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Abstract


The quantum dissipative time evolution of a fluxonium under a pulsed field (kicks) is studied numerically and analytically. In the classical limit, the system dynamics is converged to a strange chaotic attractor. The quantum properties of this system are studied using the density matrix within the framework of the Lindblad equation. In the case of dissipative quantum evolution, the steady-state density matrix is converged to a quantum strange attractor that is similar to the classical one. It is shown that depending on the dissipation strength, there is a regime when the eigenstates of the density matrix are localized at a strong or moderate dissipation. At weak dissipation, the eigenstates are argued to be delocalized, which is linked to the Ehrenfest explosion of the quantum wave packet. This phenomenon is related to the Lyapunov exponent and Ehrenfest time for the quantum strange attractor. Possible experimental realizations of this quantum strange attractor with fluxonium are discussed.
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1. Introduction


The fluxonium was invented in Ref. [1] as a single Cooper-pair circuit free from charge offsets. Recently, very long coherence times and extremely high fidelity have been realized with fluxonium qubits (see, e.g., [2,3,4,5,6,7]). The roadmap for the development of a high-performance fluxonium quantum processor is advanced in Ref. [8]. That is, progress in superconducting fluxoniom systems allows for precise control over these quantum circuits.



The Hamiltonian of fluxonium, written in standard notations [1], reads


   H ^  = 4  E C    N ^  2  +  E L    φ ^  2  / 2 −  E J  cos  (  φ ^  − 2 π  Φ ext  /  Φ 0  )  ,  



(1)




where the reduced charge on the junction capacitance is described by    N ^  =  Q ^  / 2 e   with conjugated flux    φ ^  = 2 e  Φ ^  / ℏ   and charge energy   E C   (in units of 2e), the Josephson energy is   E J  , shunted by a large inductance L,   Φ ext   is external flux and   Φ 0   is a flux quantum. Here, e denortes elementary charge and ℏ is the reduced Planck constant. There is a standard operator commutator relation   [  φ ^  ,  N ^  ] = i  . Typical experimental parameters are    E L  ≈ 0.5   GHz,    E J  ≈ 9   GHz, and    E C  ≈ 2.5   GHz [1] with certain variations in other experiments [2,3,4,5,6,7]. A general introduction to the physics of superconducting qubits can be found in Refs. [9,10].



In this paper, we introduce and study the kicked fluxonium model described by the time-dependent Hamiltonian


   H ^  = 4  E C    N ^  2  +  E L    φ ^  2  / 2 − J cos  (  φ ^  − 2 π  Φ ext  /  Φ 0  )   ∑ m  δ  ( t − m T )   



(2)




where    ∑ m  δ  ( t − m T )    is a train of periodic Dirac  δ -functions followed by a period T and producing kicks of fluxonium,   J =  E J  δ t   is the kick amplitude which in a case of pulse is determined by a finite pulse duration   δ t  . Between kicks, the time evolution is described by a quantum oscillator with frequency   Ω = 2   2  E C   E L     ,   ℏ = 1   with effective momentum p and coordinate x for an effective Hamiltonian, Thus, the system represents a kicked harmonic oscillator, which in dimensionless units is described by the rescaled fluxonium Hamiltonian


    H f  ^  =  (   p ^  2  +    ω 0   2    x ^  2  )  / 2 − K cos  ( q  x ^  )   ∑ m  δ  ( t − m T )   ,  



(3)




