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Abstract

This paper focuses on the design of robust fusion estimators for multi-sensor systems expe-
riencing constrained communications, model uncertainties, and random packet dropouts.
To mitigate the impact of modeling errors, a sensitivity-penalized robust state estimator is
employed at each local estimator. At the local fusion estimators, a centralized robust fusion
estimation algorithm is derived by improving the cost function of the sensitivity-penalized
estimator. The implementation of an event-triggered strategy effectively alleviates the
burden on the communication channels linking the sensors and the fusion center. Moreover,
the fusion estimator is capable of handling packet drops caused by unreliable communica-
tion channels, and the pseudo cross-covariance matrix is accordingly formulated. Sufficient
conditions are derived to ensure the uniform boundedness of the estimation error for
the proposed robust fusion estimator. Finally, simulation experiments using a tractor-car
system validate the performance and advantages of the presented algorithm.

Keywords: multi-sensor systems; robust fusion estimation; modeling errors; random
packet dropouts; event-triggered

1. Introduction
The rapid progress in communication and control technologies has led to the extensive

adoption of multi-sensor systems across diverse domains, including motor control [1],
path planning [2], and trajectory tracking [3,4]. In multi-sensor systems, collaborative
data acquisition by multiple sensors enhances the accuracy and stability of the overall
system. However, sensor malfunctions or cyber-attacks in the communication channel
may cause communication delays and stochastic packet drops. Communication delays
may significantly affect information exchange and coordination in networked systems;
for example, Shi analyzed the convergence rate of delayed consensus based on products
of substochastic matrices [5]. Moreover, asynchronous interactions over cooperation–
competition networks have also been investigated in recent consensus-tracking studies [6].
In a related line of research, networked control systems with remote and local controllers
over unreliable communication channels have been studied to address the impact of channel
unreliability on closed-loop performance [7]. Furthermore, decentralized output-feedback
control with asymmetric one-step delayed information has been investigated to characterize
how nonuniform delayed information affects decentralized controller design [8]. Therefore,
how to effectively handle packet losses during data transmission and reduce the data
transmission rate of sensor nodes has become a critical research topic.
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In multi-sensor systems, data processing is typically performed through information
fusion. The fundamental fusion estimation methods can be broadly categorized into cen-
tralized [9,10] and distributed [11,12]. Centralized fusion estimation processes all sensor
data within a central processing unit, allowing for access to global system state information
and, in theory, providing optimal estimation performance. However, with more sensors,
the centralized architecture places a significant burden on transmission bandwidth and
computational resources. This can lead to limitations in the processing capacity of the
central node, making it difficult to meet real-time and scalability requirements [13,14]. In
contrast, distributed fusion estimation methods allocate the information processing tasks
across multiple sensor nodes, where each node independently processes its local measure-
ments and transmits the local estimates to a fusion center to form the global estimate. As a
result, distributed schemes offer better stability and flexibility in resource-constrained or
communication-limited environments. Common distributed fusion algorithms include the
federated Kalman filter [15], the best linear unbiased estimator [16,17], and matrix-weighted
fusion methods [18,19]. A two-layer distributed and clustered fusion estimation method
was introduced in [20] for discrete-time linear systems with time-varying dynamics and cor-
related sensor noise. For clustered sensor networks with uncertain noise variances, ref. [21]
proposed a two-level robust Kalman filtering method. Several studies, particularly [22,23],
have developed distributed fusion estimation methods for multi-sensor systems affected
by stochastic packet dropouts. In [24], a linear fusion method was adopted for fusion
estimation in systems subject to packet loss.

Furthermore, fusion estimation often incurs high communication overhead. To balance
estimation accuracy and communication costs, various transmission strategies have been
proposed. For instance, in [25], the send-on-delta method triggers data transmission when
the change exceeds a set threshold. In [26], a local data-driven transmission strategy is
proposed and integrated with Kalman filtering to construct a fusion estimator. A threshold-
based event-triggered strategy was developed in [27]. An adaptive event-triggered strategy
was introduced in [28], dynamically adjusting its triggering threshold according to real-
time changes in the system state. In [29], a distributed event-triggered strategy was
introduced, where subsystems broadcast state information only when local state errors
exceed predefined bounds. Overall, the event-triggered transmission strategy offers a more
efficient solution for data transmission in multi-sensor systems, significantly improving
closed-loop control performance and resource utilization efficiency.

State estimation constitutes a core research focus in the domain of industrial automa-
tion. Over the years, numerous estimation methods have been developed, including the
Kalman filter, the Wiener filter, and related techniques. However, modeling errors remain
unavoidable during system modeling. Therefore, the performance of the estimator should
not exhibit abrupt degradation when system parameters deviate within a reasonable range
from their nominal values. Estimators possessing this property are referred to as robust
state estimators, and various related methods have been proposed in the literature [30–34].
A robust filtering framework based on regularized least squares was proposed in [30]. It is
conceptually close to the classical Kalman filter in that it corrects model parameters around
given nominal values. Nevertheless, this line of robust design typically emphasizes worst-
case performance and may become conservative when the underlying uncertainties are
relatively small. An alternative viewpoint in robust filtering employs a sensitivity-penalty
mechanism with respect to variations in plant parameters. In [31], this idea was developed
for single-input single-output systems in the frequency domain using transfer-function
representations and spectral decomposition. The approach was later extended in [32] to
multi-input multi-output time-varying systems within a state-space setting, where the
plant parameters are affected by modeling errors in a fairly general manner. By exploit-
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ing the connection between the Kalman filter and Regularized Least Squares, together
with the sensitivity of the estimation error to parameter perturbations, one can derive an
analytical expression for the optimal estimator, provided that the plant parameters are
differentiable with respect to the modeling error. Furthermore, ref. [33] developed a robust
estimation approach by minimizing the expected estimation error, while [34] proposed
an implementation-friendly error estimator. These studies highlight the practical value of
robust state estimation in multi-sensor systems. Representative robust estimation methods
are summarized in Table 1.

Table 1. Comparison of representative robust estimation techniques.

Ref. Technique Main Features

[30] Regularized robust state estimation The effect of state estimation is conservative when the
model error is relatively small.

[32] Robust state estimation based on sensitivity penalty
There are only very weak restrictions on the ways in
which uncertainty can affect plant parameters, and
model uncertainty can take an arbitrary structure.

[33] Robust state estimation based on minimizing
estimation error variance

A robust state estimator derived by minimizing the
estimation error variance, and the model uncertainty
can have an arbitrary structure.

[34] Implementation-friendly estimator Recursive form convenient for coding and
real-time implementation.

In addition to classical robust estimation and filtering techniques, recent studies have
also explored robustness-enhancing mechanisms from fractional calculus and learning-
oriented perspectives. Fractional-order modeling and filtering have been investigated to
improve estimation robustness and capture memory effects, e.g., robust extended fractional
Kalman filtering for nonlinear systems and related observability and estimation analysis
for fractional-order dynamics [35,36]. Meanwhile, fractional-gradient-based learning has
emerged as an alternative robustness mechanism, where tempered fractional gradient de-
scent and stochastic fractional-order gradient methods have been reported to enhance con-
vergence stability under noise and model mismatch [37,38]. Hence, robust state estimation
remains a critical issue for multi-sensor systems operating under modeling uncertainties.

Robust fusion estimation is investigated for discrete-time linear multi-sensor systems
in the presence of event-triggered transmission strategies, parameter uncertainties, and
random packet dropouts. The main contributions of this work are summarized as follows:

(1) A robust fusion estimation algorithm is proposed, which consists of a localized robust
state estimation algorithm and the optimal information fusion criterion in the linear
minimum variance sense, aiming to address the state estimation problem of multi-
sensor systems subject to modeling uncertainties, communication constraints, and
random packet dropouts.

(2) To cope with event-triggered transmission strategies and data losses occurring in the
communication channels between sensor nodes and the fusion center, the measure-
ment channel model is reconstructed.

(3) The pseudo cross-covariance matrix is updated to handle random packet dropouts in
the measurement channel, based on which a novel global pseudo-covariance matrix
is derived.

(4) Under certain stabilizability and detectability conditions, the uniform boundedness
of the estimation error of the fusion estimator is guaranteed.

The structure of the remainder of this paper is organized as follows: Section 2 dis-
cusses the relevant background and introduces the event-triggered transmission strategy.
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Section 3 derives a robust fusion estimator for multi-sensor systems operating with an
event-triggered transmission strategy and subject to random packet dropouts. Section 4
provides a boundedness analysis of the fusion estimator. Numerical simulations are pro-
vided in Section 5 to validate the effectiveness of the proposed approach, and this paper is
concluded in Section 6.

The following symbols are used. The symbol E[∗] represents the mathematical ex-
pectation of a stochastic variable. ∥∗∥Ω represents the Euclidean norm with weighting
coefficient Ω. The m-dimensional Euclidean space is denoted by Rm. f (∗) represents
a probability density function, and the Gaussian distribution, characterized by mean σ

and covariance Ω, is represented as N(·; σ, Ω). col(∗) denotes a column-stacked matrix.
Ii represents the i × i identity matrix. The trace of the matrix is denoted by tr(∗).

2. Problem Formulation and Some Preliminaries
The state-space representation of the multi-sensor system can be expressed as follows:{

xk+1 = Ak(εk)xk + Bk(εk)wk

yi
k = Ci

k(εk)xk + vi
k

, i = 1, . . . , l (1)

where k and i indicate the discrete-time and sensor indices, respectively. The system state
is xk, measurements are denoted by yi

k, and wk denotes process noise. vi
k accounts for

both measurement and communication noise. The variables x0, wk, and vi
k are indepen-

dent. The elements of matrices Ak(εk), Bk(εk) and Ci
k(εk) are all differentiable functions

of the known model error εk. The model error εk consists of L real-valued scalar uncer-
tainties εk,j, for j = 1, 2, . . . , L, and these L uncertainty components are assumed to be
mutually independent.

