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Abstract

We systematically investigate semiclassical dynamics of the optical field produced by
quantum nanoemitters (NEs) embedded in a periodic lattice of conducting nanorings
(NRs), in which plasmon polaritons (PPs) are excited. The coupling between PPs and NEs
through the radiated optical field leads to establishment of a significant cross-correlation
between NEs, so that their internal dynamics (photocurrent affected by the laser irradiation)
depends on the NR’s plasma frequency ωp. The transition to this regime, combined with
the nonlinearity of the system, leads to a quite increase in the photocurrent in the NEs, as
well as to non-smooth (chimera-like or chaotic) behavior in the critical (transition) region,
where considerably small variations in ωp lead to significant changes in the level of the
NE pairwise cross-correlations. The chimera-like state is realized as coexistence of locally
synchronized and desynchronized NE dynamical states. A fit of the dependence of the
critical current on ωp is found, being in agreement with results of numerical simulations.
The critical effect may help to design new optical devices, using dispersive nanolattices
which are made available by modern nanoelectronics.

Keywords: semiclassical dynamics; quantum nanoemitters; conducting nanorings;
plasmon polaritons; cross-correlation; chimera-like state; finite-difference time-domain
(FDTD) numerical method

1. Introduction
The current work in the field of infrared photoelectric information technologies yields

advances in the generation, manipulation, source detection, and related achievements in
the field of infrared photonics [1–6]. The inclusion of dispersive nanorings (NRs) in the
operation of nanoemitters (NEs) considerably affects the generated electromagnetic field,
whose structure significantly depends on the NR’s plasma frequency ωp [7,8]. In such
hybrid systems, it is possible to control properties of local optical fields and the creation of
miniaturized low-threshold coherent tunable sources [8,9]. An essential feature of these
structures in the disordered state is that NE clusters produce fractal radiation patterns, in
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which light is simultaneously emitted and scattered [10]. In the practically relevant case
of lossy NRs with embedded NEs, other factors become significant too. Optical fields of
dispersive NRs perturb the energy levels of NEs; hence, plasmon polaritons (PPs) popu-
lating NRs affect the internal degrees of freedom of the quantum NEs coupled to the NRs.
Nonlinearity is a significant feature of NEs, which leads to laser emission [11]. All that
leads to resonant changes in the field structure associated with the PP excitation in the NRs.
It was found that such a system exhibits coexistence of locally synchronized and desynchro-
nized dynamics of random NEs, which may be considered as a chimera-like behavior in the
respective range of ωp. We remind that a “chimera state” is a dynamical pattern that occurs
in a network of coupled identical oscillators when the oscillator population is broken into
synchronous and asynchronous parts [12,13]. The PP field being external to the field in the
NEs, at considerably small values of ωp the NE dynamics are practically independent of
ωp. However, at overcritical values of ωp, i.e., above the transition to the state with the
strong coupling of the NR and NE subsystems, the NE photocurrent essentially depends
on ωp.

In this paper, we theoretically study dynamics and correlations of quantum NEs
embedded in a periodic lattice of conducting NRs, in which the PPs are excited. We show
that the coupling between PPs and NEs through the optical field leads to a significant
correlation between NEs, so that the internal dynamics of the NEs (quantum photocurrent)
depends on the plasma frequency ωp of the classical subsystem of PPs in the NR. Thus,
the setup is built of two subsystems coupled by the radiation field, viz., the classical array
of the NRs and the quantum (actually, semi-classical) subsystem of NEs. We consider
conducting (carbon) NRs, whose properties are determined by ωp. The PP field interacts
with NEs and perturbs its quantum degrees of freedom. We show that the field dynamics
are distinct in different ranges of ωp, which can be separated by some characteristic value
ωc. At considerably small ωp < ωc, the PP field has a considerably small amplitude, weakly
enough perturbing the quantum dynamics and securing smooth cross-correlations of the
NEs. However, at larger ωp ≥ ωc, a transition occurs to the state in which the PP field
produces a significant contribution to the radiation, which perturbs the dynamics of NEs,
leading to a change in their cross-correlations.