where   K / ℏ   describes the number of kick quanta excited by a kick from the oscillator ground state. In the following, in Equation (3), we place the oscillator frequancy    ω 0  = 1  ,   T = 2 π / R = π / 2   is the dimensionless time interval between kicks (we consider the case with four kicks per oscillator period). At   q = 1   in physical units of Hamiltonian (2), we have   K / ℏ = J  , since   ℏ = 1   in Equation (2). In the absence of kicks at   K = 0  , the Hamiltonian    H f  ^   is reduced to the standard Hamiltonian of the quantum harmonic oscillator     H 0  ^  =  (   p ^  2  +   x ^  2  )  / 2  ,   [  p ^  ,  x ^  ] = − i ℏ  . The mass and frequency of oscillator    ω 0  = Ω   are normalized to unity so that in these units ℏ is dimensionless and q is also dimensionless. A transition between the case with q to a case with   q = 1   is given by the transformation:   q x , q p → x , p  ,    ℏ eff  → ℏ  q 2   ,   K / ℏ → K /  ℏ eff  = K /  ( ℏ  q 2  )   . In a classical system, the case at   q ≠ 1   can be transferred to the case at   q = 1   by the transformation   K  q 2  →  K cl   ,   q x , q p → x , p  . For the typical experimental values    E L  ≈ 0.5   GHz,    E J  ≈ 9   GHz and    E C  ≈ 2.5   GHz [1], one has   Ω = 2   2  E C   E L    ≈ 3   GHz and with a kick duration   δ t ∼ 0.1 × 2 π / Ω  , one obtains   K = J =  E J  δ t ≈ 2  . For an experimental value    E J  ≈ 27   GHz, one has   K ≈ 6   being close to the numerical parameters with a quantum strange attractor studied below.



Actually, the system of a classical kicked harmonic oscillator (3) has been introduced and studied in Refs. [11,12]. It is also known as a Zaslavsky web map [13]. The Hamiltonian dynamics (3) depends only on two dimensionless parameters: the classical chaos parameter K, which determines the kick strength, leading to hard chaos at high values, and the ratio of the period of kicks to the oscillator period   2 π   being   T / 2 π = 1 / R   (we take here   q = 1  ). For   R = 3 , 4 ,  and  6  , the separatrix web covers the whole phase space plane   ( x , p )  , which corresponds to a known geometric result of covering plane by triangles, squares, and hexagons. For these R values, even at quite small K, there is a chaotic separatrix layer of width proportional to K [11,12,13]. For other integer R values, the separatrix web cannot cover the whole plane without gaps and the properties of chaotic layers at small K are more complex. In contrast, for high K, for example,   K = 7  , there is a formation of hard chaos without visible stability islands with a diffusive energy growth   E =  〈  (  p 2  +  x 2  )  / 2 〉  ∼  q 2   K 2  t / 2  , where time t is measured in number of kicks and   〈 · 〉   denotes the averaging over classical trajectories. The generic properties of dynamical Hamiltonian chaos are described in Refs. [14,15,16].



The quantum studies of Hamiltonian (3) were reported by different groups (see, e.g., [17,18,19,20,21,22,23,24] at   q = 1  ). For   M = 4  , the quantum dynamics (3) is reduced to the kicked Harper model studied in Refs. [25,26], as discussed in Ref. [17], and there is no quantum dynamical localization. This is drastically different from the case of the kicked rotator model obtained from the quantization of the Chirikov standard map, where the classical diffusion is suppressed by quantum interference effects, leading to the dynamical localization similar to the Anderson localization in disordered solids (see, e.g., [27,28,29] and the references therein for studies of the kicked rotator model). This kicked rotator model had been realized with cold atoms in a kicked optical lattice [30], where kicks were realized by short pulses of a finite duration.



For numerical studies of the quantum kicked harmonic oscillator, a number of interesting results have being obtained with localization and delocalization at small and high kick strength values of   K / ℏ   for   R = 5   and irrational R [17,21]. The experimental realization of a quantum system (3) with an ion trap was proposed in Ref. [19], with an analysis of the sensitivity and fidelity at small perturbations. However, all previous studies of the quantum system (3) were conducted in the regime of quantum unitary evolution. In contrast, for superconducting qubits and fluxonium, the dissipative effects play a crucial role that leads us to studies of quantum evolution (3) in the presence of dissipation present for the kicked fluxonium.



The dissipative quantum evolution of oscillator systems is well described in the frame of the Lindblad equation for the density matrix   ρ ( t )   [31,32,33]. In the presence of dissipation with rate  γ , a classical chaotic dynamics in many cases converges to a strange attractor, or chaotic attractor, with a fractal structure on smaller and smaller scales (see, e.g., [15,16]). Early studies of quantum strange attractor were reported in Refs. [34,35] for the quantum Chirikov standard map with dissipation. It was shown that a fractal structure is washed out on scales below the Planck constant ℏ. However, the properties of the density matrix in this regime were not investigated in detail. The same model was studied in Ref. [36] in the frame of quantum trajectories [37,38,39].



