Judging from their
results, diradicals consisting of phenalenyl radicals, in Figure 20, are promising nonlinear
optical materials with large 7 values.
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Figure 25. (A) The enhancement of two types of 7y values of molecular materials with the interme-
diate diradical character (y) was revealed by the valence bond (VB) and full VB CI modeling [321].
(B) Variations in the polarizability (x) and second hyperpolarizability (), along with the interatomic
distance of the hydrogen molecule by the wave packet method [322].

In order to confirm the above guiding principle, Nakano et al. [322] have developed
the finite field (FF) many-electron wave packet (MEWP) method, which provides the
exact solution of simple molecules under the Born-Oppenheimer approximation. The FF
MEWP method was applied to elucidate the variations in the polarizability («) and second
hyperpolarizability () with the elongation (AX) of the H-H distance of the hydrogen
molecule with [20, 2e], as shown in Figure 25B. From Figure 25B, the a and <y values indeed
increase in the intermediate dissociation region with the intermediate diradical character,
and these values decrease in the dissociation region with the strong radical character.
This means an important contribution of the ZW configuration in the VB CI model for
enhancement of the linear and nonlinear polarizabilities, supporting the guiding principle
for a large y [318-323].

6.4. Variations in the Nonlinear vy Value with Diradical Character: ab Initio Computations

The internal cis-trans rotation of the C=C double bond in Figure 26 has been regarded
as a diradical process [141,142], for which the potential curve is qualitatively described by
the Hubbard model, as shown in Figure 7. Very recently, a highly twisted C=C double bond
(8 = 57.33 degree) of bianthrone derivative substituted with long-chain alkoxy groups in the
intermediate 7t-bond dissociation region was isolated, indicating the elongated C-C distance
(1429 A), which was revealed with X-ray diffraction [324]. Judging from the intermediate
twisted angle, an intermediate diradical character is expected for this compound. On
the other hand, a perpendicularly twisted double of ethylene exhibited strong (y = 1.0)
diradical character, which is in sharp contrast to the planer ethylene with a C-C double
bond, as shown in Figure 5h [142].
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Figure 26. (A) The optimized geometry of the internal rotation of ethylene with diradical character
(y); (B) variations in the second hyperpolarizability () against the diradical character (y) by the
UCCSD(T) method, indicating the maximum value in the intermediate diradical region [142,325,326].
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Yamada and Nakano et al. [325,326] have examined the variations in 7y with the twisted
angle (¢) of the CH, group, as illustrated in Figure 26 A. The FF UCCSD(T) method was
applied to elucidate the variations in y against the diradical character (y), as shown in
Figure 26B. The -y value was found to be maximum near the diradicaloids conformation
with the intermediate diradical character (y = 0.4-0.5). Thus, the above newly synthesized
ethylene derivative [324] is indeed expected as such a desired example [325,326]. Similar
conclusions for the 7y value have been derived for twisted ethylene by the MRCISD and AP
DFT methods [327,328].

The v value is supposed to be sensitive to the elongation of the C-C distance of the
planer conformation of 7-electron compounds [329-332]. The para-quinodimethane (PQM)
molecule [333] in Figure 27A is a typical example among them since the electronic structure
of PQM is regarded as the quinoid (B) structure (y = 0-10%) with a short R; distance and a
diradical (C) structure (y = 80-90%) with an elongated R; distance. Therefore, the diradical
character (y) of POM increases with the elongation of R;. The  values of POM [330,333]
were calculated by both the RHF and UHF MP(CC) methods, as shown in Figure 25B.
From 25B, the v value by the RHF-dependent CCSD(T) decreases suddenly in the 50-60%
diradical region, indicating its breakdown in the strong diradical conformation (y > 0.5).
On the other hand, UCCSD(T) provides the maximum -y value of POM in the intermediate
radical region (y = 0.5), supporting the general tendency.
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Figure 27. (A) The resonating state between the quinoid and diradical structures of para-
quinodimethane (PQM); (B) the second hyperpolarizability () of POM by the RHF- and UHF-based
CCSD(T) methods [330-333].

