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Abstract: The transient electroosmotic response in a charged porous medium consisting of
a uniform array of parallel circular cylindrical fibers with arbitrary electric double layers
filled with an electrolyte solution, for the stepwise application of a transverse electric field,
is analyzed. The fluid momentum conservation equation is solved for each cell by using a
unit cell model, where a single cylinder is surrounded by a coaxial shell of the electrolyte
solution. A closed-form expression for the transient electroosmotic velocity of the bulk fluid
in the Laplace transform is obtained as a function of the ratio of the cylinder radius to the
Debye screening length and the porosity of the fiber matrix. The effect of the fiber matrix
porosity on the continuous growth of the electroosmotic velocity over time is substantial
and complicated. For a fiber matrix with larger porosity, the bulk fluid velocity takes longer
to reach a certain percentage of its final value. Although the final value of the bulk fluid
velocity generally increases with increasing porosity, early velocities may decrease with
increasing porosity. For a given fiber matrix porosity, the transient electroosmotic velocity is
a monotonically increasing function of the ratio of the cylinder radius to the Debye length.

Keywords: transient electroosmosis; circular cylinder; arbitrary electric double layer; unit
cell model

1. Introduction

The electroosmotic flows of electrolyte solutions in charged porous media or mi-
crochannels are of great importance in many technological areas, both fundamentally
and practically. Although the elementary mathematical analysis of electroosmosis was
mainly performed in the steady state [1-4], its transient behavior is sometimes as impor-
tant as its steady-state behavior. In various applications, pulsating or alternating electric
fields are used for electroosmotic measurements and manipulations [5-8]. Particularly, the
time evolution of the fluid velocity is relevant to electroosmosis in microfluidics in the
sub-millisecond range, such as biochip operations in high-speed electrokinetic separation
processes, the use of short-duration pulsed electric fields to distinguish between colloidal
particle velocities and background electroosmotic flow or to suppress thermal-zone broad-
ening, and micro-pumping by means of AC or modulated DC fields [9]. The time-periodic
and transient starting electroosmotic flows of electrolyte solutions in microchannels with
various cross-sectional shapes have been analyzed in the past for the electric double layers
of small [10,11] and arbitrary [12-14] thicknesses.

In the real applications of electroosmotic flows, a porous medium is frequently en-
countered. To avoid the difficulties of complex geometries, unit cell models are often used
to predict the effects of interactions between small solid entities constituting the porous
medium on electroosmotic velocity [15-24]. These models allow a group of entities to be
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divided into numerous identical cells, each with an entity at its center. Therefore, the bound-
ary value problem of multiple solid bodies is reduced to dealing with a single element
consisting of a solid body and a concentric shell of fluid surrounding it. Different shapes of
unit cells can be chosen, but a spherical or cylindrical shape is the most convenient.

The transient starting electroosmotic flow of electrolyte solutions in the axial direction
of a fibrous porous medium consisting of a uniform array of parallel circular dielectric cylin-
ders, with arbitrary electric double layer thickness and zeta potential after the application
of a step-function electric field, was analyzed using a unit cell model [25]. This analysis was
also extended approximately to the starting electroosmotic flow in the transverse direction
of the fibrous porous medium for the case of constant zeta potential and a thin but finite
double layer (say, ka > 10, where k! is the Debye screening length and 4 is the radius of
cylinders) [26].

In the practical case of electroosmosis in charged porous media, the thickness of
the electric double layers can be comparable to the pore size and the dependence of the
dynamic response of the electroosmotic flow on xa over a wide range must be considered.
In this paper, we present an analytical study of the transient electroosmosis induced by
the sudden application of a constant transverse electric field in a matrix of parallel circular
cylindrical fibers with arbitrary double-layer thickness using a unit cell model. The zeta
potential (or surface charge density) of the cylinders is assumed to be uniform and small.
The transient response of the electroosmotic velocity of the electrolyte solution as a function
of relevant parameters is explicitly obtained.

