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Abstract: The present review takes steps from the domain of the shell model into open shell nuclei.
The question posed in the title is to dramatize how far shell model approaches, i.e., many nucleons
occupying independent-particle configurations and interacting through two-body forces (a configura-
tion interaction problem) can provide a description of nuclei as one explores the structure observed
where neither proton nor neutron numbers match closed shells. Features of doubly closed and singly
closed shell nuclei and adjacent nuclei are sketched, together with the roles played by seniority,
shape coexistence, triaxial shapes and particle–core coupling in organizing data. An illuminating
step is taken here to provide a detailed study the reduced transition rates, B(E2; 2+1 → 0+1 ), in the
singly closed shell nuclei with doubly closed shell plus or minus a pair of identical nucleons, and
the confrontation between such data and state-of-the-art shell model calculations: this amounts to a
review of the effective charge problem. The results raise many questions and point to the need for
much further work. Some guidance on criteria for sharpening the division between the domain of the
shell model and that of deformation-based descriptions of nuclei are provided. The paper is closed
with a sketch of a promising direction in terms of the algebraic structure embodied in the symplectic
shell model.

Keywords: nuclear structure; shell model; seniority; shape coexistence; effective charge; emer-
gent structure

1. Introduction

The shell model has served as the most fundamental view one possesses when looking
at the structure of nuclei. With its inception, at the hands of Maria Goeppert-Mayer [1]
and Hans Jensen and colleagues [2] in 1949, at “three-score years and ten”, it is not going
to die. It is based on the premise of independent-particle motion in a spherical mean
field with strong spin–orbit coupling. The quantum mechanical solution, at the level of
independent-particle motion in a harmonic-oscillator potential, can be obtained using
methods that all senior-year undergraduate students should be able to handle. It provides
a far-reaching language for talking about nuclear structure. With the “gift” of the harmonic
oscillator potential to the mathematics of quantum physics, the symmetries that emerge are
without equal in the quantum domain. Thus, why question “shell model” in its verbal (i.e.,
operative) form?

The problem is correlations. Correlations are the antithesis of independent-particle
motion in quantum many-body systems. The problem in nuclei is: Just how deeply do
correlations influence what we are studying? A shell modeler must start by assuming a
correlation-free basis: a complete set of states, which are many copies of single-particle
states each labelled by a principal quantum number (N), an angular momentum quantum
number (l), a directional component of angular momentum (ml), and spin plus direction-of-
spin quantum numbers (s, ms). (Spin–orbit coupling favors a j-coupled basis, |N, j, l, mj〉,
where j and mj are the total angular momentum and its projection.) However, pairing
correlations immediately dominate singly closed-shell nuclei; and most nuclei are deformed
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in their ground states while many that have spherical ground states exhibit low-energy
deformed states. A simple extension of the shell model philosophy to a deformed mean
field, the Nilsson model, augmented with adiabatic rotational degrees of freedom, provides
an enormously powerful organizing principle for handling large amounts of data, in
the guise of the unified or Bohr–Mottelson model. However, a very large number of
nuclei do not separate into this simple adiabatic factorization. Such nuclei are often called
“transitional nuclei”. Herein lies the biggest challenge that remains in order to achieve a
unified view of nuclear structure. Transitional nuclei are “sandwiched” between the shell
model [3] and the unified model [4], and correlations are dominant. How do we develop
theories applicable to such nuclei? To shell model or not to shell model?

The use of the term “to shell model” here is in reference to the time-honoured theo-
retical approach to nuclear structure which uses a basis of spherical independent-particle
states, truncated at a small number of shell model energy shells, and a residual two-body
interaction. The shell model is therefore a configuration interaction problem. The ques-
tion then is which correlations are important, and how can one ensure that the relevant
correlations emerge in the calculations.

The shell model approach is straightforward for handling all nuclei: start by intro-
ducing two-body interactions. Indeed, at the level of pairing interactions, this leads to the
quasispin and seniority concepts. Quasispin is a formulation that manifestly illustrates
what is meant by correlations in a quantum mechanical many-body system. With a simple
approximation (by use of quasispin coherent states) this leads to the Bardeen–Cooper–
Schrieffer (BCS) theory of superconductivity (see Section 4.5.3 in [5]). In finite many-body
systems, as applied to nuclei, the language only needs some simple constraints to accom-
modate shell structure. Seniority, and its implied quasispin structure, dominates excitation
patterns in singly closed shell nuclei. However, seniority breaks down immediately, at low
spin, when both protons and neutrons are active. This is again due to correlations, but
these correlations are not yet well understood: this is the point where nuclear deformation
emerges. This nexus is the focus of the present review.

The shell model provides the most fundamental language one possesses for discussion
of nuclear structure. This conceptual basis is often called the “shell model”. Here, as
defined, the term “shell model” is adopted in its more restricted usage as a computational
model, where a Hamiltonian defined by residual interactions is diagonalized in a spherical
independent-particle basis. Our view is that, with sufficient computing power, a suitable
basis, and appropriate interactions, all structural details of nuclei would likely emerge. The
issue, apart from the magnitude and complexity of the problem, is whether the structures
in the output would be evident and intelligible. Here, the task of discussing the emergent
structures in nuclei and the use of algebraic models to understand them is adopted in
the context of the nuclear shell model. Therefore, the experimental data are broadly
reviewed and the cases where simple models based on phenomenology and algebraic
models give insights that would not be evident in a complex large-scale shell model
approach are highlighted.

2. Nuclei with Closed Shells: An Experimental Perspective

Nuclei with closed shells, both singly and doubly closed, have been the base upon
which the shell model has been built. However, such nuclei are neither manifestations of
nor a sound basis for the shell model in its extreme independent-particle form. Such nuclei
(i.e., closed shell) can usefully be classified into three types: doubly closed shell nuclei with
equal numbers of protons (Z) and neutrons (N), i.e., N = Z; doubly closed shell nuclei
with N > Z; and singly closed shell nuclei.

The distinction of doubly closed shell nuclei with N = Z is that they exhibit shape
coexistence at low energy, even at the level of the first excited states in 16O and 40Ca, as
shown in Figure 1. In doubly even nuclei with N > Z, shown in Figure 2, shape coexistence
has not yet been observed. The simple explanation is that, for N = Z, spatial overlap of the
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proton and neutron configurations is maximal, and it is proton–neutron correlations that
are deformation producing.

Figure 1. Excited states in the N = Z doubly closed shell nuclei 16O and 40Ca. Collectivity associated
with the 2+1 and 3−1 states is shown. Collectivity involving deformation is supported by large electric-
quadrupole transition rates, as indicated by the B(E2) values in Weisskopf units (W.u.). Inferred
K quantum numbers for collective bands are indicated. The horizontal bars with upward pointing
arrows indicate excitation energies above which states are omitted. Adapted from [6].
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Figure 2. Excited states in the N > Z doubly closed shell nuclei. Collectivity associated with the
2+1 and 3−1 states is indicated by B(Eλ) values. The lowest known pair excitations are labelled.
The horizontal bars with upward pointing arrows indicate excitation energies above which states
are omitted. Electromagnetic decay strengths for 132Sn are calculated from data appearing in [7].
Adapted from [8].

The distinction of singly closed shell nuclei is that they are dominated by the emer-
gence of pairing correlations. Pairing correlations are concisely formulated using the
concept of the seniority quantum number, v, i.e., the number of unpaired nucleons. This
was first recognized by Maria Goeppert-Mayer [9,10]. The quantum mechanics of pairing
correlations is concisely, even elegantly, described using quasispin, as introduced by Arthur
Kerman [11]. The basic features of quasispin, as applied to a series of (j = 7/2)n configu-
rations, where n denotes the occupation of the orbit, are shown in Figure 3; a view which
complements that in Figure 3 is shown for a series of (j = 9/2)n configurations in Figure 4.
The quasispin algebra is developed in detail in Chapter 6 of [6]. That Chapter includes a
thorough treatment of the origins of the key ideas from Racah’s seniority [12–14] through
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Flowers’ handling of j− j coupling [15], Helmers’ unitary symplectic invariants [16], Law-
son and Macfarlane’s identification of the rank-1/2 quasispin su(2) tensorial character of
one-body annihilation and creation operators [17], to Kerman’s simple formulation [11].
Furthermore, it can be noted that there is a profound duality structure residing in these
algebras [18], which shows how algebraic structure provides insight into the complexity
of many-body quantum systems. A pedagogical treatment of the quasispin algebra is
presented in Chapter 4 in [5]. That Chapter illustrates how P.W. Anderson’s idea [19]
provided the first conceptual recognition of quasispin as the essential algebraic structure
underlying many-fermion systems with Cooper pairs [20].

Figure 3. A schematic view of basic features possessed by a seniority-dominated j = 7/2 shell with
a many-proton or many-neutron structure. The excitation patterns and associated spins are shown
relative to the seniority zero, v = 0 states across the filling of the shell, where the filling is designated
by the particle number, n. The quasispin quantum numbers, s and ν are su(2) quantum numbers
and their relationship to shell model quantum numbers is shown in the box. Adapted from [6].
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(j = 9/2)n

Fig. 4.

Figure 4. A schematic view of basic features of a seniority-dominated j = 9/2 shell. The excitation
patterns and associated spins J are shown relative to the uncorrelated, v = max. states across the
filling of the shell, where the filling is designated by the particle number, n. For other details, see
Figure 3. Taken from [6].

Experimentally, the seniority coupling scheme is realized essentially exactly when
the low-energy structure of singly closed shell nuclei is dominated by a high-j orbital.
This is shown in Figure 5 for j = 11/2 neutron subshell filling in the Sn isotopes and in
Figure 6 for j = 11/2 proton subshell filling in the N = 82 isotones. The patterns are
almost indistinguishable. The domination of seniority extends into patterns of electric
quadrupole, E2 transition probabilities: this is shown in Figure 7 for j = 9/2 configurations
in even-Cd and even-Pd nuclei with N = 50 and N = 82. The pattern of E2 matrix elements
in nuclei dominated by seniority coupling shows a smoothly changing character which is
well described by the following relationship for the reduced transition strength [6]:

B(E2; sνJi → sνJ f ) ∝ 〈sν10|sν〉2 =
ν2

s(s + 1)
=

(n−Ω)2

4s(s + 1)
, (1)

where Ji and J f are spins of initial and final states, s, ν are quasispin quantum numbers,
details of which appear in Figure 3; 〈sν10|sν〉 is an su(2) Clebsch–Gordan coefficient and
Ω = (2j + 1)/2, e.g., Ω = 6 for j = 11/2. This Clebsch–Gordan coefficient emerges from
the quasispin su(2) algebra when applying the Wigner–Eckart theorem to the E2 operator:
this operator is a rank-1 quasispin tensor. Details are beyond the present discussion and
are given in [6]. (Note: ν (designated by the Greek letter nu) is distinct from the seniority
quantum number, v (designated by the Latin letter vee).) This relationship is illustrated
in Figures 8 and 9 for the j = 11/2 configurations in the even-mass Sn isotopes and
N = 82 isotones, respectively. Indeed, these patterns are one of the best signatures of
structure unique to singly closed shell nuclei. However, the clarity and interpretation of
these structures are dictated by quantum mechanics that is beyond that of the independent-
particle shell model in that correlations in the form of Cooper pairs have emerged. Pairing
Hamiltonians can be derived as a simplification of the nucleon–nucleon residual interaction;
however, the focus here is on the empirical simplicity of the seniority structures that persist
toward mid-shell where the number of valence nucleons is large, in contrast with the
connection between pairing correlations and the two-body residual interactions in a large-
basis shell model calculation, which is not obvious. Stated in rhetorical terms: Could one
ascertain the algebraic structure of Cooper pairs, in the guise of quasispin, and manifestly
controlling structure in all singly closed shell nuclei, based on a shell model computational
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program? Once the quasispin structure is recognized, its implications for the residual
interactions required in the shell model can be explored so that the structure emerges from
the calculations.Fig. 5.

Sn isotopes

Figure 5: The seniority‐dominated spectra in the neutron‐rich tin isotopes, shown relative to the highest
spin state in each multiplet (note the J = 27/2 state in the odd‐mass isotopes is set at the same level as
the J = 8 state in the even mass isotopes). These structures are dominated by neutrons filling the 1h11/2 orbital.
Note: multiple spin‐4 states are seen in 120,122,124Sn and multiple spin‐19/2 states are seen in 125Sn.
The figure is reproduced from Jenkins and Wood [3].

Figure 5. The seniority-dominated spectra versus the atomic mass number, A, in the neutron-rich
tin isotopes, shown relative to the highest spin state in each multiplet (note the J = 27/2 state in
the odd-mass isotopes is set at the same level as the J = 8 state in the even mass isotopes). These
structures are dominated by neutrons filling the 1h11/2 orbital. Note: multiple J = 4 states are seen in
120,122,124Sn and multiple J = 19/2 states are seen in 125Sn. Reproduced from [8].
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Figure 6: The seniority‐dominated spectrum in the proton‐rich N = 82 isotones, shown relative to the highest
spin state in each multiplet (note the J = 27/2 state in the odd‐mass isotones is set at the same level as
the J = 8 state in the even‐mass isotones). These structures are dominated by protons filling the 1h11/2 orbital.
The structure of 146Gd and 147Tb involves two‐state mixing, as depicted schematically. The figure is reproduced 
from Jenkins and Wood [3].

Figure 6. The seniority-dominated spectrum in the proton-rich N = 82 isotones, shown relative to
the highest spin state in each multiplet (note the J = 27/2 state in the odd-mass isotones is set at the
same level as the J = 8 state in the even-mass isotones). These structures are dominated by protons
filling the 1h11/2 orbital. The structure of 146Gd and 147Tb involves two-state mixing, as depicted
schematically. Reproduced from [8].
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Figure 7. (a) Seniority isomers involving j = 9/2 structures. The inset shows the half lives of the
states with spin 8, the corresponding 8+ → 6+ transition energies, and the deduced B(E2) values
for these transitions. The constancy of the B(E2) values, independent of mass, is remarkable and
shows the simple nature of seniority structures. The figure is adapted from one appearing in [21].
Data are from the Evaluated Nuclear Structure Data File (ENSDF) [22]. The 6+-state energy in 130Cd,
which is uncertain in ENSDF, is from [23]. (b) Seniority isomers involving the proton (1g9/2)

−4

configurations in the palladium isotopes at the N = 50 and N = 82 shell closures. The inset shows
the deduced B(E2) values. The 96Pd scheme is adapted from one appearing in [24] and the 128Pd
scheme is from [25]. The tabulated half lives and B(E2) values are taken from ENSDF. There are more
recent published values [26,27], but the conclusions do not change.

Fig. 8.

Figure 8: Illustration of Eq. 1, expressed in square‐root form, for the proton 1h11/2 configurations in the
N = 82 isotones. The B(E2) data shown are for the 10+ 8+ transitions in the even‐mass nuclei and for the
27/2‐ 23/2‐ transitions in the odd‐mass nuclei, cf. Fig. 6. The positive sign of the square root is adopted.
If the proton number is counted with reference to 146Gd as n = 0: with Ω = 6, according to Eq. 1, the B(E2) 
value should vanish at 152Yb. We note that this is an effect emerging from the Wigner‐Eckart theorem
for su(2), applied to reduction of the E2 matrix elements with respect to their quasi‐spin tensor structure.
The figure is taken from [11]. 

Figure 8. Illustration of Equation (1), expressed in square-root form, for the proton 1h11/2 config-
urations in the N = 82 isotones. The B(E2) data shown are for the 10+ → 8+ transitions in the
even-mass nuclei and for the 27/2− → 23/2− transitions in the odd-mass nuclei, cf. Figure 6. The
sign of the square root is allowed to change to match the matrix element changing from positive
to negative as depicted. If the proton number is counted with reference to 146Gd as n = 0: with
Ω = 6, according to Equation (1), the B(E2) value should vanish at 152Yb. Note that this is an effect
emerging from the Wigner–Eckart theorem for su(2), applied to reduction of the E2 matrix elements
with respect to their quasispin tensor structure. Redrawn from [28].
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Figure 9. A pattern of B(E2) values, similar to that shown in Figure 8, for the even-mass and odd-
mass Sn isotopes. These data suggest that the half-filled shell, where the B(E2) value goes to zero, is
at A ∼ 122, i.e., that the 1h11/2 orbital is not at the highest energy within the 50 < N < 82 shell: this
is consistent with 129Sn (and likely 131Sn) exhibiting a ground-state spin–parity of 3/2+. Note: there
is a scale factor of 0.514 applied between the even and odd-mass values, which accommodates the
v = 2 and v = 3 seniorities involved via the Clebsch–Gordan coefficient in Equation (1). Reprinted
with permission from [29]. Copyright (2008) by the American Physical Society.

In the remainder of this Section, some observations are made with respect to the
mathematical structure on which quasispin is based, in order to place this shell model view
into perspective.

The arrival at the concept of quasispin as a degree of freedom in nuclei requires the
recognition of mathematical structures that are not obvious. A brief sketch of the essential
details is given here in words. Full details are given by Rowe and Wood [6] and, at an
introductory level, by Heyde and Wood [5]. Specifically, the quasispin algebra is recog-
nized by expressing the Hamiltonian and the interaction using second quantization. The
mathematics emerge by taking bilinear combinations of the elements (one-body fermionic
creation and annihilation operators) of a Jordan algebra (anticommutator brackets of the
creation and annihilation operators). These bilinear combinations obey a Lie algebra (com-
mutator brackets). This is impossible to see until one works out the Lie bracket values
of the bilinear combinations, which is done by expanding them using anticommutator
bracket relations so as to express everything in terms of Jordan algebra elements in “normal
order”; see Equation (4.93) in Ref. [5]. Normal order means annihilation operators all to
the right and creation operators all to the left. Furthermore, the Lie bracket algebra for a
Jordan algebra element (single creation or annihilation operator) with quasispin algebra
elements (bilinear combinations of creation and annihilation operators) reveals that the
creation and annihilation operators are rank-1/2 quasispin tensors. This is also impossible
to see until one works out the Lie bracket values. Indeed, rank-1/2 tensors are unknown in
spin-angular momentum theory; see p. 423 in Ref. [6] for additional details.

Spectroscopy of low-spin and medium-spin states is beginning to provide a compre-
hensive (near-complete) view of excited states in doubly even nuclei at and near closed
shells. Consequently, seniority coupling has been shown to apply in nuclei where the
structure is dominated by two medium-spin j shells. This is illustrated in Figures 10 and 11
for the N = 82 isotones with Z < 64. The v = 2 structures in 134Te, 136Xe, 138Ba, and
140Ce are labelled in Figure 10: these include the 1g7/2 structures, with J = 2, 4, and 6, and
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the 1g7/2-2d5/2 structures, with J = 1, 2, 3, 4, 5, and 6. In 136Xe only, as expected, v = 4
structures are observed with the allowed spins, J = 2, 4, 5, and 8, cf. Figure 3. The compre-
hensive view of 136Xe is the result of an (n, n′γ) study [30]. Note that this seniority-based
organization of data is essentially complete; for example, there is no excited 7/2+ state
observed, as might be expected from a 1g7/2 ⊗ 2+1 coupling—such a coupling is forbidden
by the Pauli exclusion principle if the 2+1 states are seniority-dominated structures. The
B(E2; 2+1 → 0+1 ) = B20 values and the magnetic moments, µ(2+1 ), are shown for reference
and discussed further in Figure 12 as the g factors, where g(2+1 ) = µ(2+1 )/2.
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Figure 10. A view of the systematics of the even-mass N = 82 isotones with 50 < Z < 64. The low-
energy structure of these isotones is dominated by occupancy of the π1g7/2 and π2d5/2 shell model
configurations: the Fermi surface progressing from the π1g7/2 to the π2d5/2 orbit is schematically
indicated by dashed lines between 140Ce and 142Nd. The seniority structures are identified. The 3−

states are shown for reference. Horizontal bars with vertical arrows indicate excitations above which
states are omitted from the figure.
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low-energy structure of these isotones, as noted in Figure 10, is dominated by occupancy of the 1g7/2

and 2d5/2 shell model configurations: here, the completion of the filling of the 1g7/2 orbital at Z = 58
(140Ce) is manifest in the change in ground-state spins between 139La and 141Pr. In 135I and 137Cs
only, as expected, v = 3 structures are observed with the allowed spins, J = 3/2, 5/2, 9/2, 11/2, and
15/2, cf. Figure 3. Note: the spin of 1010 keV state in 135I is not known but is consistent with 3/2+. A
state with spin–parity 3/2+ is predicted at about 1 MeV excitation energy in 137Cs. Horizontal bars
with vertical arrows indicate excitations above which states are omitted from the figure. Additional
data for 141Pr, 143Pm, and 145Eu are not shown because they are not part of the present focus. Taken
from [8].
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The seniority structure of the N = 82 isotones and its breakdown is an issue for
future detailed study. However, shell model calculations affirm the dominant seniority
structures. The case of 136Xe has been studied comprehensively [30,32]. Table 1 shows
experimental B(E2) values between low-excitation states in 136Xe in comparison to the
(1g7/22d5/2) seniority model, as well as several shell model calculations that include all
orbits in the 50 ≤ Z ≤ 82 major shell but use alternative interactions. The B(E2) data
indeed demonstrate the pattern predicted by the seniority scheme. It should be noted that
136Xe represents the mid-shell for the π1g7/2 orbit, for which several E2 transitions are
forbidden. In such cases, the observed transition strengths result from small components of
the wavefunction, which can lead to considerable variations in the shell model predictions,
despite the calculations agreeing on the dominant structure of the states. It was noted in [32]
that the large-basis shell model calculations support the dominant configurations assigned
in the (1g7/22d5/2) seniority model up to the 4+2 state at 2.1 MeV excitation, although there
is considerable configuration mixing. The (1g7/22d5/2) model accounts for all states up
to about 2.8 MeV, with the exception of the 0+2 state (more on the 0+2 state below in this
Section). However, above the 2.1-MeV 4+2 state, where the level of density increases, the
correspondence between the two-level and full basis is less clear.