The rest of the paper is organized as follows. In Section 2, we formulate basic equations
for the considered hybrid NR-NE coupled system. In Section 3, we study dispersion
characteristics and the field structure of the plasmonic modes in the NRs. In Section 4, we
investigate the structure of the optical field of the laser emission in the system and the
PP-mediated dynamics of the NEs coupled to NRs. In Section 5, we explore the phase
transition exhibited by the total PP current in the lattice. Section 6 concludes the paper.

2. Basic Equations
The quantum system under consideration in Figure 1 contains a periodic two-dimensional

(2D) lattice of conducting NRs (7 × 7) with a randomly embedded rarefied set of quantum
NEs (only four in Figure 1, shown by solid circles) emitting the optical field. PPs are excited
in the NRs and interact with the embedded NEs through the radiation field.

In Figure 1 the NEs are connected by straight lines corresponding to the optimized
path calculated using the TSP (traveling salesman problem) technique and Fermat’s prin-
ciple [14]. In such a configuration, the length of the connecting path AD (see Figure 1) is
proportional to the optimized (dimensionless) distance, which is a number of nodes in the
numerical grid, which a photon can travel in the sample, passing each NE without visiting
the same NE twice. Accordingly, AD is calculated in the framework of our numerical analy-
sis by dint of the TSP (traveling salesman problem) technique [10,14]. The color scheme
indicates that the embedded NEs in Figure 1 consist of two clusters. To study this hybrid
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system, we use time-dependent Maxwell’s equations in the lattice of 2D NRs, coupled to
the semi-classical rate equations for the electron populations in the NE [11].

Figure 1. The system built as the 7 × 7 2D lattice (dimensionless axis X, Y), composed of conducting
nanorings (NRs) with embedded quantum nanoemitters (NEs), which emit the optical field (solid
circles). Numbers attached to the horizontal and vertical axes refer to coordinates of lattice cells.
Each cell contains a single NR, and the numeration of the cells is aligned with centers of the NRs.
In the present setup, four NEs form two clusters, as indicated by red and blue circles, respectively.
Plasmon polaritons (PPs) are excited in the NRs and interact with the NEs. The NEs are connected by
dashed blue straight lines that correspond to the optimized path AD calculated by means of the TSP
(traveling salesman problem) method (so that a traveling photon passes each NE, without visiting
the same NE twice) and the Fermat’s principle [10,14].

The Maxwell equations are [14,15]

∇× E = −µ0
∂H
∂t

, ∇× H = ε0
∂E
∂t

+ J +
∂P
∂t

, (1)

where t denotes the time, E and B denote, respectively, the electric and magnetic
fields, µ0 and ε0 are, respectively, the permeability and permittivity in the vacuum,
J = ∑k Jk(RNR

k , t)δrRNR
k

is the PP electrical current in the NRs placed at spatial positions

RNR
k , and P = ∑k Pk(RNE

k , t)δrRNE
k

is the electron polarization in the embedded NE placed at

RNE
k and r denotes 3D space. Here, Nr and Ns are the number of NRs and NEs respectively,

δrR is Kronecker’s symbol, and the sums run over all NRs (k = 1, Nr) and NEs (k = 1, Ns).
In Equation (1), the electric current of the conducting electrons in the NRs obeys the mate-
rial equation [16] J̇k + γeJk = ε0ω2

pE, where γe is the collision frequency of electrons and
the dot on top denotes the time derivative.

In the semi-classical approximation for non-interacting electrons, the evolution equa-
tion for Pk in the vicinity of the embedded NE is [11]

∂2Pk
∂t2 + ∆ωa

∂Pk
∂t

+ ω2
aPk =

6πε0c3

τ21ω2
a
(N1,k − N2,k)Ek, (2)

where c is the speed of light in the vacuum.
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To complete the model, we add the rate equations [11] for the occupation numbers of
NEs, Ni,k = Ni(RNE

k , t) (following ref. [15], we assume that the NEs are four-level quantum
dots, as illustrated by Figure 2):

∂N0,k

∂t
= −Ar N0,k +

N1,k

τ13
,

∂N3,k

∂t
= Ar N0,k −

N3,k

τ02
, (3)

∂N1,k

∂t
=

N2,k

τ32
− Mk −

N1,k

τ13
,

∂N2,k

∂t
=

N1,k

τ12
+ Mk −

N2,k

τ02
, (4)

Mk =
(Ip · E)k

h̄ωa
, Ipk =

∂Pk
∂t

, (5)

with h̄ the reduced Planck constant. Here, ∆ωa = τ−1
21 + 2T−1

2 , where T2 is the mean time
between dephasing events, τ21 is the decay time for the spontaneous transition from the
second atomic level to the first one, ωa is the radiation frequency (see, e.g., [11]), and
Mk is the induced radiation rate or excitation rate, depending on its sign [15]. Note that
components Ipk parallel to Ek mainly contribute to Equations (4) and (5) [17]. Coefficient Ar

is the pump rate for the transition from the ground level (N0) to the third one (N3), which
is proportional to the pump intensity in the experiment [15].

