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Abstract

The relationship between states obtained by the non-commutative integration method of
the Schrödinger equation on Lie groups and generalized coherent states is investigated. It
is shown that such solutions belong to the class of generalized coherent states when the
corresponding λ-representation is real.
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1. Introduction
Coherent states first appeared in quantum mechanics as solutions of the Schrödinger

equation that minimize the Heisenberg uncertainty relation (see Refs. [1,2] and references
therein). Generalizations of these states find extensive application in various branches of
physics [3–5].

Among the generalizations of coherent states, one can distinguish nonlinear coherent
states [6], Gazeau–Klauder coherent states [7], Barut–Ghirardello coherent states [8], and
Perelomov coherent states [9]. When constructing Prelomov coherent states, a group-
theoretical approach is used. It turns out that using the representation of the Heisenberg–
Weyl group in an arbitrary Hilbert space, one can reproduce the coherent states of a
harmonic oscillator. This observation allows one to construct a wide class of states using
representations of various Lie groups. It is also worth noting that the concept of coherent
states can be generalized to quantum Lie groups [9].

In this paper, we study the stationary Schrödinger equation on Lie groups from the
point of view of constructing Perelomov generalized coherent states and the method of
non-commutative integration of linear differential equations (NI), which was proposed in
the papers [10,11]. This method essentially uses the symmetry of a differential equation
and its algebra of symmetry operators and allows one to construct a basis of solutions that,
in general, differs from solutions constructed by separation of variables and from coherent
states. The NI has been effectively used to construct exact solutions to the Schrödinger,
Klein–Gordon [12], and Dirac [13–15] equations. Note that NI is closely related to the
Kirillov orbit method [16], which allows one to construct representations of Lie groups (see
Refs. [17–21]). It turns out that the basis of solutions that can be obtained by NI is similar to
Perelomov generalized coherent states.

The paper is organized as follows. Section 2 introduces the basic definitions of Lie
group and algebra theory, as well as the definition of Perelomov generalized coherent states
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on Lie groups. Section 3 is devoted to the construction of a special irreducible representation
of Lie groups, which is a necessary construction for NI. Section 4 considers the non-
commutative reduction of the Schrödinger equation on a Lie group from the perspective of
the method for constructing coherent states. Section 5 discusses the relationship between
spin coherent states and states obtained using the non-commutative integration method on
the rotation group SO(3). Section 6 contains some concluding remarks.

2. Generalized Coherent States on Lie Groups
First, let us recall the key points from Lie group theory necessary for the further

exposition.
Let G be an n-dimensional Lie group. The tangent space TeG at the identity e ∈ G

forms the Lie algebra G of the Lie group G. Let {eA} be some fixed basis in G (A = 1, . . . , n),
with a commutator

[eA, eB] = CC
ABeC, A, B, C = 1, . . . , n, (1)

where CC
AB are the structure constants of the Lie algebra G. Any element X∈ G can be

uniquely factored over this basis, X = XAeA. The Lie group acts on itself by right Rg and
left Lg shifts (Rg′ g = gg′, Lg′ g = g′−1g), the differentials (Rg)∗ and (Lg)∗ of which generate
left- and right-invariant vector fields on the group G, respectively:

ξX(g) = (Lg)∗X, ηX(g) = −(Rg)∗X, [ξX(g), ηY(g)] = 0,

[ξX(g), ξY(g)] = ξ[X,Y](g), [ηX(g), ηY(g)] = η[X,Y](g), X, Y ∈ G.

Left-invariant and right-invariant vector fields are the generators of the right TR(g) and
left TL(g) regular representation of the group

ξX(g) f (g) =
d
dt

∣∣∣∣
t=0

TR(exp(tX)) f (g), TR(g′) f (g) = f (gg′), (2)

ηX(g) f (g) =
d
dt

∣∣∣∣
t=0

TL(exp(tX)) f (g), TL(g′) f (g) = f (g′−1g), (3)

where f = f (g) is a function on the group, g, g′ ∈ G, and exp : G → G is the
exponential map.

Generalizing the definition of a group action to manifolds of lower dimension, we
arrive at the definition of a homogeneous space. Let G be an action of a group on an
m-dimensional manifold M using a smooth function M × G → M, x′ = x ◦ g, x ∈ M, and
◦ denotes the group action. Suppose that G acts transitively on M. In this case, M is a
homogeneous space of G and m ≤ n.