The 0+2 states are consistent with a multi-pair structure distributed over the 1g7/2 and
2d5/2 orbitals. For example, the jj55 model with sn100 interactions [33] has dominant
configurations of π(2d5/2)

2 (76%) [134Te], π(1g7/2)
2(2d5/2)

2 (45%) [136Xe], and π(1g7/2)
6

(51%) [138Ba], for the 0+2 states.

Table 1. Electric quadrupole transition rates in 136Xe. The seniority model in the (1g7/22d5/2) space
is described in [30] and in the text. The shell model calculations from [30,32,34] use alternative
interactions in the model space 1g7/2, 2d5/2, 3s1/2, 2d3/2, 1h11/2, which covers the 50 ≤ Z ≤ 82 major
shell.

Transition B(E2) (e2fm4)

Exp. [30,35] Seniority Ref. [34] N82K [30] jj55 [32]

2+1 → 0+1 415(12) 415 (a) 357 400 398
4+1 → 2+1 53.2(7) 0 63.6 86 48
6+1 → 4+1 0.55(2) 0 0.088 0.12 4.8
2+2 → 0+1 23(3) 0 − 12 0.7 (b)

2+3 → 0+1 38(3) 22.2 − 12 48 (b)

2+2 → 2+1 299(71) 419 − 103 308 (b)

2+3 → 2+1 21+58
−21 0.63 − 117 8 (b)

(a) The seniority model uses proton effective charge ep = 1.81, set to reproduce the experimental B(E2; 2+1 → 0+1 ).
(b) The calculated 2+2 state is identified with the experimental 2+3 state and vice versa.

Figure 12 shows the experimental g factors of the 2+ states and the B(E2; 2+1 → 0+1 )
values of the even-even N = 82 isotones with 50 < Z < 64, and compares them with large-
basis shell model calculations. In addition, the ground-state g factors of the interleaving
odd-A isotones are shown, which indicate that the Fermi surface moves from the 1g7/2
orbit into the 2d5/2 orbit at Z = 59. The B(E2) trend is quite well described, but the g(2+1 )
trend is not well described, particularly when the Fermi surface moves into the 2d5/2 orbit.
In contrast, the odd-A isotopes are well described. Focusing on the range 51 ≤ Z ≤ 57, the
g factor data in Figure 12, for both odd and even-A isotones, are near constant and thus
consistent with a simple π1gn

7/2 structure in both the ground states (odd-Z) and 2+1 states
(even-Z). The lowered experimental g(2+1 ) values for 140Ce, 142Nd and 144Sm have been
attributed to increasing contributions from ν(1h−1

11/22 f7/2) excitations [36]. Nevertheless,
the basic seniority structure appears to persist in these nuclei.

The complete pattern of excitations in odd-mass, singly closed shell nuclei is somewhat
more complex than for even-mass singly closed shell nuclei. This is shown for j = 11/2 in
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the tin isotopes in Figure 13. Note that the states expected for seniority v = 3 range over
14 spin values for j = 11/2, viz. 2J = 3, 5, 7, 9, 9, 11, 13, 15, 15, 17, 19, 21, 23, and 27 (see,
e.g., [37]). The experimental view is incomplete, but there is sufficient detail to conclude that
the seniority scheme provides a reliable basis for understanding the low-energy excitations
in these isotopes. This perspective is supported by a more global view of odd-mass nuclei
shown in Figure 14, wherein patterns for seniority-three multiplets in selected nuclides and
selected spin couplings are visible for j = 7/2, 9/2, and 11/2. This global behavior appears
not to have been recognized. We conjecture that there may be a geometric interpretation of
this pattern, similar to the geometrical interpretation of two-body interactions for a pair of
identical nucleons in a moderate to high j orbit, as introduced by Schiffer and True [38]. An
angle between the two spins can be defined, which gives a measure of the overlap of the
two orbits for different resultant spins; see discussions in Refs. [3,8].

One can conclude that seniority likely provides a complete description of the lowest-
energy excited states in singly closed shell nuclei—with one proviso: singly closed shell nu-
clei exhibit low-energy deformed structures that “coexist” with the low-excitation seniority-
dominated structures.

Fig. 12.
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Figure 13. A view of the systematics of the seniority-three νhn
11/2 states in the neutron-rich odd-mass

tin isotopes. There are some states missing, according to seniority-dominated coupling; the full set
contains: 2J = 3, 5, 7, 9, 9, 11, 13, 15, 15, 17, 19, 21, 23, and 27 (see, e.g., [37]). Because of ambiguities
in some parity assignments, other potential candidate states are omitted. Note there are “second”
19/2− states observed in 123,125,127Sn.
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Figure 14. A global view of seniority-three multiplets in selected nuclides and selected spin couplings,
for j = 7/2, 9/2, and 11/2. Energies are omitted to avoid cluttering the figure; energies are also
relative, per isotope. To our knowledge, this universal behaviour has not been recognized. Note that
the j = 7/2 multiplets (with the proviso made for 135I in Figure 11) are complete; the j = 9/2 and
11/2 multiplets contain more states than shown here, cf. Figures 4 and 13.

The manifestation of shape coexistence in singly closed shell nuclei was recognized
already forty years ago [39] and was reviewed thirty years ago [40]. It is well established
for Z = 20, 50, and 82 and for N = 20 and 28; there are hints to its presence for Z = 8
and 28, and for N = 8, 50, and 82. Details can be found in the most recent review [41],
together with some details in the earlier review [40]. The emerging view is that shape
coexistence likely occurs in all nuclei; including that spherical states occur in nuclei with
deformed ground states [42]. A concise perspective of the occurrence of deformation in
nuclei as compared to atoms can be encapsulated in: “The difference between atoms and
nuclei is that atoms are a manifestation of many-fermion quantum mechanics with one
type of fermion, which repel, whereas nuclei involve two types of nucleon, which attract.
By deforming, the system can lower its energy via relaxing the constraints of the Pauli
exclusion principle in such a manner that more spatially symmetric configurations become
accessible, which leads to a lowering of the energy of the system”. (It can be noted that
the emerging view of baryons may signal correlated, even deformed structures, especially
the recent realization [43] that the proton contains more (virtual) anti-down quarks than
anti-up quarks: this is simply a manifestation of correlations that involve “particle–hole”
excitations, i.e., quark–antiquark pairs, and the Pauli principle.)

3. Hints of Correlations, beyond Pairing and Seniority, at Closed Shells

The dominance of seniority, with intruding shape coexistence, in singly closed shell
nuclei is not quite “the whole story”. The following analysis of effective charges implied
by the observed B(E2; 2+1 → 0+1 ) in even-even nuclei adjacent to doubly closed shells
demonstrates what can be encapsulated in the term “the effective charge problem”.

Electric multipole transition rates in the shell model are usually evaluated using
harmonic oscillator wavefunctions. For a single-particle transition jβ → jα, the reduced
matrix element 〈jα||T(E2)||jβ〉 can be evaluated from

〈jα||T(Eλ)||jβ〉 =
e√
4π

(−1)jβ+λ− 1
2

1 + (−1)lα+lβ+λ

2
λ̂ ĵα ĵβ

(
jα jβ λ
1
2 − 1

2 0

)
bλR̃(λ)

αβ , (2)
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where ĵ ≡
√
(2j + 1) and R̃(λ)

αβ is the dimensionless radial integral that can be evaluated in
closed form with harmonic oscillator wavefunctions. The oscillator length b is defined as

b =

√
h̄

mNω
, (3)

where h̄ is the reduced Planck constant, mN is the nucleon mass, and h̄ω can be evaluated
as a function of the mass number A as

h̄ω = (45A−1/3 − 25A−2/3) MeV, (4)

which has been found to give satisfactory agreement with observed charge radii. In general,

B(Eλ; Ji → J f ) = |〈J f ||T(E2)||Ji〉|2/(2Ji + 1). (5)

For transitions between the states of the pure j2 configuration, the B(E2) values are related
to the single-particle matrix element 〈j||T(E2)||j〉, by

B(E2; Ji → Ji − 2) = 4(2Ji − 3)
{

j Ji − 2 j
Ji j 2

}2

|〈j||T(E2)||j〉|2. (6)

It is instructive to begin with the textbook cases of 17O and 18O, which can be consid-
ered as adding one and two neutrons, respectively, to a 16O core. Identifying the first-excited
state to ground, 1/2+1 → 5/2+1 , transition in17O as due to the neutron transition from the
2s1/2 to 1d5/2 orbits, the experimental value of B(E2) = 2.39(3) W.u. (Weisskopf units) re-
quires an effective neutron charge of en = 0.534(3)e. This value is close to en = 0.5e, which
is the default often adopted for shell model calculations. However, turning to 18O, and
identifying the 2+1 → 0+1 transition with ν(d5/2)

2
2+ → ν(d5/2)

2
0+ , requires en = 1.054(14)e

to explain the observed transition strength of 3.32(9) W.u. One might hope that this dis-
crepancy between 17O and 18O would be resolved by a shell model calculation in the full
sd model space with one of the “universal” sd interactions, but it is not. Such shell model
calculations describe 17O well. The same calculations, however, fall short of explaining
the B(E2 : 2+1 → 0+1 ) in 18 O by a factor of nearly 3. It is worth noting that the experimen-
tal B(E2) for 18O is based on about 20 independent measurements by four independent
techniques, all in reasonable agreement. The conclusion must be that the effective charge
handles 17O, but fails for 18O due to additional correlations.

Table 2 shows shell model calculations for the reduced transition rate, B(E2; 2+1 → 0+1 ),
in doubly magic nuclides plus or minus two like nucleons. The shell model calculations
were performed with NUSHELLX [44] and generally use a contemporary set of interactions
for the relevant basis space, and either the recommended effective charges for the selected
basis space, or the default ep = 1.5e and en = 0.5e, for protons and neutrons, respectively.
The effective charges required to bring the shell model calculations into agreement with
experiment are shown. For those nuclides adjacent to 48Ca and 56Ni, calculations were
run in a basis that treats these nuclei as doubly magic, as well as in the full fp shell, which
allows for excitations from the 1 f7/2 shell across the N, Z = 28 shell gap into the 2p3/2,
1 f5/2, and 1p1/2 orbits. These calculations account for the neutron core excitation in 48Ca,
including the ν(2p− 2h) 0+ state at 5.46 MeV, but cannot describe the π(2p− 2h) 0+ state
at 4.28 MeV; see Figure 2, and cf. Figure 60.
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Table 2. Effective charges, ep and en, in units of the elementary charge e, for B(E2; 2+1 → 0+1 ) in doubly
magic nuclides plus or minus two like nucleons. The experimental values are from the Evaluated
Nuclear Structure Data File (ENSDF) [22], with the following exceptions: 46Ar [45], 130,134Sn [46,47],
134Te [48], 210Po [49].

Nuclide Basis a Interaction B(E2) (W.u.) ep en

Experiment Shell Model b

16O core:
14C p pewt [50,51] 1.8± 0.3 5.42 0.86± 0.07 −
18O sd usdb [52] 3.32± 0.09 1.16 c − 0.76± 0.01

18Ne sd usdb [52] 17.7± 1.8 10.64 c 1.75± 0.09 −
40Ca core:

38Ar sd usdb [52] 3.4± 0.16 3.36 c 1.37± 0.03 −
38Ca sd usdb [52] 2.5± 0.6 0.37 c − 1.17± 0.14
42Ca f7 f7cdpn [53] 9.5± 0.4 0.64 − 1.92± 0.04

fp gx1a [54,55] 9.5± 0.4 0.77 − 1.76± 0.04
42Ti f7 f7cdpn [53] 16± 4 5.80 2.49± 0.31 −

fp gx1a [54,55] 16± 4 6.94 2.28± 0.28 −
48Ca core:

46Ar sdpf sdpfmu [56] 4.4± 0.4 7.77 d − −
46Ca f7 f7cdpn [53] 3.63± 0.3 0.60 − 1.23± 0.05

fp gx1a [54,55] 3.63± 0.3 0.94 − 0.98± 0.04
50Ca ho ho [57] 0.68± 0.02 0.83 − 0.45± 0.01

fp gx1a [54,55] 0.68± 0.02 0.84 − 0.45± 0.01
50Ti ho ho [57] 5.46± 0.19 5.05 1.56± 0.03 −
50Ti fp gx1a [54,55] 5.46± 0.19 9.19 − −

56Ni core:
54Fe f7 f7cdpn [53] 11.1± 0.3 4.76 2.29± 0.03 −

fp gx1a [54,55] 11.1± 0.3 13.08 − −
54Ni f7 f7cdpn [53] 10± 2 0.53 − 2.17± 0.22

fp gx1a [54,55] 10± 2 6.69 − −
58Ni ho ho [57] 10.0± 0.4 0.83 − 1.73± 0.03

fp gx1a [54,55] 10.0± 0.4 9.28 − −
132Sn core:

130Sn jj55 sn100 [33] 1.18± 0.25 0.76 − 0.62± 0.06
134Sn jj56 jj56cdb [33] 1.42± 0.25 0.94 − 0.62± 0.05
134Te jj55 sn100 [33] 5.12± 0.21 4.00 1.70± 0.03 −

208Pb core:
206Pb jj56 khhe [58] 2.8± 0.09 0.79 − 0.94± 0.02
210Pb jj67 khpe [58] 1.4± 0.4 0.55 − 0.80± 0.11
210Po jj67 khpe [58] 1.83± 0.28 e 3.51 1.08± 0.08 −

a Model basis spaces:
p: π & ν (1p3/2, 1p1/2)

sd: π & ν (1d5/2, 2s1/2, 1d3/2)
f7: π & ν (1 f7/2)
fp: π & ν (1 f7/2, 2p3/2, 1 f5/2, 2p1/2)

sdpf: π (1d5/2, 1d3/2, 2s1/2); ν (1 f7/2, 2p3/2, 1 f5/2, 2p1/2)
ho: π (1 f7/2); ν (2p3/2, 1 f5/2, 2p1/2)

jj55: π & ν (1g7/2, 2d5/2, 2d3/2, 3s1/2, 1h11/2)
jj56: π (1g7/2, 2d5/2, 2d3/2, 3s1/2, 1h11/2); ν (1h9/2, 2 f7/2, 2 f5/2, 3p3/2, 3p1/2, 1i13/2)
jj67: π (1h9/2, 2 f7/2, 2 f5/2, 3p3/2, 3p1/2, 1i13/2); ν (1i11/2, 2g9/2, 2g7/2, 3d5/2, 3d3/2, 4s1/2, 1j15/2)
b The default charges are ep = 1.5 and en = 0.5, unless otherwise indicated.
c For usdb the recommended values ep = 1.36, en = 0.45 were used.
d For sdpgmu the recommended values ep = 1.35, en = 0.35 were used.
e This experimental value has been questioned; see text.

There is no overall pattern in the effective charges shown in Table 2. Most of the shell
model B(E2) values are within a factor of 2 to 3 of the experiment; however, those for
the calcium isotopes, 38Ca and 42Ca, are underestimated by an order of magnitude. The



Physics 2022, 4 712

experimental B(E2) value for 46Ar is almost a factor of two smaller than theory. While a
lifetime measurement [59] gave a B(E2) value consistent with theory, the weight of evidence
from independent Coulomb excitation measurements [45,60,61] makes the adopted value
in Table 2 firm and in tension with theory.

Good agreement in the fp-shell calculation is obtained for 50Ca and 54Fe. As noted
above, in these cases, 48Ca and 56Ni are not doubly magic cores but part of the fp model
space. It is puzzling that the calculation for 50Ti in the same model space is twice the
experiment, but the restricted f7/2 model space agrees with experiment.

Moving to heavier nuclei, the effective charges in the 132Sn region are near the default
values [62], although most recent calculations adopt ep ≈ 1.7e and en ≈ 0.8e [32,34,63,64].
The measured B(E2) for 130Sn [46,47] is lower than theory and the experimental systematics
(see [65]); the experiment should be repeated.

In the 208Pb region, en approaches +e. The experimental result for 210Po is problematic.
As shown below in this Section, an analysis of higher-excited states in 210Po corresponding
nominally to the π1h2

9/2 configuration implies ep ≈ 1.5e. The experimental B(E2) in Table 2
for 210Po is deduced from a recent lifetime measurement by the Doppler shift attenuation
method following the 208Pb(12C,10Be)210Po reaction, which gave τ = 2.6± 0.4 ps [49]. This
new result is certainly an improvement on the previous measurement which used (d,d′)
above the Coulomb barrier to excite a 210Po target [66]. However, it is difficult to measure
such a short lifetime below the longer-lived 4+, 6+ and 8+ states that tend to also be
populated in heavy ion reactions; Kocheva et al. [49] recommend additional experiments.
Coulomb excitation of the radioactive beam (e.g., at ISOLDE where 210Po activity remains
in used ion sources) would be a possibility, avoiding the problem of feeding from the
longer-lived higher excited states.

In several cases in Table 2, a j2 approximation is (at least at face value) a reasonable
starting point. For the case of 14C, it is not: holes in 16O nominally occupy the 1p1/2 orbit
which must couple with 1p3/2 to form a 2+ state. In other cases, like 130Sn, the 2d3/2, 3s1/2,
and 1h11/2 single-particle orbits are so close in energy that a single-j2 approximation cannot
be applicable.

In some respects, the comparison of effective charges from the 2+1 → 0+1 transitions
alone may be considered selective and not altogether fair. However, as discussed in this
Section, it fits our purpose, which is to examine the emergence of collectivity in nuclei. To
explore further the successes and limitations of the shell model approach, comparisons of
E2 strengths and g factors are now made for a selection of the semimagic nuclides in Table 2
that can be approximated as a single-j2 configuration adjacent to a doubly magic core. Later
in this section and again in Section 8, we argue that the properties of 2+1 states, especially
their electromagnetic properties, play an important part in developing an understanding of
the emergence of collectivity in nuclei.