E(wk) = 0, E
(

vi
k

)
= 0,

E


x0 − E(x0)

wk

vi
k

(∗)T

 =

Π0

Qkδkj

Ri
kδkj

,

where the matrices Π0, Qk, and Ri
k are considered known and positive-definite. Here,

δkj =

{
1, k = j
0, k ̸= j

.

Assuming that each sensor node is capable of computing a robust state estimate, this
paper proposes a fusion method that integrates local estimations gathered from several sen-
sor nodes within transmission constraints. To reduce transmission congestion and energy
consumption, an event-triggered transmission strategy similar to that in [22] is adopted. A
brief introduction to the event-triggered transmission strategy is provided below.

A noisy measurement channel is considered, which can be mathematically represented
as follows:

Y = HX + v, (2)

where Y ∈ Rm represents the measurement output, H ∈ Rm×n denotes the systems
measurement matrix, and X ∈ Rn represents the system state. The term v ∈ Rm denotes
the measurement noise. A binary variable c is introduced, where ck = 1 indicates that
the measurement Y is transmitted, and ck = 0 indicates that it is not transmitted. The
event-triggered transmission strategy can be described by:

ck =

0, Y − Ỹ ∈ Ξ

1, others
, (3)
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where Ỹ ∈ Rm and Ξ ⊆ Rm represent a measurable set. Define the triggering innovation
as e = Y − Ỹ. Under the measurement model (2), e is induced by the same measurement
matrix H and noise vk, while Ỹk serves as a reference measurement constructed from
(2) by replacing the unknown state with its prior mean, i.e., Ỹ = HX̄. The triggering
set Ξ in (3) is chosen as an origin-centered ellipsoid Ξ = e⊤Σ−1

y e, i.e.,
∫

Ξ ζdζ = 0, where
Σy = Σv + HΣx HT . Under the event-triggered transmission strategy, data transmission
occurs only when the deviation between the measurement Y and a reference measurement
Ỹ exceeds a predefined threshold Ξ.

The transmission rate α is utilized to quantify each sensor node, where α ∈ (0, 1)

is derived through lim 1
κ

κ

∑
k=1

E{ck} = α. The virtual measurement Ỹ = HX + v − g is

defined by Lemma 1 in [26], where g is a uniformly distributed random variable over Ξ,
uncorrelated with both X and v. Assuming fX(x) = N(x; x̄, Σx), fv(v) = N(v; 0, Σv) and
fY(y) = N

(
y; Hx̄, Σy

)
, the optimal transmission strategy is given by:

∥Y − Hx̄∥2
Σ−1

y
≥ Λ, (4)

where Σy denotes the covariance in the measurement Y under the Gaussian prior
X ∼ N (x̄, Σx) and the measurement noise v ∼ N (0, Σv). Accordingly, we set the threshold
as Λ = ρ−1

m (1 − α). The term ∥Y − Hx̄∥2
Σ−1

y
follows a chi-squared distribution possessing

m degrees of freedom, and ρm represents the cumulative distribution function correspond-
ing to this chi-square distribution.

Remark 1. In the fusion framework illustrated in Figure 1, a local fusion estimation layer is
introduced to effectively reduce the communication load and redundant data transmission among
spatially correlated sensors. In this structure, sensors located within the same sub-area or exhibiting
highly correlated measurements are grouped and jointly processed by a local fusion estimator. The
estimator performs centralized fusion within the sub-area to generate a more compact local estimation
result. This hierarchical architecture significantly alleviates the network communication burden,
enhances system robustness under random packet dropout conditions, and improves the utilization
efficiency of limited communication resources.

Figure 1. Robust fusion scheme.

3. Robust Fusion Estimation Procedure
Taking into account the influence of modeling errors on estimation accuracy, this

paper employs the sensitivity-penalized robust state estimation method from [32] to obtain
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both the local state estimates and the local fusion estimates. This robust state estimator is
developed by combining the Kalman filter with regularized least squares, incorporating
a penalty for the sensitivity of the estimation error to model uncertainties. It maintains
the same recursive structure as the Kalman filter but incorporates a parameter correction
procedure, resulting in a comparable computational complexity. In the following, the
analytical expressions for the local state estimator and the local fusion estimator are derived.

3.1. Local Robust Estimation

Assume that the parameters of System (1) are accurately known during modeling, i.e.,
εk = 0. In this case, the state estimation problem for System (1) can be directly addressed
using the conventional Kalman filter. As shown in [30], this filter may also be formulated
as the solution to a regularized least-squares problem. It is now extended to multi-sensor
systems as follows:

x̂n
k+1|k+1 = Ak(0)x̂n

k|k+1 + Bk(0)ŵn
k|k+1,

(
x̂n

k|k+1

ŵn
k|k+1

)
= arg min

xk ,wk


∥∥∥xk − x̂n

k|k

∥∥∥2(
Pn

k|k

)−1 + ∥wk∥2
Q−1

k

+
∥∥yn

k+1 − Cn
k+1(0)xk+1

∥∥2
(Rn

k+1)
−1

,
(5)

where n denotes the estimator index. x̂n
k|t represents the state estimate obtained from the mea-

surement sequence yg

∣∣∣tg=0 , and Pn
k|k represents the covariance matrix of the estimation error.

Remark 2. For the first m sensors, each corresponds to one of the m local estimators. Since the
sensor index and the estimator index have a one-to-one numerical correspondence, the notation in
this section is unified by using the estimator index n for labeling, in order to simplify the expressions.

To simplify (5), define the following matrices:

αn
k = col

{
xk − x̂n

k|k, wk

}
,

Φn
k = diag

{(
Pn

k|k

)−1
, Q−1

k

}
,

Hn
k (εk, εk+1) = Cn

k+1(εk+1)
[

Ak(εk) Bk(εk)
]
,

ηn
k (εk, εk+1) = yn

k+1 − Cn
k+1(εk+1)Ak(εk)x̂n

k|k.

(6)

Substituting Equation (6) into Equation (5) allows the cost function in Equation (5) to
be rewritten in the following form:

J(αn
k ) = ∥αn

k ∥
2
Φn

k
+ ∥Hn

k (0, 0)αn
k − ηn

k (0, 0)∥2
(Rn

k+1)
−1 . (7)

When εk ̸= 0, modeling errors can be addressed using the method from [32] to enhance
estimation accuracy. The cost function in Equation (7) is then revised as follows:

J(αn
k ) = γn

k

[
∥αn

k ∥
2
Φi

k
+ ∥Hn

k (0, 0)αn
k − ηn

k (0, 0)∥2
(Rn

k+1)
−1

]

+ (1 − γn
k )

L

∑
j=1

∥∥∥∥∥∂en
k (εk, εk+1)

∂εk,j

∥∥∥∥∥
2

+

∥∥∥∥∥∂en
k (εk, εk+1)

∂εk+1,j

∥∥∥∥∥
2


εk=0
εk+1=0

,
(8)
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where en
k (εk, εk+1) = yn

k+1 − Cn
k+1(εk+1)Ak(εk)x̂n

k|k − Cn
k+1(εk+1)

[
Ak(εk) Bk(εk)

]
αn

k is
referred to as the innovation process. Its deviation from the nominal innovation
yn

k+1 − Cn
k+1(0)

[
Ak(0)x̂n

k|k + Bk(0)ŵn
k+1

]
captures the contribution of modeling errors to the

prediction error of yn
k+1.

In the cost function (8), γn
k ∈ (0, 1] is a nonnegative design scalar. The first term

enforces nominal estimation performance, whereas the sensitivity-penalization term sup-
presses the degradation caused by model uncertainty by penalizing the sensitivity magni-
tude of the matching error Hn

k (εk, εk+1)α
n
k − ηn

k (εk, εk+1) with respect to the modeling-error
components (εk,j, εk+1,j)

L
j=1 around the nominal parameter values.

In practice, γn
k can be selected empirically and then tuned according to the relative

magnitude of modeling errors: a larger modeling-error magnitude suggests using a smaller
γn

k , which assigns more weight to robustness against model mismatch, consistent with
intuition. When modeling errors are absent and γn

k = 1, the state estimator obtained by
minimizing (8) reduces to the standard Kalman filter.

Next, we define two important matrices, Sn
k and Tn

k , which are essential for parameter
correction, as described below:

Sn
k =

[(
Sn

k,1(0, 0)
)T

, . . . ,
(

Sn
k,L(0, 0)

)T
]T

,

Tn
k =

[(
Tn

k,1(0, 0)
)T

, . . . ,
(

Tn
k,L(0, 0)

)T
]T

,

(9)

in which

Sn
k,j(εk, εk+1) =

 ∂Cn
k+1(εk+1)

∂εk+1,j
Ak(εk)

Cn
k+1(εk+1)

∂Ak(εk)
∂εk,j

,

Tn
k,j(εk, εk+1) =

 ∂Cn
k+1(εk+1)

∂εk+1,j
Bk(εk)

Cn
k+1(εk+1)

∂Bk(εk)
∂εk,j

,

j = 1, 2, . . . , L.

Remark 3. Compared with the Kalman filter, the methods in this subsection mitigate modelling
errors effects by introducing parameter-correction terms into the recursive update. In particular,
Sn

k and Tn
k are central to these corrections: they are designed to lower the sensitivity of the estimator’s

performance to modelling uncertainties while also streamlining the subsequent expansion of the
cost function.