2. Analysis

We consider a Newtonian liquid solution of arbitrary electrolytes with the viscosity
n and density p, filled in a charged fibrous porous medium consisting of a uniform array
of parallel dielectric cylinders of arbitrary radius a and Debye screening length ! (char-
acteristic thickness of the electric double layer). Since the initial time ¢t = 0, a constant
electric field E is applied in the x direction normal to the axes of the cylinders. As a
result, the electrolyte solution starts flowing in the same direction with an instantaneous
bulk velocity —U(t) (where U is positive and negative if the cylinders are positively and
negatively charged, respectively) due to electroosmosis. A unit cell model is used in which
each circular cylinder is surrounded by a coaxial cylindrical shell of liquid with an outer
radius b, as shown in Figure 1; therefore, the liquid-to-cell volume ratio 1 — ¢ is equal
to the porosity of the fiber matrix, where ¢ = (a/ b)2. The origin of the polar coordinate
system (r,0) is set on the axis of the cylinder and 6 = 0 means the x axis. Clearly, this
two-dimensional problem for a cell is symmetric about the x axis. Our goal is to determine
the transient electroosmotic velocity U(t).

The electrical potential distribution ¢(r, ) in the fluid around the cylinder in a unit
cell can be expressed as the equilibrium potential distribution 9eq(r) induced by the surface
charge of the cylinder and mobile ions in the surrounding electrical double layer (which
satisfies the Poisson-Boltzmann equation) added with the perturbed potential distribution
Pa(r,0) caused by the external electric field E. (which satisfies the Laplace equation),

lP = lpeq + ¢a/ (1)
where [22]

Poq = gll(Kb)Ko(Kr) + lo(xr)Ky(kb) o L(kb)Ko(kr) + Io(xr)Kq (kD)
17 " 11 (kb)Ko(ka) + Ip(ka)Ky (kb) — ex I (kb)Kq(ka) — Iy (ka)Kq (xb)”

(2)
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Here, ¢ and o are the zeta potential and surface charge density, respectively, of the
cylinder, and I, and K, are the modified Bessel functions of order n of the first and second
kinds, respectively, x = 1 + ¢ if the Dirichlet condition is used for the perturbed potential
distribution on the outer boundary of the cell (r = b), x = 1 — ¢ if the Neumann condition
is used there, and ¢ is the dielectric permittivity of the fluid. Note that Equation (2) is
valid when the electrical potential is small (in which the Debye-Hiickel approximation
applies). In comparison with the Neumann condition at r = b, the Dirichlet condition
has an advantage that both the radial and angular components of the perturbed potential
gradient are specified [16,20].

The transient creeping flow of the electrolyte solution is governed by the modified
Stokes equation [27] ,

10 ex-¥ad¥e
Vi(V? - S = o 9 tan 6, (4)
where v is the kinematic viscosity (= #/p) of the fluid, t is time, and ¥ is the Lagrange
stream function. The boundary and initial conditions for the fluid velocity components v,
and vy in a unit cell are [24,26]

10Y %4
r=a vr:—;%zo,?}e:W:O, (5)
r=>b: v, = —UcosH, (6a)
T = 17[7% (?) + %%] = 0 for the Happel model, (6b)
10 10v
(Vxo),= ;5(7’09) - ;ﬁf = 0 for the Kuwabara model, (6¢c)
t=0: v, =0v9=0, 7)

where —U(t) is the transient bulk fluid velocity of electroosmosis to be determined, and
U(0) = 0. The steady-state electroosmotic velocity (as t — o) is available in the litera-
ture [22]. For suspensions of charged spheres in electrolyte solutions, the Happel (free
surface) and Kuwabara (surface with zero vorticity) models result in comparable quantities
in the electrophoretic mobility. However, the Happel model has a significant advantage
in that it does not require an exchange of mechanical energy between the unit cell and
its surroundings [28]. Thus, the Happel model should be more satisfactory than the
Kuwabara model.