The results in Ref. [36], obtained for dissipative quantum chaos, indicated the existence of transition from Ehrenfest wave packet collapse to explosion. In the absence of dissipation, the Ehrenfest theorem [40] (see English translation in Ref. [41]) ensures that a compact wave packet follows a classical trajectory during a certain Ehrenfest time   t E  . However, for systems with dynamical chaos, classical trajectories diverge rapidly due to exponential instability of motion, so that the Ehrenfest time is logarithmically short    t E  ∼  | ln ℏ |  / Λ   compared to a case of integrable dynamics where    t E  ∝ 1 / ℏ   is polynomially large at small values of the Planck constant (see, e.g., [27,42]). Here,  Λ  is the Lyapunov exponent, which characterizes the exponential instability of classical chaotic dynamics. For unitary time evolution in the regime of quantum chaos (at   γ = 0  ), the illustrations of the Ehrenfest explosion of the quantum wave packet can be found, for instance, in Refs. [42,43,44].



In the presence of dissipation and quantum chaos, the results obtained with the quantum trajectories description show that the wave packet collapsed when the dissipative time    t γ  = 1 / γ   is shorter than the Ehrenfest time   t E   [36]:


     t γ     = 1 / γ <  t E  ∼  | ln ℏ |  / Λ    ( collapse )  ,     



(4)






     t γ     = 1 / γ >  t E  ∼  | ln ℏ |  / Λ    ( explosion )  .     



(5)




This result was obtained with quantum trajectories, and it is important to understand its manifestation in the framework of the density matrix described by the Lindblad equation, which provides a complete description of the dissipative quantum evolution, which, as we show in this paper, converges to a quantum strange attractor for the dissipative quantum system based on the Hamiltonian (3). In this paper, we describe the properties of the density matrix in this regime. We also argue that the quantum strange attractor of this system can be realized with kicked fluxonium or ion traps. In this paper, we consider only the case with   R = 4  .



The paper is organized as follows. Section 2 describes the model and numerical computation methods of the Lindblad evolution, the results are presented in Section 3, and the discussion is given in Section 4.




2. Model Description


For classical dynamics, the time evolution between kicks is described by the equations of the dissipative harmonic oscillator:


  d p / d t + 2 γ p +    ω 0   2  x = 0  ,  d x / d t = p  ,  



(6)




where    ω 0  = 1   is the frequency of the free oscillator from Equation (3). The equations are linear and their exact solution [45] gives an exact map of the variable values   ( x , p )   at the begining of time between kicks T to their values    x ˜  ,  p ˜    after period   T = 2 π / R = π / 2  , which reads:


     x ˜      = a exp ( − π γ / 2 ) cos ( π ω / 2 + α ) ,     



(7)






     p ˜      = a ω exp ( − π γ / 2 ) sin ( π ω / 2 + α ) ,     



(8)






    a     =    x 2  +   ( p + γ x )  2  /  ω 2    ,     



(9)






     tan α      = −  ( p + γ x )  /  ( ω x )   ,  ω =   1 −  γ 2     .     



(10)




In the absence of dissipation, the free dynamics simply rotates   ( x , p )   values on an angle   π / 2   on a circle in the phase plane. The kick after free propagation on time T gives the final value   (  x ¯  ,  p ¯  )   after one period of full evolution:


      p ¯  =  p ˜  − K q sin  q  x ˜    ,   x ¯  =  x ˜   .     



(11)




Thus, Equations (7)–(11) describe the full classical dynamics on one time period with free propagation and kicks. The iterations of these equations give dynamical evolution on many periods measured by the integer time   t / T  , given by the number of kicks.