N
0

N
3

21

N
1

10

N
2

32

Figure 2. The schematic representation of NE as a four-level system; see Equations (3)–(5). The
external pump lifts electrons from the ground level (with population N0) to the third level (with
population N3). After a short lifetime τ32, the electrons perform the nonradiative transfer to the
second level (with population N2). The second level and the first level (with population N1) are
defined as the upper and lower lasing levels. Electrons are transferred from the upper level to
the lower one by both spontaneous and stimulated emission. At last, electrons can perform the
nonradiative transfer from the first level back to the ground one.

The finite-difference time-domain (FDTD) numerical method [16] was used to solve
the model. In the simulations, we consider the gain medium with parameters of the GaN
powder; see [15,18]. In Equations (2)–(4), frequency ωa is 2π×3×1013 Hz, the lifetimes are
τ32 = 0.3 ps, τ10 = 1.6 ps, and τ21 = 16.6 ps, and the dephasing time is T2 = 0.0218 ps. In
what follows, we use the dimensionless time t normalized as t → tc/l0, where l0 = 100 µm is
the typical spatial scale and c is the light velocity in vacuum. Thus, the present model couples
the population-rate equations at different NE levels to the PP field equations in the vicinity of
the NR lattice. Therefore, the NE resonant emission operation in the system is affected by the
PP excitation in the NRs, which finally leads to essentially nonlinear field dynamics.

Figure 3 shows the temporal dynamics of the PP field distribution in the 7× 7 lattice of
the conducting NRs (see Figure 1), as produced by our FDTD simulations of Equations (1)–(5)
at ωp = 2.3 THz for different limits t f of dimensionless simulation times t, such that t = (0, t f ).
In Figure 3, the color-coding scheme for the field amplitude shows that, at short times less
than 40, the PP field in the NR lattice is small. However, at longer times, an increasingly
stronger PP field is generated in the lattice, gradually covering the entire lattice with time.
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The local field (designated by the red color) in the vicinity of NEs is quite large, as expected.
Figure 3 illustrates the temporal dynamics of the nonlinear transition forming the relationship
between the NE oscillators and the PP in the underlying lattice. It shows why the chimera-
like states under study (recall they are called chimeras as they combine the synchronized
and desynchronized NE dynamical states) depend not only on time, but also on the plasma
frequency ωp of the surrounding NRs.

Figure 3. The temporal dynamics (via finite-difference time domin (FDTD) calculations) of spatial
distribution of the PP field generated by NEs in the 7 × 7 lattice of conducting NRs (see Figure 1) for
plasma frequency ωp = 2.3 THz for different simulating times t f : (a) 20, (b) 40, (c) 60, and (d) 80. The
color coding represents values of the field amplitude. At long times t f > 60, the PP field, generated
in the NR lattice by NEs, gradually covers nearly the entire NR lattice. The local field (shown by the
red color) in the vicinity of NEs is the largest (a). The optical field is concentrated in gaps of the NR
lattice and practically does not penetrate into the NRs.

3. Plasmon Modes in NRs
The transmission characteristics of surface PPs in ring resonators have been studied

in nano-optics under the condition that the frequency dispersion may be neglected [19,20].
However, this approximation is not applicable to the conducting NR in the vicinity of ω = ωp.
In this Section, we briefly analyze the structure of the spectrum of a single nanoparticle. Below,
the optical field in the NR lattice is studied by means of the FDTD technique, see Ref. [16]. As
the most fundamental object, we consider a single cylindrical nanoparticle of radius R and Ln,
is a length containing Ne valence electrons, assuming that the density of the valence electrons
is uniform, n(r) ≡ n0. The cylindrical geometry admits the propagation of independent
transverse magnetic (TM, [E∥, H⊥]) and transverse electric (TE, [E⊥, H∥]) modes with the
longitudinal and transverse components of the electric field, the corresponding subscripts
being denoted below as α =∥ and ⊥ components, respectively. Following Ref. [17], we define
the shift uα of the electron distribution; hence, one can calculate the respective displaced
density as n(r − uα) ≈ n(r)+δnα. For considerably small uα, one has