6.5. v Values of 1,3-Diradical and 1,3- Dipole: ab Initio Computations

Abe et al. have synthesized 1,3-diradicals with several substituents and related diradi-
cals and have elucidated the structure, bonding, and reactivity, as shown in their review
article [160]. The diradical characters (y) of 1,3-dipoles: HyC-X-CH, are variable with types
of the center group: X = CH; (Figure 8a), O(Figure 8b), and NH (Figure 8c), as shown in
Figure 5 [131,132]. The contribution of the zwitterionic (ZW) configurations in the LNO
CI (VB CI) contributes to a reduction in the y value, as illustrated in Figures 9 and 28A.
Kishi and Nakano have developed the quantum Master equation combined with the BS
time-dependent DFT with the Tamm-Dankoff approximation (BS DFTQME) [334]. They
have applied the BS DFTQME method for the investigation of dynamic polarizability («) of
1,3-dipoles in relation to many experimental investigations. Kishi et al. [335] have examined
the vy values of 1,3-dipoles by using the long-range corrected (LC) UBLYP methods with
and without spin projection (SP), as shown in Figure 28B. The natural orbital analysis of
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the LC UBLYP has also been performed for elucidation of its spin contamination. From
Figure 28B, the v values of these species by the SP UBLYP and UCCSD(T) methods are
found to become maximum in the intermediate region (y = 0.4), indicating that the SP
procedure is effective in removing the spin contamination error of the broken symmetry
(BS) DFT method. The ZW configuration in Figure 28A plays an important role in the
enhancement of 7 in the 1,3-diradicaloids compounds.
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Figure 28. (A) Diradical and zwitterionic structures of 1,3-dipole species, (B) variations in the y of 1,4-
dipoles by UCCSD(T) and UBLYP with and without spin projection (SP); (C) 1,3-dipenylcyclopentane
1,3-diyl derivatives (DPCP), and (D) occupation numbers (1) of HOMO and LUMO of DPCP with
X =F[335].

Kishi et al. [335] have investigated the nonlinear optical properties of several 1,3-
dipenylcyclopentane 1,3-diyl derivatives (DPCP) by BS DFT methods, as shown in Figure 28.
The unsubstituted DPCP (X = H) indicated a strong diradical character. On the other hand,
the introduction of electron-donating (X = OH) and -withdrawing (X = F) substituents for
DPCP have induced a reduction in the y value because of the push—pull effects. In fact,
the orbital overlaps (T;) (diradical character (y)) are calculated to be 0.033 (97%), 0.280
(72%), and 0.362 (64%), respectively, for the DPCP with X = H, OH, and E. Therefore, the
magnitudes of the < value are enhanced by factors of 4.5 for DPCP with X = OH and 6.4 for
DPCP with X = F, as compared with that of DPCP with X = H.

Kishi et al. [335] have examined DPCP with phenyl-substituted analogs. They cal-
culated several chemical indices (see Figure 9) based on the occupation numbers of the
canonical natural orbitals obtained by the natural orbital analysis of BS DFT solutions for
complex DPCP. Their procedures are useful for theoretical investigations of linear and
nonlinear properties of many other large organic systems, such as biphenalene systems
with t-butyl substituents [289] and 207 electron systems with a small HOMO-LUMO gap
responding to a radical character (see Equation (1)).
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The Kubo and Nakano groups have elucidated the diradical characters (y) of
two biphenalenyl linked 7-electron systems in Figure 20, indicating the nonlinear cor-
relations between y and the second hyperpolarizability () of the biphenalenyl compound
in Figure 20a with hetero atoms X: for example, v = 1349 x 10 au. (X=5; y = 77%),
1934 x 103 a.u. (X = O; y = 73%), 415 x 10% a.u. (X = BH; y = 37%), and 98 x 10° a.u.
(X=C=S5;y =0%), supporting the selection rules in Figures 24-26. Many experimental
and theoretical results summarized in their papers indicate the constructive collaboration
of theory and experiments for the structure, bonding, and properties of molecular materials
with open-shell characters.

6.6. Nonlinear Optical Materials: <y Values of Nitronyl Niroxide

Inorganic materials such as BaTiO3 have been used for nonlinear optical materials.
In the 1990s, Prasad, Kana, and Bredas and their collaborators [313,336-339] were chal-
lenged to open the door for both experimental and theoretical investigations of organic
and polymeric compounds as nonlinear optical materials. They examined the nonlinear
optical properties of polyene derivatives, aromatic compounds, polymers, etc. Contribu-
tions of charge transfer (CT) excitations induced with the introduction of donor-accepter
substituents have also been examined for enhancements of optical responses of these mate-
rials with closed-shell ground states [336-339]. On the other hand, the use of open-shell
molecules for such materials was limited at that time.