In terms of the solution form ¥ = (e{Ewa/1)g(r,t) sinf and the Laplace transform,
Equation (4) can be expressed as

? 1d 1,,d 1d 1 s _ K3
(G2t 2Nget g 2 )80 =_60), (8)

where the transformed variable is represented by an overbar, s is the transform parame-
ter, and

_1 .2, I (kb)Ky (kr) — I (er) Ky (D)
G(r) = X [+ (r) ]Il(Kb)Kl(Kll) — I (ka)Kq (xb) ®)
The general solution to Equation (4) or (8) satisfying the initial condition in Equation (7)
is [27] . . .
¥ = ﬁgEoou[Cl STCo+ CsI1(Ar) + C4Kq (Ar) + 3, (r)] sin6), (10)
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with the particular solution

13

%p(1) = s [ fi(1) = fo(1) + 2K (Ar) fa(r) = 2 (Ar) fy (1), (1)
where
filr) = /a "G(r)dr, (12a)
f0) = [[60)(5ar, (120)
£0) = [ (AnNG() (G, (120
#10) = [ KNG, (120)

and A = /s/v. The coefficients C;, Cy, C3, and Cy4 in Equation (10) result from the boundary
conditions in Equations (5) and (6) as
nUH, ax3Hy

_ 1
1= CEH, T A%H, (132)

nUH3 ax3Hy
= ZEom, T asay (13b)

UUH5 lZK3H6
G = , 13
3= WE-H, | AZsH, (130)
UUH7 IZK3H8
SéEooHo AZSHO,

Cy = (13d)

where the nine coefficients Hy, Hj, ..., and Hg are given in Appendix A.
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Figure 1. Geometric illustration of the unit cell model for the transient electroosmosis in an array of
parallel circular cylinders.

The transformed hydrodynamic force acting on the unit cell at its virtual surface r = b
(in the x direction) per unit length is [27]

= 39 VY ¥ oY,
— 3 Y 27 2 a .
F(s) —/0 [nr 8r( . ) —prcs > + ex r?eq—sag]r:b sin 0d6. (14)
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The cell is electrically neutral as a whole (the total charge of solid plus liquid). Therefore,
both the electrostatic force and the net (i.e., only hydrodynamic) force acting on it must
be zero. Applying this constraint to Equation (14) (with the substitution of Equations (2),
(3), (10), (11) and (13)), we obtain the normalized transient electroosmotic velocity in the
Laplace transform as

nU(s) vk 2(a% 4+ b?)Hy

3
R _ 2 3
TEn 257 b I (<) Ko () 1 o (ea) Ky ()]~ 20 T2 207 Hy

+b2f1(b)H0 + azfz(b)Ho — ZabKl(Ab) [aHg — fg(b)H()] - 2ab11 (Ab) [QH6 (15)

-1
+fa(b) Hol {6 Hy — a®Hs + ab[1 (Ab)Hs + K (Ab) H7] | .

The bulk fluid velocity can be obtained by performing the inverse Laplace transform of
Equation (15) using numerical methods [29,30]. Note that the zeta potential { of the cylinder
in Equations (10), (13) and (15) can be replaced by its surface charge density o through their
relationship given in Equation (2).

