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Abstract: The back-reaction of the perturbed thermal equilibrium in the solar corona on compressive
perturbations, also known as the effect of wave-induced thermal misbalance, is known to result in
thermal instabilities chiefly responsible for the formation of fine thermal structuring of the corona. We
study the role of the magnetic field and field-aligned thermal conduction in triggering instabilities of
slow magnetoacoustic and entropy waves in quiescent and hot active region loops, caused by thermal
misbalance. Effects of the magnetic field are accounted for by including it in the parametrization
of a guessed coronal heating function, and the finite plasma parameter β, in terms of the first-
order thin flux tube approximation. Thermal conduction tends to stabilize both slow and entropy
modes, broadening the interval of plausible coronal heating functions allowing for the existence of a
thermodynamically stable corona. This effect is most pronounced for hot loops. In contrast to entropy
waves, the stability of which is found to be insensitive to the possible dependence of the coronal
heating function on the magnetic field, slow waves remain stable only for certain functional forms of
this dependence, opening up perspectives for its seismological diagnostics in future.

Keywords: coronal seismology; thermal misbalance; optically thin radiation; field-aligned thermal
conduction; thermal instability; magnetoacoustic waves; entropy waves; thin flux tube

1. Introduction

Magnetohydrodynamic (MHD) waves, which appear as perturbations of various
macroscopic plasma parameters, are one of the most intensively studied physical phe-
nomena in the corona of the Sun (e.g., [1]). Coronal waves are considered as possible
agents responsible for heating of the coronal plasma (e.g., [2]), and also as natural probes
of the medium in the method of MHD seismology (e.g., [3]). The waves detected in the
corona in various observational bands can be clearly distinguished by the propagation
speed. Coronal slow magnetoacoustic waves have the propagation speed of about the local
sound speed, which is determined by the plasma temperature, i.e., from several tens to
a few hundred km/s. The slow waves appear mainly in two, propagating and standing
regimes. Propagating slow waves are usually observed as EUV (extreme ultraviolet) in-
tensity disturbances running upwards along the apparent direction of the magnetic field
in magnetically open plasma structures (e.g., [4]), for example, polar plumes, as well as in
legs of coronal loops and plasma fans (e.g., [5]). Typical oscillation periods are from a few
to several minutes. Propagating slow waves are detected up to a certain height, and the
downward propagating waves have not been detected.

Slow waves in the other, standing regime, also called “SUMER” oscillations, are usually
detected as periodic Doppler shifts of coronal emission lines and sometimes the periodic
variation of the line intensity (see [6] for a recent comprehensive review). Oscillation periods
of standing slow waves are typically longer than in the propagating regime (e.g., [7]),
reaching thirty minutes (e.g., [8]). This difference could be readily attributed to different
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mechanisms for the periodicity. If for propagating waves the oscillation period is prescribed
by the driver, the oscillation period of standing waves in determined by the resonant period
of the oscillating plasma structure. For slow waves, this period is determined by the ratio
of the loop’s length to the sound speed. The latter is proportional to the root of the plasma
temperature. The damping time is about equal to the oscillation period. The damping
time scales with the oscillation period almost linearly [9]. Moreover, the oscillation quality
factor defined as the ratio of the damping time to the oscillation period is found to decrease
with the increase in the relative amplitude, as the amplitude to the minus two thirds [7].
The nature of the possible third, sloshing or reflecting form of coronal slow waves is still
intensively debated (e.g., [10–12]).

Since studies of Ofman et al. [13,14], theoretical modeling of coronal slow waves has
usually been performed in terms of ideal or dissipative MHD (e.g., [15–20]). However,
this approach cannot be considered as complete, as it is necessary to take into account not
only perturbations of the mechanical equilibrium, but also of the thermal equilibrium. The
coronal thermal equilibrium is fulfilled by the balance of energy losses by radiation and
thermal conduction, and energy gains by an unknown yet coronal heating mechanism. A
compressive perturbation such as a slow wave causes variations of macroscopic parameters
of the plasma, which, in turn, modify the efficiency of the energy losses and gains mecha-
nisms. As the radiative losses, thermal conduction and heating are not likely to depend
on the plasma density, temperature and the magnetic field strength identically, the wave
causes thermal misbalance in the corona. The back-reaction of the misbalance on the com-
pressive perturbation, resulting in thermal instability, has been subject to intensive studies
for several decades (e.g., [21–23]). In the solar coronal context, this instability is believed
to lead to prominence formation, coronal rain, and long-period thermal cycles (e.g., [24]).
However, the stable regime is also of interest, as it allows us to interpret slow wave motions
observed in the corona, and use them for coronal plasma diagnostics. In some studies of
stable coronal waves, the radiative losses and background heating have been taken into
account too. However, the heating function was usually taken to be independent of the
plasma parameters, aiming to maintain the thermal equilibrium (e.g., [25]).