Given the properties of Rn
k+1 and Φn

k , the function J
(
αn

k
)

is strictly convex for
0 < γn

k ≤ 1. Setting ∂J
(
αn

k
)
/∂αn

k = 0 yields the unique global minimizer of αn
k , expressed

as follows:
∂J
(
αn

k
)

∂αn
k

= 2γn
k Φn

k αn
k + 2γn

k (Hn
k (0, 0))T

×
(

Rn
k+1
)−1Hn

k (0, 0)αn
k

− 2γn
k (Hn

k (0, 0))T(Rn
k+1
)−1

ηn
k (0, 0)

+ 2(1 − γn
k )
[
Sn

k Tn
k

]T[
Sn

k Tn
k

]
αn

k

+ 2(1 − γn
k )
[
Sn

k Tn
k

]T
Sn

k x̂n
k|k.

(10)

Define λn
k =

(
1 − γn

k
)
/γn

k . The local estimate x̂n
k|k is then computed via the following

recursive update. The detailed derivation is provided in Appendix A.

(1) Initialization. The matrix Pn
0|0 and the estimate x̂n

0|0 are are expressed as follows:

https://doi.org/10.3390/signals7010009

https://doi.org/10.3390/signals7010009


Signals 2026, 7, 9 8 of 31

Pn
0|0 =

[(
Π̂n

0
)−1

+ (Cn
0 (0))

T(Rn
0 )

−1Cn
0 (0)

]−1
,

x̂n
0|0 = Pn

0|0(C
n
0 (0))

T(Rn
0 )

−1yn
0 ,

(11)

where

Π̂n
0 =

(
Π−1

0 + λn
0

L

∑
j=1

(
∂
(
Cn

0 (ε0)
)T

∂ε0,j

)(
∂Cn

0 (ε0)

∂ε0,j

)∣∣
ε0=0

)
.

(2) Parameter Modification. Define the matrices T̂n
k , Ân

k , B̂n
k , P̂n

k|k and Q̂n
k as follows:

T̂n
k = Tn

k − λn
k Sn

k P̂n
k|k(S

n
k )

TTn
k ,

Ân
k (0) =

(
Ak(0)− λn

k B̂n
k (0)Q̂

n
k (T

n
k )

TSn
k

)(
I − λn

k P̂n
k|k(S

n
k )

TSn
k

)
,

B̂n
k (0) = Bk(0)− λn

k Ak(0)P̂n
k|k(S

n
k )

TTn
k ,

P̂n
k|k =

[(
Pn

k|k

)−1
+ λn

k (S
n
k )

TSn
k

]−1
,

Q̂n
k =

[
Q−1

k + λn
k (T

n
k )

T
(

I + λn
k Sn

k Pn
k|k(S

n
k )

T
)−1

Tn
k

]−1
.

(12)

(3) State Estimate Updating. Compute x̂n
k+1|k+1 and Pn

k+1|k+1 using the following equations:

Pn
k+1|k = Ak(0)P̂n

k|k AT
k (0) + B̂n

k (0)Q̂
n
k
(

B̂n
k (0)

)T ,

Rn
e,k+1 = Rn

k+1 + Cn
k+1(0)Pn

k+1|k
(
Cn

k+1(0)
)T ,

Pn
k+1|k+1 = Pn

k+1|k − Pn
k+1|k

(
Cn

k+1(0)
)T
(

Rn
e,k+1

)−1
Cn

k+1(0)Pn
k+1|k,

x̂n
k+1|k+1 = Ân

k (0)x̂n
k|k + Pn

k+1|k+1
(
Cn

k+1(0)
)T(Rn

k+1
)−1

×
(

yn
k+1 − Cn

k+1(0)Ân
k (0)x̂n

k|k

)
.

(13)

Remark 4. Although the recursive update of Pn
k+1|k+1 in (13) retains a Kalman-like form, it should

be emphasized that the robustness enhancement is implicitly embedded through the modified system
matrices Ân

k and B̂n
k . These matrices are not nominal system parameters, but are obtained via the

sensitivity-penalized regularization and the parameter modification step in (12), which explicitly
accounts for the sensitivity of the innovation error with respect to modeling uncertainties. As a
result, the covariance propagation in (13) reflects the robustness modification through the use of
Ân

k and B̂n
k . Therefore, while the update structure is Kalman-like, Pn

k+1|k+1 should be interpreted as
the estimation error covariance associated with the modified model, rather than the nominal one.

3.2. Local Robust Fusion Estimation

To account for the impact of modeling errors on estimation performance and achieve
improved fusion results, the cost function will be updated based on the sensitivity-
penalized robust state estimation method presented in [32]. The local robust fusion estima-
tor adopts the following updated cost function:

J
(

xk − x̂m+1
k|k , wk

)
= γm+1

k


∥∥∥xk − x̂m+1

k|k

∥∥∥2(
Pm+1

k|k

)−1 + ∥wk∥2
Q−1

k
+

∥zk+1 − Dk+1(0)[Ak(0)xk + Bk(0)wk]∥2
G−1

k+1


+
(

1 − γm+1
k

) L

∑
h=1

∥∥∥∥∥ ∂em+1
k (εk, εk+1)

∂εk,h

∥∥∥∥∥
2

+

∥∥∥∥∥ ∂em+1
k (εk, εk+1)

∂εk+1,h

∥∥∥∥∥
2


εk=0
εk+1=0

(14)
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where
zk = col

{
yn

k

∣∣∣ln=m+1

}
,

Gk = diag
{

Rn
k

∣∣∣ln=m+1

}
,

Dk(εk) = col
(

Cn
k (εk)

∣∣∣ln=m+1

)
.

To simplify Equation (14), define the following matrices:

αm+1
k = col

{
xk − x̂m+1

k|k , wk

}
,

Φm+1
k = diag

{(
Pm+1

k|k

)−1
, Q−1

k

}
,

Hm+1
k (εk, εk+1) = Dk+1(εk+1)

[
Ak(εk) Bk(εk)

]
,

ηm+1
k (εk, εk+1) = zk+1 − Dk+1(εk+1)Ak(εk)x̂m+1

k|k .

(15)

A simplified expression of Equation (14) is given below:

J
(

αm+1
k

)
= γm+1

k

[∥∥∥αm+1
k

∥∥∥2

Φm+1
k

+
∥∥∥Hm+1

k (0, 0)αm+1
k − ηm+1

k (0, 0)
∥∥∥2

G−1
k+1

]
+
(

1 − γm+1
k

) L

∑
h=1

(∥∥∥∥∂ek(εk, εk+1)

∂εk,h

∥∥∥∥2
+

∥∥∥∥∂ek(εk, εk+1)

∂εk+1,h

∥∥∥∥2
)

εk=0
εk+1=0

.
(16)

Next, several important matrices Sm+1
k and Tm+1

k are defined, which serve an important
function in parameter correction, given by:

Sm+1
k =

[(
Sm+1

k,1 (0, 0)
)T

, . . . ,
(

Sm+1
k,L (0, 0)

)T
]T

,

Tm+1
k =

[(
Tm+1

k,1 (0, 0)
)T

, . . . ,
(

Tm+1
k,L (0, 0)

)T
]T

,

(17)

in which

Sm+1
k,h (εk, εk+1) =

 ∂Ck+1(εk+1)
∂εk+1,h

Ak(εk)

Ck+1(εk+1)
∂Ak(εk)

∂εk,h

,

Tm+1
k,h (εk, εk+1) =

 ∂Ck+1(εk+1)
∂εk+1,h

Bk(εk)

Ck+1(εk+1)
∂Bk(εk)

∂εk,h

,

j = 1, 2, . . . , L.

Given the properties of Gk+1 and Φm+1
k , the function J

(
αm+1

k

)
is strictly convex for

0 < γm+1
k ≤ 1. Setting ∂J

(
αm+1

k

)
/∂αm+1

k = 0 yields the unique global minimizer of αm+1
k ,

expressed as follows:

∂J
(

αm+1
k

)
∂αm+1

k

= 2γm+1
k Φm+1

k αm+1
k

+ 2γm+1
k

(
Hm+1

k (0, 0)
)T

G−1
k+1Hm+1

k (0, 0)αm+1
k

− 2γm+1
k

(
Hm+1

k (0, 0)
)T

G−1
k+1ηm+1

k (0, 0)

+ 2
(

1 − γm+1
k

)[
Sm+1

k Tm+1
k

]T[
Sm+1

k Tm+1
k

]
αm+1

k

+ 2
(

1 − γm+1
k

)[
Sm+1

k Tm+1
k

]T
Sm+1

k x̂m+1
k|k .

(18)
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Let λm+1
k =

(
1 − γm+1

k

)
/γm+1

k . The local fused state estimate x̂m+1
k|k can then be

obtained through the following recursive procedure. The detailed derivation is provided in
Appendix B.

(1) Initialization. The matrix Pm+1
0|0 and the estimate x̂m+1

0|0 are are expressed as follows:

Pm+1
0|0 =

[(
Π̂m+1

0

)−1
+ DT

0 (0)G
−1
0 D0(0)

]−1
,

x̂m+1
0|0 = Pm+1

0|0 DT
0 (0)G

−1
0 z0.

(19)

where

Π̂m+1
0 =

(
Π−1

0 + λm+1
0

L

∑
j=1

(
∂DT

0 (ε0)

∂ε0,j

)(
∂D0(ε0)

∂ε0,j

)∣∣
ε0=0

)
.