δnα(r) = −uα · ∇n(r). (6)

The corresponding energy variation is

δEα =
e2

2

∫
d3r

∫
d3r′

δnα(r)δnα(r′)
|r − r′| , (7)
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(with e the elementary charge) and therefore the restoring force is Fα = − ∂
∂uα

(δEα) = −kαuα

where kα is the effective spring constant; hence, the normal mode’s frequency is

ω0,α =

√
kα

Me
, (8)

where Me = Neme is the full mass of the electrons.
For the longitudinal displacement uα=∥, the variation of the energy in Equation (7)

can be written as
δE∥ = 2π2(eun0)

2R3x[1 − 2y(x)], x = Ln/R, (9)

where y(x) = (g(x)− 4/3)/(πx), and

g(x) =
x
6

[(
x2 + 4

)
K
(
− 4

x2

)
−
(

x2 − 4
)

E
(
− 4

x2

)]
, (10)

with the complete elliptic integrals of the first (K) and second (E) kinds, respectively [21]:

K(x) =
∫ 1

0

dt√
(1 − t2)(1 − xt2)

and E(x) =
∫ 1

0
dt

√
1 − xt2

1 − t2 . (11)

In this case, the normal-frequency mode can be expressed as

ω0,∥ = ωp

√
1 − 2y

(
Ln

R

)
, (12)

where ωp = (n0e2/ε0me)1/2, and the electron density is n0 = Ne/πR2Ln. In the thin-disk
limit (x = Ln/R ≪ 1), it is obtained [17]

ωdisk
0,∥ ≃ ωp

{
1 − Ln

4πR

[
6 ln 2 − 1 − 2 ln

(
Ln

R

)]}
, Ln/R ≪ 1, (13)

which approaches the ωp in the limit Ln/R → 0; see details in Figure 4.

0 2 4 6 8 10

0

0.2

0.4

0.6

0.8

1

d

f

e

a b

c

Figure 4. Dependencies ω∥/ωp (13) (a) and ω⊥/ωp (14) (b) on parameter x = Ln/R. Dotted lines
((d) and (e)) show the approximate solutions. It is seen that such an approximation is correct only for
Ln/R < 0.9. For x ≈ 1.75, the values of ω∥ and ω⊥ are close. The yellow dashed line (c) displays
the function y(x) from Equation (9), and the black line (f) displays the asymptotic value 1/

√
2 of the

normalized surface plasmon frequency for x ≫ 1.
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The case of the transverse plasmonic mode of the TE type (α =⊥) can be studied in a
similar way as above for the longitudinal mode, which results in the following expression
for the transverse mode frequency:

ω0,⊥ = ωp

√
y(x), x ≡ Ln/R. (14)

In Figure 4 the solid lines show dependencies of ω∥/ωp and ω⊥/ωp on x = Ln/R in
the interval [0, 10], while the dotted lines show the corresponding approximate solutions.
It is seen that the latter approximations are valid for Ln/R < 0.9. In addition, it is seen
in Figure 4 that the contribution of E⊥ is small at |x| ≪ 1; hence, the contribution of E⊥
becomes comparable with E∥ at x ≈ 2, which corresponds to a cylindrical particle, rather
than the ring studied here.