The effect of the back-reaction of the wave-induced thermal misbalance on coronal
MHD waves has recently become subject to intensive studies. In particular, the misbalance
was found to cause coupling of slow magnetoacoustic and entropy waves [26]. Occurrence
of two characteristic time scales of the misbalance leads to the previously unaccounted
wave dispersion [27]. The dispersion results in the dependence of the effective adiabatic
index, and the wave phase and group speeds on the wave frequency, and a formation of
an oscillatory pattern in an initially broadband slow wave. The characteristic oscillation
period is determined by the derivatives of the combined radiation loss and heating function
with respect to the density and temperature, evaluated at the equilibrium. Interestingly, in
coronal loops, the values of these two characteristic time scales of the misbalance are of the
same order of magnitude as the slow wave oscillation periods detected in observations. In
particular, this suggests that the effect could be responsible for long-period quasi-periodic
pulsations detected in the decay phases of solar and stellar flares [28]. Recently, Kolotkov
and Nakariakov [29] used the thermal misbalance effect for explaining the observed scaling
of the standing slow oscillation damping time with the oscillation period. In addition, this
effect modifies phase relations between various plasma parameters perturbed by coronal
slow waves [30,31]. The effect of thermal misbalance can also play an important role
in nonlinear dynamics of coronal slow waves [32], and in the fragmentation of coronal
current sheets [33]. Another important effect of the thermal misbalance is the modification
of the slow wave damping pattern. The wave can experience additional attenuation, or,
contrarily, amplification [34,35]. In the latter case, the coronal plasma behaves as an active
medium [36] c.f. the gain medium in a laser. The energy that compensates the radiative
and conductive losses is supplied by the coronal heating mechanism, i.e., the corona is a
thermodynamically open system. This property provides us with a tool for seismological
probing of the coronal heating mechanism [37].
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The aim of this paper is to generalize the study of Ref. [37] to the regime with finite
thermal conduction along the field and a finite plasma-β. The paper is organized as follows.
Section 2 presents the main assumptions, governing equations, and the dispersion relation.
Section 3 addresses the stabilization of thermal instability by finite thermal conduction.
Section 4 discusses the effect of finite plasma-β, i.e., the study goes beyond the infinite field
approximation. The final Section summarizes the results obtained, and presents discussion
of their implications.

2. Governing Equations and Dispersion Relation

Neglecting the effects of waveguide dispersion, slow magnetoacoustic waves can be
described in terms of the first-order thin flux tube approximation with finite plasma-β [38].
In what follows, the magnetic field twist is neglected, assuming that the field is parallel
to the axis of the magnetic flux tube, directed in the z direction. In the linear regime and
accounting for thermal conduction and thermal misbalance, the governing equations take
the following form [34,36,39,40]:

∂ρ1

∂t
+ 2ρ0vr1 + ρ0

∂u1

∂z
= 0, (1)

ρ0
∂u1

∂t
+

∂P1

∂z
= 0, (2)

CVρ0
∂T1

∂t
− kBT0

m
∂ρ1

∂t
= −ρ0

(
Qρρ1 + QTT1 + QBB1

)
+ κ‖

∂2T1

∂z2 , (3)

P1 −
kB
m
(ρ0T1 + T0ρ1) = 0, (4)

P1 +
B0B1

µ0
= 0, (5)

∂B1

∂t
+ 2B0vr1 = 0. (6)