(2) Parameter Modification. Define the matrices T̂m+1
k , Âm+1

k , B̂m+1
k , P̂m+1

k|k and Q̂m+1
k

as follows:

T̂m+1
k = Tm+1

k − λm+1
k Sm+1

k P̂m+1
k|k

(
Sm+1

k

)T
Tm+1

k ,

Âm+1
k (0) =

[
Ak(0)− λm+1

k B̂m+1
k (0)Q̂m+1

k

(
Tm+1

k

)T
Sm+1

k

]
×
[

I − λm+1
k P̂m+1

k|k

(
Sm+1

k

)T
Sm+1

k

]
,

B̂m+1
k (0) = Bk(0)− λm+1

k Ak(0)P̂m+1
k|k

(
Sm+1

k

)T
Tm+1

k ,

P̂m+1
k|k =

[(
Pm+1

k|k

)−1
+ λm+1

k

(
Sm+1

k

)T
Sm+1

k

]−1
,

Q̂m+1
k =

Q−1
k + λm+1

k

(
Tm+1

k

)T

×
(

I + λm+1
k Sm+1

k Pm+1
k|k

(
Sm+1

k

)T
)−1

Tm+1
k


−1

.

(20)

(3) State Estimate Updating. Compute x̂m+1
k+1|k+1 and Pm+1

k+1|k+1 using the following equations:

Pm+1
k+1|k = Ak(0)P̂m+1

k|k AT
k (0) + B̂m+1

k (0)Q̂m+1
k

(
B̂m+1

k (0)
)T

,

Rm+1
e,k+1 = Gk+1 + Dk+1(0)Pm+1

k+1|kDT
k+1(0),

Pm+1
k+1|k+1 = Pm+1

k+1|k − Pm+1
k+1|kDT

k+1(0)
(

Rm+1
e,k+1

)−1
Dk+1(0)Pm+1

k+1|k,

x̂m+1
k+1|k+1 = Âm+1

k (0)x̂m+1
k|k + Pm+1

k+1|k+1DT
k+1(0)

× G−1
k+1

(
zk+1 − Dk+1(0)Âm+1

k (0)x̂m+1
k|k

)
.

(21)

3.3. Transmission Strategy and Channel Reconstruction

A binary variable cn
k dictates the transmission of local state estimates from sensor

nodes to the fusion center. The aforementioned event-triggered transmission strategy can
be formulated as follows:

cn
k =


0,
∥∥∥x̂n

k|k − x̄n
k|k

∥∥∥2

Ωn
k

≤ δn

1, others
, (22)
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where x̄n
k|k denotes the state vector, Ωn

k is the positive-definite weighting coefficient, and
δn is a positive real scalar. To achieve the desired transmission rate α, the parameters x̄n

k|k,
Ωn

k , and δn must be appropriately selected. x̂n
k|k represents the local state estimate obtained

by an individual sensor node. Each local estimate can be considered an observation of xk,
obtained through a virtual measurement channel.

Following the event-triggered transmission strategy in [26], the threshold δn is selected
as a rate-controlling parameter to meet a desired average transmission rate αn. Under the
standard Gaussian assumption, the triggering quadratic statistic is chi-square distributed
with mn degrees of freedom, and thus δn can be set by the corresponding quantile, i.e.,
δn = F−1

χ2
mn
(1 − αn). In practice, we initialize δn using this quantile and perform a short

calibration to slightly adjust it such that the observed triggering rate matches αn.
The associated measurement Zn

k is defined by:

Zn
k = x̂n

k|k = xk +
(

x̂n
k|k − xk

)
, (23)

where x̂n
k|k − xk may be viewed as a type of virtual measurement noise.

Under the transmission strategy, Equation (23) represents the scenario in which the
measurement is successfully received by the fusion center from the sensor node, that
is, when cn

k = 1. If the sensor node does not transmit, Equation (23) is replaced by
Equation (24).

Zn
k = x̃n

k|k = xk +
(

x̂n
k|k − xk

)
− gn

k , (24)

where gn
k is uniformly distributed over the ellipsoid in Equation (22) and is independent

of x̂n
k|k − xk. In the event of packet drops between the estimator and the fusion center, the

virtual measurement channel is adaptively modified based on the transmission strategy as
described below:

Zn
k = cn

k

(
µn

k x̂n
k|k + (1 − µn

k )x̂n
k|k−1

)
+ (1 − cn

k )x̃n
k|k

= cn
k

(
xk + µn

k

(
x̂n

k|k − xk

)
+ (1 − µn

k )
(

x̂n
k|k−1 − xk

))
+ (1 − cn

k )
(

xk +
(

x̂n
k|k − xk

)
− gn

k

)
,

(25)

where µn
k indicates whether the fusion center successfully received the measurement

value Zn
k from the sensor node, with µn

k = {0, 1}. When cn
k = 0, the sensor node

does not transmit its local state estimate; when cn
k = 1, µn

k = 0, a packet dropout oc-
curs in the communication channel; and when cn

k = 1 and µn
k = 1, the channel com-

munication is normal. Note that the case cn
k = 0 and µn

k = 1, does not occur; the
admissible communication modes and the corresponding information available at the
fusion center are summarized in Table 2. The variable x̂n

k|k−1 represents the predicted

state of the sensor node at time k, computed as x̂n
k|k−1 = Ân

k−1 x̂n
k−1|k−1. In the above

formulation,
(
cn

k µn
k +

(
1 − cn

k
))(

x̂n
k|k − xk

)
+ cn

k
(
1 − µn

k
)(

x̂n
k|k − xk

)
−
(
1 − cn

k
)

gn
k denotes

the virtual measurement noise of the virtual channel at time k, which is represented as
ϕn

k =
(
cn

k µn
k +

(
1 − cn

k
))(

x̂n
k|k − xk

)
+ cn

k
(
1 − µn

k
)(

x̂n
k|k − xk

)
−
(
1 − cn

k
)

gn
k .

Table 2. Communication modes for node n at time k.

(cn
k, µn

k) Communication Status Information Used at the Fusion Center

(0, –) no transmission x̃n
k|k

(1, 1) successful transmission and reception x̂n
k|k

(1, 0) transmission attempted but packet dropped x̂n
k|k−1
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Next, we investigate the global fusion estimation under the combined effects of
the event-triggered transmission strategy and random packet dropouts, and define the
following matrices:

Zk = col
{

cn
k

(
µn

k x̂n
k|k + (1 − µn

k )x̂n
k|k−1

)
+ (1 − cn

k )x̃n
k|k

∣∣∣m+1
n=1

}
,

ϕk = col
{
(cn

k µn
k + (1 − cn

k ))
(

x̂n
k|k − xk

)∣∣∣m+1
n=1

}
+ col

{
cn

k (1 − µn
k )
(

x̂n
k|k−1 − xk

)∣∣∣m+1
n=1

}
+ col

{
(1 − cn

k )gn
k

∣∣∣m+1
n=1

}
,

H = col
{

In

∣∣∣m+1
n=1

}
.

(26)

The fusion center acquires information via the virtual measurement channel:

Zk = Hxk + ϕk. (27)

where Zk is a stacked virtual measurement vector for fusion at time k. The matrix H stacks
(m + 1) identity blocks so that each block corresponds to the same state xk. The term
ϕk denotes the stacked virtual measurement noise.

According to the optimal information fusion criterion in the linear minimum variance
sense [16], the optimal matrix-weighted fusion estimator is formulated as follows:

x̂k|k = F1 x̂1
k|k + F2 x̂2

k|k + . . . + Fm+1 x̂m+1
k|k . (28)

Let the optimal matrix weights be denoted as F = col
{

Fn

∣∣∣m+1
n=1

}
, subject to the con-

straint F1 + F2 + . . . + Fm+1 = I. The optimal weights are computed according to the
following formulation:

F = P̃−1
k H

(
HT P̃−1

k H
)−1

, (29)

where P̃k represents the covariance matrix of the virtual measurement noise ϕk, reflecting
the total estimation error covariance. Based on the formulation of ϕk in Equation (26), P̃k is
calculated as follows:

P̃k = P̄k + diag
{
(1 − cn

k )
δn

d + 2
(Ωn

k )
−1
∣∣∣ln=1

}
, (30)

where P̄k = P̄k,1 + P̄k,2 + P̄T
k,2 + P̄k,3, and the matrices P̄k,1, P̄k,2 and P̄k,3 can be expressed

as follows:

P̄k,1 =


(

Γ1
1,k

)2
P1,1

k|k · · ·
(

Γ1
1,k

)(
Γm+1

1,k

)
P1,m+1

k|k
...

. . .
...(

Γm+1
1,k

)(
Γ1

1,k

)
Pm+1,1

k|k · · ·
(

Γm+1
1,k

)2
Pm+1,m+1

k|k

,

P̄k,2 =


0 · · ·

(
Γ1

1,k

)(
Γm+1

2,k

)⌢

P
1,m+1

k|k
...

. . .
...(

Γm+1
1,k

)(
Γ1

2,k

)⌢

P
m+1,1

k|k · · · 0

,

P̄k,3 =


(

Γ1
2,k

)2
P1,1

k|k−1 · · ·
(

Γ1
2,k

)(
Γm+1

2,k

)
P1,m+1

k|k−1
...

. . .
...(

Γm+1
2,k

)(
Γ1

2,k

)
Pm+1,1

k|k−1 · · ·
(

Γm+1
2,k

)2
Pm+1,m+1

k|k−1

,

Γn
1,k = cn

k µn
k + (1 − cn

k ), Γn
2,k = cn

k (1 − µn
k ).

(31)
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Remark 5. With the definitions in (31), Γn
1,k = cn

k µn
k + (1 − cn

k ) and Γn
2,k = cn

k (1 − µn
k ),

(Γn
1,k, Γn

2,k) forms a one-hot selector, i.e., Γn
1,k, Γn

2,k ∈ {0, 1} and Γn
1,k + Γn

2,k = 1. Therefore, exactly
one term is selected in the compact expression of ϕn

k in (26). Moreover, when cn
k = 0, the dither gn

k
introduced in (26) contributes an extra block-diagonal covariance term, which explains the diagonal
augmentation in (30).

