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Abstract

The empirical calibration of remote microphone probes, used to acquire unsteady pressure
fluctuations in a wide range of fluid-dynamic applications, often introduces spurious
resonance into the estimated frequency response, i.e., the transfer function, of the probe
over the multiple steps it requires. To prevent this spurious resonance from affecting
the unsteady pressure measurements, the transfer functions tend to be manually post-
processed. Yet, such a procedure can constitute an additional source of uncertainty that
hampers the accuracy of the results. A semi-empirical calibration method based on Bayesian
inference was previously developed to tackle this problem: ASSIST (BAyesian proceSsing
of SpurIous reSonance in calibraTion data). Through this technique, spurious resonance is
removed and replaced with a physically correct alternative in a much less operator-reliant
manner. However, its application requires a thorough understanding of the model and the
related assumptions. This paper provides the knowledge required to apply ASSIST to the
calibration of remote microphone probes. It covers the acquisition of the calibration data,
the set-up of the method, the analysis of the results, and the iterative tuning of the input
parameters to achieve the optimal fit. These steps are demonstrated on an open-source
acoustic finite-element method simulation dataset, allowing the analytic line-cavity model
to be compared with a 3D model and the impact of the relevant parameters constituting the
method to be discussed. This framework is finally used to propose a novel development
of the technique that reduces the calibration process of remote microphone probes to
one single step, removing the source of the spurious resonance and enabling their in-situ
calibration on non-sealing surfaces.

Keywords: microphone calibration; remote microphone probe; bayesian inference;
wall-pressure fluctuations

1. Introduction
Unsteady wall-pressure fluctuations are often acquired to investigate the aerodynamic

and aeroacoustic performance of a body immersed in an airflow, e.g., to analyze the
generated steady and unsteady forces [1], the pressure distributions on airfoils [2] or rocket
nozzles [3], and the turbulent structures within the boundary layer, which can provide
valuable information on the noise sources associated with fluid-structure interactions [4].

Microphones are typically used in this context because of their superior frequency
response and accuracy. In contrast to being flush-mounted to the wall, a typical strategy is
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to mount them remotely from the surface as remote microphone probes (RMPs), i.e., behind
a pinhole or a system of tubes and cavities. This arrangement enables the probe to be
employed in a wider array of geometries, as the bulky microphone can be positioned
away from the surface. The smaller diameter of the pinhole with respect to that of the
flush-mounted microphone has two additional benefits. First, the probes can be positioned
closer together in an array, improving the correlation-length estimation and, hence, the
convection-velocity calculations. Second, the sensing area of the probe results in spatial
averaging of high-frequency pressure fluctuations. Models such as that of Corcos [5] can be
used to partly correct this effect but rely on several assumptions [6]. Reducing the sensing
area mitigates the impact of potential errors introduced by such models.

However, RMPs need to be calibrated to account for the viscous attenuation, reflections,
and phase delay of the acquired pressure-fluctuation waves within the system of tubes and
cavities. The impact of these effects on the frequency response of the probe is characterized
by its transfer function (TF). Using this TF, any acquired unsteady pressure measurements
can be corrected for the influence of the RMP geometry [7]. Many analytic methods
that model the propagation of pressure fluctuations through the RMP exist [8–14]. Yet,
the effective geometrical model parameters can differ from their physical counterparts,
e.g., due to manufacturing inaccuracies, end-effects of the tubes, or additional cavity
volumes situated between the microphone protective grid and membrane. Any error or
uncertainty in these model parameters directly translates into the TF estimate, and any TF
error subsequently propagates to the TF-corrected pressure measurements.