Table 3 shows the effective charges required to explain B(E2) values between low-
excitation states associated with nominal j2 configurations in doubly magic nuclides plus
or minus two like nucleons. For most cases, only protons or neutrons are active in the
basis space. For 50Ti and 54Fe, calculations were performed in the fp model space which
allows neutron excitations across N = 28; thus, both protons and neutrons contribute to
the transition rate. In these cases, the proton effective charge required by experiment was
evaluated assuming that en = 0.5e. The uncertainty given is due to the uncertainty in the
experimental B(E2) alone. Concerning the uncertainty in the assumed value of en, it can
be noted that ep + en is near constant for 50Ti, so a decrease in en by say 0.1e leads to an
increase in ep of approximately 0.1. For 54Fe, the value of ep is less sensitive to the assumed
value of en.

As expected, the effective charge is generally reduced when the basis space is enlarged;
the j2 model is obviously an oversimplification. However, it is a better approximation
for the nuclei adjacent to the N > Z doubly magic 132Sn and 208Pb. One reason is that,
for nuclei adjacent to N = Z doubly closed shells, intruder configurations are present at
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low energy and these place the active nucleons in a much larger Hilbert space than can be
handled by the shell model.

From Table 3, one can conclude that the effective charge required to describe the
B(E2; 2+1 → 0+1 ) transition is often greater than that required to explain the transitions
between the higher spins in the j2 multiplet (i.e., the E2 decays of the states with Jπ = 4+,
6+, ... (2j)+), particularly for the j2 model. One can also see that the effective charges exceed
the bare nucleon values, even in the large basis shell model calculations. The effective
proton charges are reduced significantly for 50Ti and 54Fe when the basis space is expanded
to include the whole fp shell. The proton charge deduced for 50Ti even approaches unity,
but this assumes that en = 0.5e.

Table 3. Effective charges for nominal j2 configurations in selected doubly magic nuclides plus
or minus two like nucleons. The effective charges are evaluated assuming a pure j2 configuration
and for the mixed configurations of the (large basis) shell model (SM) calculations in Table 2. The
experimental transition rates, B(E2)exp, are from ENSDF [22] and from the references in Table 2.

Nuclide Config. Transition B(E2)exp (W.u.) eeff

j2 SM

Protons:
18Ne π1d2

5/2 2+1 → 0+1 17.7± 1.8 2.43± 0.12 1.75± 0.09
4+1 → 2+1 8.9± 1.2 2.08± 0.14 1.34± 0.09

42Ti π1 f 2
7/2 2+1 → 0+1 16± 4 2.5± 0.3 2.28± 0.28

6+1 → 4+1 3.2± 0.2 1.65± 0.05 0.95± 0.03
50Ti π1 f 2

7/2 2+1 → 0+1 5.46± 0.19 1.56± 0.03 1.06± 0.03 a

4+1 → 2+1 5.5± 1.5 1.57± 0.21 1.1± 0.2 a

6+1 → 4+1 3.14± 0.13 1.76± 0.04 1.24± 0.03 a

54Fe π1 f−2
7/2 2+1 → 0+1 11.1± 0.3 2.29± 0.03 1.36± 0.02 a

4+1 → 2+1 6.3± 1.3 1.73± 0.18 1.60± 0.18 a

6+1 → 4+1 3.24± 0.06 1.84± 0.02 1.36± 0.01 a

134Te π1g2
7/2 2+1 → 0+1 5.12± 0.21 1.80± 0.04 1.70± 0.03

4+1 → 2+1 4.3± 0.4 1.65± 0.08 1.58± 0.07
6+1 → 4+1 2.05± 0.04 1.69± 0.02 1.54± 0.02

210Po π1h2
9/2 2+1 → 0+1 1.83± 0.28 b 1.07± 0.08 1.08± 0.08

4+1 → 2+1 4.46± 0.18 1.56± 0.03 1.50± 0.03
6+1 → 4+1 3.05± 0.09 1.55± 0.02 1.50± 0.02
8+1 → 6+1 1.12± 0.04 1.48± 0.03 1.44± 0.03

Neutrons:
18O ν1d2

5/2 2+1 → 0+1 3.32± 0.09 1.054± 0.014 0.76± 0.01
4+1 → 2+1 1.19± 0.06 0.76± 0.02 0.51± 0.01

42Ca ν1 f 2
7/2 2+1 → 0+1 9.5± 0.4 1.92± 0.04 1.76± 0.04

4+1 → 2+1 8.3± 1.2 1.80± 0.13 1.6± 0.1
6+1 → 4+1 0.777± 0.022 0.82± 0.01 0.47± 0.01

134Sn ν2 f 2
7/2 2+1 → 0+1 1.42± 0.25 0.80± 0.07 0.62± 0.05

6+1 → 4+1 0.89± 0.17 0.94± 0.09 0.52± 0.05
210Pb ν2g2

9/2 2+1 → 0+1 1.4± 0.4 0.81± 0.12 0.80± 0.11
4+1 → 2+1 4.8± 0.9 1.40± 0.13 1.28± 0.12
6+1 → 4+1 2.1± 0.8 1.11± 0.21 1.0± 0.2
8+1 → 6+1 0.7± 0.3 1.02± 0.22 0.90± 0.19

a Evaluated in the fp basis with gx1a interactions and en = 0.5e. See text for details. b This experimental value has
been questioned; see text.
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There are broadly two scenarios to explain the effective charge. First, and universally
applicable, is the coupling of the valence nucleons to collective excitations of the core,
including the giant resonances, in such fashion that the concept of an effective charge as a
renormalization procedure has some operational justification. Second, and specific to partic-
ular cases, is the coupling between the valence nucleons and low-excitation configurations
outside the shell model basis. This later scenario means that the shell model configuration
is wrong in a more fundamental way.

An examination of the magnetic moments, or rather the g factors (g = µ/J), can
distinguish between these scenarios. To this end, Table 4 shows an evaluation of the
g factors for those nominal j2 configuration cases in Table 3 for which there are experimental
data. It is useful to make use of the fact that g(jn) = g(j); that is, the g factor of any number
of nucleons in a single-particle orbit is equal to the g factor of the single-particle orbit,
independent of the number of nucleons (n) and the resultant spin.

The empirical g factor of the j2 configuration was evaluated as the average of the
g factors of the ground-states of the neighbouring nuclei with A± 1 and odd-Z or odd-
N, as appropriate. The shell model calculations in the sd and fp spaces use the default
effective M1 operator for those basis spaces. For the jj55 space, the M1 operator is as in
Refs. [48,64,65,67,68]. For 210Pb and 210Po (jj67), the effective gs was set to 70% of the free
nucleon value and gl adjusted to reproduce the ground state g factors of 209Pb (ν2g9/2)
and 209Po (π1h9/2). The values so obtained conform to expectations (gl(π) ≈ 1.1 and
gl(ν) . 0). It is important to note that the renormalization of the M1 operator is due to
processes quite distinct from those that give rise to the effective charge, namely meson
exchange currents, and core polarization. Here, the core polarization involves particle–
hole excitations between spin–orbit partners, which couple strongly to the M1 operator.
It thus differs in a fundamental way from the core polarization associated with the E2
effective charge.

It is convenient to discuss the results in Table 4 beginning with the heavier nuclei,
210Pb and 210Po. For these nuclei adjacent to 208Pb, there is good agreement between the
experimental g factors of the 6+1 and 8+1 states, and both the empirical j2 estimate and the
shell model. These can be considered text book examples. It is unfortunate that there are no
data for the 2+1 and 4+1 states, which, as the following discussion in this Section suggests,
might show additional collectivity.

Turning to 134Te, the E2 and g factor data for the π(1g7/2)
2 multiplet are complete,

and there is reasonable agreement with both the j2 model and the shell model calculations.
A detailed analysis has been given in Ref. [48], wherein it is shown that there is additional
quadrupole collectivity in the 2+1 state of 134Te that is not accounted for by large-basis shell
model calculations that assume an inert 132Sn core. It was demonstrated that coupling the
valence πg2

7/2 configuration to a core vibration with the properties of the first-excited state
in 132Sn can readily account for the observed 2+1 → 0+1 transition strength in 134Te, and
that the wavefunctions of the 2+1 , 4+1 and 6+1 states of 134Te nevertheless remain dominated
by the πg2

7/2 configuration. It can be concluded that 132Sn is a relatively inert shell-model
core. The caveat, however, is that the shell model calculations still require relatively large
effective charges.

In the fp shell, 50Ti shows quite good agreement with both the j2 model and the shell
model. For 54Fe, the experimental g factors show better agreement with the large-basis
shell model than the j2 model. The shell model calculations in the fp basis with the gx1a
interactions do a reasonable job of describing the different behaviour of the g factors in 50Ti
and 54Fe.

The isotopes with two neutrons outside the N = Z cores 16O and 40Ca show similar
behaviour: g(2+1 ) is reduced significantly in magnitude compared to both the j2 model and
the shell model calculation, whereas the higher excited states, 4+ in 18O, and 6+ in 42Ca,
have g factors in agreement with both the j2 model and the larger-basis shell model. In
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these isotopes, both the E2 transition strengths and the g factors indicate that the 2+ state
must contain collective admixtures. Writing the 2+1 wavefunction in the form

|2+1 〉 = α|SM〉+
√

1− α2|coll〉, (7)

where SM denotes the part from the shell model basis space and “coll” denotes the collective
part (from multiparticle-multihole excitations), implies that

g(2+1 ) = α2gSM + (1− α2)gcoll. (8)

Assuming that the collective g factor is gcoll ≈ Z/A ≈ 0.5, and taking the shell model
g factor from Table 4 implies that there is a collective contribution of α2 = 20± 2% in the
first excited state of 18O, and a huge 59± 5% collective contribution in the first-excited
state of 42Ca. This mixing in 42Ca is in excellent agreement with a 50% collective con-
tribution deduced from Coulomb excitation data and one-neutron transfer reaction data
(see Figures 41 and 42 for full details). To explain the observed g factor in 42Ca, Ref. [69]
requires that the basis space be expanded to include the sd as well as fp orbits for both
protons and neutrons. This strongly collective structure of the 2+1 state is in stark contrast
with the near pure ν( f7/2)

2 structure of the 6+1 state.

Table 4. g factors for nominal j2 configurations in doubly magic nuclides plus or minus two
like nucleons. Data are from [70] (with a correction for 54Fe g(2+1 ) from [71]).

Nuclide Config. Jπ
i g (exp) g (emp j2) g (SM)

18O ν1d2
5/2 2+1 −0.285± 0.015 −0.685 −0.476

4+1 −0.63± 0.10 −0.685 −0.603

42Ca ν1 f 2
7/2 2+1 0.04± 0.06 −0.416 −0.615

6+1 −0.415± 0.015 −0.416 −0.538

50Ti π1 f 2
7/2 2+1 1.45± 0.08 1.538 1.235

6+1 1.55± 0.17 1.538 1.379

54Fe π1 f−2
7/2 2+1 0.95± 0.11 1.407 1.091

6+1 1.37± 0.03 1.407 1.354

134Te π1g2
7/2 2+1 0.76± 0.09 0.833 0.837

4+1 0.75± 0.50 0.833 0.833
6+1 0.847± 0.025 0.833 0.842

210Pb ν2g2
9/2 6+1 −0.312± 0.015 −0.320 −0.304 a

8+1 −0.312± 0.007 −0.320 −0.307 a

210Po π1h2
9/2 6+1 0.913± 0.008 0.913 0.912 b

8+1 0.919± 0.006 0.913 0.911 b

a gs(ν) = 0.7gfree
s (ν) = −2.678 and gl(ν) = −0.033 set to reproduce the ground-state moment of 209Pb.

b gs(π) = 0.7gfree
s (π) = 3.910 and gl(π) = 1.16 set to reproduce the g.s. moment of 209Bi.

To sum up, for the nuclei with N = Z cores, the 2+1 structure is apparently affected by
mixing with low-excitation deformed multparticle-multihole states, whereas the higher-
spin states are closer to the naïve j2 structure. For N > Z cores, the low-spin states are
better approximated by the empirical j2 model and quite well described by the shell model.
However, in all cases, a substantial effective charge is required to explain the E2 strength,
even when the g factor suggests a relatively pure shell model configuration.
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Although a first assessment of the effective charges required to explain the B(E2; 2+1 →
0+1 ) data adjacent to closed shells may appear to show no pattern, some features can be
identified: (i) shape coexistence and mixing must be taken into account when the doubly
magic core has N = Z, (ii) there are always non-zero corrections to the nucleonic charges.
Defining δep and δen, where eeff

p = (1 + δep)e and eeff
n = δen e, the common assumption

that δep ≈ δen ≈ 0.5 is seen to be valid in many cases. However, δen appears to increase in
heavier nuclei.

The above data and discussion shows that, for E2 transition strengths, the bare electric
charges, ep = +1e and en = 0, do not work for configurations confined to a valence shell. A
correction to the effective charges δep(n) & 0.5 is usually required, even when the low-lying
core excitations are taken into account. Certainly, the use of effective charges has provided
a means for exploring nuclear structure using the shell model applied to nuclei that do
not have closed shells. However, such practice buries important aspects of the origin of
quadrupole collectivity in nuclei; one cannot learn the whole story about the origin of
nuclear collectivity using such theories. We suggest that the path forward is two-fold: first,
to develop models that obviate the need for effective charges, and second, where the use
of effective charges is unavoidable, to formulate appropriate strategies to understand and
manage their use.

There are “standard” approaches to evaluate effective charge—often conceptually
based on the particle-vibration model of Bohr and Mottelson for nuclei with a single valence
nucleon. The vibration can be described microscopically by particle–hole excitations in a
Random Phase Approximation (RPA)-type approach [72–76]. There is then some choice of—
and sensitivity to—the interaction used in the RPA calculation [76]. This procedure, based
on single particle–hole excitations, will not account for the effects of mixing between the
valence configurations and low-excitation multiparticle-multihole configurations, which
will particularly affect the E2 effective charge. The procedure to generalize from one valence
nucleon to many is less often discussed. The effective charge must vary to some extent with
the number of valence nucleons, but, in practice, it is usually held constant.

Some further comments on the path forward are made in Section 10.
A wider view of what one means by the shell model as an independent-particle model

is provided by quasi-elastic electron scattering knockout of protons from closed shell nuclei.
A summary view is provided in Figure 15. Quasielastic electron-scattering knockout of
protons is a probe of independent-particle behaviour in nuclei that is distinct from the more
familiar one-nucleon transfer reaction spectroscopy such as (d, 3He). First, the interaction is
purely electromagnetic; second, entrance and exit channel effects are limited to the outgoing
(high-momentum) proton. Thus, confidence can be placed in the extracted spectroscopic
factors for (e, e′p) reactions and the revelation that the single-particle view is “incomplete”.
The important insight is that one is never dealing with independent particles in a quantum
many-body system such as the atomic nucleus: correlations are ubiquitous. Indeed, there
are severe warnings of this in the theoretical literature, e.g., [77,78]. These correlations
go much deeper than pairing correlations. The subject of nucleon correlations in nuclei
is broad. Reference to them in the narrative here is minimal because our focus is on
systematics of low-energy phenomenology. For the interested reader, a useful entry point
is Ref. [79]. For recent access to the topic, a useful source is Ref. [80].
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Fig. 16.

Figure 15. Spectroscopic strengths from quasielastic electron scattering knockout of valence protons,
A(e, e′p). Adapted from [81] (taken from [82]). The conclusion is, relative to a mean-field view, that
never more than 70% of independent-particle strength is manifested in valence nucleon structure,
even at doubly closed shells, i.e., other degrees of freedom are contributing to these structures.

The dilemma presented by the data in Figure 15 is a direct confrontation of the shell
model approach to nuclear structure, so it can be viewed as a restatement of the question
that is used for the title of this review. The data raise two questions: (1) Where has the
single-particle strength gone? (2) What has replaced the single-particle strength? We do
not attempt to answer these questions. Note that we are in good (bad?) company with the
Standard Model of particles and fields. The Standard Model has a plethora of parameters,
and nobody knows where they come from. There is one difference in our favour: we believe
that protons and neutrons underlie the low-energy degrees of freedom in nuclei, but to
employ their bare parameters requires much larger model spaces. Let us note the subtle
point regarding correlations: it is primarily the number of configurations involved, not
the number of particles, that is relevant. Shell model computations are only tractable in
(relatively) small Hilbert spaces: the accumulating evidence is that these spaces are too
small. There is an exponential growth in matrix dimensions as the shell model space is
increased. However, “symmetry guided” approaches are beginning to circumvent this
limitation [83]. A few details are given in Section 10.

It is relevant to note here that the missing strength in (e, e′p) knockout and the effective
charge problem must be related at a fundamental level because the T(Eλ) matrix elements
for mass A can be expanded in terms of one-body spectroscopic factors connecting A and
A− 1. Whether the general missing strength in transfer reactions [84] is associated with
short-range [85] or long-range [86] correlations is crucial for the question of emerging
collectivity. Moreover, the role of this missing strength in the emergence of quadrupole
collectivity in nuclei could possibly be illuminated by examining how the effective charges
for higher multipolarities, particularly E4 and E6, compared to those for E2 transitions.
The negative polarization charge required for the E6 transition in 53Fe remains a puzzle;
see, e.g., [74,76]. Experimental verification of this sole example of an E6 transition is
clearly important.
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A useful tool that has been used to explore independent-particle degrees of freedom
in nuclei has been one-nucleon transfer reactions. However, the so-called spectroscopic
strengths extracted from such data must be treated with great caution. This was recognized
long ago by Baranger [87], and even earlier by Macfarlane and French [88]. These issues
have received renewed attention; see, e.g., [89,90] and references therein for a discussion of
the problem. The key issue is: Which nuclei provide the best view of independent-particle
degrees of freedom? The approach of looking at how degrees of freedom, which manifestly
are not independent-particle degrees of freedom, “intrude” into nuclei where independent-
particle degrees of freedom have the best chance of dominating (and are widely assumed
to do so [91]) is explored here.

By now, it is recognized that structures, even highly deformed structures, “intrude”
into the low-energy excitations of spherical nuclei [41]. However, there are subtleties in the
mechanism by which such intruder states appear at low excitation energy. An example is
shown in Figure 16 for low-energy excited states in 47,49Ca. The naïve interpretation of the
low energies of the 3/2− state in 47Ca and the 7/2− state in 49Ca would be that the N = 28
shell gap has broken down; but, with an understanding of the manifestation of pairing
correlations, the reality is that the N = 28 shell gap is strongly present. The persistence of
the shell gap can be seen on the right side of Figure 16 where the difference between the
observed excitation energies of the first-excited states in 47Ca and 49Ca (which correspond
to excitation of a neutron across N = 28) and the shell gap energy of≈ 5.1 MeV is very close
to the pairing energy determined from the odd-even staggering in the neutron separation
energy, Sn. However, one reads about “collapse of shells” and “dissolving of shells”. This
would be true if there were no correlations present; but correlations are present.
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Figure 16. Intruder states in 47,49Ca. The low energy of the 3/2− state in 47Ca and the 7/2− state
in 49Ca result from pairing correlations. The low B(E2) values associated with these states indicate
little or no collective core excitation is involved. The left-hand side of the figure illustrates how a
simple estimate of the pairing correlation energy can be made. This analysis shows that the energy
gap for N = 28 at Z = 20 is 5.1 MeV, in line with a well-defined shell gap. The data are taken from
ENSDF [22], AME2020 [92], and [90]. Reproduced from [8].
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A classic example of intruder states that illustrate the role of deformation is shown in
Figure 17 for the odd-mass thallium isotopes. The first hints of these deformed intruder
states were recognized long ago [93]; the thallium isotopes were a prime motivational
origin of the first review of shape coexistence [94]. The spectroscopic evidence resides in
the hindrances of the isomeric transitions and in the band structures associated with the
isomer (9/2− states). The key excitation is a proton across Z = 82 to leave a hole pair below
Z = 82; this hole pair correlates with the valence neutron pairs. These correlations result in
near-identical “parabolas” in Bi and Pb isotopes, scaled by the number of proton pairs (see
Figure 17 in [41]) and the parabolas exhibit a near collinearity when plotted versus neutron
number. The 9/2− intruder structure is the oblate Nilsson 9/2−[505] configuration. There
are extensive band structures which are well-described by the Meyer-ter-Vehn model [95,96].
The cores are A−1Hg; the parameters are the same as for odd-Hg 1i13/2 bands and odd-Au
1h11/2 bands (viz. β = 0.15, γ = 37◦). However, these details raise serious questions about
using simple shell model configurations when interpreting excited states even in nuclei
with one nucleon coupled to a singly closed shell.
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Figure 17. The lowest-energy intruder states in the odd-mass thallium isotopes. A naïve interpretation
(from a spherical shell model perspective) would lead to the conclusion that because a 9/2− state is
below an 11/2− state in excitation energy, spin–orbit coupling has “broken down” or “collapsed”.
In reality, the 9/2− states shown are dominated by proton 1p− 2h excitations and are deformed
structures: the first collective excitation on these 9/2− states is shown. [41]. Further details are given
in the text. Reproduced from [8].