In the presence of dissipation, the quantum evolution of the Hamiltonian    H f  ^   (3) is described by the Lindblad equation for the density matrix  ρ :


       ∂  ρ ^    ∂ t        = −   i ℏ    [  H ^  ,  ρ ^  ]  + 2 γ   a ^   ρ ^     a ^   +  −    a ^   +   a ^   ρ ^  / 2 −  ρ ^     a ^   +   a ^  / 2   ,     



(12)




where   a ^   and     a ^   +   are the oscillator creation and annihilation operators and  γ  is the dissipation rate corresponding to those of the classical dissipative dynamics (6). During the propagation between kicks in the oscillator eigenbasis one has:


           ∂  ρ  n m     ∂ t    = i  ω 0   ( m − n )   ρ  n m            + 2 γ    ( n + 1 ) ( m + 1 )    ρ  n + 1 , m + 1     −  ( n + m )   ρ  n , m   / 2   .     



(13)







Rewriting this equation in the interaction representation frame, we have:


        ρ  ( t )  =  ρ ˜   ( t )   e  i  ω 0   ( m − n )  t    ,             ∂   ρ ˜   n m     ∂ t    = 2 γ    ( n + 1 ) ( m + 1 )     ρ ˜   n + 1 , m + 1     −  ( n + m )    ρ ˜   n , m   / 2   .     



(14)




Recall that we used dimensionless units of Hamiltonian (3) with    ω 0  = 1  . An efficient integration of the propagator is performed for each independent k indexed sub-block    ρ ˜   n , n + k    (n being an integer in the basis).



During the kick, the density matrix is changed to:


      ρ ^  → exp  i K / ℏ cos q  x ^    ρ ^  exp  − i K / ℏ cos  q  x ^     .     



(15)







The effect of the kick is computed in the oscillator eigenbasis    ψ n   ( x )  =      e  −  x 2  / 2 ℏ    H n   ( x /  ℏ  )  /    [  π  1 / 4      2 n  n !   ]   using the matrix elements (see [46]):


         ∫  − ∞  ∞  cos q x   ψ n   ( x )   ψ  n + m    ( x )  d x          =    1 +   ( − 1 )  m   2    2  − m / 2       n !   ( m + n ) !      ℏ  m / 2    q m   e  − ℏ  q 2  / 4    L n m   ( ℏ  q 2  / 2 )   ,     



(16)




where   H n   and   L n m   are Hermite and Laguerre polynomials, respectively.



We adapted the numerical integration code developed in Ref. [47] to perform numerical simulations of the Lindblad equation for the kicked fluxonium. Thus, we integrated Equation (14) over the time interval T between kicks using the Dormand–Prince Runge–Kutta method. Equation (16) does not explicitly depend on time, and the evolution can be precomputed at the beginning of the simulation as a linear operator acting on the density matrix. To avoid storing a large    N 2  ×  N 2    supermatrix (N is the number of oscillator states in the simulation), we notice that Equation (14) only couples states along diagonal lines of the density matrix, taking advantage of this observation brings the storage/time requirement for the pre-computation to   N 3   operations. The kick matrices are also pre-computed and the time cost for both kick and free-propagation scales as   N 3  . We used up to   N = 2000   oscillator eigenstates in our numerical simulations, up to    N L  = 4 ×  10 6    components of the density matrix.



Through the construction of Equations (13)–(16), the density matrix operator   ρ ˜  , or density matrix, is Hermitian. Thus, due to the standard norm of  ρ , its eigenvalues   λ i   are real, in the range   0 ≤  λ i  ≤ 1   with the trace   Tr  [  ρ ˜  ]  =  ∑ i   λ i  = 1  .



As an initial quantum state, we usually take a coherent oscillator state with a minimal size located at a certain   x , p   position. The classical and quantum evolution converge to the same steady-state strange attractor. The classical density distribution in the phase space is obtained with   4 ×  10 6    trajectories. In this study, we consider the Lindblad evolution [31,32,33] only for the case of the zero temperature reservoir.