The following expressions yield the fused estimate x̂k|k and its associated error
covariance Pk:

x̂k|k = FTZk =

(
P̃−1

k H
(

HT P̃−1
k H

)−1
)T

Zk,

Pk =
(

HT P̃−1
k H

)−1
.

(32)

The state estimation error of the dynamic system below is analyzed as follows:{
xk+1 = Ân

k (εk)xk + B̂n
k (εk)wk,

yi
k = Ci

k(εk)xk + vi
k,

i = 1 . . . l, n = 1 . . . m + 1. (33)

First, the local estimator part is discusse, that is, 1 ≤ i ≤ m and 1 ≤ n ≤ m. Then, the
subsequent relation can be directly established:

xk+1 − x̂n
k+1|k+1 =

[
I + Pn

k+1|k
(
Cn

k+1(0)
)T(Rn

k+1
)−1Cn

k+1(0)
]−1[

Ân
k (0)

(
xk − x̂n

k|k

)
+ B̂n

k (0)wk

]
−
[(

Pn
k+1|k

)−1
+
(
Cn

k+1(0)
)T(Rn

k+1
)−1Cn

k+1(0)
]−1

×
(
Cn

k+1(0)
)T(Rn

k+1
)−1vn

k+1,

xk+1 − x̂n
k+1|k = Ân

k (0)
(

xk − x̂n
k|k

)
+ B̂n

k (0)wk.

(34)

The forms of the three pseudo cross-covariance matrices Pn,j
k+1|k+1,

⌢

P
n,j
k+1|k+1, and Pn,j

k+1|k
in Equation (31) are given by:

Pn,j
k+1|k+1 = E

[(
xk+1 − x̂n

k+1|k+1

)(
xk+1 − x̂j

k+1|k+1

)T
]

=


[

I + Pn,n
k+1|k

(
Cn

k+1(0)
)T(Rn

k+1
)−1Cn

k+1(0)
]−1[

Ân
k (0)

(
xk − x̂n

k|k

)
+ B̂n

k (0)wk

]
−
[(

Pn,n
k+1|k

)−1
+
(
Cn

k+1(0)
)T(Rn

k+1
)−1Cn

k+1(0)
]−1(

Cn
k+1(0)

)T(Rn
k+1
)−1vn

k+1



×


[

I + Pj,j
k+1|k

(
Cj

k+1(0)
)T(

Rj
k+1

)−1
Cj

k+1(0)
]−1[

Âj
k(0)

(
xk − x̂j

k|k

)
+ B̂j

k(0)wk

]
−
[(

Pj,j
k+1|k

)−1
+
(

Cj
k+1(0)

)T(
Rj

k+1

)−1
Cj

k+1(0)
]−1(

Cj
k+1(0)

)T(
Rj

k+1

)−1
vj

k+1


T

,

⌢

P
n,j
k+1|k = E

[(
xk+1 − x̂n

k+1|k+1

)(
xk+1 − x̂j

k+1|k

)T
]

=


[

I + Pn,n
k+1|k

(
Rn

k+1
)−1Cn

k+1(0)
]−1[

Ân
k (0)

(
xk − x̂n

k|k

)
+ B̂n

k (0)wk

]
−
[(

Pn,n
k+1|k

)−1
+
(
Cn

k+1(0)
)T(Rn

k+1
)−1Cn

k+1(0)
]−1(

Cn
k+1(0)

)T(Rn
k+1
)−1vn

k+1


×
(

Âj
k(0)

(
xk − x̂j

k|k

)
+ B̂j

k(0)wk

)T
,

Pn,j
k+1|k = E

[(
xk+1 − x̂n

k+1|k

)(
xk+1 − x̂j

k+1|k

)T
]

=
(

Ân
k (0)

(
xk − x̂n

k|k

)
+ B̂n

k (0)wk

)(
Âj

k(0)
(

xk − x̂j
k|k

)
+ B̂j

k(0)wk

)T
.

(35)
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Since wk and vn
k are independent random variables, Pn,j

k+1|k+1,
⌢

P
n,j
k+1|k+1, and Pn,j

k+1|k can
be expressed as follows:

Pn,j
k+1|k+1 =

([
I + Pn,n

k+1|k
(
Cn

k+1(0)
)T(Rn

k+1
)−1Cn

k+1(0)
]−1[

Ân
k (0)

(
xk − x̂n

k|k

)
+ B̂n

k (0)wk

])

×
([

I + Pj,j
k+1|k

(
Cj

k+1(0)
)T(

Rj
k+1

)−1
Cj

k+1(0)
]−1[

Âj
k(0)

(
xk − x̂j

k|k

)
+ B̂j

k(0)wk

])T

,

⌢

P
n,j
k+1|k =

([
I + Pn,n

k+1|k
(

Rn
k+1
)−1Cn

k+1(0)
]−1[

Ân
k (0)

(
xk − x̂n

k|k

)
+ B̂n

k (0)wk

])
×
(

Âj
k(0)

(
xk − x̂j

k|k

)
+ B̂j

k(0)wk

)T

=
[

I + Pn,n
k+1|k

(
Rn

k+1
)−1Cn

k+1(0)
]−1

[
Ân

k (0)Pn,j
k|k

(
Âj

k(0)
)T

+ B̂n
k (0)Qk

(
B̂j

k(0)
)T
]

,

Pn,j
k+1|k = Ân

k (0)Pn,j
k|k

(
Âj

k(0)
)T

+ B̂n
k (0)Qk

(
B̂j

k(0)
)T

.

(36)

Based on the following matrix inversion theorem

(A + BCD)−1 = A−1 − A−1B
(

DA−1B + C−1
)−1

DA−1,

we can then obtain:

Pn,j
k+1|k+1 =

[
I − Pn,n

k+1|k
(
Cn

k+1(0)
)T
(

Cn
k+1(0)Pn,n

k+1|k
(
Cn

k+1(0)
)T

+ Rn
k+1

)−1
Cn

k+1(0)
]

×
[

Ân
k (0)

(
xk − x̂n

k|k

)
+ B̂n

k (0)wk

][
Ân

k (0)
(

xk − x̂n
k|k

)
+ B̂n

k (0)wk

]T

×
[

I − Pj,j
k+1|k

(
Cj

k+1(0)
)T
(

Cj
k+1(0)Pj,j

k+1|k

(
Cj

k+1(0)
)T

+ Rj
k+1

)−1
Cj

k+1(0)

]T

=

[
I − Pn,n

k+1|k
(
Cn

k+1(0)
)T
(

Cn
k+1(0)Pn,n

k+1|k
(
Cn

k+1(0)
)T

+ Rn
k+1

)−1
Cn

k+1(0)
]

×
[

Ân
k (0)Pn,j

k|k

(
Âj

k(0)
)T

+ B̂n
k (0)Qk

(
B̂j

k(0)
)T
]

×
[

I − Pj,j
k+1|k

(
Cj

k+1(0)
)T
(

Cj
k+1(0)Pj,j

k+1|k

(
Cj

k+1(0)
)T

+ Rj
k+1

)−1
Cj

k+1(0)

]T

.

(37)

For the adopted Bernoulli dropout model in this paper, the pseudo cross-covariances
in Equations (35)–(37) are obtained exactly from the corresponding error recursions. If
packet losses are temporally correlated or state-dependent, these expressions should be
regarded as an approximation and may deviate from the true cross-correlation.

Then, the local fusion estimator part is discussed, that is, m + 1 ≤ i ≤ l and n = m + 1.
The following relationship can be obtained:

xk+1 − x̂m+1
k+1|k+1 =

[
I + Pm+1

k+1|kDT
k+1(0)G

−1
k+1Dk+1(0)

]−1[
Âk(0)

(
xk − x̂m+1

k|k

)
+ B̂k(0)wk

]
−
[(

Pm+1
k+1|k

)−1
+ DT

k+1(0)G
−1
k+1Dk+1(0)

]−1

× DT
k+1(0)G

−1
k+1vi

k+1,

xk+1 − x̂m+1
k+1|k = Âm+1

k (0)
(

xk − x̂m+1
k|k

)
+ B̂m+1

k (0)wk.

(38)

Derivation process of a pseudo-cross-covariance matrix analogous to a local estimator,

Pn,m+1
k+1|k+1,

⌢

P
n,m+1

k+1|k+1, and Pn,m+1
k+1|k can be expressed in the following forms:
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Pn,m+1
k+1|k+1 =

[
I − Pn,n

k+1|k
(
Cn

k+1(0)
)T
(

Cn
k+1(0)Pn,n

k+1|k
(
Cn

k+1(0)
)T

+ Rn
k+1

)−1
Cn

k+1(0)
]

×
[

Ân
k (0)Pn,m+1

k|k

(
Âm+1

k (0)
)T

+ B̂n
k (0)Qk

(
B̂m+1

k (0)
)T
]

×
[

I − Pm+1,m+1
k+1|k DT

k+1(0)
(

Dk+1(0)Pm+1,m+1
k+1|k DT

k+1(0) + Gk+1

)−1
Dk+1(0)

]T

⌢

P
n,m+1

k+1|k =
[

I + Pn,n
k+1|k

(
Rn

k+1
)−1Cn

k+1(0)
]−1

×
[

Ân
k (0)Pn,m+1

k|k

(
Âm+1

k (0)
)T

+ B̂n
k (0)Qk

(
B̂m+1

k (0)
)T
]

,

Pn,m+1
k+1|k = Ân

k (0)Pn,m+1
k|k

(
Âm+1

k (0)
)T

+ B̂n
k (0)Qk

(
B̂m+1

k (0)
)T

.