4. Nuclei with Open Shells; Emergence of Collectivity

Nuclear structure is dominated by open-shell nuclei. With excitation of nucleons
across shell gaps, and the resulting correlations, “open-shell” configurations intrude to low
energy, even to the ground state, in some closed-shell nuclei. Thus, one must understand
open-shell nuclei from a microscopic perspective. There are excellent limiting cases for
nuclear behavior in open-shell nuclei: these are the strongly deformed nuclei, but a detailed
microscopic understanding is lacking. Some perspectives on the current situation are
presented here. This is the main focal point of this paper.

The key criterion for this exploration is to identify signatures of shell model structure
in open-shell nuclei. Doubly even nuclei obscure shell model structure because of the
correlations of pairs of nucleons. Odd-mass nuclei manifestly provide a view, via the
unpaired nucleon. However, correlations are still an issue because there can be mixing
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of the configurations with different j values within a given shell. However, spin–orbit
coupling provides a way forward: each shell has a unique-parity orbital and configurations
involving this orbital will be the least mixed of any structures observed.

The power of the systematics of unique-parity states is illustrated in Figures 18 and 19.
These figures show the systematics of the positive-parity states in the odd-mass yttrium
isotopes across two shells, Figure 18, and of the negative-parity states in the odd-mass
N = 63 isotones across two shells, Figure 19. Noting that the “parent” j configurations
are 1g9/2 and 1h11/2, i.e., they differ by one unit of spin, the patterns are similar to the
point that they are close to identical. (We recognize that, in the yttrium isotopes, there is
a “delayed” onset of collectivity in 91,93,95,97Y, an issue which does not concern us here).
These patterns suggest that there is an underlying coupling scheme that is defined by
just a few simple basic features. Since multi-j shell structures (as manifested in, e.g., the
negative-parity states in the 28 < Z < 50 shell, involving the configurations 1 f5/2, 2p3/2,
and 2p1/2) are dominated by mixing of these configurations, the unique-parity states may
provide a basic guide, via recognized single-j shell dominated patterns, for a mixed j-shell
description across all open-shell odd-mass nuclear structure. Thus, we point to patterns
that are independent of specific open shells; and to the implication that “shell-specific”
interactions may be unnecessarily complex and intricate.

At present, the best description of experimental data for odd-mass nuclei in regions
where deformation is not large is: “incomplete”. However, a small number of such nuclei
have been sufficiently well studied that they can provide guidance to likely a more complete
view of the structure of unique-parity states. The best experimental example of the structure
we draw attention to is shown in Figure 20, i.e., the nucleus 125Xe. This is a pattern of
organization related to the studies of a single-j particle coupled to a rigid triaxial rotor, by
Juergen Meyer-ter-Vehn [95,96]; indeed, he suggested such a pattern in 187Ir, long before
detailed spectroscopic information was available: an up-to-date view of 187Ir is shown in
Figures 21 and 22, and these strongly support the view. Further note that a very similar
pattern appeared in a weak coupling description [97].
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Figure 18. Systematics of the positive-parity states across the yttrium isotopes. These states are
the unique-parity states for protons in the 28 < Z < 50 open shell. Note the emergence of near-
identical excitation patterns at the extreme mass numbers (these are the Nilsson configurations
Ωπ [NnzΛ] = 5/2+[422], which differ only in rotational energy parameters).



Physics 2022, 4 721

103Zr

0

1

2

3

4

105Mo 107Ru 109Pd

7/2−

17/2−

15/2−

5/2−

21/2−

27/2−

23/2−

101Sr 111Cd

9/2−
13/2−
11/2−

19/2−

9/2−
11/2−
13/2−

25/2−

115Te 117Xe 119Ba113Sn

25/2−

5/2−

E(MeV)
ODD-N

neg.par.
N = 63

27/2
25/2−

23/2−
21/2−

19/2−
17/2−

15/2−
13/2−
11/2−

9/2−
7/2−
5/2−

−

Figure 19. Systematics of negative-parity states across the N = 63 isotones. These states are the
unique-parity states for neutrons in the 50 < N < 82 open shell. Note the emergence of near-
identical excitation patterns at the extreme mass numbers (these are the Nilsson configurations
Ωπ [NnzΛ] = 5/2−[532], which differ only in rotational energy parameters and, slightly, in “stagger-
ing” or signature splitting).
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Figure 20. Organization of the unique-parity states in 125Xe, associated with j = 11/2 into a “hyper-
band” pattern due to Meyer-ter-Vehn [95,96]. The inset shows the quantum numbers used to define
this pattern [98]. The data are taken from [99], but the pattern was not recognized there. Note that
“vertical” ∆I = 2 (i.e., E2) transitions are almost totally absent from the observed data. See the text for
more details.
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Figure 21. Organization of the unique-parity states in 187Ir associated with j = 11/2 into a “hyper-
band” pattern due to Meyer-ter-Vehn [95,96]. The data are taken from [100], but the pattern was not
recognized there. The states to the right may be associated with three-quasiparticle (3 q.p.) excitations.
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Figure 22. Organization of the unique-parity states in 187Ir associated with j = 9/2 intruder configu-
ration into a “hyper-band” pattern due to Meyer-ter-Vehn [95,96]. The data are taken from [100], but
the pattern was not recognized there.

The pattern shown in Figure 20 is an organization of experimental data to reflect the
dominance of so-called “rotational-aligned” coupling, which occurs in odd-mass nuclei
that are not strongly deformed. The leading rotationally aligned set of states is highlighted
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in red and extends from the lowest I = 11/2 state, diagonally upwards to the right. The
spin 11/2 originates from the 1h11/2 spherical shell model state, which dominates all low-
energy negative-parity states in 125Xe. The lowest tier of states in this set has the spin
sequence 11/2, 15/2, 19/2, 23/2, 27/2, . . . ; the tier just above has the spin sequence 13/2,
17/2, 21/2, 25/2, . . . However, as shown, this basic pattern is “repeated”, within the set
of states highlighted in red, with tiers possessing spin sequences 15/2, 19/2, 23/2, . . . ,
17/2, 21/2, . . . Furthermore, with sets of states, highlighted in blue and green, the red
pattern is repeated built on states of I = 9/2 and 7/2, respectively. The tiers of ∆I = 2
spin sequences, beyond the first two, result from axial asymmetry and the coupling of the
j = 11/2 particle to an axially asymmetric rotor. The repeated sets of states, coded with
different colours, identified as I = 9/2 and I = 7/2, arise from alignment of the j = 11/2
particle in the deformed quadrupole field of 125Xe (such as occurs in the Nilsson model)
and rotations about the unfavored axis of the triaxial rotor. These multiple tiers have
been considered in some nuclei, by some authors, as candidates for so-called “wobbling”:
such wobbling, however, requires strong E2 transitions between tiers of states, i.e., decays
appearing as vertical arrows; in 125Xe, these transitions appear to be dominated by M1
transitions, which might be termed “magnetic” rotation; for further details, see Refs. [95,96].
There is controversy regarding E2 admixtures in ∆I = 1 transitions; see the general remarks
in [101].

A perusal of the literature over recent decades suggests that the view of Meyer-ter-
Vehn has been “forgotten”. The question that arises from consideration of Figures 18–20
(and Figures 21 and 22) is: How small a deformation is meaningful in weakly deformed
nuclei? We consider this question but do not reach a final answer. An important outcome
of the Meyer-ter-Vehn model [95,96] has been a multi-j version of the model, which is
usually described as the particle-triaxial-rotor model (PTRM) [102]. Indeed, it was applied
to a description of 125Xe [103,104] before the more recent detailed data set [99]. Thus, the
focus here is on a deeper look at the basics of these models, especially near their weak
deformation limit.

A major factor in particle-rotor models, both axially symmetric and axially asymmetric,
when the deformation is not large, is so-called “Coriolis” or “rotational” alignment. A
milestone paper that pointed to this effect was by Frank Stephens and coworkers [105],
based on observations in the odd-mass lanthanum isotopes; an up-to-date view of their
perspective is shown in Figure 23. An up-to-date view of all known negative-parity states
in the odd-mass lanthanum isotopes is shown in Figure 24. Except for 133La, the low-
spin couplings are not yet observed. The coupling to low spin is addressed shortly in
this Section. The pattern in Figure 23 is referred to as “rotation-aligned” coupling. A
simple explanation is given in Figure 25. The essential mechanism is the competition
between “rotation alignment” and “deformation alignment”, where deformation alignment
is embodied in the basic quantum mechanics of the Nilsson model. The quantum mechanics
of rotation alignment is described by the I · j term of the particle-rotor model: Figure 25 is
a semi-classical view of this term. A naïve view of the weak-coupling limit of this term is
that it dominates the coupling, and the total spin, I and j become collinear. This already
appears to happen in the odd-mass lanthanum isotopes for the I = j + 2 states, but this
does not address the question for the other possible couplings of j (to the even-even core)
to yield a resultant total spin I.
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Figure 25. Semi-classical view of the rotation-alignment or Coriolis term in the particle-rotor model.
The two coupling schemes depict the two extremes of the Nilsson model for a single-j state in a
spheroidally deformed mean-field, labelled by Ω = 1/2 and Ω = max. For the particle-rotor coupling,
I = R + j and very different alignments of I and j are possible. Recognizing that, e.g., Figure 23
focuses on energy differences, one sees from these diagrams that differences in I, i.e., ∆I, a vector
quantity, result in very different values for ∆I · j and hence for expectation values of this quantity.
Reproduced from [8].

Coupling of j to an even-even core to yield low-spin states with unique parity is
sparsely characterized in weakly deformed nuclei, as already noted. An extreme “weak
coupling” example is shown in Figure 26. By weak coupling, one means that a set of states,
resulting from coupling an odd-nucleon of spin j to the core 2+1 excitation, j⊗ 2+1 , with spins
|j− 2| ≤ J ≤ |j+ 2|, appears as a closely spaced multiplet, at an excitation centred on the 2+1
energy of the even-even core, connected by unfragmented E2 strength to the spin-j ground
state, is observed. This simple view is approximately realized in Figure 26: Coulomb
excitation strongly populates five states with J = 5/2, 7/2, 9/2, 11/2, and 13/2; it also
weakly populates a 5/2+ state at 941 keV and a 9/2+ state at 1461 keV. These two states are
due to a shape coexisting or intruder band (a Nilsson 1/2+[431] decoupled rotational band)
details of which are not important to the present focus. It is sufficient to note that the weakly
coupled multiplet is identifiable, with the provision that the spin 5/2 and 9/2 members
of the multiplet are manifested with some configuration mixing due to near degeneracies
with intruder band configurations. This would suggest that the weak coupling limit is a
familiar pattern, and the quest is nearly complete, pending filling in some minor details.
However, a recent result [64] shows that the situation is far from being the weak-coupling
limit: this is illustrated in Figure 27. Even though the energies appear to approximate
the weak-coupling pattern, significant collective E2 strength has been “acquired” by the
addition of a single extra-core proton. More specifically, the odd-A nucleus 129Sb shows
additional collectivity in Coulomb excitation from the ground state, above that of the 128Sn
core. A shell model description with effective charges of ep = 1.7e and en = 0.8e set
from the B(E2; 0+1 → 2+1 ) values of the semimagic neighbours 130Te for protons and 128Sn
for neutrons, goes some way towards describing this additional collectivity. This simple
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particle–core coupling situation therefore gives evidence of emerging collectivity over and
above that implied by the significant effective charges associated with the individual proton
and neutron contributions.

Fig. 27.

Figure 27: Example of near‐weak coupling in 115In, observed by Coulomb excitation and shown in comparison
to Coulomb excitation for the neighbouring even‐even “core” nucleus, 116Sn. These states are due to the 
proton coupling 1g9/2‐1 x 21+. There is some fragmentation of strength for specific spin‐parities: this results
from mixing with intruder states. [JLW SEE later]. The data are taken from [38]. The figure is reproduced from 
Rowe and Wood [6].     

Figure 26. Example of near-weak coupling in 115In, observed by Coulomb excitation and shown
in comparison to Coulomb excitation for the neighbouring even-even “core” nucleus, 116Sn. These
states are due to the proton coupling 1g−1

9/2 ⊗ 2+1 . There is some fragmentation of strength for specific
spin-parities: this results from mixing with intruder states. The states at 941 keV, 5/2+ and 1449 keV,
9/2+ are members of a decoupled rotational band built on the 1/2+[431] Nilsson configuration [106].
This configuration has 1g7/2 parentage and results in a rotational band with decoupling parameter,
a ' −2, which puts the 3/2+ state below the 1/2+ state. Note that the negative parity states are not
shown; the lowest negative parity states in the odd-In isotopes are shown in Figure 28. The numbers
in parentheses are B(E2) values for the excitation process, in units of e2fm4× 102 (100 e2fm4 = 60 W.u.
for A = 115.) The data are taken from [107]. Reproduced from [6].
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Figure 27. (a) Partial level scheme for 129Sb. Grey transitions result from excitation of the 1851-keV
isomer present in the beam. (b): Fragmentation of the E2 strength in W.u. over the 2+ ⊗ πg7/2

multiplet members and candidate πd5/2 state of 129Sb and enhancement of total strength as compared
to the 128Sn core. The grey colored transition was not experimentally observed. The figure is
reproduced from [64]. See also Ref. [64] for details of the large-basis shell model calculations SM1
and SM2, which employ the same basis space but alternative contemporary residual interactions.

The status of particle–core coupling presented above, and in additional calculations
by Gray et al. [108], suggests that there is not a good understanding with respect to the
Z = 50 closed shell and the odd-mass In and Sb isotopes. The issue extends across the
entire mass surface due to a severe lack of critical data. The systematics of the low-lying
states in the odd mass In and Sb isotopes are shown in Figures 28 and 29, respectively.
The pattern of the In isotopes suggests that, for the negative-parity states, there may be
important collective effects which would explain the energy minimum at mid shell. Weak
deformation is supported by laser hyperfine spectroscopy studies [109] and is shown in
Figure 30. Note that two views of deformation for the In isotopes are presented in Figure 30:
a direct view via spectroscopic quadrupole moments—the lower sequence of data points
centred on β ∼ 0.1, and an indirect view via isotope shifts—the upper sequence of data
points. The latter view can be inferred to contain a dynamical contribution, but this aspect
lies beyond the present discussion. The observed pattern for the Sb isotopes suggests a
“crossing” of the 2d5/2 and 1g7/2 configurations. However, at present, the question of the
collectivity associated with low-lying states in the odd-Sb isotopes suggests caution is
needed in making the interpretation of the lowest 5/2+ and 7/2+ states as resulting from
pure shell model configurations.

Skyrme Hartree–Fock calculations with the SKX interaction [110] correctly track the
nominal 2d5/2 vs. 1g7/2 level ordering in the Sb isotopes, but the location of the 3s1/2
orbit does not track with the behaviour of the observed J = 1/2+ state with its shift in
energy across the observed 7/2+ state. In the indium isotopes, the single-particle levels in
the potential generated by SKX are more separated in energy and roughly track with the
observed levels of the relevant spin–parity. It appears that the indium levels remain quite
regular because the parent orbits are well separated in energy in the mean field and the
observed states are less affected by residual interactions; however, one sees clear evidence
from the quadrupole moments in Figure 30 that deformation develops at mid-shell. In
contrast, the Sb isotopes have the 2d5/2 and 1g7/2 single-particle states quite close in the
mean field calculation. Thus, the observed level ordering can be sensitive not only to
changes in the mean field, but also to residual interactions and deformation effects.
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Fig. 29. Deformations of the odd‐In isotopes deduced from spectroscopic factors and isotope shifts following 
laser hyperfine spectroscopy [Eberz, NP A464 9]

Would be inserted as Fig. 29.

p. 28, line 485 
485  the energy minimum at mid shell.
INSERT new sentence:
Weak deformation is supported by laser 
hyperfine spectroscopy studies [Eberz] 
and is depicted in Fig. 29. 

Figure 30. Deformations of the odd-In isotopes deduced from spectroscopic quadrupole moments
and isotope shifts following laser hyperfine spectroscopy [109]. Reprinted from [109], Copyright
(1987), with permission from Elsevier.

Mass regions where the issue of emergent collectivity needs detailed spectroscopic
study are addressed in Section 5 through Section 9. In particular, Sections 5 and 6 focus on
the Ni and Ca isotopes, respectively.

Let us emphasize that there is a substantial body of evidence for the role of triaxial
shapes in nuclei that are of moderate deformation. This is supported by the observation
of “too many low-energy states for axial symmetry” in unique-parity excitations, such as
shown in Figures 20–22. It is also supported by the application of the Kumar–Cline sum
rules [113,114] to shell model electromagnetic strengths, as summarized for calculations
of the Bohr-model deformation parameters derived from the shape invariants for the
tellurium isotopes in Figure 31. These features do not imply that 128−134Te can be modeled
as weakly deformed triaxial rotors in their low-lying states up to spin 6+. Scrutiny of the
wave functions and predicted g factors, for example, indicates that the structures of the
lowest few states are very different, despite their apparently similar shape parameters.
These excitations are not rotations of a single intrinsic structure as is supposed in the triaxial
rotor model. Although the magnetic moments indicate that the Te isotopes near the N = 82
shell closure cannot be accurately modelled as weakly deformed triaxial rotors, a triaxial
rotor description may prove appropriate as the number of neutron holes increases. The fact
that the excited-state shapes in Figure 31 are all triaxial with γ ≈ 30◦ may suggest that the
pathway of emerging collectivity in this region progresses from near-spherical nuclei near
132Sn, to weakly-deformed triaxial rotors as an intermediate step, before finally reaching
more strongly deformed prolate rotors near mid-shell. Further data and calculations across
an extended range of Te and Xe isotopes would help to assess this conjecture.
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Figure 9.18: Bohr-model deformation parameters assuming an ellipsoidal deformed
nucleus from Kumar-Cline sum rules based on shell-model calculations for yrast

states in 128,130,132,134Te.

Figure 31. Average Bohr-model deformation parameters for yrast states in 128,130,132,134Te, assuming
an ellipsoidal deformed nucleus and determined from shell-model calculations using the Kumar–
Cline sum rules. For clarity, the fluctuations are not plotted. They are similar in magnitude for all
cases, and by happenstance, the “softness” or fluctuation associated with each point is comparable to
the scatter in the plotted points. Reproduced from [115].