4. Resonant Emission of Nanoemitters in the System with NRs
In this section, we study the dynamics of the system of Equations (1)–(4), which

combines Maxwell’s equations for the PP field with the semiclassical approximation for
the optical field emission from the NEs. We apply the FDTD technique to calculate the
field in the NR lattice with the incorporated NEs. Our system (see Figure 1) contains the
periodic lattice of conducting NRs (of the size 7 × 7) with embedded NEs emitting the
optical field. PPs are excited in the NRs and interact with the NEs. In Figure 1, the NEs
are connected by dashed blue lines that correspond to the TSP optimized path (when, as
mentioned in Section 2, a traveling photon passes each NE, without visiting the same NE
twice [10]). We use an advanced technique where the standard FDTD approach is extended
by calculating the dynamics of the semiclassical polarization system (see Equation (2))
coupled to the population dynamics in the four-level laser NEs (Equations (3) and (4)),
at each time step; see further details in Ref. [22]. In this study, numerical calculations
were performed by means of the standard FDTD technique [16]. Also, the open source
package fdtd was used, which allowed us to include the necessary extensions related to
the modeling of the Drude frequency dispersion in NRs; see [23] for further details. To
simulate the field dynamics in the hybrid system with open boundaries, the standard
perfectly matched layer (PML) boundary conditions are applied at boundaries of the FDTD
grid, to avoid the reflection of electromagnetic waves from the boundary [16]. On the
adopted scale, the typical NE size is orders of magnitude smaller than the typical NR size,
and therefore the NEs are approximated here by the point-like sources. In our simulations
we dealt with the general 3D vector electromagnetic fields E and H in the general form.
The simulations demonstrate that, in the present system, TM electromagnetic waves with
components [Ez, Hx, Hy] are mainly generated. This conclusion agrees with the theory in
Ref. [17], where it was shown that, in the case of nano-objects in the disk limit (Ln/R ≪ 1),
the main contribution yields the Ez (alias E∥) longitudinal field, while the transverse field
is conspicuous at Ln/R ≈ 1 [17]. Thus, in the disk limit one can obtain ω0,∥ ≃ ωp, which
approaches the ωp value in the considered limit of Ln/R → 0. For the TE mode, the
transverse frequency is estimated as ω0,⊥/ωp ∼

√
Ln/R, which is small in the present

case, Ln/R → 0. To make the following figures clear, only the |Ez| field components are
displayed in them. The dynamics of the present hybrid system significantly depend on the
frequency ωp of the dispersive NRs in the terahertz range. Therefore, in the following we
focus on two cases, viz., ωp = 2.3 THz and ωp = 2.3 × 10−2 THz, in which ωp differs by
two orders of magnitude.

Figure 5 displays the dynamics produced by the numerical solution of Equations (1)–(5)
for the 7 × 7 NR lattice for two different NE plasma frequencies, ωp = 2.3 × 10−2 and
2.3 THz. Figure 5a,b display the dynamics of the populations of the resonant emission NE

https://doi.org/10.3390/physics8010021

https://doi.org/10.3390/physics8010021


Physics 2026, 8, 21 8 of 15

levels N1,2; see Equation (4) (the evolution of N0,3 is not displayed here). Figure 5c,d show
the evolution of the average quantum polarization |P| and photocurrent iph = ∂|P|/∂t.
Further, Figure 5e,f show details of the average NR current ⟨J⟩ (15). We observe that in both
cases the evolution of ⟨J⟩ drastically differs for different values of ωp. At ωp = 2.3 THz,
the amplitude of ⟨J⟩ is significantly larger than at ωp = 0.023 THz. It is seen that, at large
times t > 60, the evolution is chaotic, weakly depending on details of the NE distribution.
Such a behavior of N1,2, displayed in Figure 5, indicates the onset of the effective coupling
of the PP and NE subsystems, which significantly depends on ωp.

0 50 100
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0.5
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N
1

N
2

0 50 100
0
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0.1
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1

N
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N
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f
 [arbit.units] t
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 [arbit.units]

Figure 5. The temporal dynamics produced by the numerical solution of the system (1)–(5) for the 7× 7
NR lattice with two plasma frequencies: ωp = 2.3× 10−2 THz (left) and 2.3 THz (right): the dynamics
of populations N1 (a) and N2 (b) of the NE lasing levels, respectively (see Equation (4)); the dynamics
of populations N0,3 (see Equation (3)) are not displayed here; the average quantum polarization |P| (c)
and photocurrent iph = ∂|P|/∂t (d); the average current ⟨J⟩ (15) in NRs for ωp < ωc (e) and ωp > ωc

(f), where ωc ≈ 4.93 × 1011 HZ is the critical frequency, exhibit drastical difference.