In Equations (1)–(6), ρ1, u1, P1, T1, and B1 stand for the small-amplitude perturbations
of the loop’s plasma density, parallel velocity (along the z axis), gas pressure, temperature,
and magnetic field, respectively; vr1 is the radial (in cylindrical geometry) derivative of the
radial plasma velocity taken at the loop’s axis, which accounts for a weak obliquity of slow
waves; the subscripts “0” indicate the unperturbed values of those quantities; and γ, m,
kB, and CV = (γ− 1)−1kB/m stand for the standard adiabatic index (5/3), mean particle
mass (0.6 of the proton mass), Boltzmann constant, and specific heat capacity, respectively.
As such, characteristic speeds in the model described by Equations (1)–(6) are the sound
speed, c2

s = γkBT0/m and the tube speed, c2
T = c2

s c2
A/(c2

s + c2
A), with c2

A = B2
0/µ0ρ0 being

the Alfvén speed (for a low-β plasma, cT → cs); t stands for the time. There are no steady
flows in the equilibrium state.

Weak obliquity with respect to the guiding magnetic field is an intrinsic property
of slow magnetoacoustic waves in a magnetic cylinder in the regime of finite plasma-β
(e.g., [41]). Indeed, in the infinite magnetic field approximation in which plasma-β is
assumed to be zero, slow waves propagate strictly along the cylinder’s axis and thus do
not perturb the guiding field. For non-zero β, slow waves acquire a small perpendicular
component (i.e., the vr1 variable) and hence become locally oblique and cause perturbations
of the cylinder’s magnetic field. This effect is manifested by the dependence of the wave
speed upon the magnetic field (see the expression for cT). In particular, it makes slow
waves an important tool for seismological diagnostics of the magnetic field in coronal
loops (e.g., [42]). Moreover, the oblique nature of slow waves is the unique feature that
makes them sensitive to the dependence of the coronal heating function on magnetic field,
considered in this paper.
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The right-hand side of the energy Equation (3) accounts for the field-aligned thermal
conduction with the coefficient κ‖ = 10−11T5/2

0 W m−1 K−1 taken in the Spitzer form in
this study, and wave-induced perturbations of the coronal heat-loss function, Q(ρ, T, B).
The latter is constituted by the balance between energy losses through the optically thin
radiation, L(ρ, T), and energy gains,H(ρ, T, B), through an unspecified heating mechanism
so that Q(ρ, T, B) = L(ρ, T)−H(ρ, T, B). In the equilibrium, the coronal part of the loop
is considered uniform with constant temperature, T0, density, ρ0, and magnetic field, B0,
providing Q0(ρ0, T0, B0) = 0 and no thermal conduction; cf. Ref. [43]. Qρ, QT , and QB on
the right-hand side of the energy Equation (3) represent coefficients in the Taylor expansion
of the perturbed coronal heat-loss function in the vicinity of the equilibrium, i.e.,

Q(ρ, T, B) ≈ Qρρ1 + QTT1 + QBB1, (7)

with Qρ = ∂Q/∂ρ, QT = ∂Q/∂T, QB = ∂Q/∂B, all taken at T0, ρ0, and B0.
Assuming a harmonic form ∝ ei(kz−ωt) with the angular frequency, ω, and the wavenum-

ber, k, for perturbations of all plasma parameters, Equations (1)–(6) can be reduced to the
following third-order polynomial dispersion relation [39]:

ω3 + ∆2(k)ω2 + ∆1(k)ω + ∆0(k) = 0, (8)

with the coefficients:

∆0(k) = −
i

CV(1 + γβ/2)
kBT0

m

(
QT −

ρ0

T0
Qρ +

κ‖k2

ρ0

)
k2,

∆1(k) = −c2
Tk2,

∆2(k) =
i

CV(1 + γβ/2)

[
QT

(
1 +

β

2

)
− ρ0

T0

β

2
Qρ −

B0

T0

β

2
QB +

κ‖k2

ρ0

(
1 +

β

2

)]
.

For β → 0, Equation (8) reduces to the dispersion relation considered in Ref. [35].
Being of the third-order in ω, Equation (8) describes the dynamics of two propagating slow
magnetoacoustic modes and one non-propagating entropy mode. In other words, taking
ω = ωR + iωI, gives us ωR 6= 0 and ωI 6= 0 for slow modes, and ωR = 0 and ωI 6= 0 for the
entropy mode. Moreover, the amplitudes of slow and entropy modes exponentially grow
(i.e., become unstable or overstable) for ωI > 0.