Yamada, Shigemoto, and Nakano [340-342] began to examine the opportunities to use
open-shell organic molecules as nonlinear optical materials. To this end, they examined
the nonlinear optical properties of simple nitroxide radical (H,N=0Oe) in comparison with
formaldehyde (H,C=0) using ab initio HF, MPn (n = 2-4), CCSD, CCSD(T), QCI, and DFT
methods. The basis set effects were also examined to elucidate the nature of the chemical
bond of the nitroxide group. They used the FF methods for theoretical computations of
the 7y values. They have found that the extended basis sets, including both diffuse p and
d functions, were reliable for the estimation of the second hyperpolarizability, such as
the 42z, value of HyNO. They examined variations in the 7;,, value of H;NO with the
above computational methods, indicating the utility of the CCSD and CCSD(T) methods
for quantitative purposes. The BLYP method was also effective for this purpose. Yamada
et al. [341] performed the computations of the first hyperpolarizability, the S, value of
H,;NO, proving the same conclusion: the importance of the CCSD method.

Bulky groups were introduced for the stabilization of organic nitroxides with the N=O
radical reactive group. Para-nitrophenyl nitronyl nitroxide (p-NPNN) was an interesting
nitroxide among them since the B-phase crystal of p-NPNN was found to be an organic
ferromagnet (see later). According to the perturbation selection rule in Figure 24, p-NPNN
was expected to exhibit the negative yyyxx ()((3) xxxx) in the X-direction of the bond axis
of the nitronyl nitroide group, as illustrated in Figure 29. There are two intermolecular
interacting modes, (A) and (B), in the B-phase crystal of p-NPNN. Yamada et al. [342] have
performed the FF field computation x® based on the oriented gas model for crystal [343].
They found that the )((3)XXXX for the X-direction of Figure 28A was negative in accordance
with the theoretical prediction, and )((3) 7222 for the Z-direction was positive. The magnitude
of x® xxxx was larger than %2277, indicating the net negative x® value for the B-phase
crystal of p-NPNN.
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Figure 29. Intermolecular interactions between p-NPNN in the B-phase crystal: (Type-A) the X-Z
plane with negative ¥ xxxx, and (Type-B) the X-Y plane with positive x® 2777. The magnitude of
1@ xxxx is larger than that of x® 2777 [342].

Yamada et al. [344] further examined the nonlinear optical properties of radical species,
elucidating a new opportunity. Since then, a number of diradicals with two nitroxide radi-
cals and triradicals with three nitroxide radicals have been synthesized, as summarized in a
recent review article [345]. As shown in a recent paper [346], an appropriately selected DFT
functional is effective for the investigations of structure and nonlinear optical properties
of very large molecules, for which UCCSD with extended basis sets is impossible. In this
review, we do not discuss the applications of SHG and THG for the many spectroscopic
experiments summarized in recent review articles [305-308,347,348].

7. Discussions, Conclusions, and Future Prospects
7.1. A New Direction for Molecular Magnetism

In the 1980s, one of the important targets in the field of molecular magnetism was
the generation and construction of pure organic ferromagnets without strong spin-orbit
interactions. Several theoretical models and experimental efforts [40,45,224-226,349,350]
were performed to search for the appropriate organic radicals, such as nitroxide radicals
with a quantum spin S = 1/2. In 1991, genuine long-range ferromagnetism was realized
for the B-phase crystal of the p-NPNN radical with S = 1/2 [351]. Since then, many
nitroxide compounds have been synthesized to achieve pure organic ferromagnets, and
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organic ferromagnetism was realized in well-organized packing forms with a ferromagnetic
exchange interaction [351,352]. The AP BS method was successfully applied to elucidate
the origin of the ferromagnetic exchange interaction (J) between p-NPNN [353].