5. Emergent Collectivity in the Nickel Isotopes

Currently, there is a high interest in neutron-rich nuclei. This is because of unprece-
dented access to completely new mass regions, and soon to come facilities that may “reach”
even further. In particular, the neutron-rich Ni isotopes and the adjacent open-shell isotopes
have received much attention. The systematic features of the low-energy excited states
in the even-mass Ni isotopes are shown in Figures 32 and 33. A naïve interpretation of
58−66Ni (Figure 32) is that they are vibrational; however, the error of using only energies
to make structural interpretations of weakly deformed nuclei has now been substantially
demonstrated [116]. The structure of 58−66Ni is addressed in detail in this Section, with
attention to seniority and shape coexistence. An unequivocal interpretation of 70−76Ni
(Figure 33) is that these isotopes are dominated by seniority coupling. However, this is an
incomplete view, as details in Figure 33 imply; the structure of 70−76Ni is also addressed in
detail in this Section.
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Figure 33. Systematics of the lowest positive-parity excited states in 68−78Ni. Data are taken
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a structure in 70Ni, suggested by Chiara et al. [122]; they are interpreted as seniority-four states by
Morales et al. [124].
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Recently, a study of conversion electrons following (p, p′) excitation of 58,60,62Ni was
made by Evitts et al. [128,129]. A notable result was the observation of strong E0 decay
branches from second-excited 2+ states to the first-excited 2+ states. The details for 62Ni
are shown in Figure 34. Previously, strong E0 decays had been established for a series of
excited 0+ states in 58,60,62Ni [130]. However, an unresolved puzzle was that, whereas this
strength was associated with proton–pair excitations in 58,60Ni, this was not the situation in
62Ni. The paper of Evitts et al. [128,129] points to a possible resolution: Figure 34 suggests
that the 0+2 state at 2049 keV is the head of a strongly deformed band and the 2302-keV 2+

state is the first-excited band member. The proton pair–excitation at 3524 keV is shown.
Our interpretation of the 2049 keV 0+ state in 62Ni is a “4p-4h” excitation of the 56Ni
core. Such a structure would not be populated in (3He, n), (16O, 14C), (6Li, d) or (16O, 12C)
reactions, which were the spectroscopic probes used to identify the proton–pair excitations
in 58,60,62Ni [131–134].
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Figure 34. Organization of the lowest excited states in 62Ni into seniority-dominated structures and a
new strongly deformed band. At present, this view must be considered a conjecture. The proposed
seniority-two structures are labelled by the shell model configurations with their associated spins
and parities. The deformed band is discussed in the text. The 0+ state at 3524 keV is assigned as a
proton–pair excitation based on two-proton [134] and α [132] transfer reaction spectroscopic studies.

The seniority-dominated structure of 70,72,74,76Ni has an unusual complication. While
it is simple in 76Ni, as established by direct observation of a cascade of four gamma rays
from an isomer with half-life 590 ns [125], this isomerism has disappeared in the lighter
even-mass nickel isotopes. The situation is now resolved at the level of the multiple
decay branches from the candidate spin–parity 8+ states characteristic of a (j = 9/2)2

seniority, v = 2 multiplet; but an open question is the nature of the low-lying states that
facilitate these “fast” decays. Two possibilities exist: the “extra” states are seniority four,
v = 4 states or, the “extra” states are members of coexisting deformed bands. It is possible
for v = 4 states to appear lower in energy than v = 2 states in the manner manifested in
72,74Ni [124]. It is also plausible that shape coexistence is occurring at low energy in these
nuclei. In favor of the latter interpretation is that shape coexistence has been suggested
to occur at low energy in 70Ni [121,122]. Furthermore, a near identical structure in the
N = 50 isotones involving the proton 1g9/2 subshell exhibits robust seniority isomerism
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with no involvement of v = 4 states producing fast decays (see, e.g., [135], although one
has to note seniority breakdown at low spin inferred from lifetime measurements [136]).

6. Collectivity in the Calcium Isotopes

The calcium isotopes hold a unique position in the study of nuclear structure. With
Z = 20 and a reach to either side of N = 20 and 28, they should be a perfect illustration of
closed-shell behaviour in nuclei, except that they are not. Figures 1 and 2 open the focus
of this contribution, with a perspective on 40Ca as an N = Z doubly closed-shell nucleus
and on 48Ca as an N > Z doubly closed-shell nucleus: 48Ca conforms to expectations; 40Ca
does not. Indeed, recently, the time-honored view that closed shells only occur at 2, 8, 20,
28, 50, 82, 126 has been questioned due to unusual systematic features in 52,54Ca: this is of
high interest with respect to forthcoming prospects for new facilities which will provide
access to very neutron-rich nuclei, and the calcium isotopes in particular. (The current
“reach” into the neutron-rich calcium isotopes is two events in 39 h of beam time, assigned
to 60Ca [137]).

A highly attractive feature of the calcium isotopes between N = 20 and 28 is that they
should be dominated by a single j shell, the 1 f7/2 shell. Figure 35 shows data that support
this view. The j = 7/2 seniority v = 2 states (J = 2, 4, 6) are highlighted in red; the j = 7/2
seniority v = 4 states (J = 2, 4, 5, 8) in 44Ca are highlighted in orange. Note that the J = 4,
v = 4 configuration mixes with the J = 4, v = 2 configuration. Further note that the J = 5
state has not been observed. Figure 35 also shows that other states appear at low energy in
42,44,46Ca: these are discussed with reference to the following, Figures 36–40 and Table 5.

3308

Fig. 34. Seniority and shape coexistence view of 42‐46Ca. Data for 
46Ca  include recent results of J.L.Pore et al., Phys. Rev.  C 100
054327 (2019)  and J. Ash et al., Phys. Rev.  C 103 L051302 
(2021). The deformed band 
in 42Ca is observed up to spin 12 (M. Lach et al., Eur. Phys. J. A 16
309 (2003)). The seniority‐two states are indicated in red (but 
see details 
below); the seniority‐four states, unique to 44Ca, are indicated in 
orange
(but, again, see details below).  The distinction between the 
deformed 
bands is based on multi‐nucleon transfer reactions: see Table X.
The seniority‐2 and ‐4 structures in 44Ca, the 4+ states at 
2.28 and 3.04 MeV, and the 2+ states at 1.16, 2.66 and 
(probably) 
3.30 MeV are mixed (J.H. Bjerregaard and Ole Hansen, Phys. Rev. 
155
1229 (1967)). For the seniority structures associated with the 
ν1f7/2
configuration see figure 3. Note that while there is a high‐spin 
study
of 44Ca (M. Lach et al., Eur. Phys. J A 12 381 (2001)), the 
deformed band
has not been characterized. For a complementary perspective of 
the calcium isotopes, see also details in figures 35 and 40. 
Horizontal bars with vertical arrows indicate excitation energies 
above which states are  omitted.  
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Figure 35. Seniority and shape coexistence view of 42−46Ca. Data for 46Ca include recent results of
Pore et al. [138] and Ash et al. [139]. The deformed band in 42Ca (shown in blue) is observed up to



Physics 2022, 4 734

spin 12 [140]. The deformed bands in 44Ca and 46Ca are indicated in purple. The seniority-two
states are indicated in red (but see details below in this caption); the seniority-four states, unique to
44Ca, are indicated in orange (but, again, see details below in this caption). The distinction between
the deformed bands is based on multi-nucleon transfer reactions: see Table 5. The seniority-2 and
seniority-4 structures in 44Ca, the 4+ states at 2.28 and 3.04 MeV, and the 2+ states at 1.16, 2.66 and
(probably) 3.30 MeV are mixed; see [141]. For the seniority structures associated with the ν1 f7/2

configuration, see Figure 3. Note that, while there is a high-spin study of 44Ca (Lach et al. [142]), the
deformed band has not been characterized. For a complementary perspective of the calcium isotopes,
see also details in Figures 36 and 41. The 3− states, which are not part of the present discussion, are
shown in green. Horizontal bars with vertical arrows indicate excitation energies above which states
are omitted.

π 2p‐2h

π 2p‐2h

4p‐4h

8p‐4h

8p‐8h

6p‐4h

ν 2p‐2h

0+

0+

0+0+0+0+0+

0+

0+

0+ 0+

0+

0+

0+

0+

0+

0+

0+

0+

0+

0+
0+

0+

0+

40Ca20

2

E (MeV)

0

8

6

4

42Ca22 44Ca24 46Ca26 48Ca28

0+

0+

Note: f7/2 shell is “half‐filled”
@ 40Ca for 8p‐8h
@ 42Ca for 6p‐4h
@ 44Ca for π 2p‐2h

Note: f7/2 shell is “half‐filled”
@ 40Ca for 8p‐8h
@ 42Ca for 6p‐4h
@ 44Ca for π 2p‐2h

★

★ w.r.t.
N = 28

0+

0+

0+
0+ 0+
0+

0+ 0+
0+ 0+

10

0+

0+
0+

Fig. 33
Old Fig 35

Figure 36. Excited 0+ states in 40−48Ca. All known 0+ states up to 10 MeV are shown. Assign-
ments to particle–hole configurations are indicated where known and further details are given in
Figure 35 and 37, and Table 5. Note the inset box which indicates when the ν1 f7/2 shell is half filled.
Further note that the ν2p− 2h configurations are with respect to N = 28, and are identified by the
neutron–pair–addition reaction (t,p).
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Figure 37. Excited 0+ states in 40Ca viewed from the perspective of multiparticle transfer reactions.
The first excited 0+ state at 3353 keV is usually labelled as “4p-4h” on the basis of its strong population
in the 36Ar(6Li,d) reaction, but note the strong population of 0+ states, particularly around 8.3 MeV.
The second excited 0+ state at 5212 keV is usually labelled as “8p-8h” on the basis of its strong
population in the 32S(12C,α) reaction (the population of the 3353 keV state could involve partial filling
of the hole states in 32S, and does not necessarily imply an 8p-8h admixture to the 3353 keV state).
Figure 1 depicts the deformed and superdeformed bands built on the 3353 and 5212 keV states,
respectively. Proton–pair configurations appear to dominate 0+ states around 8 MeV, as supported
by the 38Ar(3He,n)40Ca reaction. Based on the 42Ca(p,t)40Ca reaction, neutron–pair configurations do
not dominate below 8.5 MeV. This leaves the 7301 keV excited 0+ state as the leading structure of
interest for an interpretation: possibly it is a “6p-6h” state (cf. Figure 40). Taken from [6].

Figure 37: Spectrum of deuterons following the reaction (6Li,d) on a 36Ar target.  The most strongly populated excited states
are members of the deformed band with Ex (Jπ): 3353 (0+), 3904 (2+), 5279 (4+), 6930 (6+), cf. Fig. 1. (Note: the peaks at 5.28 
and 6.93 MeV are multiplets.) The figure is reproduced from [53].

Fig. 37.

Figure 38. Spectrum of deuterons following the reaction (6Li,d) on a 36Ar target. The most strongly
populated excited states are members of the deformed band with Ex (Jπ): 3353 (0+), 3904 (2+), 5279
(4+), 6930 (6+), cf. Figure 1. Note that the peaks at 5.28 and 6.93 MeV are multiplets. Reprinted with
permission from [143]. Copyright (1979) by the American Physical Society.
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Fig. 38.

Figure 38: Spectrum of alphas following the reaction (12C, α ) on a 32S target.  States in both the 4p‐4h and the 8p‐8h 
deformed bands are populated. The population of the 4p‐4h band may involve a partial filling of the “eight holes” in the target.
The figure is reproduced from [54].

Figure 39. Spectrum of alphas following the reaction (12C, α ) on a 32S target. States in both the 4p-4h
and the 8p-8h deformed bands are populated. The population of the 4p-4h band may involve a partial
filling of the “eight holes” in the target. Reprinted from [144], Copyright (1972), with permission
from Elsevier.
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2p‐2h2p‐2h
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Figure 40. Estimate of the multiparticle-multihole basis state energies for 40Ca using a schematic
su(3)particle ⊗ su(3)hole model with a Q · Q interaction of strength C, where Q = Q1 + Q2 and Q1

and Q2 act on the Np (λ1, µ1) and Nh (λ2, µ2), p f and sd irreps, respectively. The figure is from a
collaboration between one of us (JLW) and the late David Rowe.
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Table 5. Tabulation of multi-nucleon transfer reaction spectroscopic data that provide (limited)
information on the multiparticle-multihole structures of excited 0+ states in 42,44,46Ca. The terms
“strong” and “weak” refer to strengths of population of states in these transfer reactions. Note that
the inference of “particle” and “hole” structure depends on the transfer nucleons and the target
configuration with respect to closed shells.

0+1 0+2 0+3 0+4 0+5 0+6 reference
42Ca
Ex (MeV): 0.00 1.84 a 3.30 b 5.35 5.86 c 6.02
40Ca(t,p)42Ca strong [145]
40Ar(3He,n)42Ca weak [146]
38Ar(6Li,d)42Ca strong [147]
44Ca
Ex (MeV): 0.00 1.88 b 3.58 a 5.86 c

48Ti(d,6Li)44Ca strong [148]
46Ti(14C,16O)44Ca strong [149]
42Ca(t,p)44Ca strong [145]
46Ca
Ex (MeV): 0.00 2.42 b 4.76 5.32 5.60 c 5.63 c

48Ti(14C,16O)46Ca strong [149]
44Ca(t,p)46Ca strong strong [145]

a 4p− 4h⊗ ν1 f n
7/2 , b π(2p− 2h) , c ν(2p− 2h).

Figure 36 shows the problem of the simple 1 f7/2 shell-based view of 42,44,46Ca: there
are “too many 0+ states” at low energy in the even-mass calcium isotopes. A single-
shell-seniority view does not possess any excited 0+ states; but the second excited state
in 42,44,46Ca is a 0+ state. Furthermore, the first-excited 0+ states in 42,44,46Ca are not
configurations due to a common origin. The evidence for this is presented in the following
paragraphs.

The key to the structure of the calcium isotopes with N = 20− 28 is manifested in
multi-nucleon transfer reaction spectroscopy for 40Ca, summarized in Figure 37. The details
are complex and counterintuitive. Indeed, the evidence “has to be seen to be believed”;
Figures 38 and 39 show the evidence. It is important to recognize the role of the target
nuclei in that they define “hole” structures with respect to which the transferred multi-
nucleon “clusters” are “added”. Added nucleons can completely fill the holes (ground-state
population), or partially fill the holes, or not fill the holes at all. There is a dominance of
transfer to states that involve the target holes remaining completely unfilled, i.e., a 4p-4h
configuration in the (6Li,d) reaction and an 8p-8h configuration in the (12C,α) reaction. Note
that the (6Li,d) reaction does not populate the states of the “8p-8h” band strongly, but band
mixing is suggested. Further note that the (12C,α) reaction can populate the states of the
“4p-4h” band by “partially filling” the holes.

A partial guide to the multiparticle-multihole structure of 42,44,46Ca is presented in
Table 5. This view is only partial because of a lack of stable isotope targets. The view leaves
open many questions, but overriding all questions is the clear view that the shell model, as
a simple model view, catastrophically breaks down in these isotopes. A guide to a likely
interpretation is provided by the schematic-model view presented in Figure 40. This treats
particle “clusters” and hole “clusters” as distinct entities that interact. This is tractable
using an su(3) algebra with a quadrupole–quadrupole, Q ·Q interaction (see [150,151] for
details). This schematic view suggests a viable “coupling scheme”, which serves much
like the Nilsson scheme serves in nuclei with deformed ground states, but here serving to
handle multiparticle-multihole excitations at low energy in the calcium isotopes.
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Figure 40 reveals the enormous energy shifts associated with interactions that produce
nuclear deformation. In Figure 1, B(E2) values in association with the deformed bands in
40Ca are given: if the B(E2; 4+ → 2+) strength of 170 W.u. (in the 8p-8h band) is scaled
to A = 172 (A4/3 dependence), it has a strength of 1200 W.u., cf. the 4+ → 2+ transition
in the ground-state band of 172Yb, where the strength is 300 W.u. Note that the structural
interpretations of the deformed bands in 40Ca are not model based; they are mandated by
the transfer reaction data shown in Figures 38 and 39. Most importantly, Figure 40 and
specifically the interaction strength of the quadrupole-quadrupole interaction, C, illustrates
how configurations that are spread over ∼90 MeV in a spherical mean-field, i.e., 8h̄ω, can
appear almost degenerate in energy. Indeed, it is worthy of comment that Nature could be
said to have “barely realized a spherical ground state for 40Ca” (as also for 16O). In the spirit
of “islands of inversion”, there is a veritable archipelago of islands of inversion, multiple
inversions, within one-oscillator shell of excitation energy in 40Ca. Unfortunately, detailed
spectroscopy of multiparticle-multihole states in nuclei is confined to this local mass region.
A few more details are given before closing this Section.

Let us make some further comments on Figure 40. Just as one arrives at a shell model
basis using an oscillator potential with spin–orbit coupling (and further, by deforming the
oscillator potential, as a Nilsson model basis), so in Figure 40 one arrives at a multi-shell
basis. The justification of invoking this basis is the observation of the 4p-4h and 8p-8h
states in 40Ca at 3.5 and 5.2 MeV, respectively. The excitations of the 2p-2h and 6p-6h states
in 40Ca are not characterized, but there are many 0+ excited states known above 7 MeV, as
presented in Figure 37. Note that a 5% change in the interaction strength corresponds to
a 5 MeV shift in energy at C = 0.025 for the 8p-8h configuration. From this perspective,
the very existence of a shell model description of nuclei is a “just-so” story, i.e., for a
small change in this su(3)-model interaction, spherical states in nuclei would have only
been encountered as rare, exotic excitations. An example of this is realized in 44Ti, as
depicted in Figure 43. Details behind these schematic estimates are given in [150–152] (see
also [153,154]).

A useful spectroscopic view of the persistence of multiparticle-multihole excitations
in this mass region is provided by 42Ca. This nuclide is accessible to transfer reaction
spectroscopy and to Coulomb excitation. A view which combines such spectroscopic data
is presented in Figure 41. Figure 42 shows a simple view of the structure using “two-
state mixing”, applied to the lowest states with spins 0, 2, and 4; this description should
be compared with shell model and collective model views summarized in Table 6. An
important point to note is that, while these coexisting configurations mix, the mixing is
sufficiently weak that the underlying dominant structures can be identified: they are a
spherical (valence) neutron particle pair and a “6p-4h” structure resulting from the 40Ca
core 4p-4h structure, cf. Figure 37.

The description presented in Figure 42 correctly reproduces the largest E2 transition
strength, that between the 2+1 and 0+2 states, i.e., this strength is entirely due to mixing with
zero contribution from intrinsic strength. The description fails for the E2 transition strength
between the 2+2 and 0+1 states, and there is a serious failure for the diagonal matrix elements
of the 2+1 and 2+2 states. The conclusion is that two-state mixing for spin 2 is inadequate:
three (four)-state mixing is necessary. Experimentally, third and fourth 2+ states are known
at 3392 and 3654 keV (cf. ENSDF [22]); both are populated in the one-neutron addition
reaction: spectroscopic characterization of these states is lacking.
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Table 6. Comparison of E2 matrix elements in 42Ca with shell model (SM) and beyond mean-
field (BMF) calculations. The differences between theory (th) and experiment (ex) are shown as
[(〈E2〉ex − 〈E2〉th)/〈E2〉ex]× 100%. Details of these calculations are given in [155]: the shell model
calculations follow details similar to those employed in [156]. Comparison of the two-state mixing
results, shown in Figure 42, suggests serious deficiencies in these two models, which are state of the
art. Note that all three calculations obtain an incorrect sign for the 2+2 → 0+1 E2 matrix element, and
they all seriously fail for the diagonal matrix elements. Adapted from [155].

Ii → I f 〈Ii||E2||I f 〉 e fm2 % Difference

Experiment SM BMF SM BMF

2+1 → 0+1 20.5± 0.6 11.5 9.14 78 124
4+1 → 2+1 24.3± 1.2 11.3 12.2 115 99
6+1 → 4+1 9.3± 0.2 8.2 14.3
0+2 → 2+1 22.2± 1.1 11.9 6.1 87 264
2+2 → 0+1 −6.4± 0.3 9.4 4.4 32 a 45 a

2+2 → 2+1 −23.7+2.3
−2.7 −13.6 −7.7 74 208

4+2 → 2+1 42+3
−4 21.9 10.1 92 316

2+2 → 0+2 26+5
−3 32 42 19 38

4+2 → 2+2 46+3
−6 52 70 12 34

2+1 → 2+1 −16+9
−3 −4.3 0.1

2+2 → 2+2 −55± 15 −31 −42
a Wrong sign.

9.7

7.6

0.77

15

27

0+

0+

2+

2+
4+

4+
6+

23

12.9

1.0

57

0

1

2

3

4

42Ca

B(E2) W.u.

‐ 0.12

‐ 0.42

Ex (MeV)

f7/22

6p‐4h

0+

2+

4+

6+

46Ca

3.6

0.55

0+

f7/2‐2

Qs eb

C. Ellegaard et al.  PL  B40  641  1972

mixing

41Ca(d,p)

Fig. 40.