Let us describe how a homogeneous space is structured locally. Let H be the isotropy
Lie subgroup of a point x0 ∈ M and dim H = n − m, then M ≃ G/H, where G/H is
the space of right cosets. This interpretation allows us to consider the Lie group G as
a principal bundle with canonical projection π : G → M(≃ G/H) and structure group
H. Let s : M → G be a section of the bundle (G, π, M, H), then any element of G can be
represented as [22]

g = hs(x), h ∈ H, x ∈ M. (4)

Based on the treatment of M as a G/H space, one can write

s(x)g = h(x, g)s(x ◦ g), (5)

where h(x, g) is the homogeneous space factor.
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Let us consider the application of the method of coherent states for the case when the
Hamiltonian H of a given quantum system admits a Lie group G of dynamical symmetry.

One of the essential cases for physical applications is when the Hamiltonian H is a
quadratic form of right-invariant vector fields ηA(g) = ηeA(g):

H = cABηAηB + cAηA, A, B = 1, . . . , dimG. (6)

In this case, the left-invariant vector fields ξX(g) are integrals of motion of the given
quantum system. If the symmetric matrix cAB is non-singular, then we say that the group
G is defined by a right-invariant metric cABeA ⊗ eB, where ⊗ denotes the tensor product.

The regular representations TL/R(g) of G act in the Hilbert space H of states of a
system with Hamiltonian (6). In what follows, elements of the Hilbert space H are denoted
by ket vectors, |ψ⟩ ∈ H.

The Hamiltonian is invariant under the operators TR(g) of the right regular represen-
tation, while under the action of the operators TL(g) the right-invariant vector fields are
transformed according to the adjoint representation Adg : G → G of the group G:

TL(g′)ηX(g)TL(g′−1) = ηAdg′ X(g),

AdgX =
(

Rg−1 Lg−1

)
∗
X. (7)

As a result of the transformation (7), the Hamiltonian (6) is transformed as follows:

H̃ = TL(g′)H(g)TL(g′−1) = cAB(g′)ηAηB + cA(g′)ηA,

cAB(g′) = cCD
(

Adg′
)A

C

(
Adg′

)B

D
, cA(g′) = cB

(
Adg′

)A

B
,

where
(

Adg′
)A

B
=
(

Adg′ eB

)A
is the matrix of the adjoint representation with respect to a

fixed basis in the Lie algebra G, Adg′X = XA
(

Adg′
)B

A
eB.

In this paper, for the convenience of further exposition, we assume that the left-
invariant Haar measure dµ(g) on the Lie group G coincides with the right-invariant Haar
measure dµ(g−1), that is, the group is unimodular (|detAdg| = 1). In the Hilbert space H,
the scalar product is defined as

⟨ψ1|ψ2⟩ =
∫

G
ψ1(g)ψ2(g)dµ(g), ψk(g) = ⟨g|ψk⟩, (8)

where the bar denotes the complex conjugation. So H = L2(G, dµ(g)).
Following Ref. [9], the system {|g⟩}g∈G, where |g⟩ = TL(g−1)

∣∣0〉 for a fixed vector∣∣0〉 ∈ H is called a generalized system of coherent states for the Lie group G.
Suppose that H ⊂ G is a subgroup for which the property

TL(h−1)
∣∣0〉 = e−iγ(h)∣∣0〉, h ∈ H,

where γ(h) ∈ R holds. Since states differing by a phase factor define a single state, the
subgroup H is the stationarity group of the state.

Since TL is a representation, the property

γ(h1h2) = γ(h1) + γ(h2)

for h1, h2 ∈ H holds, i.e., the function γ : H → R is a one-dimensional representation of
the subgroup H. Furthermore, it is straightforward that the system of coherent states is
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defined up to a subgroup H; namely, all information is contained in the homogeneous
space M ≃ G/H. By Equation (4), for g ∈ G one has

TL(g−1)
∣∣0〉 = TL((hs(x))−1)

∣∣0〉 = e−iγ(h)
∣∣∣s(x)

〉
. (9)

This expression defines an arbitrary generalized coherent state. Finally, consider the action
of TL(g′), g′ ∈ G on the coherent state |s(x)⟩:

TL(g′)
∣∣∣s(x)

〉
= TL((s(x)g′)−1)

∣∣0〉 (10)

= TL((h(x, g)s(x ◦ g′))−1)
∣∣0〉 = e−iγ(h(x,g′))

∣∣∣s(x ◦ g′)
〉

.

Here, we used the representations (4) and (5). The expression (10) shows that when the
group representation operator acts on a coherent state, a coherent state is again obtained.