Hence, the empirical calibration [15] (p. 70) of RMPs remains the convention. Such
methods rely on relating the frequency response of the RMP to that of a flush-mounted
reference microphone (ref) when excited by identical pressure fluctuations over the fre-
quency range of interest. This requires a controlled environment in which to position the
probes and generate a pressure signal, e.g., a plane-wave tube. As the maximum usable
frequency of such a plane-wave tube is inversely proportional to its diameter, the RMP
and reference microphone cannot be installed simultaneously. Therefore, two or more
calibration steps are generally required, using a calibrator microphone (cal) to relate both
steps (1) and (2) together:

TFRMP→ref =
TF(1)

cal→ref

TF(2)
cal→RMP

=
S(1)

cal,ref

S(1)
cal,cal

S(2)
cal,cal

S(2)
cal,RMP

, (1)

Sx,y being the cross power spectral density between the signals x and y.
In Equation (1), it is assumed that the power spectral densities of the calibrator

microphone in both steps cancel out, i.e., S(2)
cal,cal/S(1)

cal,cal = 1, which means that the pressure
field inside the calibrator must be identical, at least up to a multiplicative constant. In
general, this is not the case: when the calibrator is placed over the small sensing area of the
RMP or that of the large flush-mounted microphone, the wall impedance changes, which
results in a difference in the internal pressure field for an identical pressure-fluctuation
source [16]. As a consequence, the resonant frequencies linked to the calibrator will slightly
shift in frequency and no longer cancel out when combining the TFs. This causes spurious
calibrator-induced resonance to appear in the final empirical TF estimate of the RMP. In
addition, the conditions to which the RMP is subjected during calibration can differ from
those during the measurements, i.e., no grazing flow over the RMP inlet port and possibly
a different mean temperature and static pressure. This difference in conditions implies that
the TF acquired during calibration differs from the TF of the probe during its measurements,
possibly leading to them being corrected by an inaccurate TF [1].
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These two families of methods differ in the number of calibration steps they require.
The analytic models mentioned above constitute, in principle, a single-step calibration, since
the TF follows directly from the probe geometry and the fluid properties without a calibrator
or a reference microphone [10]. The infinite-line probe of Englund and Richards [17] is an
early realization of this idea. This route has however not replaced empirical calibration
because its accuracy is bound to the precision with which the internal geometry and the
flow conditions are known. As discussed above, end-effects, manufacturing tolerances,
and unmodeled cavity volumes shift the effective parameters away from their nominal
values, so the purely analytic TF tends to serve as a first estimate rather than as a calibration.
Empirical calibration lifts this reliance on an a priori geometric model, but it is multi-step by
necessity: the plane-wave tube prevents the RMP and the reference microphone from being
installed at once, and the two sensors present different wall impedance, so they cannot
be exposed to the same pressure field at the same time. The calibrator microphone in
Equation (1) links the separate steps, and this linking is what admits the spurious resonance
described above [16,18]. An accurate single-step calibration that combines the directness of
the analytic route with the fidelity of the empirical one has therefore remained unavailable,
as the operator accepts either the parameter uncertainty of a purely analytic TF or the
calibrator-induced resonance of a multi-step empirical one.

The spurious resonance tends to be manually removed from the TF. Nevertheless, this
requires considerable operator expertise to understand which resonance is spurious and
how to correct the affected frequency bands with a physically accurate TF [16,19]. This
manual intervention is subject to human error and can thus introduce new uncertainties in
the TF. More generally, the suppression of spurious resonance can be framed as a signal-
processing problem acting on the calibration data alone. The most direct approach is to
smooth the empirical TF, for instance with a moving-average filter, but a window wide
enough to suppress the spurious resonance also flattens the physical resonant peaks and
distorts their phase slopes, since both are narrowband features of comparable shape. The
signal-blending of Van de Wyer et al. [16] mitigates this by smoothing only after combining
the two source signals, over a limited band and at low strength. More elaborate data-driven
techniques decompose wall-pressure signals into their physical constituents, for instance
separating the acoustic and turbulent contributions through blind source separation, proper
orthogonal decomposition [20], or empirical mode decomposition [21]. All of these rest on
the statistical or spectral signature of the data alone, with no physical criterion to assign
a given resonance to the probe or to the calibrator, and they therefore remain operator-
dependent and can themselves introduce spurious features.