Figure 41. Two key spectroscopic views of 42Ca and a comparison with 46Ca. On the left, the
lowest positive-parity states are shown together with the E2 transition strengths in W.u. between
these states and diagonal values for the E2 matrix elements in eb of the 2+1 and 2+2 states, as
determined by Coulomb excitation [155]. In the centre of the figure, the population of these states
by the 41Ca(d,p)42Ca reaction is shown (the spectrum is reproduced from [157], Copyright (1972),
with permission from Elsevier.). This reaction should only populate the 0+ ground state and
one each for states of spin–parity 2+ , 4+ , and 6+ corresponding to a seniority v = 2 multiplet in
association with the expected 1 f7/2 orbital, which is the only shell model subshell for 20 < N < 28:
these data provide evidence that there is mixing between these seniority configurations and other
structure which is intruding to low energy. On the right, for comparison, the lowest positive-parity
states in 46Ca together with known E2 transition strengths are shown. In addition to cited sources,
data are taken from ENSDF [22].
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Figure 42. Two-state mixing for the lowest pairs of states with spin–parity 0+, 2+, and 4+ in 42Ca. The
E2 matrix elements are shown for transitions and level quadrupole moments. The mixing amplitudes
are fixed from the fragmentation of the one-neutron addition spectroscopy shown in Figure 41, viz.
0.807 in the ground state, 0.707 in the 2+1 state and 0.807 in the 4+1 for the 1 f7/2 components of these
states. There are two fitted parameters: Q0 = 10 e fm2 for the 1 f7/2 configurations and Q0 = 40 e fm2

for the intruder configurations. The Q0 value for intruder configurations is multiplied by a rotor
model Clebsch–Gordan coefficient for the respective spin values, i.e., −1.195Q0 for 〈21||E2||21〉 and
1.604Q0 for 〈41||E2||21〉. Differences between theory (th) and experiment (ex) are shown in the lower
part of the figure as [(〈E2〉ex − 〈E2〉th)/〈E2〉ex] × 100%. Other theoretical views are tabulated in
Table 6.

This conclusion that two-state mixing is inadequate is in line with recent experimental
observations of E0 decays from the normal-deformed and superdeformed 0+ states to the
nominally spherical ground state in 40Ca where it is found that two-state mixing cannot
explain the observed monopole decay strengths. Rather, three-state mixing is needed [158].
In this case large basis shell model calculations, which include multinucleon excitations
of both protons and neutrons across the Z = N = 20 shell gap, are able to describe the
E0 data. Of relevance for the present discussion is that these data confirm that the naïve
spherical ground-state configuration of 40Ca is mixed with deformed intruder structures.
This mixing contributes to the shortfall in single-particle strength displayed for valence
proton knockout in Figure 15.

A rare view of a deformed nucleus, where a non-intruder spherical excited state has
been identified, is 44Ti as depicted in Figure 43. The double-charge exchange reaction
identifies the double-isobaric analog state of the 44Ca ground state, which is manifestly
a spherical state as characterized by its seniority-dominated low-energy structure. This
highlights the role of the many-body symmetrization in dictating deformation. Recall,
the nucleon–nucleon interaction is short-ranged and attractive, and the total “space ⊗
spin ⊗ isospin” wave function is antisymmetric: thus, for maximum binding of nucleons
in a nucleus, the space-part of the wave function must be as symmetric as possible (a
spatially antisymmetric wave function results in “cancellations” in the many-body energy
correlations). It also reveals, via the excitation energy of 9.3 MeV, why the identification of
spherical states in nuclei with deformed ground states is extremely difficult and therefore
essentially never discussed, but such states are present. Identification of deformed states in
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nuclei with spherical ground states is usually achieved via the distinctive rotational bands
associated with deformed structures in nuclei; spherical states do not exhibit such easily
identified patterns.

Fig. 42.

Figure 42:

The figure is reproduced from [63]. 

Figure 43. Low-energy T = 0, 1 and 2 states of 44Ti and lowest-energy states of 44Ca which are states of
isospin T = 2. E2 transition rates between states are given by B(E2) values (in W.u.). The key feature
of the figure is the state at 9298 keV in 44Ti. This state is the double-isobaric analog state of the 44Ca
ground state and so, manifestly, it is a “spherical” state. See text for details. Reproduced from [42].
Note: the 1884 keV state in 44Ca is incorrectly identified. As per Table 5 and Figures 35 and 36, it
should be labelled as a π(2p− 2h) configuration.

The region of 40Ca could be regarded as the confrontational meeting point between
shell model descriptions of nuclei and the true nature of the structure of nuclei. Multi-shell
configurations manifestly dominate the low-energy structure. This is a proven spectroscop-
ically based interpretation, i.e., it is not a model-inspired interpretation. Beyond this mass
region, spectroscopic data that reveal the role of multiparticle-multihole configurations be-
come sparse. Indeed, this region is a key meeting point, not only for shell-model based and
multi-shell descriptions of nuclear structure, but also for incorporation of configurations
from the continuum, as pointed out in [159].

7. Intruder States, the Shell Model, and Nuclei Adjacent to Closed Shells
7.1. Intruder States

In the lexicon of nuclear structure study, the term “intruder states” has become es-
tablished. “Intruder” means a state that is observed where it is not expected or “does
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not belong”. These are states that appear to be shell model states which are observed at
low energy on the “wrong side” of a shell model energy gap. Examples are presented in
Figures 16 (47,49Ca) and 17 (Tl isotopes), and implicitly for the 9/2− intruder structure in
187Ir in Figure 22. However, intruder states are not simple shell model states because they
have underlying correlations in their structure. Indeed, the reason they intrude is because
of these correlations. Thus, in Figure 16, an example with important pairing correlations
is shown, namely that a simple addition, deduced from one-neutron separation energies,
“restores” the low energies of the intruder states to their uncorrelated energies, which reflect
the 5 MeV shell gap. In Figure 17, an example with important pairing and deformation
correlations is shown, notably that, in addition to the appearance at low energy (pairing
correlations), there is a systematic “parabolic” trend in the excitation energies as a function
of neutron number, with a minimum near the mid-shell point (N = 104), which is where the
greatest number of neutrons are active. Much confusion exists in the literature regarding
intruder state structures: it appears that they are often viewed as part of a shell model
picture. Let us emphasize that the shell model is an independent-particle model based on
a spherical mean field. Intruder states are usually strongly deformed and so they are of
completely different character to “shell model” structures. For example, they can exhibit
rotational bands which can expose their distinctly different character. In effect, the normal
and deformed states largely exist in different basis spaces.

It is not implied that rotational bands cannot emerge from shell model calculations. If
one could conduct shell model calculations in a sufficiently large space, intruders and their
deformation should emerge, but, at present, such calculations are not generally feasible.
Consequently, operationally, we have the “coexistence” of shell model descriptions and
the Nilsson model plus rotations where nuclei with intruder states are concerned; and
we observe actual structures characterized by different E2 properties, i.e., quadrupole
moments and B(E2) values.

Having noted that rotational structures can begin to emerge in current shell model
calculations, we also draw attention to the on-going challenge: the emergence of rotational
bands in a finite many-nucleon system calculation is arguably the most profound chal-
lenge in a nuclear structure. From everything we understand by the term “a shell model
calculation”, it is fair to say that this must be a future reality. We look beyond the use of
model interactions, such as employed in the Elliott model [160] (where the emergence of
rotational bands is guaranteed), and we look to this question using the best effective inter-
actions available. Note that the Elliott model is a single-shell description of states; intruder
states demand a multi-shell view. The Elliott model bands are not the generally observed
rotational bands in nuclei. It is noteworthy, however, that the Elliott model re-emerges
as a submodel of the symplectic shell model, which is discussed in Section 10. By way of
shape coexistence, especially in nuclei such as 40Ca, a convergence on a multi-shell view
appears most promising (see, e.g., [158]). However, let us note that the key observables
that characterize nuclear rotations are specific E2 properties: transition and diagonal E2
matrix elements with ratios given by rotor-model Clebsch–Gordan coefficients—these are
observed to high precision in some nuclei. To be convincing, such a calculation must use
the bare charges of the proton and neutron, ep = 1e and en = 0 and match the precision of
these observed properties.

The most dramatic examples of intruder states are where they appear as the ground-
state structures of nuclei. This only occurs in a few local mass regions (such as the 32Mg
region, the 42Si region, and perhaps near 68Ni): the term “island of inversion” has be-
come popular for the description of such an occurrence. There is a tendency to place
an unphysical emphasis on this terminology: one reads about mapping the borders (or
shores) of islands of inversion. However, the structures are not islands; they persist across
the entire mass surface, albeit mostly as excited states. A leading example is shown in
Figure 44, which depicts systematics in the even-mass N = 20 isotones. This is a celebrated
historical example. The first clues came from mass measurements [161] and isotope shift
measurements [162] in the sodium isotopes. This was shortly followed by a measurement
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of E(2+1 ) in 32Mg [163]. A suggested unified view of these observations, from earlier times,
is reproduced in Figure 45. However, it took thirty years to establish the lowest spherical
state in 32Mg [164], and to explore the structure as an excited state in the neighboring
34Si [165]. It appears that nobody has yet shown an interest in looking at the underlying
structure in 36S, but it has been known for a long time in 38Ar. Note that the deformed
band in 38Ar is nearly identical in energy spacing to the ground-state band in 32Mg. Our
message is that: to refer to the ground-state structure of 32Mg as being part of an “island” is
obscuring the discovery frontier of such structures, which must extend to higher excitation
energies and broadly encompass nuclides in the region. This is a severe criticism of the
misuse of language in science. A schematic view of the energies that contribute to intruder
states is shown in Figure 46. A global view that recognizes the dominance of deformation
in nuclear ground states is shown in Figure 47.

The challenge of the exploration of intruder states in nuclei is to arrive at the ability
to predict their occurrence. With reference to Figure 46, there is a current interest in the
so-called monopole energy contribution to the total energy that dictates the appearance
of intruder states at low energy in various mass regions. This has received attention
already a long time ago [166,167]; more recently, there has been attention from Heyde and
collaborators [168], Zuker and collaborators [169], and a review by Otsuka et al. [91]. The
theoretical formalism is not a critical concern; but identifying an empirical basis for fixing
the relative magnitudes of the energy contributions shown in Figure 46 needs in-depth
consideration. The problem is identifying manifestations of monopole energy effects that
are free of correlations from pairing and from deformation. These correlations already
feature in our chosen subject: they lie at the heart of emergent structures in nuclei, whether
involving intruder states or not. Some mass regions of critical concern are addressed below
in this Section and in Section 9.

Fig. 43.

Figure 44. Shape coexistence and intruder states in the N = 20 isotones. The 0+2 state identifications
are made in: 32Mg [164] and 34Si [165]. The intruder states can be understood in an exactly parallel
manner to the situation in the Sn isotopes. Thus, here, the 2p-2h configurations involve neutron pairs
interacting with protons. The excitation pattern reflects proton subshell structure (2s1/2, ld3/2) as
these orbitals are filled: this is beyond the present level of discussion. Note that the deformed bands
in 32Mg and 38Ar possess nearly identical energy spacing. Taken from [8].
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Figure 45. (a) Excited state systematics in the even-mass N = 20 isotones. The low-lying 2+1 state
in 32Mg is interpreted as resulting from a ground state intruder configuration. The ground state of
32Mg should have an anomalously larger mean-square radius. The ground-state binding energy of
32Mg has been reported variously as anomalous and normal. (b) Two-neutron separation energy, S2n,
and isotope shift, δ〈r2〉, systematics for the neutron-rich Na isotopes [161,162]. The discontinuity at
N = 20 indicates an increased ground-state mean-square charge radius and increased binding energy.
Reproduced from [170].

Fig. 45. 

Figure 46. The different energy terms contributing to the energy of the lowest proton 2p-2h 0+

intruder state for heavy nuclei. On the right-hand side, a schematic view of the excitation is given.
On the left-hand side, the unperturbed energy, the pairing energy, the monopole energy shift, and
the quadrupole energy gain are presented, albeit in a schematic way. Reprinted with permission
from [41]. Copyright (2011) by the American Physical Society.
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Fig. 46. 

Figure 47. A schematic view of the intruder-state “parabolas”, shown to dramatize the way that
shells and subshells suppress the emergence of low-energy collectivity in nuclei. (a) The situation
where deformed structures intrude to become the ground state at the middle of a singly closed shell,
e.g., 32Mg. (b) The situation where the ground states for a sequence of singly closed shell nuclei
remain spherical, but deformed structures form excited intruder bands, e.g., the Sn and Pb isotopes.
(c) The situation where a subshell may suppress intrusion of a deformed structure from becoming
the ground state or a low-lying excited band, e.g., N = 50, 82, cf. Figures 52–54. Reprinted with
permission from [41]. Copyright (2011) by the American Physical Society.

The perspective that is presented in Figure 47 appears useful. This view “inverts”
the parabolic energy perspective that can be applied to intruder states and, recognizing
that most nuclei are deformed, and that shape coexistence probably occurs in all nuclei,
expresses the occurrence of spherical shapes in nuclei as intruding to low energies only at
and near closed shells. The competition between the controlling energies that lie behind
this view devolve onto the configuration interaction problem that is foundational to the
nuclear many-body problem.

7.2. Shell Model States

The best view that one possesses of shell model states is of excited states in isotopic and
isotonic sequences adjacent to closed shells. Examples are shown in Figures 17, 28 and 29,
namely, the low-energy systematics of the odd-mass Tl, In and Sb isotopes, respectively.
These views are the best because they are not dominated by pairing correlations with respect
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to the unpaired nucleon: it is a single nucleon outside of a singly closed shell. Furthermore,
the singly closed shell cores are dominated by spherical, seniority type excitations (when
intruder states do not appear at low energy). Thus, one expects that the degrees of freedom
of these closed-shell plus or minus one nucleon nuclei are dominated by independent-
particle degrees of freedom. If there are any monopole energy shifts, i.e., changes in energy
of shell model states across an isotopic sequence, they will be easy to see and easy to
interpret. This was the universally held view until the observations on Coulomb excitation
of 129Sb summarized in Figure 27, and the implications of these data when compared to
the normal weak-coupling model case represented by 115In in Figure 26. The message
from the data in Figures 27 and 26 is that, while a nucleon in a unique-parity configuration
exhibits weak-coupling E2 strength, i.e., the summed strength in the odd-mass nucleus
equals the singly closed-shell core strength, manifested in B(E2; 0+1 → 2+1 ), cf. Figure 26;
when j mixing occurs, the E2 strength may exceed the weak-coupling value, cf. Figure 27.
Thus, B(E2) data such as those in Figures 26 and 27 become a key focal point for exploring
the emergence of collectivity in nuclei—j mixing must be quantified. In turn, the issue of j
mixing is critical for assessing monople energy shifts in nuclei: any use of data in nuclei
must first be assessed for j mixing before single-j energy shifts can be extracted.

The focus here on the role of j-mixing differs from the emphasis of the discussion of
the increased E2 strength in 129Sb by Gray et al. [64], where the discussion in terms of shell
model calculations identified that the collectivity of the neutron core was not increased by
the addition of the extra proton, but rather the increased E2 strength arose primarily from
the proton–neutron term, thus pointing to overall coherent contributions to the E2 strength.
The role of j mixing is not immediately evident in this approach.

To explore the role of j-mixing explicitly, schematic particle–vibration model calcula-
tions were performed for 115In and 129Sb. A code developed by one of the authors (AES)
was employed (see Refs. [171–173]). With 115In modeled as a 1g9/2 proton hole coupled
to the ground and first-excited state of 116Sn, the sum rule was confirmed for the weak-
coupling case; however, it was observed that a shortfall in the summed E2 strength occurs
when the particle–vibration coupling becomes finite. Turning to 129Sb, the low excitation
states were described by allowing the odd proton to occupy the π1g7/2 and π2d5/2 orbits,
coupled to the 128Sn core. This is a minimal model to describe the low-excitation positive-
parity states shown in Figure 27. The sum rule was confirmed for the weak-coupling limit,
and a short-fall in E2 excitation strength from the ground state was again observed when
the particle–vibration coupling became finite. However, when the proton was also allowed
to occupy the π2d3/2 orbit as well as π1g7/2 and π2d5/2, the summed E2 strength in 129Sb
exceeded that of the 128Sn core.

The above calculations demonstrate the role of j-mixing in the enhanced E2 strength
observed in 129Sb compared to 128Sn, perhaps in a more transparent way than the large-
basis shell model calculations. No tension between the shell model and these schematic
particle-vibration model calculations is seen. The important concept is that j mixing means
that the sphericity of the mean field has been broken. This is a fundamental point, based on
symmetry, behind the emergence of nuclear collectivity. Some additional observations are
made on j mixing in the discussion that follows in this Section.

Let us take the above points and consider the systematic features of the odd-mass
copper isotopes, shown in Figure 48. A natural first look at j mixing is to assemble
information for single-nucleon transfer reactions. As already noted, spectroscopic factors
must be handled with caution. However, far more directly, fragmentation of j strength is
often observed, as shown in Figure 49 for the copper isotopes. One makes the following
observation: j is a quantum number characteristic of a spherical mean-field with spin–orbit
coupling; if j strength is fragmented, the mean field is not spherical.

A particular feature of note in the odd-mass copper isotopes is the sudden change
in the relative energies of the lowest states with spin–parity 1/2−, 3/2−, and 5/2− above
N = 40, cf. Figure 48. These abrupt changes have been interpreted as a major illustration
of monople energy shifts [91], based on the assumption that the observed states are the
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2p1/2, 2p3/2, and 1 f5/2 shell model states. However, E2 transition strengths in 69,71,73Cu,
compared to the closed shell cores, 68,70,72Ni, cf. Figure 33 reveal that E2 transition strength
exceeds that in the cores, as seen also in 129Sb, cf. 128Sn (Figure 27). This collectivity is
independent of intruder state structures, which are identified in Figure 48. However, the
current status of monopole energy shifts requires detailed spectroscopy before it can be
discussed quantitatively. Indeed, a recent paper [174] appears to give it dominant status
in its role behind the appearance of intruder states at low energy. We would counsel
greater caution, and consideration of the structures, interactions and energy dependencies
of multiparticle-multihole intruder configurations as shown in Figure 40, in the pursuit of
interpretations of the energies of intruder states.
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B(E2; 1/2  3/2) W.u.         14.013                10.410                20.422                 23.121
B(E2; 5/2  3/2) W.u.         12.510                    3.03                     3.95                       4.45
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Figure 48. The lowest energy states in the odd-mass Cu isotopes. The naïve interpretation is that
these states are simply the manifestation of the expected f pg shell model states: 2p3/2, 2p1/2, 1 f5/2,
1 f7/2 and 1g9/2. The existence of rotational band patterns in 69,71,73Cu supports the 7/2− states as
the Nilsson state 7/2−[303]. The situation with respect to the other states remains confused: transfer
reaction data (shown in Figure 49) reveal fragmentation of single-particle j strength. The experimental
situation in 71−77Cu is very incomplete and any interpretation is premature, except—see comments
in the text. Horizontal bars with vertical arrows indicate excitation energies above which states are
omitted. The B(E2) data of Stefanescu et al. [175] for 67,69,71,73Cu can be compared with the Ni cores,
cf. Figure 33: an investigation into collective enhancement in the odd-Cu isotopes relative to the
corresponding Ni core nuclei appears to be in order.
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Figure 5.7: The lowest three states in 59− 65Cu and states for which there is significant pop-
ulation in the one-proton transfer reaction (3He,d). The lengths of the coloured bars are
directly proportional to the strength of population of the states in the transfer reaction. The
ground-states can benaively interpreted as theshell model configuration 2p3/ 2; similarly the
first excited stateswould appear to be theconfiguration 2p1/ 2. However, theassumption that
these are spherical shell model states breaks down for the second excited state where the
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of the transferred nucleon — blue (l = 1 with j = l + 1/ 2), green (l = 1 with j = l − 1/ 2),
red (l = 3 with j = l − 1/ 2). The direct interpretation is that the l quantum number is not
a good quantum number in these nuclei, i.e., they are deformed. Further discussion of such
issuesmust await amore advanced level of treatment. Thedataare taken from [1].

Fig. 48.