To calculate the heat-loss function derivatives QT , Qρ, and QB, we used the CHI-
ANTI atomic database for modeling the optically thin radiative losses L(ρ, T) [44], and
parametrized the unknown coronal heating function as H(ρ, T, B) ∝ ρaTbBc (see,
e.g., [21,23,45–49]), with the power-law indices (a, b, c) treated as free parameters in this
paper. The heating function is assumed to be uniform in space and its time dependence
is omitted, assuming the apparent intermittent nature of coronal heating with time scales
usually shorter than a minute (e.g., [50–53]) is effectively averaged over the slow wave
oscillation period (from several minutes to a few tens of minutes).

Thus, the model described is similar to that considered in a series of previous
studies [27,29–31,34–36,39,40], with a possible dependence of the coronal heating func-
tion on the magnetic field. The effect of this dependence on the wave stability is taken into
account through the power-index, c.
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3. Stabilization by Thermal Conduction

In a low-β plasma, the dynamics of slow waves have been shown to be almost insen-
sitive to the power-law index c [36,39], as the waves produce negligible perturbations of
the loop’s magnetic field in this regime (also known as the infinite magnetic field approxi-
mation). For β = 0, the stability of slow and entropy modes described by Equation (8) is
determined by the following conditions for a and b [37]:

b < − a
γ− 1

+
T0

L0

∂L0

∂T
+

κ‖k2

ρ0

T0

L0
+

1
γ− 1

, (9)

b < a +
T0

L0

∂L0

∂T
+

κ‖k2

ρ0

T0

L0
− 1, (10)

respectively.
In Ref. [37], the thermodynamic stability of the corona to slow and entropy modes was

considered, and seismological constraints on the heating function parameters a and b were
obtained for κ‖ → 0 (or k→ 0), i.e., assuming the conductive term in Equations (9) and (10)
has no effect on the wave dynamics. In Ref. [36], it was shown analytically that in the
presence of thermal conduction, slow and entropy modes remain stable to perturbations
shorter than the corresponding acoustic and thermal Field’s lengths:

λthermal
F = 2π

√√√√√ κ‖T0

ρ0L0

[
1− a + b− T0

L0

∂L0

∂T

] , (11)

λacoustic
F = 2π

√√√√√ κ‖T0

ρ0L0

[
a− 1
γ− 1

+ b− T0

L0

∂L0

∂T

] , (12)

but the plasma diagnostic potential of those conditions has not been explored.
We begin the analysis with evaluating λthermal

F (11) and λacoustic
F (12) for plasma condi-

tions typical for coronal structures hosting propagating slow waves and standing, SUMER-
type slow oscillations. The obtained values of λthermal

F and λacoustic
F are shown in Figure 1

for various combination of the heating model parameters (a, b). Thus, in quiescent coronal
loops with typical temperature T0 = 1 MK and typical density ρ0 = 3× 10−12 kg/m3

(Figure 1, left), the parametric domain of stability of the corona to slow and entropy modes
in the (a, b)-plane broadens by thermal conduction, but this broadening is rather minor
for typically observed wavelengths of propagating slow waves in the corona (50–100 Mm).
For the wavelengths longer than 100 Mm, the effect of thermal conduction vanishes and
the (a, b)-domain of stability reduces to that considered in [37]. Figure 1, right, shows
λthermal

F (11) and λacoustic
F (12) and the corresponding heating function parameters (a, b) for

plasma conditions typical for SUMER-type oscillations in hot and dense flaring loops with
T0 = 6 MK and ρ0 = 6× 10−12 kg/m3. In contrast to propagating waves in quiescent loops,
slow and entropy modes are stable in the loops hosting SUMER oscillations, in a much
broader interval of (a, b). In particular, for typically observed wavelengths of SUMER
oscillations of about 300 Mm (prescribed by the loop length), slow and entropy modes
remain stable throughout the entire domain of (a, b) considered. For thermal conduction
to become unimportant in this case, the oscillation wavelengths should be about a few
thousand Mm, which is unrealistic in the solar corona.
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Figure 1. Thermal (red) and acoustic (blue) Field’s lengths λthermal
F (11) and λacoustic

F (12) in Mm,
evaluated for (left) ρ0 = 3 × 10−12 kg m−3 and T0 = 1 MK (typical for quiescent coronal loops
hosting propagating slow waves), and (right) ρ0 = 6× 10−12 kg/m3 and T0 = 6 MK (typical for hot
active region loops hosting standing slow magnetoacoustic oscillations, also known as “SUMER”
oscillations). In the green-shaded regions, both λthermal

F and λacoustic
F tend to infinity, i.e., the effect of

the field-aligned thermal conduction on the wave stability vanishes.