(39)

Remark 6. For the standard Kalman filter, the computational complexity per iteration is O
[(

t3)],
where t denotes the dimension of the state vector. The proposed robust state estimator has a
computational complexity comparable to that of the Kalman filter. Therefore, although additional
parameter corrections and the computation of global covariance differences are introduced at each
time step, the overall complexity of the resulting robust estimator remains on the same order as
that of the Kalman filter. The main difference from [11] lies in the fusion framework, since [11]
does not account for packet drops caused by channel failures. The method in [11] has a per-iteration
computational complexity of O

[(
(m + 1)t3)], where m + 1 is the number of estimators. Similarly,

although our method incorporates channel reconstruction and updates the fusion framework to
handle stochastic packet losses, its computational complexity remains comparable to that of [11].

4. Some Properties of the Fusion Estimator
This section analyzes key asymptotic characteristics of the proposed fusion estimator.

To perform the asymptotic analysis, several assumptions are required. First, within the
assumptions and demonstrations presented in this section, the model uncertainty εk,j is

assumed to lie within the set κ, where κ =
{

ε
∣∣∣|εk,j

∣∣∣ ≤ 1, j = 1, 2, · · · , l}. Furthermore, two
additional assumptions are imposed:

(a) Ak(0), Bk(0), Ci
k(0), Ri

k, Qk, Sn
k , Tn

k and γn
k are time-invariant. System (1) exhibits expo-

nential stability in the sense of Lyapunov, and Ak(εk), Bk(εk), Ci
k(εk), Ri

k, Qk and Π0

are bounded for all k > 0.
(b) Each sensor node satisfies the following conditions:

(
Ak(0), C̄i

k
)

is detectable, and
(

Ak(0)− λn
k Bk(0)Qk

(
Tn

k
)T
(

I + λn
k Tn

k Qk
(
Tn

k
)T
)−1

Sn
k

)T

(
Bk(0)Q

1
2
k

(
I + λn

k Q
1
2
k
(
Tn

k
)TTn

k Q
1
2
k

)− 1
2
)T

 is stabilizable.

For 0 ≤ i ≤ m and 0 ≤ n ≤ m, the matrix C̄n
k is defined as follows:

C̄n
k =

[(
Ri

k
)− 1

2 Ci
k(0)√

λn
k Sn

k

]
.

For m + 1 ≤ i ≤ l and n = m + 1, the matrix C̄m+1
k is given by:

C̄m+1
k =

[
Jk√

λm+1
k Sm+1

k

]
, Jk = col

{(
Ri

k

)− 1
2 Ci

k(0)
∣∣∣li=m+1

}
.
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Theorem 1. Assuming Assumptions (a) and (b) are satisfied, each sensor sends the local estimate
x̂n

k|k following the event-triggered transmission strategy. If the weighting matrix Ωn
k at each sensor

node meets the condition below for each positive scalar ωn:

Ωn
k ≥ ωn I, (40)

then xk − x̂n
k|k remains uniformly bounded for any admissible selection of

{
x̃n

k|k, k ∈ Z+

}
,

implying that

lim
k→∞

sup E
{∥∥∥xk − x̂n

k|k

∥∥∥2
}

< +∞. (41)

Proof of Theorem 1. Let x̄n
k|k denote the state estimate at time k obtained by substituting

Z̄k for Zk. The variable Z̄k is defined as follows:

Z̄k = col
{
(cn

k µn
k + (1 − cn

k ))x̂n
k|k + cn

k (1 − µn
k )x̂n

k|k−1

∣∣∣m+1
n=1

}
. (42)

The following can then be obtained:

x̂k|k = x̄k|k +

(
P̃−1

k H
(

HT P̃−1
k H

)−1
)T

(Zk − Z̄k). (43)

Therefore, the following holds:

E
{∥∥∥xk − x̂n

k|k

∥∥∥2
}

≤ 2E
{∥∥∥xk − x̄n

k|k

∥∥∥2
}

+ 2

∥∥∥∥∥
(

P̃−1
k H

(
HT P̃−1

k H
)−1

)T
∥∥∥∥∥

2

E
{
∥Zk − Z̄k∥

2
}

.
(44)

Under Assumptions (a) and (b), the local pseudo-covariance matrix Pn,n
k|k converges.

Moreover, the matrices
⌢

P
n,j
k|k−1 and Pn,n

k|k−1 are guaranteed to converge as well. Consequently,
the estimation error covariance matrix remains bounded at every time step k, indicating
both the convergence of P̄k and the stability of the estimation error variance.

Based on the inequality stated in Theorem 1, along with Assumption (a) and the
remaining components of the matrix, the ensuing outcomes are obtained as follows:

tr
(
(1 − cn

k )
δn

d + 2
(Ωn

k )
−1
)
= (1 − cn

k )
δn

d + 2
tr
(
(Ωn

k )
−1
)

≤ (1 − cn
k )

δn

(d + 2)ωn .
(45)

Consequently, E
{∥∥∥x̂n

k|k − x̄n
k|k

∥∥∥2
}

is uniformly bounded. Furthermore, the second

term on the right-hand side of the inequality is also uniformly bounded.
According to the inequality conditions in Theorem 1, The following expression can

be derived: ∥∥∥x̂n
k|k − x̄n

k|k

∥∥∥2

Ωi
k

≥ ωn
∥∥∥x̂n

k|k − x̄n
k|k

∥∥∥2
. (46)

When cn
k = 0, it implies that

∥∥∥x̂n
k|k − x̄n

k|k

∥∥∥2

Ωn
k

≤ δn, which leads to
∥∥∥x̂n

k|k − x̄n
k|k

∥∥∥2
≤

δn/ωn . Therefore,
∥∥∥Zk − Z̄k|k

∥∥∥2
≤ ∑l

i=1 δn/ωn , and the proof is complete.

Remark 7. Under Assumption a, the involved system and noise matrices are time-invariant and
bounded. Therefore, the local pseudo-covariance recursion induced by the robustness-modified
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model can be regarded as a time-invariant Riccati difference equation associated with the effective
pair (Ak(0), C̄n

k ) and the corresponding process channel. Assumption b requires detectability of
(Ak(0), C̄n

k ) and stabilizability of the robustness-adjusted state transition channel. These conditions
guarantee the existence of a stabilizing solution to the associated Riccati equation and imply that the
Pn,n

k|k and Pn,n
k|k−1 are uniformly bounded and convergent. Consequently, the matrices constructed

from them, including P̃k and the gain-related term in (43), are uniformly bounded. This justifies that
the second term on the right-hand side of (44) is bounded whenever E{∥Zk − Z̄k∥2} is bounded by
the triggering condition.

To satisfy condition (40), it is reasonable to make the following selection for the vector
x̄i

k|k and the weighting matrix Ωi
k:

x̄n
k|k = x̂n

k|k−1 = Ân
k−1 x̂n

k−1|k−1,

(Ωn
k )

−1 =
1

tr
(

P̃n
k|k−1

)(P̃n
k|k−1

)
, (47)

where

P̃n
k|k−1 = Ak−1


(cn

k γn
k + (1 − cn

k ))Pn,n
k−1|k−1

+ cn
k (1 − γn

k )Pn
k−1|k−2

+

(
(1 − cn

k )
δn

d + 2
(
Ωn

k−1
)−1
)
AT

k−1 + B̂n
k−1Q̂n

k−1
(

B̂n
k−1
)T (48)

5. Numerical Simulations
All experiments in this study were conducted on a workstation running Windows 11

using MATLAB R2018a. The CPU is an Intel(R) Core(TM) i5-12600KF, and the GPU is an
NVIDIA GeForce RTX 4070 Super with 12GB GDDR4 memory running at 3600 MHz.

This section presents simulations based on the tractor-car system (shown in Figure 2)
as described in [39], and has subsequently been generalized to a multi-sensor system.
Several examples illustrate the performance of the proposed fusion estimator. For each
simulation scenario, 500 independent numerical experiments are performed, and each run
consists of 200 discrete time steps, generating 200 corresponding input-output data pairs.
During the simulation, the global average estimation error variance at each time step is

computed using the expression E
∥∥∥xk − x̂k|k

∥∥∥2
≈ 1

500

500
∑

j=1

∥∥∥xk − x̂(j)
k|k

∥∥∥2
, and the actual state

trajectories along with their corresponding estimated trajectories are illustrated.
The linearized representation of the tractor-car system depicted in Figure 2 can be

formulated as follows:
x1

k+1 =

(
1.0000 − vt

L

)
x1

k +
vt
L

x2
k +

(
0.9804 +

vt
L

)
w1

k

x2
k+1 =

(
1.0000 − vt

L

)
x2

k +

(
0.9804 +

vt
L

)
w2

k

, (49)

where the variables x1
k and x2

k represent the orientation angles of the trailer and tractor,

respectively, with the system state vector defined as xk =
[

x1
k x2

k

]
. The parameter L

stands for tractor length, t indicates the sampling interval, and v signifies constant velocity.
Considering the modeling errors caused by approximating the nonlinear system with a
linear system, and representing these errors in the system model as a model perturbation
εk, the matrix parameters can be obtained as follows:
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Ak(εk) =

[
1.0000 − vt

D
vt
D + εk

0 1.0000 − vt
D

]

Bk(εk) =

[
0.9804 + vt

D 0
0 0.9804 + vt

D

]
.

(50)

Figure 2. Schematic diagram of the tractor-car system.