3. Results and Discussion

The normalized fluid velocity components —4v, /2e{E« cos 0 and vy /2e{ Ee sin 0 of
the transient transverse electroosmosis of an electrolyte solution around an unconfined
charged circular cylinder (namely ¢ = (a/ b)* = 0) in the radial and angular directions,
respectively, are plotted against the scaled radial coordinate r/a in Figure 2 for several
values of the scaled time vt/a? after the application of the electric field and the ratio of
the cylinder radius to the Debye length xa. These normalized fluid velocity components
around the circular cylinder in a unit cell with the solid volume fraction ¢ = 0.04 are
also plotted against r/a in Figure 3 with the same values of vt/a? and xa for both the
Happel and Kuwabara cell models with the Dirichlet condition of the applied electric
potential distribution ¥,(r,0) at the outer boundary r = b of the cell (x = 1+ ¢). For
the given values of r/a, xa, and ¢, the radial component —#v,/2¢e{E« cos 6 is always a
positive increasing function of vt/a? to a finite constant in the steady limit vt/a?> — oo as
expected (as shown in Figures 2a and 3a), while the angular component yvy /2eC Ec, sin 6
is a positive increasing function of vt/a? only at small values of r/a (locations near the
cylinder surface) and may become negative and decrease with an increase in vt/a? at
greater values of r/a (as shown in Figures 2b and 3b). For the fixed values of vt/ a2, xa,
and ¢, as expected, both velocity components in general increase with an increase in v/a
from zero at the cylinder surface (r/a = 1), reach their maxima (whose locations shift
toward larger r/a at a greater vt/ a% or a smaller xa), and then decrease with a further
increase in r/a (interestingly, #vy /2¢{ E« sin § may thereafter become negative and reach
a minimum, whose location also shifts toward larger r/a at a greater vt/a? or a smaller
xa, and then increase with a further increase in r/a). In the steady limit vt/ a%2 = oo, the
radial component —#v, /2e{Ex cos 0 is a monotonically increasing function of /a and the
angular component #vy /2e(E sin 6 is always positive. The 2D map of the electroosmotic
flow field around a circular cylinder is similar to the corresponding map of the creeping
flow field around a sphere, as shown in Happel and Brenner [28]. For specified values of
vt/a?,r/a, and @, both velocity components generally increase with an increase in xa, and
there are some exceptions for 17vg /2e{ Ee sin 8. The Happel and Kuwabara cell models lead
to qualitatively alike and quantitatively equivalent results of the normalized fluid velocity
components (as shown in Figure 3).
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Figure 2. Normalized fluid velocity components of the transient electroosmosis around an unconfined
circular cylinder (¢ = (a/ b)? = 0), versus the scaled radial coordinate r/a for various values of the
scaled time vt/a?: (a) —1vy/2elEo cos 8; (b) vy /2eCEc sin 0. The solid and dashed curves denote
xa = 10 and xa = 5, respectively.
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Figure 3. Normalized fluid velocity components of the transient electroosmosis around the circular
cylinder in a unit cell with ¢ = (a/ b)2 = 0.04 and xa = 10 versus the scaled radial coordinate r/a for
the various values of the scaled time vt/a?: (a) —1vy/2eCEc cos 8; (b) vy /26 Eco sin 6. The solid and
dashed curves denote the Happel and Kuwabara cell models, respectively.

The normalized fluid velocity #U /el E of the bulk electrolyte solution undergoing
transient transverse electroosmosis in a fibrous porous medium is plotted against the scaled
time vt/a? and fiber volume fraction ¢ in Figures 4 and 5, respectively, for the different
values of the ratio of the cylinder radius to the Debye length xa for both the Happel and
Kuwabara cell models with the Dirichlet condition (x = 1 + ¢). It is understood that
nU/elEs equals unity in the limiting case of vt/a? — co, ¢ = 0, and xa — co [26]. The
effect of ¢ on the continuous growth of the electroosmotic velocity with time is substantial
and complicated, and a greater vt/a? is needed for U /el Ew to attain a definite percentage
of its terminal value (as vt/a? — oo) for a fiber matrix with a greater porosity (smaller
¢). For a given value of xa, this terminal value generally increases with a decrease in
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¢ (an increase in the porosity) as expected [22], while U /elEs at an early time may
decrease with a decrease in ¢, since the characteristic time of the transient electroosmosis is
greater and the fluid velocity of the bulk electrolyte solution at the outer edge of the unit
cell is hardly influenced by the transient electroosmosis starting from near the charged
surface of the fiber cylinder for the porous medium with a smaller ¢. The Happel model in
general results in a greater value of the normalized bulk fluid velocity than the Kuwabara
model does, but there are exceptions (qualitatively different terminal velocities may be
obtained from them, as shown for a thicker double layer and a small solid volume fraction
in Figure 5a). Since the Happel model has a significant advantage in that it does not require
an exchange of mechanical energy between the unit cell and the environment, the Happel
model should be more accurate than the Kuwabara model.