3. λ-Representation of a Lie Group
The dual space G∗ of the Lie algebra G is the linear space of linear functionals on

G. Let
{

eA} be some fixed basis in G∗ such that ⟨eA, eB⟩ = δA
B , where ⟨·, ·⟩ is the natural

pairing of the spaces G and G∗ and δB
A is the Kronecker delta. Then, the linear functional

f = fAeA ∈ G∗ acts on the vector X according to the rule f (X) = ⟨ f , X⟩ = XA fA. The Lie
group G acts on the Lie algebra G via the adjoint representation Adg. In turn, we can define
the coadjoint representation Ad∗

g : G∗ → G∗ by the rule

⟨Ad∗
g f , X⟩ = ⟨ f , Adg−1 X⟩, f ∈ G∗, X ∈ G. (11)

Under the action of the coadjoint representation, the space G∗ is partitioned into orbits of the
coadjoint representation (C-orbits). For any functions Φ1, Φ2 ∈ C∞(G∗), the Poisson–Lie
bracket is defined

{Φ1, Φ2} = CC
AB fC

∂Φ1( f )
∂ fA

∂Φ2( f )
∂ fB

, f = fAeA. (12)

Functions Kµ( f ) that commute with all functions on G∗ with respect to the Poisson–Li
bracket (12) are called Casimir functions. The number of independent Casimir functions is
called the index of the Lie algebra G and is denoted by indG.

Denote by Oλ the C-orbit passing through the functional λ ∈ G∗. On each orbit,
the Kirillov symplectic form ωλ is defined (see Ref. [16]). Denote by M(s) the sub-
spaces invariant under the coadjoint action, which are the union of orbits of the same
dimension. The dimension of invariant subspaces is expressed through the algebra index
dimM(s) = dimG−indG− 2s, where s = 0, . . . , (dimG−indG)/2.

Let F(s)
α = F(s)

α ( f ) be functions on G∗ that define invariant subspaces M(s) on G∗:

M(s) =
{

f ∈ G∗|F(s)
α ( f ) = 0, ¬

(
F(s+1)

α ( f ) = 0
)

; α = 0, . . . , dimG− r(s)
}

,

where r(s) is the dimension of the invariant subspaces M(s), and the symbol ¬ denotes that

not all minors of the matrix F(s+1)
α ( f ) vanish simultaneously.

We define an embedding f : Oλ → G∗ that associates each linear functional with its
canonical coordinates (p, q) on the orbit. This mapping is uniquely determined by the
functions fX(p, q, λ), which satisfy the system of equations [11]

{ fX , fY} = f[X,Y], fX(0, 0, λ) = ⟨λ, X⟩, F(s)
α ( fX) = 0, X, Y ∈ G.
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We proceed to the complex extension of the Lie algebra G and consider canonical
embeddings linear in the variables p,

fX(p, q, λ) = αa
X(q)pa + χX(q, λ), X ∈ GC, a = 1, . . . , dim Q. (13)

The domain of the variables q and p is determined from the condition that the functions
(13) are real. For the existence of the functions (13) it is necessary and sufficient that the
linear functional λ admits the polarization n ⊂ GC [16]. Recall that the polarization n is
an isotropy subalgebra and the set Q can be represented as a local homogeneous space:
Q ≃ GC/ exp n. The operators

ℓX(q, λ) := i fX(−i∂q, q, λ) (14)

form an irreducible representation of the Lie algebra G in the space of smooth functions
L2(Q, n, λ), which is called the λ-representation of G. Here, ∂q ≡ ∂/∂q. Moreover, the
Casimir operators in the λ-representation are constants,

Kµ(−iℓ(q, λ)) = κµ(λ). (15)

The functions αa
X(q) are components of the generators of the representation of the

group G on the space Q. In this case, the functions χX(q, λ) are expressed in terms of
left-invariant fields on the group G,

χX(q, λ) = ξα
X(s(q))λα,

where s : Q → G is the canonical section of the bundle (G, π, Q, expn) (see, for example, [15]).
On the manifold Q, we introduce the measure dµ(q) and the scalar product

(ψ1, ψ2) =
∫
Q

ψ1(q)ψ2(q)dµ(q), ψ1, ψ2 ∈ L2(Q, n, λ). (16)

The measure dµ(q) is chosen under the condition that the operators (14) are self-adjoint
with respect to the scalar product (16). This measure can be determined by the generalized
Dirac delta function δ(q, q′) with respect to the measure dµ(q) which is defined as the
solution of the system of equations[

ℓX(q, λ) + ℓX(q′, λ)
]
δ(q, q′) = 0,

∫
Q

δ(q, q′)dµ(q) = 1.