Remark 8. In the tractor-car simulations, we adopt the same modeling assumptions as those used
in the estimator design to ensure consistency between the theoretical derivations and the numerical
validation and to facilitate reproducibility. Specifically, the initial state x0, process noise wk, and
measurement noise vi

k are assumed to be mutually independent, zero-mean Gaussian white noises
with positive-definite covariances Π0, Qk, and Ri

k, where Qk and Ri
k can be obtained from sensor

specifications or offline calibration on the platform. This assumption is common in vehicle dynamics
modeling, since the aggregated effect of multiple small disturbances, such as engine vibrations,
road irregularities, and aerodynamic perturbations, can often be reasonably approximated by a
Gaussian model, and the different physical origins of process and measurement noises also justify
their statistical independence to a certain extent. Moreover, the modeling error εk is assumed to
lie in a known bounded set, for example |εk,j| ≤ ρ, and the system matrices are differentiable
with respect to εk. This can be viewed as a lumped description of linearization errors and small
parameter variations within an operating region, and ρ can be conservatively selected based on
prior identification and validation results. Random measurement losses are modeled by a Bernoulli
process via an arrival indicator that represents the random events of successful reception and packet
dropout. In the tractor–car system, wireless communication may suffer from packet losses due to
interference, signal fading, or bandwidth limitations, and the Bernoulli model provides a concise
mathematical abstraction of such randomness. Finally, the boundedness analysis is established
under the standard detectability and stabilizability conditions stated in Assumption (b). For the
tractor-car example, the adopted linearized model and sensor configuration satisfy these conditions
in the considered operating region. In addition, the fusion center is assumed to know the nominal
model parameters and the uncertainty bound, the noise covariances, the event-triggering parameters,
and the packet reception indicators, where the reception information can be obtained in practice from
communication time-stamps and reception-confirmation messages, and the triggering thresholds δn

are pre-specified design parameters for each sensor node and are known to the fusion center.
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During the simulation analysis, the system is configured with the following parameter
values: a constant velocity v = 98 cm/s, a sampling interval t = 0.1 s, and a trailer length
L = 500 cm. Based on these settings, the corresponding system matrices are given by:

Ak(εk) =

[
0.9804 0.0196 + 0.99εk

0.0000 0.9804

]
,

Bk(εk) =

[
1.0000 0.0000
0.0000 1.0000

]
,

C1
k (εk) =

[
1.0000 −1.0000

]
,

C2
k =

[
1.0000 −1.0000

]
, C3

k =
[
0.4000 −0.5000

]
,

R1
k = 1.0000, R2

k = 1.0000, R3
k = 1.0000,

Qk =

[
1.9608 0.0195
0.0195 1.9605

]
, Π0 =

[
1.0000 0.0000
0.0000 1.0000

]
.

5.1. Comparison of the Existing Works

In Case 1, the modeling error is fixed at −0.8508, the transmission rate is 0.8, and
the packet dropout rate is 0.2. As shown in Figure 3a, in terms of the estimation error
variance, the designed estimator not only outperforms the Kalman filter based on nominal
parameters, but also achieves better performance than the estimator proposed in Ref. [11]
(without packet dropouts and without local fusion) and the distributed robust state esti-
mator without local fusion under packet dropouts. Figure 3b presents the state tracking
results of different methods. It can be observed that the proposed method can stably track
the true state, and its overall tracking error is smaller than that of the Kalman filter based
on nominal parameters, the estimator proposed in Ref. [11], and the distributed robust state
estimator without local fusion under packet dropouts. The proposed method performs
slightly worse than the Kalman filter with actual parameters, which is expected since the
Kalman filter is mean-square optimal for linear systems under Gaussian disturbances.
Figure 3c,d validate the realized transmission rate and packet dropout rate, respectively.
Note that in Figure 3c, the variable Zn

k is inverted at each time step to explicitly reflect the
execution of the event-triggered strategy.

In Case 2, the modeling error is independently sampled in each simulation run,
with values uniformly distributed over [−1, 1]. The transmission rate is 0.8, and the
packet dropout rate is 0.2. The results under this setting are shown in Figure 4. These
results indicate that the proposed algorithm maintains robust performance even when the
modeling error is time-varying. As shown in Figure 4a, the proposed method still achieves
higher estimation accuracy than the other three methods. Similarly, Figure 4b shows that
the proposed method also provides superior tracking performance. Figure 4c,d further
confirm the realization of the transmission rate and the packet dropout rate.

From Cases 1 and 2, under varying modeling error conditions, the proposed method
exhibits superior performance. Table 3 lists the average estimation error covariance over
500 simulation runs for both scenarios. By combining the graphical and tabular data,
it is evident that the proposed approach exhibits a significant advantage in estimation
accuracy compared to the Kalman filter based on nominal parameters, as well as the
estimator proposed in Ref. [11] and the distributed robust state estimator under the
same framework.
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Table 3. Estimation error variance means (dB).

Algorithm
Modeling Errors

Case 1 Case 2

Kalman filter based on actual parameters 5.04 6.39
Presented 6.70 13.23

Robust state estimator (without local fusion) 11.79 15.08
[11] 13.23 16.33

Kalman filter based on nominal parameters 22.14 19.14
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Figure 3. εk is fixed at −0.8508.
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Figure 4. εk follows a uniform distribution in [−1, 1].

5.2. Transmission Rate and Packet Drop Comparison

This subsection compares the estimation performance of various algorithms under dif-
ferent transmission rates. In this section, the model perturbations are randomly generated
in each experiment and follow a uniform distribution within the interval [−1, 1].

With the packet drop rate set at 0.2, the estimation error variances at transmission rates
of 0.3 and 0.8 are compared, as shown in Figure 5. The results indicate that an increase in
transmission rate corresponds to a decrease in estimation error variance, which aligns with
expectations. To further investigate the impact of packet loss, with the transmission rate
fixed at 0.8, the estimation error variances at packet loss rates of 0.3 and 0.8 are compared,
as illustrated in Figure 6. In addition, Figure 7 reports the corresponding state trajectories
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and estimates under different transmission rates, where the estimates obtained with a higher
transmission rate exhibit visibly tighter tracking of the true state across all methods. The
associated trajectory comparisons under different packet loss rates are further illustrated in
Figure 8. The simulation results demonstrate that a lower packet loss rate improves accuracy,
which is reasonable since the fusion center receives more information when the packet loss rate
is low. Table 4 lists the averaged estimation error variances obtained from 500 simulation runs.
The effectiveness of the proposed algorithm is further corroborated by these observations.

Table 4. Mean of Comparisons.

Algorithm Transmission Packet Drop Estimation Error
Rate Rate Covariance Mean

Kalman filter based on
actual parameters

0.8 0.2 6.39
0.3 0.2 7.24
0.8 0.3 6.66
0.8 0.8 7.85

Robust state estimator

0.8 0.2 13.02
0.3 0.2 13.83
0.8 0.3 13.53
0.8 0.8 14.69

Kalman filter based on
nominal parameters

0.8 0.2 19.43
0.3 0.2 20.53
0.8 0.3 19.15
0.8 0.8 20.58
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Figure 5. Comparison under various transmission rates (Estimation error variance). (a) Estimation
error variance (Kalman filter based on actual parameters); (b) Estimation error variance (Robust state
estimator); (c) Estimation error variance (Kalman filter based on nominal parameters).
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Figure 6. Comparison under various packet drop rates (Estimation error variance). (a) Estimation
error variance (Kalman filter based on actual parameters); (b) Estimation error variance (Robust state
estimator); (c) Estimation error variance (Kalman filter based on nominal parameters).
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Figure 7. Comparison under various transmission rates (Trajectory of states and estimates). (a) Trajectory
of states and estimates (Kalman filter based on actual parameters); (b) Trajectory of states and estimates
(Robust state estimator); (c) Trajectory of states and estimates (Kalman filter based on nominal parameters).
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Figure 8. Comparison under various packet drop rates (Trajectory of states and estimates). (a) Trajectory
of states and estimates (Kalman filter based on actual parameters); (b) Trajectory of states and estimates
(Robust state estimator); (c) Trajectory of states and estimates (Kalman filter based on nominal parameters).

6. Conclusions
This paper addresses robust fusion estimation in multisensor systems under uncer-

tainties, communication constraints, and random packet drops. For local state estimation, a
sensitivity-penalized robust state estimation algorithm is employed in the local estimators.
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In the local fusion estimators, a centralized robust state estimation algorithm is further
constructed by modifying the cost function of the robust estimator. Taking into account
the event-triggered transmission strategy and packet losses, we compute a pseudo cross-
covariance matrix for the estimation error at the fusion center and employ a weighted
linear minimum variance fusion strategy to derive the global state estimate. Under the
conditions of system stabilizability and detectability, uniform boundedness of the estima-
tion error at the fusion center is formally established. Finally, to validate the proposed
method’s effectiveness in state estimation, a simulation study on the attitude estimation of a
tractor-car system is carried out. The simulation results indicate that the proposed estimator
outperforms the nominal-parameter Kalman filter in estimation accuracy. Since the model
uncertainties are not restricted to a specific structure, the proposed fusion estimator is
broadly applicable.

Author Contributions: Conceptualization, S.L. and H.L.; methodology, S.L.; software, S.L.; validation,
H.L.; formal analysis, S.L.; investigation, S.L.; resources, H.L.; data curation, H.L.; writing—original
draft preparation, S.L.; writing—review and editing, S.L.; visualization, H.L.; supervision, H.L.;
project administration, H.L.; funding acquisition, H.L. All authors have read and agreed to the
published version of the manuscript.

Funding: This research was funded by the National Natural Science Foundation of China, Grant Number
62273189, and the Shandong Provincial Natural Science Foundation, Grant Number ZR2020MF064.

Data Availability Statement: No new data were created or analyzed in this study. Data sharing is
not applicable to this article.

Conflicts of Interest: The authors declare no conflicts of interest.