0.4 1

aaaal i s aaal PR, 0.8 1 1 1 1
0=001 |
0.1 ]
i 064
nu

gé’E-

©

0.4+

0.2+

1000 0.01 0.1 1 10 100 1000

0.01
vt/a
(a) (b)
Figure 4. Normalized bulk fluid velocity #U/e{E of the transient electroosmosis in a fibrous porous
medium versus the scaled time vt/a? for various values of the solid volume fraction ¢: (a) xa = 1;
(b) xa = 10. The solid and dashed curves denote the Happel and Kuwabara cell models, respectively.
! ! ! 0.8 1 1 1 1
0.4 L
vt/a> — o0
X vt/a> -
0.3 N r
nUu
e E,
0.2 4 -
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Figure 5. Normalized bulk fluid velocity #U/e{E of the transient electroosmosis in a fibrous porous
medium versus the solid volume fraction ¢ for various values of the scaled time vt/a?: (a) xa = 1;
(b) xa = 10. The solid and dashed curves denote the Happel and Kuwabara cell models, respectively.
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In Figure 6, the normalized transient electroosmotic velocity #U/elEs of the bulk
electrolyte solution in a fibrous porous medium with ¢ = 0.25 is plotted against the scaled
time vt/a? and ratio of the cylinder radius to the Debye length xa. Again, U /e{Es grows
incessantly with vt/ a? for a given value of xa. For fixed values of vt/ a2 and ¢, this velocity
is a monotonically increasing function of xa. In comparison with our results in Figures 4-6
for an arbitrary value of xa, the calculations in the thin-double-layer approximation to the
starting electroosmosis in the fibrous porous medium with xa > 10 [26] overestimates the
electroosmotic velocity of the fluid with the same value of «a.

08 S R S

Ka —» ©

T T — T T — T T T

0.01 01 1 10 01 ] 10 100
vt/a2 Ka

(a) (b)

Figure 6. Normalized bulk fluid velocity #U /el E of the transient electroosmosis in a fibrous porous
medium with the solid volume fraction ¢ = 0.25: (a) versus vt/a® for various values of xa; (b) versus
xa for various values of vt/a?. The solid and dashed curves denote the Happel and Kuwabara cell
models, respectively.

4. Concluding Remarks

In this paper, the start-up of the electroosmosis of electrolyte solutions upon the
stepwise application of an electric field transversely to a charged fibrous porous medium
consisting of parallel circular cylinders with arbitrary electric double layers is analytically
investigated. The fluid momentum equation is solved by using both the Happel and
Kuwabara unit cell models. A closed-form expression for the transient electroosmotic
velocity of the bulk fluid #U /e{ E in the Laplace transform is obtained as a function of the
scaled elapsed time vt/a?, ratio of the cylinder radius to the Debye screening length xa, and
the porosity of the fiber matrix 1 — ¢. The effect of ¢ on the continuous growth of #U /e{Ec
over time is substantial and complex. For a fiber matrix with smaller ¢ (larger porosity),
U /el E« takes longer to reach a certain percentage of its final value. Although the final
value of yU/elE« generally decreases with increasing ¢, early velocities may increase
with increasing ¢. For a given ¢, the transient electroosmotic velocity is a monotonically
increasing function of the ratio of xa.

The starting electroosmosis of electrolyte solutions in the axial direction of the fibrous
porous medium composed of parallel circular cylinders was examined by using the unit cell
model and an analytical solution of the electroosmotic velocity was obtained for arbitrary
xa, ¢, and vt/a? [25]. For the general problem of transient electroosmosis in the fibrous
medium caused by an external electric field in an arbitrary direction with respect to the
axes of its constitutive cylinders, the solution of the electroosmotic velocity can be obtained
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by the vectorial addition of the previous result for the axial flow and the present result for
the transverse flow due to the linearity.

In a real system, there should be a slab of fibrous material between two reservoirs and
a voltage should be applied. Some entrance effect may be considered in our calculations
for such a realistic case to show how large the electroosmotic flow may be and to provide
some ideas on how the entrance effect may enter in the problem, like in the case of other
electrokinetic phenomena [31-33].
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Appendix A

The coefficients Hy, Hy, . .., and Hg in Equation (13) are given as follows:

Hy = 8 — 2AIy(Ab)[A(a® — b*)Ko(Aa) + 2aK;(Aa)] + AbI (Ab)[dKo(Aa) + 2AaK (Aa)]