Figure 49. The three lowest states in 59−65Cu and states for which there is significant population in
the one-proton transfer reaction (3He,d). The lengths of the coloured bars are directly proportional
to the strength of population of the states in the transfer reaction. The ground-states can be naïvely
interpreted as the shell model configuration 2p3/2; similarly, the first excited states would appear to
be the configuration 2p1/2. However, the assumption that these are spherical shell model states breaks
down for the second excited state where the one-proton transfer strength is severely fragmented. The
colour coding indicates the ` values of the transferred nucleon — blue (` = 1 with j = `+ 1/2), green
(` = 1 with j = `− 1/2), red (` = 3 with j = `− 1/2). The direct interpretation is that the ` quantum
number is not a good quantum number in these nuclei, i.e.,they are deformed. Further discussion
of such issues must await a more advanced level of treatment. The data are taken from [176].
Reproduced from [8].

Whereas the issue of monopole shifts in subshell energies remains open, no systematic
study has been made; the idea has only been applied selectively where there is unfortunately
a lack of detailed spectroscopic information [91]. However, detailed information exists,
for example in the odd-mass Sc (Z = 21) isotopes, as shown in Figures 50 and 51. The
parabolic pattern in these figures points to a dominance of deformation-producing forces
controlling intruder state energies. Intruder states are strongly deformed structures with
both large correlations that originate in their multi-shell structure and in their pairing
structure. It would be interesting to make a thorough study of such structures across all
nuclei to clarify the role of monopole energy shifts as a factor underlying intruder states
and shape coexistence.

Deformation in nuclei immediately adjacent to closed shells has become a recent focus
in the odd-mass F (Z = 9) isotopes [177]. The data are consistent with deformed ground
states. This appears to lie outside of any shell model expectations. Indeed, the surprise that
the double-closed shell nucleus 28O does not have a bound ground state, but its neighbour,
29F does, may be because the double-closed shell of 28O does not favour ground-state



Physics 2022, 4 749

deformation, but 29F can deform in its ground state. This would appear to be a simple
explanation of the surprise that 28O is unbound (but, to our knowledge, has never been
pointed out).

E(
M
eV

)

N
Figure 50. Intruder states in K, Sc, V isotopes. These states are the heads of bands, which are
consistent with K quantum numbers equal to the band head spins. B(E2) data for 45Sc are shown in
Figure 51. The pattern matches the parabolic trend shown schematically in Figure 46 and supports
the dominant role of a quadrupole interaction between protons and neutrons. Note that 45Sc is almost
an “island of inversion”, if one ignores the complete range of occurrence of the structure across the
entire shell. The figure is adapted from [41].
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Fig. 50. Bands built on the intruder states (cf. Fig. 49) in the odd-mass Sc
and V isotopes.. The numbers given for 45Sc are magnitudes of the intrinsic

quadrupole moments, Q0 (e∙b) deduced from B(E2) measurements [Bednarczyk
1998 Eur Phys J A 2 157]. The figure is reproduced from [18]. 

Figure 51. Bands built on the intruder states (cf. Figure 50) in the odd-mass Sc and V isotopes. The
numbers given for 45Sc are magnitudes of the intrinsic quadrupole moments, Q0 (e· b) deduced from
B(E2) measurements [178]. Adapted from [41].

At present, information on odd-mass nuclei adjacent to N = 50 and N = 82 remains
very limited. Intruder states are observed in the N = 49 and N = 81 isotones as shown
in Figures 52 and 53, respectively. These manifestations are not at the mid-shell points.
Possibly, the proton structures, i.e., a subshell gap and/or proximity to a j = 1/2 subshell,
at Z = 40 and Z = 64 have something to do with this. Excited 0+ states for the N = 50
and N = 82 isotones are shown in Figure 54. At present, the reason for the dissimilarity
between N = 50, 82 and Z = 50, 82 remains an open question. Whether or not there are
low-lying excited 0+ states in, e.g., 82Ge and 150Er, would be worth exploring. The situation
at N = 48, i.e., in 80Ge, is of two contradicting reports [179,180] and a very recent result that
casts further doubt on the existence of a low-energy excited 0+ state in 80Ge [181]; unlike at
Z = 48 (the Cd isotopes) where low energy deformed excited 0+ states are well established
(see, e.g., [41,116]).



Physics 2022, 4 751

2000

1500

1000

500

79Zn 81Ge 83Se 85Kr 87Sr 89Zr 91Mo


 1/2+

5/2+















 



mid‐shell

79Zn:
d,pγ@ISOLDE
R. Orlandi et al.,
PL B740 298  2015
hfs laser spect. @ ISOLDE
X.F. Yang et al., 
PRL 116  182502  2016

E(
ke
V)

ration involved may be a prolate deformed structure built on the 1/2+ [431] Nilsson state.
are taken from ENSDF. See the caption to Fig. 54 for comments on the energy maximum at 
ll point. The data are taken from ENSDF.  

Figure 52. Intruder states in the N = 49 isotones. The state in 79Zn is from Orlandi et al. [182]
and Yang et al. [183]. The configuration involved may be a prolate deformed structure built on the
1/2+[431] Nilsson state. Note that these structures are nearly identical to the intruder state structures
in the odd-In (Z = 49) isotopes, some details of which are noted in Section 4. Other data are taken
from ENSDF [22]. For comments on the energy maximum at the mid-shell point, see Figure 54
caption.
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Figure 53. Intruder states in the N = 81 isotones (shown in red with all observed decay branches).
Horizontal bars with vertical arrows indicate excitation energies above which states are omitted. The
mid-shell point is indicated. The configuration involved may be an oblate deformed structure built
on the 7/2−[503] Nilsson state. The data are taken from ENSDF [22].
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Figure 54. Excited 0+ and 2+ states in the N = 50 and N = 82 isotones which are candidate states for
intruder configurations. They possess ν(2p− 2h) character as determined by two-neutron transfer
studies [184–188]. Population of these states as percentages relative to the ground states are given as:
blue for (t,p) and red for (p,t) reactions, respectively. These numbers are taken from [188–193]; other
data are taken from ENSDF [22]. The mid-shell points are indicated. Possibly, the local high energy
in 90Zr is due to a weak energy gap at Z = 40. See remarks on 82Ge in the text.

8. Survival of Seniority Structures Away from Closed Shells

The picture of the intrusion of deformed structures into the domain of spherical struc-
tures is summarized in the foregoing, but what about the survival of seniority structures
away from closed shells? This is an issue with only a few circumstantial focal points; it has
never been subjected to systematic study, to our knowledge.

A leading illustration of the survival of seniority away from closed shells is shown
in Figure 55 for the even-even N = 80 isotones. The dominance of a neutron 1h−2

11/2
broken pair is manifested at J = 10. Furthermore, as Z = 64 is approached, J = 10 states
involving a proton 1h11/2 broken pair appear. Magnetic moment data strongly complement
this observation. More specifically, the g factors of the 10+1 states in 138Ce and 140Nd,
g = −0.176(10) and g = −0.192(12), respectively, indicate their ν1h−2

11/2 structure. For
144Gd, however, g(10+1 ) = +1.276(14) [194] indicates the π1h2

11/2 configuration. But how
far from closed shells does this broken-pair structure dominate J = 10 states, notably yrast
states? A similar view is provided for the J = 6 state, due to the proton 1g2

7/2 broken pair
in the tellurium isotopes in Figure 56. These and other issues are discussed in this Section.
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High-J broken-pair states appear in localized regions across the entire mass surface.
In spherical nuclei, they are manifested as seniority isomers; in deformed nuclei, they are
manifested as K isomers. The topic of K isomerism is a time-honoured branch of nuclear
structure study with comprehensive reviews [200–203]. The situation for transitional
nuclei is poorly characterized. Two factors determine the excitation energies of high-



Physics 2022, 4 754

spin broken-pair states: pairing energy and rotational energy. Pairing contributions to
broken-pair excitation energies are well understood and are well characterized. Rotational
energy contributions to broken-pair excitation energies are epitomized by Figure 25. This
aspect of nuclear structure is generally described as “rotational-alignment” effects: there
is an enormous literature addressing this topic using the so-called cranked shell model.
This model approximates the effects depicted in Figure 25 by “cranking” a deformed
mean-field about a fixed axis at right angles to the symmetry axis of the deformed mean
field. It has been extended to “tilting” the axis about which cranking occurs [204]. The
cranked shell model has completely dominated the study of high-spin states in nuclei.
Our concern here is with low-medium spin states in nuclei. Note that, at high spin, an
axis of directional quantization approaches a semi-classical description in that the cone of
uncertainty becomes narrow; thus, cranking about a fixed axis improves asymptotically
with increasing total spin.

To move forward on the topic of the breaking of pairs away from closed shells, it is
important to recognize that the prototype signature is properties of the 2+1 states in nuclei,
which manifestly involve breaking pairs. The leading question is: Which broken-pair
configurations underlie a given 2+1 state? While important insights can be gained through
large-basis shell model calculations in the valence shell, the full answer must extend
far beyond the valence shell, as manifested in the need for effective charges to describe
B(E2; 2+1 → 0+1 ) values (see Table 2). By looking at systematics of B(E2) values near closed
shells, one expects to learn something about this fundamental aspect of the emergence of
collectivity in nuclei. A natural first step is to look at even-even nuclei with one valence
proton pair and one valence neutron pair, particles or holes, as will now be discussed.

It turns out that 132Te is one of the more accessible nuclei for a detailed study of
what might be termed “prototype emergence of quadrupole collectivity in nuclei”. The
region around 132Sn is attractive for this purpose because 132Sn is an N > Z doubly magic
core without low-excitation intruder states, and because detailed spectroscopic studies
(including transfer reactions, B(E2), and g-factor measurements) show it to be a “good”
doubly magic core. However the challenge, which makes performing detailed spectroscopy
difficult, is that 132Te is accessible to radioactive beams, by beta-minus decay and as a
fission fragment—but not at stable-beam accelerators.

The current knowledge of excitations in 132Te is shown in Figure 57. The extent of
detailed information is best described as “inadequate”. For example, a naïve broken-pair
view would predict two low-lying 2+ states, one due to a broken neutron (hole) pair,
cf. 130Sn (E(2+1 ) = 1221 keV), the other due to a broken proton (particle) pair, cf. 134Te
(E(2+1 ) = 1279 keV). Thus, (naïvely) there should be two excited 2+ states in 132Te at 1221
and 1279 keV. The lowest-lying 2+ states in 132Te are 2+1 (974 keV), (2+) (1665 keV), (2+)
(1778 keV), and then (2+) states at 2249 and 2364 keV, where the parentheses indicate
that the spin–parity assignment is tentative. To pursue the naïve view, the broken-pair
configurations can be viewed as mixing and repelling, so that one resulting state appears
pushed down by 1221− 974 = 247 keV and the other state is at 1270 + 247 = 1517 keV, cf.
(above) 1665 keV. This raises many questions, such as: What is the structure of the states
at 1778, 2249 and 2364 keV? What are the detailed properties of these states? Are they 2+

states? What are their lifetimes, magnetic moments, and quadrupole moments? At present,
all unanswered experimentally, except for some information on Coulomb excitation of the
1665 keV state. Note that the J = 0-coupled neutron-hole pair and the J = 0-coupled proton-
particle pair also interact and cause an energy shift in the 0+ configuration that dominates
the ground-state of 132Te; but [(π2)J ⊗ (ν−2)J ]0 configurations can also be expected to
contribute to the ground-state structure. Allowing for pair occupancies across the many
shell-model subshells, there are many possibilities. In addition, note that there is an
extensive literature that discusses the shell model configurations underlying the structure
of 132Te [33,62,205–215].

To begin to answer some of the questions raised concerning the lowest few 2+ states
in 132Te, one can note that there is a single low-excitation proton configuration that forms
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a 2+ state, namely π(1g7/2)
2
2+ , with g factor g = 0.82. In contrast, the neutron orbits

2d3/2, 3s1/2, and 1h11/2 are “almost degenerate”, which means that low-excitation 2+

states can be formed by the two-neutron-hole configurations ν(2d3/2)
−2
2+ , ν(1h11/2)

−2
2+ , and

ν(2d−1
3/23s−1

1/2)2+ , with g factors 0.54, −0.24, and −0.27, respectively.
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Figure 57. Excited states in 132Te cf. 130Sn and 134Te excited states. Naïvely there should be an
appearance of both sets of states, corresponding to the independent “breaking” of the proton particle
pair or the neutron hole pair. However, these broken-pair configurations can be expected to interact;
thus, the 2+1 in 132Te is lower in energy than that in 130Sn and 134Te. See the text for details. The data
are taken from ENSDF [22].

Table 7 shows the results of shell model calculations for the lowest five 2+ states
in 132Te. The calculations were performed with NUSHELLX [44] in the jj55 basis
space and with the sn100 interactions; see Table 2 and [31,48,64,68] for additional
details including the parameters of the effective M1 operator. Along with a comparison
of the experimental and theoretical level energies, Table 7 lists the g factors and the
decomposition of the wavefunctions into the dominant proton and neutron components
coupled to 0+ and 2+. Note that there is no relative phase information available in these
structures. The mixing of the lowest two 2+ states discussed above in relation to Figure 57
is qualitatively consistent with the shell model calculations. The considerable variation
in the calculated g factors is an indication of the marked differences in the structures of
these 2+ states. As collectivity emerges, the g factors of all of the low-excitation states
would be expected to approach the collective value, typically gcoll ≈ 0.7Z/A. Such
measurements are extremely challenging even for stable nuclides.

Given the complexity of the low-excitation states in 132Te due to the small energy
spacing of the 2d3/2, 3s1/2, and 1h11/2 neutron hole orbits, one might consider nuclei
like 136Te (approximately π1g7/2 ⊗ ν2 f7/2) and 212Po (approximately π1h9/2 ⊗ ν2g9/2) as
alternative “prototypes” to study the emergence of collectivity. Shell model calculations
for these nuclei (see Table 2 for details of basis spaces and interactions) show that the
configuration mixing in the lowest 2+ states of these nuclei is already considerable.
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Table 7. Shell model calculations for the five lowest 2+ states in 132Te. The excitation energies and
g factors are shown, along with the structure of the state. The structure indicates how the angular
momentum is apportioned between protons and neutrons. It is not the wavefunction. The weights
indicated sum to unity when all contributions are included.

Iπ
i Ex g Structure

Exp Theory

2+1 974 954 0.48 0.38π(0+)ν(2+) + 0.51π(2+)ν(0+) + 0.07π(2+)ν(2+) + ...
2+2 1665 1645 0.37 0.49π(0+)ν(2+) + 0.32π(2+)ν(0+) + 0.02π(2+)ν(2+) + ...
2+3 1788 1931 0.03 0.71π(0+)ν(2+) + 0.11π(2+)ν(0+) + 0.13π(2+)ν(2+) + ...
2+4 2249 2258 0.30 0.83π(0+)ν(2+) + 0.03π(2+)ν(0+) + 0.07π(2+)ν(2+) + ...
2+5 2364 2468 0.98 0.06π(0+)ν(2+) + 0.77π(2+)ν(0+) + 0.01π(2+)ν(2+) + ...

There are limited simple and accessible cases to study in detail the proton plus
neutron broken-pair structures of 2+ states adjacent to a closed shell. Extending beyond
this simplest case, the stable Te isotopes below 132Te provide the opportunity for detailed
spectroscopy, including (n,n′ γ) studies [216], Coulomb excitation, and g-factor measure-
ments [115], to track the emergence of collectivity as increasing numbers of neutron holes
are added to the two protons outside the Z = 50 shell closure. The stable Xe isotopes,
with four protons, are likewise accessible to detailed measurements [30,32,217–223]. In
these iotopes, the cancellation of E2 strength for four protons in the 1g7/2 orbit (see
Equation (1)) makes the observed E2 strengths in the Xe isotopes below 136Xe sensitive
to the breakdown of the seniority structure and emerging collectivity.

Returning to the high-spin broken-pair states in this region, specifically the J = 10
broken-neutron-pair configurations and the J = 10 broken-proton-pair configurations,
these do not mix strongly, as manifested in Figure 55, cf. 142Sm and 144Gd. This suggests
that broken-pair high-j, high-spin configurations do not play a role in the emergence of
collectivity. Figure 56 suggests survival of both the proton-broken-pair and the neutron-
broken-pair structures, respectively for J = 6 and J = 10 in 126−132Te. The g factor
data, where available, support this suggestion. In the N = 82 case of 134Te, g(6+1 ) =
+0.847(25) [224], as expected for the π1g2

7/2 configuration. The g factors of the 2+1 [48] and
4+1 [225] states in 134Te are consistent with g(6+1 ), and hence the same configuration. In
132Te, with two neutron holes, g(2+1 ) = +0.46(5) [206,210,226,227] is closer to the collective
g ≈ Z/A ≈ 0.39, whereas g(6+1 ) = +0.78(8) [228] remains consistent with that of the pure
π1g2

7/2 configuration. Recent work at the Australian National University (ANU) tracks the
persistence and eventual weakening of the proton-broken-pair structure in the 4+ states of
124,126,128,130Te [115].

Indeed, discontinuities in yrast state energies persist throughout the open-shell,
Z > 50, N < 82 region and as an example yrast γ-ray energies, Eγ, versus the spins of
the initial states, Ii, are shown for the Ba isotopes in Figure 58. It is important to note
that K isomerism can emerge in this region, as manifested in Figure 59, which shows
the yrast sequences for the even-even N = 74 isotones. The band structures show that
the deformation increases from 128Xe to 140Dy. An important issue in the emergence
of collectivity in nuclei is: where and how is the validity of the K quantum number
established?

In principle, measurements of the magnetic dipole and electric quadrupole moments
along the sequence of isotones could help answer this question. Unfortunately, the data
are limited. The g factors of the 8− isomers in 128Xe and 130Ba have been measured to
be −0.036(9) [229] and −0.0054(35) [230], respectively. The quadrupole moment of the
isomer in 130Ba has also been measured to be Q = +2.77(30)b [230], which corresponds to
a deformation of ε2 ' 0.2.

In 128Xe, the configuration of the isomer is assigned as ν(h11/2⊗ g7/2)8− . Evaluating
the g factor of this configuration with the spin g factor, gs, quenched from the free-
neutron value by the standard factor of 0.7 gives g(8−) = −0.046, consistent with
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experiments. Empirical values for g(1g7/2) and g(1h11/2) from neighboring nuclei give
g(8−) ≈ −0.07, somewhat larger than the experiment. For 130Ba, the isomer is assigned
as 9/2−[514]⊗ 7/2−[404]. The parentage of these Nilsson orbits is νh11/2 and νg7/2, i.e.,
as assigned to the isomer in 128Xe. Evaluating the g factor of the K-isomer with standard
Nilsson wavefunctions at ε2 = 0.2 and again quenching gs by the standard 0.7 factor,
gives g(8−) = −0.003, in excellent agreement with the experiment. This result is not
sensitive to the deformation. Thus, the moment data suggest that the validity of the
K quantum number is established in 130Ba. It appears not to be established in 128Xe.
Further insights could be gained from observation and characterization of bands built
on the isomers.
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Fig. 57.

Figure 58. Yrast Eγ vs. Ii for 120−128Ba (Z = 56). Note the discontinuity above spin 10. The
interpretation is that this is due to dominance of a broken neutron pair, 1h2

11/2. See discussion in the
text. The data are taken from ENSDF [22].

Finally, with respect to the data shown in Figure 59, note that hindrance of the E1
isomeric transitions appears to increase with decreasing deformation: this appears coun-
terintuitive. E1 transitions are an observable for which systematic features often remain
elusive. In the normal valence space, they are forbidden. When looking at E1 strength,
probably this involves the net result of many small contributions to the matrix element.
Nevertheless, there is a visible systematic trend in Figure 59, which lacks an explanation.
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Figure 59. K isomers in N = 74 isotones. The figure is based on a more limited view presented in
Królas et al. [231]. Hindrance factors are f−7

ν = B(E1) (in W.u.); the exponent is given by ∆K − λ

where ∆K = 8 and λ = 1, i.e., decay between the Kπ = 8− isomer and 8+ state of the K = 0
ground-state band occurs by E1 multipole radiation. See text for details. The data are taken from
ENSDF [22].