After the great discovery of pure organic ferromagnet (long-range order) by the Ki-
noshita group [351,352], Gatteschi and Yamaguchi discussed opportunities for new physics
in molecular magnetism [44]. In the 1980s, macroscopic quantum tunneling (MQT) and
macroscopic quantum coherence (MQC) [354-368] in mesoscopic systems were considered
new physics [44]. In 1983, Caldeira and Leggett examined quantum tunneling (MQT) in a
dissipative system [354]. Leggett and Garg discussed the possibility of the observation of
MQC in a realistic experiment [355]. Leggett and collaborators presented the results of a
functional-integral approach to the dynamics of a two-state system coupled to a dissipative
environment [356]. Chudnovsky and Gunther performed theoretical computations of the
probability of MQT of several model clusters with magnetic anisotropy, indicating such
a possibility [357]. In the 1990s, we changed the scientific paradigm from 4M to 4Q for
our quantum chemistry group, namely molecular (M) to quantum (Q) X: X = magnetism
(MM — QM), X = dynamics (MD — QD), X = information (MI — QI), and X = biology
(MB — QB) [98]. Quantum effects such as MQT and MQC [358-363] were considered
possible new directions of molecular magnetism. Sessoli, Gatteschi, and their collaborators
have reported the MQT for a mesoscopic Mn cluster: Mn1,01,L,, [358,359]. Nishino et al.
have examined the antiferromagnetic exchange interaction between Cr atoms, proposing
an MQT for Cr atom clusters [360]. Many inorganic complexes have been synthesized for
the examination of MQT [358,359]. Nagao et al. [361] have performed the path-integral
formulations of the spin structures of several Mn clusters, presenting the expressions
of tunneling rates for cluster spins. Nagao, Nakano, and Shigeta [362] have discussed
the relationships between quantum light and spin (see Figure 3). Wernsdorfer and Ses-
soli [363] derived the selection rules for MQT, emphasizing the Berry phase [89,90,364].
The transition metal complexes toward MQT are summarized in review articles [365,366].
However, the MQC materials [354,356] were not so developed for molecular systems,
although Nakamura et al. [97] discovered MQC for superconducting materials. Nagao
et al. [367] and Leuenberger and Loss [368] proposed the potential use of Mn;,0O1,L,, for
quantum computing.

7.2. NMR Computer and Other Candidates for Quantum Bits

In the 19805-1990s, fundamental theories were published in relation to quantum
computing [154,369-375]. Researchers of IBM [376] constructed the NMR computer using
the two nuclear spins as quantum (q) bits, demonstrating the quantum algorithm of fast
quantum searching by Grover [377]. They also constructed the NMR computer with seven
qubits [378], demonstrating the polynomial-time algorithm for prime factorization [379].
These successes have caused scientific interest in searching qubits for quantum computing,
quantum teleportation, and quantum sensing. As mentioned above, Nagao et al. [367]
were interested in the use of electron spin instead of nuclear spin, proposing manganese
complexes as a possible candidate for quantum qubits. On the other hand, Nakano et al.
had an interest in the fundamental sciences of quantum optics [60,61], performing quan-
tum dynamics simulations [66,67]. We have found several proposals for the purpose, as
summarized in Figure 30 in our book (Chapter 14.4) [24].
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Figure 30. Possible candidates for qubits for quantum information (QI) and quantum computation
(QC) [24]: nuclear spin, electron spin, exciton, quantum light, Josephson junction (superconductor),
atomic wave, molecular wave, and ion trap (Figure 14.4 of the book [24]).

In the 2000s, several groups presented proposals for molecule-based g-bits. Recently,
open-shell inorganic and organic molecular materials have attracted renewed interest
from quantum information science as molecular qubits for quantum devices (see later).
Topological materials [20,22,85-90,380] are also expected to protect the topological order
from environmental effects. Quantum optics are also expected to offer protection for
topological materials against defects [381]. However, such recent topics are not touched
upon in this review article.

7.3. Opportunities of Inorganic Open-Shell Species as Quantum Materials

Inorganic open-shell species are considered as possible candidates of qubits in
Figure 30. Ishikawa and his group have synthesized phthalocyanito-lanthanide com-
plexes [382-384]. They derived the selection rules for the MQT of the f-electron of lan-
thanide compounds on both experimental and theoretical grounds. Ishikawa, Sugita, and
Wernsdorfer indeed observed the nuclear spin-driven quantum tunneling of magnetization
in the new lanthanide single-molecule magnet [385]. Ishikawa and his group [385,386] also
synthesized binuclear lanthanide complexes, elucidating similar MQTs for the binuclear
f-f complex. Kato et al. [387] synthesized the multiple-decker phthalocyanine dinuclear
lanthanide (III) single molecular magnets. They elucidated the magnetic behaviors of
the complex.