—A{Zall(Aa)R — Io(Aa)[2A(a% — b?)Ko(Ab) + bdK (Ab ]},

)
Hy = 4 + Ab{MKo(Aa) — Io(Aa)[2AbKo(Ab) + NK; (Ab)]}
)

Hy = (2a) Y{f1(b)Hy + Aa[fa(b) Aa{ AbL (Ab)Ko(Aa) — 2Io(Ab)Ko(Aa) + Iy(Aa)R} +2f3(5)Q + 2£4(b)P]},
Hy = b{Aa[bMKl(Aa) + BN, (Aa) — 2a)Ky(Aa) — N(b - AazT) }{a[aKl(Ab) — bKy(Aa)]} 7Y,

Hy = [16{bK1 (Aa) — aKy(Ab)}(b — AaT ) {2af>(b) — bf3(B)N — bfs(b)M}
+8N(b— Aa*T){alafa(b) — 2bf3(b)Ki (Ab) + 2bf3(b) 1 (Ab)] - Bf1 (b) }

+8A4aKs(Aa) {bMK1 (Aa) + bNTy (Aa) — 20} {2 f1(b) — alafa(b) — 2bf(b)Ki (AD)

-1
+2bf4(b)11(Ab)]}]{16a2b[aK1(Ab) — bKl(Aa)]} )

Hs = 2a~ ! [bN — 2Aa’K;(Aa)],

He=a [ fi(b)Hs/2 + Aafo(b)Q + Afs(b) {ZaKl (Aa)R + Ko(Aa)[2A(a? — b?)Ko(Ab) + bdK; (Ab)]}

+£4(b) {2A10(Ab) [A(a® — b%)Ko(Aa) + 2aK1(Aa)] + AbLy (Ab)[dKo(Aa) — 2AaK; (Aa)] — 4}],

Hy = 2a~'[bM — 2Ad?I,(Aa)],

Hs = a ' [fi(b)H; /2 + fo(b) AaP + f3(b) {4 — 20 AL (Aa)R + Alg(Aa)[2A(a> — 1)Ko (Ab) — bdKi (Ab)] }

+Af(D) {2a11(Aa)[—210(Ab) + AbL (AD)] + Iy(Aa)[2A(a? — b?) Iy (Ab) + bdI; (AD)] }},

for the Happel model, and

Ho = a’l{Il(Ab)[A(tﬂ — b?)Ko(Aa) + 20K (Aa)] + Ky (AD)[A(a? — b*)Io(Aa) — 2aL; (Aa)] }
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H; = —Aa~'W*[I)(Ab)Ko(Aa) + Iy(Aa)K; (Ab)],

Hy = (2a%)" {AIO(Aa)Kl(Ab) [~V f1(b) + a®f2(b)] — 2aKy (Ab) f3(b)

+h(AD)[AKy(Aa){a2fo(b) — B fi (b) } +2afa(b)]},
Hs = Aa~'b°T,
Hy = (2a%) ' { Aalt*f1(b) — a2 f>(0)]T + 2623 (b) Ky (AD) — 267 fy(b) 1 (Ab) },
Hs = 2a2b*K, (Ab),
Hs = a {0 £1(0)K1(Ab) + al{ A(a® — 1?)Ko(A) +2aK: (Aa) H{f3(b)K1 (AD) — fa(b)(AD)} — afa(b)Ky (AD)]},
H; = —2a~2b%I;(Ab),

Hs = a=*{alafa(b) 1 (Ab) + { A(a® - b?)Ip(Aa) — 20k (Aa) {f3(b)K1(Ab) — fo(b) 11 (AD)}] — BPf1 (B) R (AD) |,

for the Kuwabara model, where

M = 2Ably(Ab) + (4 + A*b*) 1 (Ab),
N = 2AbKo(Ab) + (4 + A*b?)K; (Ab),
P = 2Iy(Aa) — 2Io( Ab) + AbI; (Ab),
Q = 2Ko(Aa) — 2Ko(Ab) — AbK;(Ab),
R = 2Ko(Ab) + AbK;(Ab),

T = I(Aa)K;(Ab) + I;(Ab)Ky(Aa),
d=A%(a®>—1?) -4
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