The λ-representation (14) of the Lie algebra G can be lifted to a unitary representation
of the group on L2(Q, n, λ),

d
dt

(
Tλ

exp tX

)∣∣∣t=0ψ(q) = ℓX(q, λ)ψ(q), ψ ∈ L2(Q, n, λ), (17)

where exp : G → G is the exponential map. The action of the operators Tλ
g is represented

in the integral form:

Tλ
g ψ(q) =

∫
Q

Dλ
qq′
(g)ψ(q′)dµ(q′),

https://doi.org/10.3390/physics8020035
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where Dλ
qq′
(g) are the generalized kernels of the λ-representation of the Lie group, which

have the following properties:

Dλ
qq′
(g1g2) =

∫
Q

Dλ
qq′′

(g1)D
λ
q′′q′

(g2)dµ(q′′),

Dλ
qq′
(g) = Dλ

q′q(g−1), Dλ
qq′
(e) = δ(q, q′), (18)

where g1, g2 ∈ G. Generalized functions (18) satisfy the system of equations

[ξX(g) + ℓX(q, λ)]Dλ
qq′
(g−1) = 0,

[
ηX(g) + ℓX(q′, λ)

]
Dλ

qq′
(g−1) = 0. (19)

Note that the functions Dλ
qq′
(g) are defined globally on the Lie group G if and only if the

Kirillov condition for the orbit Oλ to be integral is satisfied:

1
2π

∮
γ∈H1(Oλ)

ωλ = nγ ∈ Z, (20)

where H1(Oλ) is the one-dimensional homology group of the stationarity group

Gλ = {g ∈ G | Ad∗
gλ = λ}.

Generalized functions Dλ
qq′
(g) can be represented as follows:

Dλ
qq′
(g−1) = Uλ(h(q, g−1))δ(q ◦ g−1, q′), (21)

where now δ(q, q′) is the generalized Dirac delta function with respect to the scalar product
(16), Uλ is a one-dimensional, unitary irreducible representation of the subgroup exp n in
the space L2(Q, n, λ) with the scalar product (16), and

Uλ(h) = exp
(
−i
∫

λβσβ(h)
)

, (22)

where σβ(h) := σeβ(h) is the right-invariant Maurer–Cartan form corresponding to the
basis vectors eβ of the subalgebra n .

In the paper [10], it is conjectured that this set of generalized functions has the proper-
ties of completeness and orthogonality for a certain choice of the measure dµ(λ):∫

G
Dλ

q̃q̃′
(g)Dλ

qq′
(g)dµ(g) = δ(q, q̃)δ(q̃′, q′)δ(λ̃, λ), (23)∫

Q×Q×J
Dλ

qq′
(g̃)Dλ

qq′
(g)dµ(q)dµ(q′)dµ(λ) = δ(g̃, g), (24)

where δ(g) is the generalized Dirac delta function with respect to the Haar measure dµ(g)
on the Lie group G. For compact Lie groups, relations (23) and (24) hold due to the Peter–
Weyl theorem [23]. The domain J of variation in the parameters λ and the measure dµ(λ)

are chosen in such a way that relations (23) and (24) are satisfied.
Note that although there is no rigorous proof of the relations (23) and (24), in each

specific case it is not difficult to verify their validity by direct calculation.

4. Non-Commutative Reduction
Consider the Schrödinger equation for a quantum system with Hamiltonian (6),

H φ(g) = Eφ(g), φ ∈ H. (25)

https://doi.org/10.3390/physics8020035
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We find the complete system of solutions to Equation (25) using the method of non-
commutative integration.

The basic point of the non-commutative reduction of Equation (25) is to find a complete
set of solutions in the form

φλ
q (g−1) =

∫
Q

ψ(q′, λ)Dλ
qq′
(g−1)dµ(q′). (26)

Here, the complete set of solutions (26) is parameterized by quantum numbers λ,
which correspond to commuting symmetry operators of Equation (25), namely, the Casimir
operators (15) of the algebra G. The set of parameters q takes continuous values.