Figure 6 exhibits details of the population dynamics for N0,1,2,3 of the four-level NE at
t f > 20, when the system commences the transit to the nonlinear regime. From Figure 6,
it can be seen that, at t f > 58, the stationary values of the population levels become
unstable and convert into a nonlinear oscillatory regime. To define the time when the
instability commences, we studied the behavior of the Lyapunov function EL. The blue line
in Figure 6 represents instability at t f > 60. Further analysis shows that such an instability
is regularized by the transition to a regime of nonlinear oscillations between the laser levels
N1 and N2. To obtain more insight into the dynamics in the hybrid system, it is instructive
to consider the Nr-averaged current ⟨J⟩ in the NR conductive lattice, which is

⟨J⟩ =
〈

J(ωp)
〉

Nr
= (Nr)

−2
√

∑
∣∣Ji,j
∣∣2, (15)

where Ji,j is the current in the NR with coordinates (i, j), and the summation is performed
over the entire NR lattice, Nr being the total number of NRs. Figure 7a shows the average
PP current ⟨J⟩ (15) in the conducting lattice of 7 × 7 of NRs as a function of the scaled
simulation time t f and plasma frequency ωp. It is seen that ⟨J⟩ emerges from zero at t f ≈ 55
and sharply increases at ωp ≥ ωc ≃ 0.5 THz, which is a critical value of ωp, indicating
the appearance of the strong coupling between the PP current in the NR lattice and the
emission field in the embedded quantum NEs. The critical value ωc can be extracted from
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the data with the help of the standard fitting technique. Figure 7b exhibits the fitting of ⟨J⟩
by function〈

J
(

ωp

ωc

)〉
∝ F(x) = a · [erf(log(x/b)) + 1], where erf(z0) =

2√
π

∫ z0

0
e−z2

dz. (16)

Using the data from our FDTD simulations for ⟨J⟩ (blue color in Figure 7b) and Equation (16)
allowed us to extract both fitting parameters a = 0.495 and b = 25 that correspond to
ωc = 4.927 × 1011 Hz (the red line in Figure 7b) within 95% confidence bounds. The
numerical package NumPy 2.2.0 [24] was used for this purpose.

20 40 60 80 100 120
t
f
 [arbit. units]

-0.2
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0.2
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a
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n
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s
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N
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N
0
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3

Figure 6. The dynamics of populations N0,1,2,3 of the 4-level NE. Red and yellow lines represent,
respectively, populations N1 and N2 of the lasing levels. The light blue line shows the conservation of
N = N0 + N1 + N2 + N3. The blue line exhibits the largest Lyapunov exponent, which changes its
value from negative to positive (switching to instability) at dimensionless calculation time t f > 60.

Figure 7. (a) The average PP current ⟨J⟩ in the conducting lattice of 7 × 7 NRs as a function time t f
and the NR plasma frequency ωp. It is seen that ⟨J⟩ emerges from zero at t f ≈ 55 for ωp ≥ ωc ≃
4.93 × 1011 Hz. (b) The normalized value

〈
J(ωp)

〉
and its fit by the err(ωp) function, which is found

from the FDTD data. See text for details.
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To explore details of the nonlinear internal dynamics of the radiating NEs, we calcu-
lated the correlation functions (CF) of the z-component of the photocurrent,

Iij(t f , ωp) =
[
IpΘ(t f )

]
z
, || z-axis of NRs (17)

for different NE pairs (i, j) (see Figure 1) for various values of t f , where Θ(x) is the
Heaviside step function. The cross-correlation function CF(Ii Ij) as a function of the time
lag τ [25,26] is

CFij(t f , ωp|τ) = CF(Ii Ij) =
1

sisjNs

Ns

∑
m=1

∆Ii(tm)∆Ij(tm + τ), (18)

where ∆Ii(tm) = Ii(tm)− Ii, Ii is the mean value, and s2
k = 1/(Ns − 1)∑Ns

m=1 ∆Ik(tm)
2.

Figure 8 displays the cross-correlation function of the photocurrents CF12 (18) for
different times t f at fixed ωp = 2.3 THz for the FDTD solutions of the system of Equations
(1)–(5). From Figure 8, it is seen that, at small t f ≤ 40, CF12 rapidly decays, but at t f ≥ 60
the correlations significantly increase, due to the establishment of collective synchronization
between all the NEs through the laser emission.
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Figure 8. The cross-correlation function of the photocurrent CF12 for the NEs with numbers 1 and 2
for different times t f and ωp = 2.3 THz, produced by the FDTD solutions of the system (1)–(5). It is
seen that, at small times, t f ≤ 40, CF12 rapidly decays, but at larger times, t f ≥ 60, the level of the
NE cross-correlations in the lattice significantly increases.