9. A ∼ 56 and N ∼ 28: New Regions of Shape Coexistence at Closed Shells

The observation of a deformed band in the double-closed shell nucleus 56Ni [232]
suggested that an extension of shape coexistence from the 40Ca region to the A ∼ 56 region
seemed promising. This has not yet materialized. A leading factor is lack of stable targets
for multi-nucleon transfer reactions. However, an initiative is underway, with a high-
resolution internal-pair spectrometer, the Super-e, at the ANU to explore the occurrence of
E0 transitions in this mass region [128,129,233–236]. However, there is evidence that shape
coexistence is present in the N = 28 isotones 54Fe and 52Cr from transfer reactions: this
is placed in a broad framework in Figure 60. Consistent with the transfer data, the ANU
group observes E0 transitions in these N = 28 isotones.

The program of E0 decay studies at ANU has some surprises: while one expects a
pattern of shape coexistence adjacent to 56Ni, associated with excited 0+ states, similar
to that observed in nuclei adjacent to 40Ca, this is not apparent in the studies done so far.
Evidence of E0 transitions other than for Z = 28 isotopes and N = 28 isotones is limited.
However, note that the use of E0 transition strength as a spectroscopic fingerprint for shape
coexistence depends on a combination of two factors: coexistence of two configurations
with very different mean-square charge radii and strong mixing of these configurations [40].
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Figure 60. Systematics of the lowest positive-parity states in the N = 28 isotones. Candidate ν 2p-2h
states are depicted in red. Electric monopole transitions from these states, where observed, are depicted
as bold (orange) downwards-pointing arrows, the strengths are indicated where known. The 4282 keV
0+ state in 48Ca, a π 2p - 2h state is also depicted in red. These assignments are based on two-neutron
transfer reaction data [145,237–240]. The 58Ni(p,t)56Ni reaction does not strongly populate 0+ states
below 6.5 MeV [241]. Data for 46Ar are taken from [45,59,242]. The B(E2; 2+1 → 0+1 ) data are taken
from [199]. Other data are taken from ENSDF [22], except the B(E2) value for the decay of the first 4+

state in 52Cr, as quoted in ENSDF is in error; the value presented here is calculated from the half life
quoted in ENSDF.

With reference to Figure 60, a search for deformed bands built on 0+ and 2+ states in
52Cr and 54Fe would be of great interest. Based on the energies of the first excited 2+ states,
deformation appears to dominate the ground-state structure of 40Mg and 42Si (lifetime
data would help to support this suggestion). Strengths of E2 transitions are shown for
the transitions depopulating the 2+1 , 4+1 , and 6+1 states where lifetime data are available.
In 52Cr, two 4+ states are observed: the lowest is dominated by a seniority v = 4 π1 f 4

7/2
configuration and the upper is dominated by a seniority v = 2 π1 f 4

7/2 configuration. The
weak B42 value in 44S has been interpreted as due to K isomerism, but band structure is not
observed [243]; a seniority isomer resulting from a π1d5/2 broken pair is equally plausible.

The evidence for shape coexistence in nuclei with N ∼ 28 and Z < 20 is highlighted
in Figure 61, which summarizes the connection between intruder states in odd-mass nuclei
and low-energy excited 0+ states in neighbouring even-even nuclei. The accumulation
of the necessary data to establish shape coexistence in such neutron-rich nuclei is very
demanding with respect to technique and accelerator running times.
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Figure 61. Selected pairs of nuclei showing a possible relationship between lp-2h intruder states
(marked with solid triangles) and low lying excited 0+ states. The data are from [244–249] and
ENSDF [22]. The figure is adapted from [41].

10. A Quantum Mechanical Perspective on Emergent Structures in the Nuclear
Many-Body Problem

Nuclei are finite many-body quantum systems that self-organize to yield well-defined
sizes and moments. The size of the nucleus determines the energy scale of quantization
by virtue of the confinement (specific length) of nucleons (specific mass), scaled by h̄.
Defining the nucleon position and momentum observables, xj and pj, with j = 1, 2, 3,
and the nucleon mass m, this leads to the stationary states of any given nucleus via the
definition of a Hamiltonian and the fundamental relationships

[xj, pj] = ih̄, (9)

and
pj = mẋj. (10)

The consideration herein is limited to a discussion of model forms of independent-
particle potentials and residual two-body interactions between the nucleons. At this
point of inception, a representation of the problem for determining the eigenstates of the
Hamiltonian must be chosen. This involves the use of symmetries of the Hamiltonian. If
the nucleus has spherical symmetry, the handling of the independent-particle part of the
Hamiltonian is greatly simplified by using the familiar representation that is a factorization
into angular momentum and radial degrees of freedom. This extends to labeling states
with angular momentum quantum numbers. The familiar radial confining potentials—the
infinite square well and the harmonic oscillator—are solvable in closed form.

The factorization into radial and angular degrees of freedom equips us with the
powerful algebra of angular momentum,

Lk ≡ xi pj − xj pi, (11)

and
[Li, Lj] = ih̄εijkLk, (12)

where εijk is the permutation symbol. The power of this algebra, the so(3) Lie algebra, is
that it permits an enormous reduction of computational labor via the classification of states
and operators as so(3) tensors, with their associated irreducible representations, Kronecker
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products, and Wigner–Eckart theorem. Spins of nucleons are simply accommodated by
extension of so(3) to its isomorphic algebra, su(2). The Hamiltonian becomes block
diagonal in su(2) irreps, reducing computational labor; selection rules emerge; many
transitions of interest appear in ratios that depend only on Clebsch–Gordan coefficients.

But, when one factorizes the shell model problem into angular and radial parts, and
arrives at the so(3) algebra of angular momentum, one does not look any further for
algebraic structures in the problem. However, there is another algebra “right under our
noses”: the radial degree of freedom possess an su(1,1) algebra. This is a so-called dual
algebra for the shell model. Details are presented in pedagogical form in [250] and in a
more advanced form in [6]. This is not found in any quantum mechanics textbook. It can be
used to evaluate radial matrix elements in shell model computations, and this has recently
been explored [251]. The algebra is defined by

T1 ≡ r · r, T2 ≡ 1
2 (r · p + p · r), T3 ≡ p · p, (13)

which, via linear combinations of the {Ti} and scale factors, leads to the commutator
brackets recognizable as su(1,1) (see [250]). Indeed, radial matrix elements possess simple
relationships including “cancellations”, which reflect properties of su(1,1) irreps and a
su(1,1) Wigner–Eckart theorem.

Thus, what other algebraic structures can one expect in nuclei that emerge from
functions of xi, pi and Equation (9)? The clue comes from the dominance of quadrupole
deformation in nuclei. One can define “quadrupole” coordinates, xixj: these are rank-2
symmetric Cartesian tensors and there are six of them—using xi = x, xj = y, xk = z, they
are xx, xy, xz, yy, yz, zz. From these, in a straightforward manner, combinations such as
xpx, etc., and px px, etc., are obtained, yielding a Lie algebra with 21 generators, called
sp(3,R). Details are presented in pedagogical form in [5] and full details are presented
in [6]. The Lie algebra possesses many useful subalgebras: so(3), su(3), and others which
need not concern us here; however, note that the su(3) subalgebra is that of the historical
Elliott model [160]. A characteristic of the majority of nuclei is that they possess a very
large value for the leading sp(3,R) quantum number, N—the total number of shell model
oscillator quanta carried by the sum of all the nucleons—counting the number of oscillator
quanta for each nucleon partitioned across the entire occupancy of the oscillator shells
of the given nucleus. For example, for 168Er, N = 814 [252]. This leads to contraction in
nuclei dominated by the su(3) subalgebra, yielding a (near) rigid rotor with properties
that closely match observations [253] with the use of effective charges ep = +e, en =
0 [254]. Contraction is a process where a Lie product, e.g., Equation (12), approaches
zero asymptotically as quantum numbers become very large: for a state with angular
momentum L = 100 and projection mL = +100, the cone of indeterminacy appears almost
identical to a classical angular momentum vector with three sharp Cartesian components.
The origin of the concept of contraction is in a paper by Inonu and Wigner [255]; and the
process is often called Inonu–Wigner contraction.

Thus, how does the shell model stand in relationship to the foregoing categorization?
The shell model utilizes the su(2) spin-angular momentum algebra and adopts a central
potential, but one does not find use of the su(1,1) algebra. This leaves open the functional
form of the central potential: an su(1,1) algebraic structure is only realized for four central
potentials—the Coulomb potential, the harmonic oscillator potential and their less well-
known modifications—through augmentation with a 1/r2 term—the Kratzer potential
and the Davidson potential [256]. Furthermore, the shell model does not make use of the
sp(3,R) algebra because of spin–orbit coupling. Such an interaction lies “outside” of the
symplectic model and must be treated as a perturbation. While the shell structure of nuclei
and the dependence of magic numbers on spin–orbit coupling appear to invalidate the
symplectic model, Q ·Q interactions shift shell structures by up to 100 MeV, as manifested in
observed shape coexisting structure; thus, L · S and Q ·Q interactions have their respective
domains of influence in nuclear structure. Indeed, the dividing line of their influence
epitomizes the primary focus of this contribution. Notably, where the L · S interaction
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dominates, J emerges as a good quantum number and pairing interactions result in the
emergence of seniority structure and its underlying quasispin su(2) algebra. These few
mathematical structures appear to cover all the structures manifested in nuclei, observed
so far, and as summarized in this contribution.

The foregoing leaves open the answer to the question posed by the title of this paper.
The shell model versus the symplectic model approaches, with their respective dominance
by spin–orbit coupling versus quadrupole–quadrupole coupling, each go some way to
describing the structure of transitional nuclei. A shell model description can be achieved by
using effective interactions. However, it should be noted that it is beginning to emerge that
the effective interactions used in ab initio shell model calculations appear to be dominated
by just those components that are compatible with symplectic model structures [257–259].

11. Conclusions

The present exploration of the interface between shell model and collective nuclear
structure, which we term “emergence of nuclear collectivity”, raises many questions.
From a summary of systematic features in data, this paper has focused on the effective
charge problem, which reveals itself already in the reduced transition strengths between
the first-excited state and the ground state, B(E2; 2+1 → 0+1 ), in nuclei possessing two
valence nucleons coupled to a doubly closed shell. A notable puzzle is the neutron
effective charge needed for 18O compared to the well-known value of en ∼ +0.5e in 17O.
It would appear that applying state-of-the-art shell model calculations beyond these
simple structures needs great caution; and claims of successful descriptions in such
nuclei deserve skepticism. Let us note the issue of spectroscopic factors as deduced
from proton knockout by quaiselastic electron scattering [81] (see also [260,261]). The
occupancies of particle configurations above the shell closures in doubly closed shell
nuclei, shown in Figure 62, indicate that one is likely never dealing with simple shell
model configurations when confronting data.

We have suggested directions in which shell model states should be explored as one
moves away from closed shells, in the guise of seniority isomers (which involve pairing
correlations). We have suggested criteria for exploring the validity of the language of
deformation (proton–neutron correlations) in describing weakly deformed nuclei. Notably,
nuclei that are termed “transitional” are severely neglected in the spectroscopic data base:
we have outlined focal points for experimental study. We concluded with a sketch of details
that leads shell model philosophy into the symplectic shell model: in the framework of this
model, specific multi-shell configurations are emerging as a major clue to what is going on
in low-energy nuclear excitations, and towards which state-of-the-art shell model activity
needs to move.

We close with the view: “Data will have the last word in this Shakespearian drama”
and “All the [nuclear] World’s a [data] stage, and all the protons and neutrons merely
players.” (Adapted from As You Like It by W. Shakespeare). The message is that one needs
precision spectroscopy across the mass surface, as well as pushing to exotic nuclei towards the
limits of nuclear stability.
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of the target mass. All strengths are integrated to an excitation energy of about 20 MeV. The figure is reproduced
from [Lapikas, ref. 59] and is shown with permission. 
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Figure 62. Quasiparticle strength for states just above the Fermi surface, observed in the reaction
(e, e′p) as a function of the target mass. All strengths are integrated to an excitation energy of about
20 MeV. Reprinted from [81], Copyright (1993), with permission from Elsevier. The language used in
the original paper, from which this figure is taken, needs some clarification. ‘Empty’ orbits refers to
shell model configurations above the shell closure, which are conventionally regarded as empty in
doubly closed shell nuclei. However, in the (e, e′p) studies, these configurations must have proton
occupancy in the doubly closed shell target nuclei to explain the pattern of protons that are knocked
out. Thus, one must conclude that the shells are not “closed”.

An underlying theme that emerges in this look at nuclear structure is the role of
algebraic structures in the quantum mechanics of the nuclear many-body problem. Two
structures are widely manifested where many nucleon configurations are involved. In
singly closed shell nuclei, the seniority coupling scheme dominates. This coupling scheme is
explained by an su(2) algebra for correlated pairs in j-shell configurations. This stems from
dominance of spin–orbit coupling imposed on a spherical mean-field independent-particle
description. In open-shell nuclei, the Bohr unified model coupling scheme dominates. This
can be traced to an sp(3,R) algebra with contraction on the very large quantum number
values involved. Thus, we suggest that a way forward is to explore algebraic structures
based on the shell model. This is being pursued, as noted, in the symmetry-adapted and
symmetry-guided approaches [257–259], wherein effective charges are not needed.
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117. Leoni, S.; Fornal, B.; Mărginean, N.; Sferrazza, M.; Tsunoda, Y.; Otsuka, T.; Bocchi, G.; Crespi, F.C.L.; Bracco, A.; Aydin, S.; et al.
Multifaceted Quadruplet of Low-Lying Spin-Zero States in 66Ni: Emergence of shape isomerism in light nuclei. Phys. Rev. Lett.
2017, 118, 162502. [CrossRef]

118. Flavigny, F.; Pauwels, D.; Radulov, D.; Darby, I.J.; De Witte, H.; Diriken, J.; Fedorov, D.V.; Fedosseev, V.N.; Fraile, L.M.; Huyse,
M.; et al. Characterization of the low-lying 0+ and 2+ states in 68Ni via β decay of the low-spin 68Co isomer. Phys. Rev. C 2015,
91, 034310. [CrossRef]

119. Ishii, T.; Asai, M.; Makishima, A.; Hossain, I.; Ogawa, M.; Hasegawa, J.; Matsuda, M.; Ichikawa, S. Core-excited states in the
doubly magic 68Ni and its neighbor 69Cu. Phys. Rev. Lett. 2000, 84, 39–42. [CrossRef]

120. Elman, B.; Gade, A.; Janssens, R.V.F.; Ayangeakaa, A.D.; Bazin, D.; Belarge, J.; Bender, P.C.; Brown, B.A.; Campbell, C.M.;
Carpenter, M.P.; et al. Probing the role of proton cross-shell excitations in 70Ni using nucleon knockout reactions. Phys. Rev. C
2019, 100, 034317. [CrossRef]

121. Prokop, C.J.; Crider, B.P.; Liddick, S.N.; Ayangeakaa, A.D.; Carpenter, M.P.; Carroll, J.J.; Chen, J.; Chiara, C.J.; David, H.M.;
Dombos, A.C.; et al. New low-energy 0+ state and shape coexistence in 70Ni. Phys. Rev. C 2015, 92, 061302. [CrossRef]

122. Chiara, C.J.; Weisshaar, D.; Janssens, R.V.F.; Tsunoda, Y.; Otsuka, T.; Harker, J.L.; Walters, W.B.; Recchia, F.; Albers, M.; Alcorta, M.;
et al. Identification of deformed intruder states in semi-magic 70Ni. Phys. Rev. C 2015, 91, 044309. [CrossRef]

123. Morales, A.I.; Benzoni, G.; Watanabe, H.; Nishimura, S.; Browne, F.; Daido, R.; Doornenbal, P.; Fang, Y.; Lorusso, G.; Patel, Z.; et al.
Low-lying excitations in 72Ni. Phys. Rev. C 2016, 93, 034328. [CrossRef]

124. Morales, A.; Benzoni, G.; Watanabe, H.; de Angelis, G.; Nishimura, S.; Coraggio, L.; Gargano, A.; Itaco, N.; Otsuka, T.; Tsunoda,
Y.; et al. Is seniority a partial dynamic symmetry in the first νg9/2 shell? Phys. Lett. B 2018, 781, 706–712. [CrossRef]

125. Mazzocchi, C.; Grzywacz, R.; Batchelder, J.; Bingham, C.; Fong, D.; Hamilton, J.; Hwang, J.; Karny, M.; Krolas, W.; Liddick, S.;
et al. Low energy structure of even–even Ni isotopes close to 78Ni. Phys. Lett. B 2005, 622, 45–54. [CrossRef]

126. Kolos, K.; Miller, D.; Grzywacz, R.; Iwasaki, H.; Al-Shudifat, M.; Bazin, D.; Bingham, C.R.; Braunroth, T.; Cerizza, G.; Gade, A.;
et al. Direct lifetime measurements of the excited states in 72Ni. Phys. Rev. Lett. 2016, 116, 122502. [CrossRef]

127. Gottardo, A.; de Angelis, G.; Doornenbal, P.; Coraggio, L.; Gargano, A.; Itaco, N.; Kaneko, K.; Van Isacker, P.; Furumoto, T.;
Benzoni, G.; et al. Transition strengths in the neutron-rich 73,74,75Ni isotopes. Phys. Rev. C 2020, 102, 014323. [CrossRef]

128. Evitts, L.; Garnsworthy, A.; Kibédi, T.; Smallcombe, J.; Reed, M.; Brown, B.; Stuchbery, A.; Lane, G.; Eriksen, T.; Akber, A.; et al.
Identification of significant E0 strength in the 2+2 → 2+1 transitions of 58,60,62Ni. Phys. Lett. B 2018, 779, 396–401. [CrossRef]

129. Evitts, L.J.; Garnsworthy, A.B.; Kibédi, T.; Smallcombe, J.; Reed, M.W.; Stuchbery, A.E.; Lane, G.J.; Eriksen, T.K.; Akber, A.;
Alshahrani, B.; et al. E0 transition strength in stable Ni isotopes. Phys. Rev. C 2019, 99, 024306. [CrossRef]

130. Passoja, A.; Julin, R.; Kantele, J.; Luontama, M. High-resolution study of E0 internal pair decay of excited 0+ states in 58,60,62Ni.
Nucl. Phys. A 1981, 363, 399–412. [CrossRef]

131. Evers, D.; Assmann, W.; Rudolph, K.; Skorka, S.; Sperr, P. The (3He, n) reaction on even (f, p) shell nuclei at 18 and 21 MeV (I).
Nucl. Phys. A 1972, 198, 268–288. [CrossRef]

132. Stein, N.; Sunier, J.W.; Woods, C.W. Correspondence between α-transfer and two-proton and two-neutron transfer reactions to
the nickel isotopes. Phys. Rev. Lett. 1977, 38, 587–591. [CrossRef]

133. Hanson, D.; Stein, N.; Sunier, J.; Woods, C.; Hansen, O. High resolution study of the reactions 54,56,58Fe(16O, 12C)58,60,62Ni and a
comparison with (6Li, d) α-transfer spectroscopy. Nucl. Phys. A 1979, 321, 471–489. [CrossRef]

134. Hanson, D.; Stein, N.; Woods, C.; Sunier, J.; Hansen, O.; Nilsson, B. The 58Fe(16O, 14C)60Ni reaction at 50 MeV. Nucl. Phys. A 1980,
336, 290–298. [CrossRef]

135. Amusa, A.; Lawson, R.D. High spin states in 94Ru and 95Rh. Z. Phys. A 1982, 307, 333–337. [CrossRef]
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140. Lach, M.; Styczeń, J.; Meczyński, W.; Bednarczyk, P.; Bracco, A.; Grebosz, J.; Maj, A.; Merdinger, J.C.; Schulz, N.; Smith, M.B.; et al.
In-beam γ-ray spectroscopy of 42Ca. Eur. Phys. J. A 2003, 16, 309–311. [CrossRef]

141. Bjerregaard, J.H.; Hansen, O. Violation of seniority in the reaction 43Ca(d, p)44Ca. Phys. Rev. 1967, 155, 1229–1237. [CrossRef]
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