Let us consider the action of the operators ηX(g) on the function (26):

ηX(g)φλ
q (g−1) =

∫
Q

ψ(q′, λ)ηi(g)Dλ
qq′
(g−1)dµ(q′)

=
∫
Q

ψ(q′, λ)
[
−ℓX(q′, λ)Dλ

qq′
(g−1)

]
dµ(q′)

=
∫
Q

[
ℓX(q′, λ)ψ(q′, λ)

]
Dλ

qq′
(g−1)dµ(q′).

(27)

Here we used the relations (19) and the self-adjointness of the operators ℓX(q, λ) with
respect to the scalar product (16). Substituting the function (26) into the Hamiltonian (25)
and taking into account the action (27), one obtains the reduced differential equation:[

cABℓA(q′, λ)ℓB(q′, λ) + cAℓA(q′, λ)− E
]
ψ(q′, λ) = 0 . (28)

The formula (21) suggests the general form of solutions of equations on group (25).
Namely, by virtue of the function (26), we have:

φλ
q (g−1) =

∫
Q

Dλ
qq′
(g−1)ψ(q′, λ)dµ(q′)

=
∫

Q
Uλ(h(q, g−1))δ(q ◦ g−1, q′)ψ(q′, λ)dµ(q′)

= Uλ(h(q, g−1))ψ(q ◦ g−1, λ) ,

(29)

where the function ψ(q′, λ) is a solution to Equation (28).
Using Equation (21), it is straightforward to obtain an explicit expression for the action

of the Lie group G on the function (29):

φλ
q◦g̃−1(g−1) =

∫
Q

Uλ(h(q ◦ g̃−1, g−1))δ(q ◦ (g̃−1g−1))ψ(q′, λ)dµ(q′)

=
∫

Q
Uλ(h(q, g̃−1))Uλ(h(q, g̃−1g−1))δ(q ◦ (g̃−1g−1))ψ(q, q′, λ)dµ(q′)

= Uλ(h(q, g̃−1))φλ
q (g̃−1g−1) = Uλ(h(q, g̃−1))TL(g̃)φλ

q (g−1) . (30)

Comparing the expression (30) with the expression (10), we get that if∣∣∣Uλ(h(q, g̃−1))
∣∣∣2 = 1, q ∈ Q, g̃ ∈ G, (31)

then the states (30) are generalized coherent states.
Note that if the polarization n is real, then the integrand in Equation (22) is real and

property (31) is automatically satisfied. Thus, we have shown that if the polarization n

https://doi.org/10.3390/physics8020035
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of the functional λ is real, the states (26), which are obtained using the method of non-
commutative integration, are a special case of generalized Perelomov coherent states.

5. Coherent States of the Rotation Group SO(3)
Consider the three-dimensional rotation group G = SO(3). We fix some basis {ea} of

the Lie algebra so(3) and introduce canonical coordinates (ϕ, θ, ψ) ∈ G of the second kind:

g(ϕ, θ, ψ) = eψe3 e(θ− π
2 )e2 eϕe3 , ϕ ∈ (0; 2π], θ ∈ (0; π], ψ ∈ (0; 2π]. (32)

Left-invariant and right-invariant vector fields on the group SO(3) in canonical coordi-
nates (32) have the form

ξ1 = ∂ϕ, ξ2 = − cot θ sin ϕ∂ϕ + cos ϕ∂θ +
sin ϕ

sin θ
∂ψ ,

ξ3 = − cot θ cos ϕ∂ϕ − sin ϕ∂θ +
cos ϕ

sin θ
∂ψ,

η1 = −cos ψ

sin θ
∂ϕ + sin ψ∂θ + cos ψ cot θ∂ψ ,

η2 = − sin ψ

sin θ
∂ϕ − cos ψ∂θ + sin ψ cot θ∂ψ, η3 = −∂ψ .

With respect to the coordinate system (32), the Haar measure dµ(g) can be given in the
following form:

∫
SO(3)

(·)dµ(g) =
1

8π2

∫ 2π

0
dψ
∫ π

0
sin θdθ

∫ 2π

0
dϕ(·). (33)

Each non-degenerate integer C-orbit of the group SO(3) passes through the covector
λ(j) = (j, 0, 0), where j = 1, 2, 3, . . . and is a two-dimensional sphere,
Oλ =

{
f ∈ R3

∣∣K( f ) = j2, f ̸= 0
}

. Here, K( f ) = f 2
1 + f 2

2 + f 2
3 – the Casimir function

of the algebra so(3). The complex polarization n = {e1, e2 + ie3} of the covector λ(j)
corresponds to the operators of the λ-representation

ℓ1(q, j) = −i
[
sin(q)∂q − j cos(q)

]
,

ℓ2(q, j) = −i
[
cos(q)∂q + j sin(q)

]
, ℓ3(q, j) = ∂q. (34)

The operators −iℓX(q, j) are Hermitian with respect to the scalar product

(ψ1, ψ2) =
∫

Q
ψ1(q)ψ2(q)dµj(q), dµj(q) =

(2j + 1)!
2j(j!)2

dq ∧ dq

[1 + cos(q − q)]j+1 .