3. Results


To characterize the quantum time evolution, from the density matrix, we construct   ρ ( t )   at time moment of t the Husimi function, which is obtained from the Wigner function by a smoothing over the ℏ scale, as described, for instance, in Refs. [43,48]. The time evolution of the Husimi function is shown in Figure 1 for the regime of dissipative quantum chaos at the classical chaos parameter   K = 6.4   and dissipation   γ = 0.05  . The data show that the steady-state distribution is reached approximately after 40 kicks. This steady-state of quantum attractor is practically independent of the initial state, so it represents a global attractor steady-state.



The quantum steady-state of the Husimi function is shown for   t = 1000   in Figure 2 (top). The corresponding classical distribution in the phase space   ( x , p )   is shown in Figure 2 (bottom). The comparison of two cases shows that the dissipative quantum distribution is quite close to the classical one.



The classical case corresponds to a strange chaotic attractor for which the fractal information dimension can be estimated as    d 1  = 2 − γ / Λ   [15,16]. Here, the Lyapunov exponent is approximately   Λ ≈ ln (  K cl  / 2 ) ≈ 1   (as for the Chirikov standard map [14]). Thus, we have    d 1  ≈ 1.95   for the case of Figure 2 at    K cl  = 6.4  ,   γ = 0.05  . The diffusion growth of the system energy   E ≈  〈  p 2  〉  ∼  q 2   K 2  t / 2   is stopped by dissipation at time    t γ  ∼ 1 / γ  , which gives the distribution width in momentum p (and coordinate x) being   Δ p ∼ q K /   2 γ   ≈ 50   and being close to the distribution width   p ≈ ± 50   obtained numerically in Figure 2 at the corresponding parameters. We did not present a detailed discussion of the classical dissipative dynamics since the properties of strange chaotic attractors had been studied deeply for many system, as reported in Refs. [15,16] and since our main aim is the analysis of the quantum properties of the density matrix evolution given by the Lindblad Equations (12)–(15).



To analyze the properties of the density matrix    ρ ^   ( t )   , we computed its eigenvectors with eigenvalues   0 ≤  λ i  ≤ 1   at time moments t (    ρ ^   ( t )    χ i   ( t )  =  λ i   ( t )   χ i    ( t )  )   . A typical example of a Husimi function time evolution of eigenvector   χ i   at maximal   λ i   is shown in Figure 3. The main feature of such an eigenstate of   ρ ( t )   is its localization, or collapse, in the phase space   ( x , p )  . Other eigenstates also have a similar localized structure. With time, the localized wave packet splits on two packets located at symmetric positions of the maximum at   (  x m  ,  p m  )   and   ( −  x m  , −  p m  )  . This can be viewed as a formation of Schrödinger cat eigenstates of density matrix (for results of cat states, see, e.g., Ref. [49] and the references therein). This symmetry corresponds to the symmetry of the system Hamiltonian (3). The steady-state distribution of   χ i   is formed at relatively large times    t cat  ≈ 420  . This time is significantly larger than the relaxation time    t γ  ∼ 1 / γ ∼ 20   at which the global steady-state is reached for    ρ ^   ( t )    in Figure 1. Let us also note the cat structure of eigenstates of the steady-state density matrix in Figure 3, but that at the same time, the whole density matrix has a broad structure without localization (see Figure 1 and Figure 2). Thus, obseving the cat type of eigenstates of the density matrix requires specific experiemntal methods, which can be rather nontrivial.



The reason for the large value of    t cat  ≫  t γ    becomes evident from the results presented in Figure 4. Indeed, this data show that with time, there appears a strong quasi-degeneracy between the pairs of eigenvalues of the density matrix. Thus, the initial asymmetric eigenstates of density function    ρ ^   ( t )    relax to the symmetric ones at large times t. This relaxation is slow due to quasi-degeneracy of cat eigenstates. The symmetry of the eigenstates correspond to the Hamiltonian symmetry   x → − x   preserved in the presence of dissipation.