It is instructive to study the dependence of the correlation on the NR plasma frequency
ωp. Such a study turns out to be more informative when comparing the residuals of the
cross-correlation functions of the NE photocurrents,

R̂(t f , ωp) = Rij,km(t f , ωp) = ∑
l

[
CFij(t f , ωp|τl)− CFkm(t f , ωp|τl)

]2
, (19)

as a function of ωp. Figure 9 shows a family of such dependencies R(ωp) for different times
t f and different NE pairs (i, j) and (k, m).

In Figure 9, the black dashed lines indicate the transition region in terms of the average
current ⟨J⟩ (15). Figure 9 demonstrates the appearance, in the transition region, of a zone
similar to chimera states (shown by isolated circles). In this range, even a small variation
in ωp leads to a significant change in the magnitude of the cross-correlations of the NE
pairs. This findingindicates that, for the coupled PPs and NEs, the dynamics of the optical

https://doi.org/10.3390/physics8010021

https://doi.org/10.3390/physics8010021


Physics 2026, 8, 21 11 of 15

field in the quantum NE subsystem essentially depends on ωp, which is a parameter of the
classical NR subsystem. Further, the black dashed lines allow one to compare the classical
PP dynamics in the NRs with the dynamics of the quantum NE subsystem (photocurrent) in
the critical region, 100 GHz < ωp < 1 THz. From Figure 9 it is seen that, outside the critical
region, the branches of the R̂(t f , ωp) curves are smooth, which makes it possible to connect
them by solid lines (to guide the eye). This observation implies a weak coupling between
the PP and NE subsystems in this range, where the conducting NR is actually a dielectric
(roughly, at ωp ≲ 10 GHz). Note also that, as seen from Figure 9, in this configuration
R̂(t f , ωp) remains small for the NE pairs (0, 1)–(0, 2) and (0, 2)–(1, 2), and therefore those
pairs are insignificant. Thus, it is seen in Figure 9a that, at t f = 20, the curve R̂(t f , ωp)

has a characteristic smooth shape, the details of which depend on t f . At t f = 20, as ωp

is approaching the characteristic value ωc from below, the R̂(t f , ωp) remains a smooth
function of ωp with a local minimum. At t f = 30 (see Figure 9b), this minimum deepens,
and the dependence R̂(t f , ωp) loses its smoothness in the critical region. In this zone, due to
their chaotic positions, the connection of adjacent points loses its meaning, and in Figure 9
they appear as a cloud of isolated points. Our calculations show that, in the critical region,
the standard deviation [27] of the value of R̂(t f , ωp) is significantly higher than outside of
it. As can be seen from Figure 9c–f, with the further increase in τf towards t f > 50, the
apparently chaotic set of points in the critical region cease changing. Outside the critical
region the dependencies R̂(ωp) are found to be smooth.
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Figure 9. The R̂(t f , ωp) norm (19) of the residual of the cross-correlations of the photocurrents for
different NE pairs (i, j) and (k, m) as a function of ωp, for different t f : (a) 20, (b) 30, (c) 40, (d) 50,
(e) 60, and (f) 70. The color lines correspond to (i, j)–(k, l) NE pairs as indicated. The black line indi-
cates the transition region (see Figure 7b) of average current ⟨J⟩ (15) in the NR lattice. Equation (15)].
The chimera-like states (isolated points) are observed in the transition area.