The functions Dλ
qq′
(g−1) = ⟨ϕ, θ, ψ | j, q, q′⟩ have the form

D
j
qq′(ϕ, θ, ψ) =

2j(j!)2

(2j)!
[
sin θ cos ϕ + cos

(
ψ + q′

)
(cos q cos ϕ − i sin ϕ)

− i sin θ cos q sin ϕ − i cos θ sin q

+ sin
(
ψ + q′

)
(−i cos θ cos ϕ − cos θ cos q sin ϕ + sin θ sin q)

]j. (35)

With respect to the measure dµ(λ) and the delta function δj(q, q′) of the form

∫
J
(·)dµ(λ) =

∞

∑
j=0

(2j + 1)(·), δj(q, q′) =
2j(j!)2

(2j)!

[
1 + cos(q − q′)

]
, (36)
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the conditions of completeness and orthogonality (23) and (24) on generalized func-
tions (35) are satisfied. The right action q′ = q ◦ g−1 of the group SO(3) on Q is given by
the expression

tan
q′

2
=

α(ϕ, θ − π
2 , ψ) tan q

2 + β(ϕ, θ − π
2 , ψ)

−β∗(ϕ, θ − π
2 , ψ) tan q

2 + α∗(ϕ, θ − π
2 , ψ)

,

where(
α(ϕ, θ, ψ) β(ϕ, θ, ψ)

−β∗(ϕ, θ, ψ) α∗(ϕ, θ, ψ)

)
=

(
cos ψ

2 − sin ψ
2

sin ψ
2 cos ψ

2

)(
cos θ

2 i sin θ
2

i sin θ
2 cos θ

2

)(
eiϕ/2 0

0 e−iϕ/2

)
.

Let us introduce a common eigenfunction for the maximal commutative set of the
enveloping algebra of left-invariant and right-invariant vector fields of the group SO(3):

K(−iξ)D j
mn(g) = j(j + 1)D j

mn(g),

− iξ1D
j
mn(g) = mD j

mn(g),

iη3D
j
mn(g) = nD j

mn(g). (37)

The solution to this system of Equation (37) within the framework of the method of
separation of variables is

D j
mn(g) = D j

mn(ϕ, θ, ψ) = ⟨ϕ, θ, ψ | j, m, n⟩ = eimϕ+inψdj
mn(θ), (38)

dj
mn(θ) = (−1)m−n

√
(j + m)!(j − m)!
(j + n)!(j − n)!

sinm−n θ

2
cosm+n θ

2
P(m−n,m+n)

j−m (cos θ),

m = −j, . . . , j; n = −j, . . . , j.

Here, P(α,β)
n (z) are Jacobi polynomials, j = 1, 2, . . . ,

P(α,β)
n (z) =

(−1)n

2nn!
(1 − z)−α(1 + z)−β dn

dzn

[
(1 − z)n+α(1 + z)n+β

]
.

The set | j, m, n⟩ forms an irreducible unitary (2j + 1)-dimensional representation of the Lie
group SO(3) with weight j. The functions D j

mn(g) are a matrix of finite rotations. These
functions satisfy the completeness and orthogonality conditions:

∫
G
D j

mn(g)D j̃
m̃ñ(g)dµ(g) =

δjj̃

2j + 1
δmm̃δnñ, (39)

j

∑
n=−j

D j
mn(g)D j

m̃n = δmm̃. (40)

Let us apply the method of non-commutative integration to the system (37). We seek a
solution in the form

D j
mn(ϕ, θ, ψ) = Cj

mn

∫
Q×Q

Fj
m(q)Φ

j
n(q′)D

j
qq′(ϕ, θ, ψ)dµj(q)dµj(q′).

Then, we obtain reduced equations for the functions Fj
m(q) and Φj

n(q′):

iℓ1(q, j)Fj
m(q) = mFj

m(q), iℓ3(q′, j)Φj
n(q′) = nΦj

n(q′).
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Let us choose particular solutions in the form

Fj
m(q) = tanm

( q
2

)
sinj q, Φj

n(q′) = e−inq′ .