Molecular spins were expected as qubits in Figure 30 [362,363,365,380,388,389]. Re-
cently, Ruben and Wernsdorfer’s group demonstrated the utility of the above phthalocyanine-
lanthanide complexes (TbPc,) for quantum computations [390-392]. Their achievements
are summarized in a review article [392]. Atzori et al. [393] performed a search of spin
systems with long-lived quantum coherence, finding the vanadium (IV) complex as a po-
tential inorganic molecule for the purpose [394]. Atzori and Sessoli presented a perspective
review article for the second quantum revolution in molecular materials [395]. The decoher-
ence [396], temperature [397], etc., remain future issues for molecular quantum materials.
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7.4. Early and Recent Investigations of Organic Radicals and Diradicals as Quantum Materials

Stable organic radicals, diradicals, and polyradicals are considered as challenging
molecules for quantum and optical devices in Figure 30. Basic mathematical and physical
concepts for quantum computations and quantum optics have been published in well-
known papers [47,57,60,356-364]. First of all, dynamic spin polarizations of open-shell
molecules have been investigated by using the EPR and ENDOR methods [398-402]. The
organic chemists’ group [403,404] synthesized open-shell systems with nitroxide groups,
which were investigated as possible quantum materials by using pulsed ENDOR [405]. The
same magnetic experiments were performed for many nitroxide molecules synthesized;
too many molecular structures are omitted in this review.

According to the Lloyd theory [373], packing structures of nitroxide molecules are
also important for the construction of quantum devices [406]. Therefore, crystal engineer-
ing [407,408] was crucial for the realization of the desired packing structure of organic
radicals [409]. We have considered the magnetic modifications of DNA with an introduc-
tion of stable radical groups for the formation of 1D, 2D, and 3D magnetic materials [410].
Maekawa et al. [411] synthesized the programmed assembly of organic radicals on DNA.
Mujica-Martinez investigated the possibility of 7-conjugated copolymers as molecular-
charge qubits on the theoretical ground [412]. Recently, experimental and theoretical
investigations have been extensively performed on the structure, bonding, and properties
of organic radicals for quantum devices [413-422]. Probably, a design of topologically
stable molecular g-bits will be important in the future [85-90,380].

7.5. A New Direction for Optical Molecular Materials for Quantum Optics

Nonlinear optical materials have been used for SHG and THG procedures, which
are applicable to laser formations from IR to UV lasers [53] and several types of optical
experiments for molecular and biological materials [307]. Nakano and his collaborators
searched for a new direction of quantum optical materials [60,61], finding an interesting
application to optical quantum computing [52,62]. To this end, basic notions of the coherent
state [48-56], squeezed quantum light [57-59], quantum phase [66-71], and entanglement
state [63,64] were found to be essential for opening a new direction of theoretical chem-
istry at Osaka [98]. Historically, the quantum phase in quantum mechanics has been an
important but difficult problem [423-426]. The phase operator by Pegg—Barnett [68,69]
is now accepted [427], providing a fundamental concept and procedure for quantum
optics. Nakano and his collaborators were deeply involved in quantum physics, such
as quantum collapse and revival phenomena [72], performing a quantum dynamic sim-
ulation for two- and three-level models of molecular systems [70] and two-component
Bose-Einstein condensates [71]. Nowadays, entanglement states [63,65] generated with
two squeezed quantum lights are important for quantum teleportation [428-435], optical
quantum computing [52,62,65,436—-438], and quantum sensing [439].

However, the decoherence of the quantum state [355-357] remains serious for dissipa-
tive quantum molecular systems, such as single molecular magnets with quantum spin,
seen in Figures 3 and 30. The same is true for the squeezed quantum light generated by
using nonlinear optical materials and the quantum entangled state. Therefore, Nakano
et al. [440] investigated dissipative quantum molecular systems [355-357,381] with interac-
tions with two different reservoirs using the Monte Carlo wavefunction approach [441],
which is similar to the related quantum dynamics methods for dissipative systems [442,443],
as illustrated in Figure 31B, proving fundamental information on the relaxation processes of
optical quantum systems [440,444]. Such dynamic information is important for understand-
ing, designing, and constructing optical quantum devices based on molecules: quantum
sensing, quantum teleportation, and optical computation [62].
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Figure 31. (A) The numerical Liouville approach to calculate the time (t)- and frequency (w)-
dependent n-th order nonlinear susceptibilities of the strongly correlated molecular materials [440].
(B) The Monte Carlo wave function (or master equation) approaches to quantum dissipative photon
fields, such as squeezed light interacting with an external field (reservoir 1) and nuclear vibration
(reservoir 2) [440].