We also characterize the density matrix    ρ ^   ( t )    by its entropy of entanglement given by    S E   ( t )  = − T r  [   ρ ^   ( t )   ln   ρ ^   ( t )   ]  = −  ∑ i   λ i  ln  λ i    [50,51]. The dependence of    S E   ( t )    on time t is shown in Figure 5. Here, the initial state is unitary with    S E  = 0   at   t = 0  , and at small times, the entropy of entanglement    S E   ( t )    is small at small  γ . The initial state at   t = 0   is the same as in Figure 1 (see caption). Due to this, at small times   S E   is smaller at smaller  γ  values, but at large times due to chaos   ρ ( t )   spreads over all available system basis at   N = 2000  , reaching maximal possible   S E   values.



However, it should be noted that large values of   S E   do not imply that the system is really quantum. The time evolution of entanglement characteristics in this system can be followed using the quantum negativity   G N  , whose properties are discussed in detail, for instance, in Refs. [50,52,53,54];   G N   is computed via a partial transpose   T g   of the density matrix with respect to a subsystem. For this computation of   G N  , we introduce an additional spin half degree of freedom and start with an initial pure state    |   ψ 0   〉 =    |   α 0   , ↑ 〉 + | −   α 0  ,  ↓ 〉   /  2    entangling spin and opposite momenta. Here,    |   α 0   〉    is a coherent oscillator state, the arrows denote up and down spins, and in the simulations, we take    α 0  = 9 + 4 i   (other initial values are giving a similar result). Since we started with an entanged spin-momentum state the negativity for the density matrix of the total oscillator and spin system is   1 / 2  ; however, the netativity will drop as    | ±   α 0   〉    mix due to the chaotic kicked-fluxonium dynamics. We assume that the spin is perfectly conserved during time evolution and the Lindblad operator  L  equation for the enlarged spin-plus-oscillator system is the same as Equation (12). Following this procedure, with a virtual spin half noted as   | α 〉 , | β 〉  , the transformations lead to the expression for   G N  :


        |   g 0   α 〉 + |   g 1   β 〉    2         → ρ    1 2     |   g 0   〉 〈   g 0   | ⊗ | α 〉 〈 α | + |   g 0   〉 〈   g 1   | ⊗ | α 〉 〈 β | + |   g 1   〉 〈   g 0   | ⊗ | β 〉 〈 α | + |   g 1   〉 〈   g 1   | ⊗ | β 〉 〈 β |             → L    1 2     |   g 0   〉 〈   g 0   | L  ( | α 〉   〈 α | )  + |   g 0   〉 〈   g 1   | L  ( | α 〉   〈 β | )  + |   g 1   〉 〈   g 0   | L  ( | β 〉   〈 α | )  + |   g 1   〉 〈   g 1   | L  ( | ⊙ 〉   〈 ⊙ | )              →  T g    ρ  T g    = def    1 2     |   g 0   〉 〈   g 0    | L  ( | α 〉   〈 α | )   t   + |   g 0   〉 〈   g 1    | L  ( | α 〉   〈 β | )   t   + |   g 1   〉 〈   g 0    | L  ( | β 〉   〈 α | )   t   + |   g 1   〉 〈   g 1    | L  ( | β 〉   〈 β | )   t   ,        G N   ( t )      =   ∑  λ  n (  ρ  T g   ) < 0     λ n   (  ρ  T g   )   .     



(17)







The dependence    G N   ( t )    on time t is presented in Figure 6. The results show that quantum negativity drops very rapidly with time, reaching almost zero for   γ = 0.01 ,  10  − 3    . For smaller values of   γ =  10  − 4   ,  10  − 5        G N   ( t )    has finite values since the time scale shown in Figure 6 is small compared to the dissipative time    t γ  = 1 / γ  . These results show that the quantum negativity becomes almost zero for times   t >  t γ   . Thus, the quantum features of evolution are washed out for times   t >  t γ   . At such scales, the quantum Lindblad evolution is similar to a classical wave packet evolution in the presence of dissipation and classical noise, whose amplitude corresponds to the amplitude of quantum dissipative fluctuations.