Appendix A. Derivation of Local Estimator
First, estimate the initial state xn

0 . Define en
0 (ε0) = yn

0 − Cn
0 (ε0)xn

0 . The associated cost
function is given by:

J(αn
0 ) = γn

0

[
∥xn

0∥
2
Π−1

0
+ ∥yn

0 − Cn
0 (ε0)x0∥2

(Rn
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0 )
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∑
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0 (ε0)
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2
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ε0=0

. (A1)

By minimizing J(αn
0 ), impose the first-order optimality condition J

(
αn

0
)
/x0 = 0 , which

yields the initial estimate:

Pn
0|0 =

[(
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0
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+ (Cn
0 (0))

T(Rn
0 )

−1Cn
0 (0)
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where Π̂n
0 =

(
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According to the following algebraic relationship:(Pn
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(A3)

Left-multiplying (10) by

[
I 0

λn
k
(
Tn

k
)TSn

k P̂n
k|k I

]−1

and substituting (A3) leads to:
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To facilitate the simplification of Equation (A6), the following matrices are defined:
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Thus, it follows that:
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It can be further derived that:
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According to the matrix inversion lemma applied to the relation (A + BCD)−1 =

A−1 − A−1B
(

DA−1B + C−1)−1DA−1, the result below is derived:
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)T
(

Rn
k+1 + Cn

k+1(0)Pn
k+1|k

(
Cn

k+1(0)
)T
)−1

Cn
k+1(0)Pn

k+1|k. (A12)

(A12) can be changed to(
I + Pn

k+1|k
(
Cn

k+1(0)
)T(Rn

k+1
)−1Cn

k+1(0)
)

x̃n
k+1|k+1

=
[

Ak(0)− λn
k

(
Ak(0)P̂n

k|k(S
n
k )

T + B̂n
k (0)Q̂

n
k
(
T̂n

k
)T
)

Sn
k

]
x̂n

k|k + Pn
k+1|k

(
Cn

k+1(0)
)T(Rn

k+1
)−1yn

k+1.
(A13)

Ân
k (0) is defined as follows:

Ân
k (0) =

(
Ak(0)− λn

k B̂n
k (0)Q̂

n
k
(
T̂n

k
)TSn

k

)(
I − λn

k P̂n
k|k(S

n
k )

TSn
k

)
. (A14)

Therefore, (A10) can be written in the following form:

x̃n
k+1|k+1 = Ân

k (0)x̂n
k|k + Pn

k+1|k+1
(
Cn

k+1(0)
)T(Rn

k+1
)−1
(

yn
k+1 − Cn

k+1(0)Ân
k (0)x̂n

k|k

)
. (A15)

(A15) has a form similar to that in [32]; therefore, x̃n
k+1|k+1 can be chosen as x̂n

k+1|k+1.
The derivation is complete.
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Appendix B. Derivation of Local Fusion Estimator
First, estimate the initial state xm+1

0 . Define em+1
0 (ε0) = zm+1

0 − D0(ε0)xm+1
0 . The cost

function at the initial time is given by:

J
(

αm+1
0

)
= γm+1

0

[
∥x0∥2

Πm+1
0

+ ∥z0 − D0(0)x0∥2
G−1

0

]
+
(

1 − γm+1
0

) L

∑
h=1

(∥∥∥∥∂e0(ε0)

∂ε0,h

∥∥∥∥2
)

ε0=0

. (A16)

Enforcing ∂J
(

αm+1
0

)
/∂x0 = 0 yields the initial state estimate as follows:

Pm+1
0|0 =

[(
Π̂m+1

0

)−1
+ DT

0 (0)G
−1
0 D0(0)

]−1
,

x̂m+1
0|0 = Pm+1

0|0 DT
0 (0)G

−1
0 z0.

(A17)

where

Π̂m+1
0 =

(
Π−1

0 + λm+1
0

L

∑
j=1

(
∂DT

0 (ε0)

∂ε0,j

)(
∂D0(ε0)

∂ε0,j

)∣∣
ε0=0

)
.

Define the following matrices:

x̃m+1
k|k+1 = x̂m+1

k|k+1 + λm+1
k P̂m+1

k|k

(
Sm+1

k

)T
Tm+1

k ŵk|k+1,

T̂m+1
k = Tm+1

k − λm+1
k Sm+1

k P̂m+1
k|k

(
Sm+1

k

)T
Tm+1

k ,

B̂m+1
k (0) = Bk(0)− λm+1

k Ak(0)P̂m+1
k|k

(
Sm+1

k

)T
Tm+1

k ,

P̂m+1
k|k =

[(
Pm+1

k|k

)−1
+ λm+1

k

(
Sm+1

k

)T
Sm+1

k

]−1
,

Q̂m+1
k =

[
Q−1

k + λm+1
k

(
Tm+1

k

)T
(

I + λm+1
k Sm+1

k Pm+1
k|k

(
Sm+1

k

)T
)−1

Tm+1
k

]−1

Ĥm+1
k (εk, εk+1) = Dk+1(εk+1)

[
Ak(εk) B̂m+1

k (εk)
]
.

(A18)

According to the following algebraic relationship:(Pm+1
k|k

)−1
0

0 Q−1
k

+ λm+1
k

[
Sm+1

k Tm+1
k

]T[
Sm+1

k Tm+1
k

]

=

 I 0

λm+1
k

(
Tm+1

k

)T
Sm+1

k P̂m+1
k|k I



(

P̂m+1
k|k

)−1
0

0
(

Q̂m+1
k

)−1


I λm+1

k P̂m+1
k|k

(
Sm+1

k

)T
Tm+1

k

0 I

.

(A19)

Substituting Equation (A19) into Equation (18) yields:(P̂m+1
k|k

)−1
0

0 Q̂−1
k

+
(

Ĥm+1
k

)T
G−1

k+1Ĥm+1
k

×
[

x̃m+1
k|k+1 − x̂m+1

k|k
ŵk|k+1

]

=
(

Ĥm+1
k

)T
G−1

k+1

(
zk+1 − Dk+1(0)Ak(0)x̂m+1

k|k

)
− λm+1

k


(

Sm+1
k

)T(
T̂m+1

k

)T

Sm+1
k x̂m+1

k|k .

(A20)

Define x̃m+1
k+1|k+1 = Ak(0)x̃m+1

k|k+1 + B̂m+1
k (0)ŵk|k+1. Then, the above equation can be

written in the following form:
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

x̃m+1
k|k+1 = x̂m+1

k|k + P̂m+1
k|k AT

k (0)DT
k+1(0)G

−1
k+1

×
[
zk+1 − Dk+1(0)

(
Ak(0)x̃m+1

k|k+1 + B̂m+1
k (0)ŵk|k+1

)]
− λm+1

k P̂m+1
k|k

(
Sm+1

k

)T
Sm+1

k x̂m+1
k|k ,

ŵk|k+1 = Q̂m+1
k

(
B̂m+1

k (0)
)T

DT
k+1(0)G

−1
k+1

×
[
zk+1 − Dk+1

(
Ak(0)x̃m+1

k|k+1 + B̂m+1
k (0)ŵk|k+1

)]
− λm+1

k Q̂m+1
k

(
T̂m+1

k

)T
Sm+1

k x̂m+1
k|k .

(A21)

This further leads to:

x̃m+1
k+1|k+1 = Ak(0)x̂m+1

k|k +

(
Ak(0)P̂m+1

k|k AT
k (0) + B̂m+1

k (0)Q̂m+1
k

(
B̂m+1

k (0)
)T
)

× DT
k+1(0)G

−1
k+1

(
zk+1 − Dk+1(0)x̃m+1

k+1|k+1

)
− λm+1

k

(
Ak(0)P̂m+1

k|k

(
Sm+1

k

)T
+ B̂m+1

k (0)Q̂m+1
k

(
T̂m+1

k

)T
)

Sm+1
k x̂m+1

k|k .

(A22)

Define Pm+1
k+1|k = Ak(0)P̂m+1

k|k AT
k (0) + B̂m+1

k (0)Q̂m+1
k

(
B̂m+1

k (0)
)T

and Âm+1
k (0) =(

Ak(0)− λm+1
k B̂m+1

k (0)Q̂m+1
k

(
Tm+1

k

)T
Sm+1

k

)(
I − λm+1

k P̂m+1
k|k

(
Sm+1

k

)T
Sm+1

k

)
. Substitut-

ing them into Equation (A22) yields:

x̃m+1
k+1|k+1 = Âm+1

k (0)x̂m+1
k|k +

(
I + Pm+1

k+1|kDT
k+1(0)G

−1
k+1

)−1
Pm+1

k+1|k

× DT
k+1(0)G

−1
k+1

(
zk+1 − Dk+1(0)Âm+1

k (0)x̂m+1
k|k

)
.

(A23)

Define Pm+1
k+1|k+1 =

(
I + Pm+1

k+1|kDT
k+1(0)G

−1
k+1Dk+1(0)

)−1
Pm+1

k+1|k. By the matrix inversion
lemma, it follows that:

Pm+1
k+1|k+1 = Pm+1

k+1|k − Pm+1
k+1|k(Dk+1(0))

T
(

Rm+1
e,k+1

)−1
Dk+1(0)Pm+1

k+1|k. (A24)

where
Rm+1

e,k+1 = Gk+1 + Dk+1(0)
(

Pm+1
k+1|k

)−1
(Dk+1(0))

T .

Therefore, it follows that:

x̃m+1
k+1|k+1 = Âm+1

k (0)x̂m+1
k|k + Pm+1

k+1|k+1DT
k+1(0)G

−1
k+1

(
zk+1 − Dk+1(0)Âm+1

k (0)x̂m+1
k|k

)
. (A25)

(A25) has a form similar to that in [32]; therefore, x̃m+1
k+1|k+1 can be chosen as x̂m+1

k+1|k+1.
The derivation is complete.
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