https://doi.org/10.3390/physics8010021

https://doi.org/10.3390/physics8010021


Physics 2026, 8, 21 12 of 15

5. Discussion
In this paper, we have addressed the coupling of the NEs (nanoemitters) and PPs

(plasma polaritons) in the hybrid system, built as the periodic lattice of conducting NRs
(nanorings) with embedded NEs, through the common optical field. The structure of
the field significantly depends on the NR plasma frequency ωp. At the critical value
of ωp, the phase transition occurs in the system, leading to the sharp increase in the
average NR current. In this case, the PP field disturbs the internal degrees of freedom
of the quantum NEs, inducing the cross-correlation of the photocurrents in all NEs, the
correlation magnitude significantly depending on ωp. The instability of the NE resonant
emission leads to the appearance of non-smooth (chimera- or chaos-like) features. In this
regime, a small enough variation in ωp leads to a significant change in the magnitude
of the cross-correlations of NE pairs. Figure 9 exhibits a possibility of the coexistence of
the localized synchronized and desynchronized cross-correlations of NEs embedded in
the lattice of identical NRs, which results in the formatting of inhomogeneous states in
the hybrid system. Similar (quasi-chaotic) behavior is known in Kuramoto systems of
coupled oscillators [13,28]. Patterns featuring this behavior are unstable and are identified
as chimeras [29]. It is instructive to study the evolution of such irregular states. Figure 3
shows a typical size of the field regions surrounding PPs in the NR lattice. Initially these
areas are well separated and expand with the increase in time t f up to t f ≈ 80, when
the expanding areas overlap. The latter signifies that initially desynchronized (due to
the spontaneous emission) NEs develop synchronization (induced emission) at t f ≈ 80.
Following the commonly adopted (scalar) metric S of a curve for non-smoothness [30], we
define the non-smoothness S for our case (the instability of cross-correlations of NE pairs as

S(t f ) =
∫ (d2 f (t f , ω)

dω2

)2

dω, f (t f , ωp) = R̂(t f , ωp), (20)

over the curve’s domain ωp; see Figure 9a–f. A lower value of S(t f ) distictly indicates a
smoother curve. (The natural cubic spline minimizes the L2 norm of the second deriva-
tive among all C2, the function being continuous with its first and second derivatives,
interpolating functions passing through the given points, see [29,30]).

In the system under study, the critical behavior occurs in nonlinear quantum NEs in
the respective range of values of the plasma frequency ωp in the NR lattice.

As Figure 6 shows, the maximum Lyapunov exponent takes positive values in the
critical region, indicating unstable dynamics of the system. Figure 3 demonstrates, as said
above, that the effective coupling of the NE oscillators to the PPs in the periodic NR lattice
leads to the dependence of the evolution of the corresponding chimera-like states on the NR
parameter ωp. Figure 10 exhibits the dynamics of maximum value of the non-smoothness
parameter, S(t f )max = max(St f ) (see Equation (20)) of the chimera-like states (red points),
displayed in Figure 9a–e, for all the NE pairs, as a function of time t f in the area of ω ≈ ωc

(see Figure 9). Smax attains the largest value at t f ≈ 76, indicating a highly non-smooth
structure, as expected for chimera states [12,13]. Ref. [31] reported an advanced technology
based on hybrid nanomaterials, such as sandwiched graphene oxide, and self-assembly of
carbon nanotubes (CNT) into CNT rings. The latter, in particular, allows adjusting ωp of
CNT rings to the desired range of ωp.
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Figure 10. The maximum value of the non-smoothness parameter, S(t f )max = max(St f ) (see
Equation (20)) of the chimera-like states (red points), displayed in Figure 9a–e, for all the NE pairs, as
a function of time t f in the area of ω ≈ ωc (see Figure 9). Smax attains the largest value at t f ≈ 76,
indicating a highly non-smooth structure, as expected for chimera states [12,13].

6. Conclusions
We have studied a hybrid system, built as an NR lattice carrying PPs with nonlinear

quantum NEs embedded in the lattice. It is found that the strong coupling between the PPs
and NEs, mediated by the optical field, leads to the significant cross-correlation between
NE pairs, so that the NE dynamics demonstrate essential dependence on the NR plasma
frequency ωp. However, at larger ωp ≥ ωc a transition occurs to the state in which the PP
field produces a significant contribution to the radiation field, which perturbs the dynamics
of NEs, leading to a change in their cross-correlations. In such a system, the NEs are coupled
to the PP field in the NRs, which contributes to the NEs’ optical field. As ωp increases, the
PP field attains a significant amplitude, which causes a strong coupling between PPs and
NEs and reorientation of the field direction parallel to the PP field in the NRs. This finding
leads to a significant dependence of the shape of the cross-correlation of photocurrents in
NE pairs on the plasma frequency ωp of the NRs coupled to the NEs.
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