7.6. Concluding Remarks and Future Prospects

In this review article, basic concepts and approaches of chemical sciences in the
Osaka group (see Figure 2) are briefly touched on in relation to our early efforts for
theoretical investigations of strongly correlated electron systems (SCES), which are now
receiving great interest in the field of material and biological sciences, as illustrated in
Figure 1 (see Section 1). Symmetry breaking [76,77] and topological symmetry [22,87] are
guiding principles for SCES. In the 1970s, a diradical, one of the SCESs, was regarded as
an unstable, reactive intermediate of forbidden reactions [160] of the Woodward-Hoffman
(WH) rule [31,32]. The basic concept of the WH rule for concerted reactions is “the orbital
symmetry conservation”. Numerous significant non-mechanistic reactions, previously
unexplained, are now understood through application of the Woodward-Hoffmann rule.
Therefore, the concept of “the orbital symmetry breaking” and the resulting local spins [126]
was not a familiar one in the early days. However, during such a period, basic theories
and computational methods were developed to elucidate the nature of the chemical bonds
of diradicals and chemical indices, such as the diradical character (see Sections 2—4) of
open-shell molecules. Great efforts by organic chemists realized that stable diradicals
were protected by bulky groups [138,139,160,266], which were detected and characterized
with several magnetic and optical experiments. Nowadays, such stable diradicals have
been synthesized, as shown in this Special Issue for diradicals. The concept of the orbital-
symmetry-breaking and the recovery of the spin symmetry via quantum resonance is also
a guiding principle for understanding and explanation of the chemical bonds of diradicals.

In the 1980s, stable radicals, such as nitroxide radicals, were regarded as the building
blocks of spin-dependent materials, such as organic ferromagnets [224,351-353]. Pure or-
ganic ferromagnetism was realized for a three-dimensional (3D) crystal of para-nitrophenyl
nitroxide (p-NPNN) [352]. Organic ferromagnets were found for crystals of other nitroxide
molecules [352], indicating that a classical long-range order is feasible with 3D crystals of a
spin S = 1/2 organic molecules. Phenalenyl radicals, stabilized by bulky groups, are also
used as building blocks for large m-diradicals and 7-polyradicals via the through-bond and
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through-space exchange interactions. Antiferromagnetic exchange interactions between
phenalenyl radicals were found to have origins of the so-called spin frustrations and res-
onating VB (RVB) states of specific clusters and solid structures [278,290], indicating the
quantum nature of a molecular spin S = 1/2. Recently, organic diradicals, triradicals, and
polyradicals have been focused on as quantum bits for the construction of optical quantum
devices, such as quantum sensing, for which quantum dynamic simulations of open-shell
materials interacting with quantum lights are essential, as shown in many papers by Prof.
Nakano and his group [440,444].

Prof. Masayoshi Nakano has written a comprehensive review article entitled the “Di-
radical Character-Based Design of Functional Molecular Systems” [445], summarizing the
fundamental concepts, theoretical and computational methods, and important conclusions
obtained by himself, his group (Dr. Yamada, Dr. Shigemoto, and Dr. Kishi, in particular)
and from collaborations with the Prof. Kubo group., while Prof. Nakano and Prof. Cham-
pagne have participated in international collaborations on the nonlinear optics of open-shell
molecules. Nakano and his collaborators have elucidated the structure, bonding, and prop-
erties (mainly optical) of open-shell systems with a diradical character and excited states
of m-electron systems. To this end, they developed the numerical Liouville, Monte Carlo
wave function and quantum aster equation methods for theoretical investigations of both
static and dynamical optical properties, as illustrated in Figure 31A. These methods have
been successfully applied to elucidate the optical properties of open-shell molecules and
molecular clusters. Some of their results are revisited in this review article. Unfortunately,
the late Prof. Nakano could not continue the quantum dynamic simulations of dissipative
quantum systems, such as open-shell molecules interacting with quantum lights [440,444],
which provide indispensable information for the development of quantum optical devices.
However, his successors are now performing such quantum dynamic computations in the
Center of Quantum Information and Quantum Biology (QIQB). Finally, we would like to
express our sincere thanks for all of the efforts of the late Prof. Nakano, who opened a new
door for quantum chemistry on quantum optics, quantum optical materials, and devices.
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