4. Effect of Finite Plasma-β

For a finite plasma-β, the condition for the slow mode stability (9) generalizes to:

b < − a
γ− 1

+
T0

L0

∂L0

∂T
+

κ‖k2

ρ0

T0

L0
+

1
γ− 1

+
β

2
γ

γ− 1
c, (13)

which is now determined by three heating function power-indices (a, b, c). It can be readily
derived either in a weak or strong non-adiabaticity limit demanding ωI = 0 (see e.g.,
Equations (19) and (27) in Ref. [39]). For the entropy mode, obtaining a similar condition
for a finite plasma-β is less obvious (see, e.g., [26]). Hence, we solve dispersion relation (8)
numerically for ω and identify values of the heating parameters (a, b, c) for which ωI = 0 for
both slow and entropy modes. The ’root_scalar’ function, from Scipy’s Optimization and
Root Finding library, was employed with the “Newton” method. This solved Equation (8)
by implementing the Newton–Raphson method, which can work in the complex domain
and converges quickly, given a sufficiently accurate initial guess for ω. As the initial guess
for the slow mode, we used approximate solutions for ωR and ωI derived using the first-
order perturbation theory in the limit of weak non-adiabaticity (see Equations (18) and (19)
in Ref. [39]). For the entropy mode, ωR = 0 was taken as the initial guess.

Figures 2 and 3 show domains of the slow and entropy mode stability in the (a, b, c)
parametric space, obtained numerically for the abovementioned plasma density and temper-
ature in coronal loops hosting propagating slow waves and SUMER-type oscillations, and
with plasma-β of about 0.01 and 0.3. In the low-β regime (Figure 2, top, and Figure 3, top),
the stability of the corona to slow and entropy modes is almost independent of the value of
the magnetic field power-index c in the power-law parametrization of the unknown coronal
heating function. This is consistent with the outcomes of the zero-β analysis described in
Section 3. In the finite-β case (Figures 2, bottom, and Figure 3, bottom), the (a, b, c) domain
determining the stability of the slow mode gets modified, so that higher values of the
parameter c result in broader intervals of a and b, for which slow waves remain stable.
The latter is consistent with the analytical prediction by Equation (13). By contrast, the
stability condition for the entropy mode is found to be insensitive to the parameter c, with
density and temperature power-indices (a, b) and thermal conduction playing the major
role in terms of the considered model. The described tendencies in the dependence of
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the coronal plasma stability to slow and entropy modes on the coronal heating function
parametrization with the local plasma density, temperature, and magnetic field are found
to be qualitatively similar for both propagating slow waves in quiescent coronal loops and
standing, SUMER-type oscillations in hot loops.
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Figure 2. Values of the power-indices (a, b, c) in the parametrization of the coronal heating func-
tion, H(ρ, T, B) ∝ ρaTbBc, below which the coronal plasma is stable to slow (gradient of blue) and
entropy (gradient of red) wave modes. The stability conditions are obtained from the numerical
solution of dispersion relation (8) for plasma parameters typical of quiescent coronal loops with
low (top) and finite (bottom) values of the plasma parameter β, hosting propagating slow waves:
ρ0 = 3× 10−12 kg/m3; T0 = 1 MK providing the adiabatic sound speed, cs ≈ 152×

√
T0[MK] ≈

152 km/s; B0 = 20 G (top) and B0 = 4 G (bottom) providing plasma-β ≈ 0.01 and β ≈ 0.3, respec-
tively; λ = 70 Mm providing the adiabatic slow wave period, λ/cs ≈ 7 min. The red and blue dots
(top left) illustrate the grid size used in the numerical solution here. The contour labels (bottom left
and right) indicate values of the power indices c and b, respectively. The white lines (right) indicate
the intersection of the abc-planes determined by the slow and entropy wave stability conditions.
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Figure 3. Same as Figure 2 but for SUMER-type loops hosting standing slow oscillations with low
(top) and finite (bottom) values of the plasma parameter β: ρ0 = 6× 10−12 kg/m3; T0 = 6 MK
providing the adiabatic sound speed Cs ≈ 152 ×

√
T0[MK] ≈ 372 km/s; B0 = 80 G (top) and

B0 = 15 G (bottom) providing plasma-β ≈ 0.01 and β ≈ 0.3, respectively; λ = 500 Mm providing the
adiabatic slow wave period λ/Cs ≈ 22 min.