The normalization factor Cj
mn is determined by the expression

Cj
mn = exp

[
i
π

2
(j + m)

]
(j!)2[(j + m)!(j − m)!(j + n)!(j − n)!]−1/2.

Thus, we have obtained a connection between the functions D
j
qq′(ϕ, θ, ψ) and the Wigner

function D j
mn(ϕ, θ, ψ), which is natural to write in invariant notation:

| j, m, n⟩ = Cj
mn

∫
Q×Qtanm

( q
2

)
sinj qe−inq′dµj(q)dµj(q′) | j, q, q′⟩. (41)

Let us consider a system of equations on the group SO(3) of the following form:

K(−iξ)Φ(g) = j(j + 1)Φ(g) ,

− iη3Φ(g) = 0 . (42)

Within the framework of the non-commutative integration method, the basis of solutions
of the system of equations (42) is determined by functions of the form

Φ(g) = D
j
q(ϕ, θ) =

∫
Q

D
j
qq′(ϕ, θ, ψ)dµj(q′) =

= [−i cos θ sin q + (cos ϕ − i cos q sin ϕ) sin θ]j.

The group SO(3) acts transitively by right shifts on the two-dimensional sphere
S2 ≈ SO(3)/SO(2), which is a symmetric homogeneous space with coordinates (ϕ, θ) and
isotropy subgroup SO(2) = exp(ψe3),

SO(3) = (SO(3), π,SO(2)),

π(g) = x, g = (ϕ, θ, ψ) ∈ SO(3), x = (ϕ, θ) ∈ S2, h = (ψ) ∈ SO(2).

We choose the section s(x) = g(ϕ, θ, 0), x ◦ g = π[s(x) ◦ g]. The generators of the group
action on the sphere have the form

X1 = ∂ϕ,

X2 = − cot θ sin ϕ∂ϕ + cos ϕ∂θ ,

X3 = − cot θ cos ϕ∂ϕ − sin ϕ∂θ .

Spherical functions

Y j
m(ϕ, θ) =

√
2j + 1

4π
D j

m0(ϕ, θ, ψ)

represent common eigenfunctions of the Casimir operator K(−iX) and the operator −iX1:

K(−iX)Y j
m(ϕ, θ) = j(j + 1)Y j

m(ϕ, θ),

− iX1Y j
m(ϕ, θ) = mY j

m(ϕ, θ).
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Moreover, the angular momentum operators are related to the operators of the representa-
tion of the group SO(3) on S2:

L̂x = −ih̄X3, L̂y = −ih̄X2, L̂z = −ih̄X1.

L̂2 = K(−ih̄X).

From Equation (41), it follows

Y j
m(ϕ, θ) =

√
2j + 1

4π
Cj

mn

∫
Qtanm

( q
2

)
sinj q

[∫
QD

j
qq′(ϕ, θ, ψ)dµj(q′)

]
dµj(q)

=

√
2j + 1

4π

2j j!√
(j − m)!(j + m)!

∫
Q

(
i tan q

2

)j+m

1 −
(

i tan q
2

)2 D
j
q(ϕ, θ)dµj(q). (43)

The orthogonality of the spherical functions∫
S2

Y j
m(ϕ, θ)Y j′

m′(ϕ, θ)dµ(x) = δjj′δmm′ ,∫
S2
(·)dµ(x) =

∫ 2π

0
dϕ
∫ π

0
sin θdθ(·),

implies the orthogonality of the functions D
j
q(ϕ, θ):

∫
S2

D
j
q(ϕ, θ)D

j′

q′(ϕ, θ)
dµ(x)

4π
= δj

(
q, q′

)
δj,j′ .

Let | j, m⟩ denote the basis of the representation of the group SO(3) on the
sphere S2, which in the coordinate representation is described by the spherical func-
tions Y j

m(ϕ, θ) = ⟨ϕ, θ | j, m⟩. Similarly, let the set | q, j⟩ correspond to the functions
D j

q(ϕ, θ) = ⟨ϕ, θ | q, j⟩ in the coordinate representation. Then expression (43) and its
inverse can be written in invariant form:

| j, m⟩ =
∫

Q
dµj(q)⟨q, j | j, m⟩ | q, j⟩,

| q, j⟩ =
j

∑
m=−j

⟨j, m | q, j⟩ | j, m⟩,

⟨q, j | j, m⟩ =
√

2j + 1
4π

2j j!√
(j − m)!(j + m)!