The obtained results show that at moderate dissipation  γ , the eigenstates of the density matrix    ρ ^   ( t )    are localized in the steady-state regime. We argue that this dissipative localization is linked to a wave packet localization with quantum trajectories discussed in Ref. [36]. In the absence of dissipation, there is the Ehrenfest explosion of a wave packet and its Husimi function due to exponential instability of classical dynamics. For unitary evolution, this phenomenon had been well illustrated and discussed (see, e.g., [42,43,44]). It is clear that this explosion also remains in a case of weak dissipation. Indeed, there is a significant growth of entanglement entropy   S E   at weak dissipation   γ ≪ 0.01  , as it is shown in Figure 5. However, at such small  γ  values, one needs to use a numerically large computational basis to study eigensates of    ρ ^   ( t )    in the steady-state regime with many thousands of excited oscillator states. Due to this complication, it was not possible to obtain eigensates of    ρ ^   ( t )    at such small  γ .




4. Discussion


Here, we have presented a study of the properties of the density matrix in the regime of dissipative quantum chaos. We find that at strong or moderate dissipation, the density matrix in the steady-state regime describes a quantum strange attractor. In the phase space above the scale of the Planck constant, its structure reproduces those of the classical strange attractor well. We show that in this regime, the eigenstates of the density matrix are localized in the phase space. This localization is argued to reflect the quantum wave packet localization obtained in the frame of quantum trajectories discussed in Ref. [36]. It is found that in this regime, the entropy of entanglement   S E   grows with time, reaching its maximal value related to a size of strange attractor in the phase space. At the same time, the quantum negativity   G N   drops rapidly with time to zero in this regime. Due to numerical restrictions, we did not present the regime of weak dissipation, where we expect to have the Ehrenfest explosion or delocalization of eigenstates of density matrix since this regime requires long integration times and a large numerical basis. At the same time, for unitary evolution at   γ = 0  , the Ehrenfest explosion of wave packets is well established (see, e.g., [42,43,44]) and we expect that at weak dissipation, for quantum chaos, the eigenstates of the density matrix become delocalized.



Even if the density matrix eigenstates are localized at strong or moderate dissipation, the whole density matrix well reproduces the structure of the classical strange attractor. Specific experimental methods should be developed to detect the localized structure of the density matrix eigenstates in this strange attractor regime. We hope that a significant experimental progress with the fluxonium studies [2,3,4,5,6,7] will allow for experimentally investigating the quantum strange attractor of fluxonium.
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Figure 1. Time evolution of the Husimi function (shown at different time moments t) in the phase plane   ( x , p )  ,   ℏ = ω = 1  ,   k = K / ℏ = 40  ,   q = 0.4  ,   γ = 0.05  ,   N = 2000   (   ℏ eff  = ℏ  q 2   , thus the classical chaos parameter rescaled to the case   q = 1   is    K cl  = K  q 2  = 6.4  ); here, t gives a number of kicks;   R = 4  . The initial state at   t = 0   is a minimal coherent state located at   x = 10 , p = 1  ; color bars show the Husimi function multiplied by factor   10 3  . See text for details. 
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Figure 2. Left: quantum Husimi function at the steady-state at   t =  10 3    with the parameters and notations as in Figure 1; Right: classical density distribution obtained with   4 ×  10 6    trajectories. All parameters as in Figure 1. 
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Figure 3. Collapse of the density matrix eigenstate at the maximal eigenvalue   λ i  ; Husimi function of eigenstate is shown at time moments t, color shows its values increased by a factor   ×  10 3   . System parameters as in Figure 1. 
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Figure 4. Splitting   Δ λ   of the largest eigenvalues   λ i   of the density matrix   ρ ( t )   at different moments of time t (given here in number of kicks); three quasi-degenerate pairs of largest eigenvalues are shown:    λ 0  −  λ 1   ,    λ 2  −  λ 3   ,    λ 4  −  λ 5   . System parameters as in Figure 1. 
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Figure 5. Entropy of entanglement   S E   versus time t, for system parameters   K = 8  ,   ℏ = q = 1  , and for the values of  γ  as indicated. 
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Figure 6. Dependence of quantum negativity   G N   on time t for system parameters   K = 8  ,   ℏ = q = 1  , and for values of  γ  as indicated. 
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