5. Discussion and Conclusions

In this paper, we examined the stability of slow magnetoacoustic and entropy waves in
the solar corona to the wave-induced perturbation of the local thermal equilibrium between
energy losses through optically thin radiation and energy gains from an unspecified coronal
heating process, i.e., the effect of wave-induced thermal misbalance. Using the first-order
thin flux tube approximation, we generalized the stability analysis performed in previous
studies for regimes with finite Spitzer thermal conduction along the field and finite plasma
parameter β, taking the possible dependence of the unknown coronal heating function on
the local value of the magnetic field in its generic parametrizationH(ρ, T, B) ∝ ρaTbBc into
account. The generalized theory was applied to physical conditions typical for quiescent
coronal plasma loops and hot active region loops, in which propagating slow waves and
standing SUMER oscillations are respectively observed, treating the power-indices (a, b, c)
and the plasma-β as free parameters. The results of our study can be summarized as follows.

• The field-aligned thermal conduction tends to stabilize both slow and entropy modes,
thus effectively broadening the parametric domain in the (a, b, c) space, within which
the coronal plasma remains stable. The efficiency of this stabilization by thermal
conduction, however, strongly depends on the equilibrium plasma conditions and
perturbation wavelength, determined by the thermal and acoustic Field’s lengths
given by Equations (11) and (12), respectively. While for slow waves in quiescent
loops this effect is found to be rather minor, hot loops are shown to be predominantly
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stable to slow and entropy modes due to highly effective thermal conduction. In other
words, the considered functional form of the heating model and the field-aligned
Spitzer conductivity cannot account for the development of slow magnetoacoustic
overstability and/or rapid coronal condensations, associated with isentropic and
isobaric thermal instabilities in hot active region loops (see, e.g., [24], for the most
recent review).

• The stability of the entropy mode is found to be insensitive to the dependence of the
coronal heating function on the local magnetic field, i.e., the parameter c, and plasma-
β. In other words, this result suggests that catastrophic cooling and condensations
of the coronal plasma, caused by the entropy mode instability, are independent of
the magnetic properties of host active regions and are fully driven by the loss of
balance between optically thin radiation, field-aligned conduction, and heating, which
is consistent with numerical findings of, e.g., Ref. [54]. On the other hand, there could
be an indirect link through the local plasma heating by magnetic reconnection (see,
e.g., [55]), which is out of the scope of the present study.

• The stability of slow magnetoacoustic waves, by contrast, is found to depend on the
product of two magnetic field parameters, βc. Thus, in finite-β plasma, one may expect
to probe the functional dependence of the coronal heating function on the magnetic
field, i.e., the parameter c, with the theory presented here. This result effectively
extends the seismological diagnostics of the coronal heating function developed
in Ref. [37]. In particular, it allows us to consider both existing AC and DC theories
of coronal heating (see, e.g., Table 5 in Ref. [56]) for comparison and validation. For
example, following Rosner et al. [45], Ibanez S. and Escalona T. [47] considered coronal
heating mechanisms by electric current dissipation, mode conversion, and anomalous
conduction damping of Alfvén waves in a similar power-law form. Together with
the diagnostic potential of microwave observations, see [57], such a seismological
technique offers a unique opportunity to constrain the link between the coronal
magnetic field and thermodynamic properties of the corona, which is not directly
available in extreme ultraviolet or soft X-ray observations traditionally used for coronal
heating studies.

Thus, the effect of the back-reaction of wave-induced thermal misbalance is an impor-
tant element of the coronal dynamics and structure. Accounting for this effect determines
conditions for stability of slow magnetoacoustic and entropy perturbations in the corona.
As the next step, the comparison of the theoretical results obtained in this paper with ob-
served properties of coronal slow waves will allow us to effectively constrain the modeling
of physical mechanisms responsible for the formation and existence of hot plasmas in the
solar and stellar coronae.
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