(
i tan

q
2

)j+m
[

1 −
(

i tan
q
2

)2
]−j

.

The expansion of spin coherent states (CSs) of the group SO(3) in the orthonormal
basis | j, m⟩ has the form [1,9]

| ζ, j⟩ =
j

∑
m=−j

um(j) | j, m⟩,

um(j) =
(

1 + |ζ|2
)−j
√

(2j)!
(j + m)!(j − m)!

ζ j+m,

ζ = − tan
θ

2
exp(−iϕ), (ϕ, θ) ∈ S2.
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In coordinate representation we have

ψ
j
ζ(ϕ, θ) = ⟨x | ζ, j⟩ =

=

√
2j + 1

4π

√
(2j)!
2j j!

(
1 + |ζ|2

)
e−ijϕ

(
2eiϕ cos θ · ζ + sin θ − e2iϕ sin θ · ζ2

)j
.

The action of the rotation group in the space of quantum numbers ζ is defined using a
linear-fractional transformation of the form

(iζ) ◦ g−1 =
α(ϕ, θ − π

2 , ψ)(iζ) + β(ϕ, θ − π
2 , ψ)

−β∗(ϕ, θ − π
2 , ψ)(iζ) + α∗(ϕ, θ − π

2 , ψ)
,

Then, the main property of coherent states of a rotation group takes place:[
R∗

gψ
j
ζ

]
(ϕ, θ) = ψ

j
ζ(x(ϕ, θ) ◦ g) = eijΦj(ζ,g)ψ

j
ζ◦g−1(ϕ, θ), (44)

where Φj(ζ, g) is the real function.
The relationship between non-commutative states | q, j⟩ and coherent ones takes a

simplified form:

| q, j⟩ =
√

4π

2j + 1
2j j!√
(2j)!

{
1 +

∣∣−i tan q
2

∣∣2
1 −

(
−i tan q

2
)2

}
| −i tan

q
2

, j⟩. (45)

We note that [
R∗

gD
j
q

]
(ϕ, θ) = D

j
q((ϕ, θ) ◦ g) = D

j
q(π(g))D j

q◦g−1(ϕ, θ). (46)

Equating (44) and (46) with the relation (45) yields

D j
q(π(g)) = eijΦj(ζ,g)

(
f (ζ)

f (ζg−1)

)j
, f (ζ) =

1 + |ζ|2

1 − ζ2 , ζ = −i tan
q
2

.

It follows from Equation (46) that the non-commutative states | q, j⟩ are not spin CSs, since
the modulus of function

f (ζ)
f (ζg−1)

varies depending on the group element g. However, acting by the group SO(3) on Q we
obtain all non-commutative states from some fixed ket-vector:

| q, j⟩ =| q0 ◦ g, j⟩ = D
j
q0

(
π[g−1]

)
Rg−1 | q0, j⟩, q0 = 0. (47)

Relation (47) generalizes the known property of coherent states (44) to the case of states
that are given by the method of non-commutative integration [10].

6. Concluding Remarks
In this paper, we study the Schrödinger equation on Lie groups in which the Hamilto-

nian admits a non-Abelian Lie algebra of left-invariant vector fields on the Lie group.
In this case, the method of non-commutative integration of linear differential equations

is effectively used to construct a complete set of solutions. As a result of non-commutative
reduction, we arrive at a reduced Equation (28), which depends on a smaller number of
independent variables q′. The complete set of solution (29) is parameterized by the set
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of parameters (q, λ), where the parameters λ are determined by the eigenvalues of the
Casimir operators Kµ(−iξ),

Kµ(−iξ)φλ
q (g−1) = κµ(λ)Kµ(−iξ). (48)

Moreover, the parameters q, which number the solutions, take continuous values and do
not correspond, in general, to commuting integrals of motion. In other words, unlike the
real parameters λ, they are not quantum numbers.

The paper shows that if the Lie algebra G admits real polarization, then the set of
solution (29) is a special case of Perelomov coherent states, in which the parameters q label
different quantum states.

If the polarization is complex, then the solutions (29) are, in a sense, a generalization
of Perelomov coherent states. Moreover, the action of the group on the manifold Q changes
not only the phase but also the modulus of the wave function (29). The relation (45) connects
states obtained via noncommutative integration on SO(3) with spin coherent states, as
illustrated. The resulting solutions satisfy the group property (47), which generalizes the
property (44) of spin coherent states. We also find a new integral representation (43) for
spherical harmonics.
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