A novel semi-empirical calibration method has recently been proposed to address
this problem [22]. The approach, which is referred to as ASSIST (BAyesian proceSsing
of SpurIous reSonance in calibraTion data), aims to remove spurious resonance in a less
operator-reliant, physics-driven manner. An analytic TF model is fitted onto the empirical
calibration data using Bayesian inference (BI). In contrast to the filtering and separation
techniques discussed above, which rely on the data alone, ASSIST draws on two sources of
information at once: the empirical calibration data and an analytic model of the pressure-
wave propagation through the probe. This physical model, absent from purely data-driven
methods, is what makes the distinction between physical and spurious resonance possible,
replacing the affected band with a physics-derived alternative. In doing so, all resonance,
attenuation, and phase delay that are physical to the probe are accounted for in the TF while
removing resonance that cannot be produced by the considered RMP. Furthermore, the
model parameters found in the fitting process can be used with additional corrective models
for either the TF [23] or the unsteady pressure measurements [5]. By considering a probable
range of parameter values next to the model fit, BI is expected to provide fitting solutions
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that are less likely to be pulled towards infeasible solutions due to the presence of spurious
resonance in the data compared to simpler fitting methods. BI has been considered for many
other problems that augment empirical data with models [24–26], including recent work on
Bayesian calibration and uncertainty quantification in acoustics [27,28] and the separation
of the acoustic and aerodynamic components of wall-pressure measurements [29].

A validation of ASSIST has already been performed on inviscid acoustic finite-element-
method (FEM) simulation data of a plane-wave tube [30], followed by an in-depth inves-
tigation using several real-world calibration datasets [22,31]. These previous analyses
showed that the semi-empirical method could fit calibration data from a large range of
probes, from a simple pinhole configuration to a more complex branching RMP, while
removing spurious resonance and replacing the affected frequency bands with a physically
correct TF. This approach results in a much smoother TF-corrected wall-pressure spectrum
(WPS), identical to what would be achieved within these frequency bands if they were not
affected by spurious resonance. The use of BI additionally implies that ASSIST can return
the uncertainty bounds of the TF fit.

Yet, whereas the results are much less operator-reliant and hence less prone to intro-
ducing errors into the TF with operator intervention, the initial time investment needed
for setting up the required code is larger than that for manual post-processing. Moreover,
several parameters might need to be tuned iteratively to get the best TF fit, and some basic
understanding of the chosen BI algorithm and the analytic frequency response model is
required to set up the method. Therefore, the goal of this paper is twofold. On the one hand,
it serves as a guide to operating ASSIST and its publicly available Python code [32,33]. The
guide outlines the processing of time-series calibration data, the choice of the appropriate
parameters for the BI method, and the post-processing of the above-mentioned artificial
FEM dataset [30]. This simulated dataset is chosen as the geometry is accurately known,
the environment is controlled, and the impact of the chosen model assumptions can be
seen. The known geometry is essential here, since it is what allows the parameters re-
covered by ASSIST to be benchmarked against their ground-truth values, which is not
possible with physical probes whose true internal dimensions are uncertain. The removal
of spurious resonance from real, viscous calibration data affected by it has already been
established on several physical probes in the original study [22] and in the recent work
of Zingale et al. [34], while real single-step empirical calibration data are also treated in
Section 4. On the other hand, this study aims to present a novel development for ASSIST
that allows the calibration procedure of RMPs to be reduced to a single step, making it
possible to further overcome the limitations associated with the aforementioned two-step
calibration approach and enable in-situ calibrations on non-sealing surfaces.

The remainder of the paper is structured as follows. The chosen analytic model and
the general working principles of BI are explained in Section 2. The FEM simulation setup
is presented here as well. A detailed guide to setting up the proposed method for the
FEM dataset is outlined in Section 3, whereas the discussion of the results is provided in
Section 4. Finally, the concluding remarks and several potential future improvements of
ASSIST are mentioned in Section 5.

2. Theory and Methods
The semi-empirical calibration approach employed in the study is built upon two

theoretical parts that are explained in this section. First, the analytic frequency response
model for pneumatic systems is introduced in Section 2.1. Second, the theory of BI is
briefly detailed in Section 2.2. The contents and structure of the publicly available Python
(version 3.9.12) [32] code used in this study are presented in Section 2.3. Finally, the acoustic
simulation setup built to generate the reference calibration data is described in Section 2.4.
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2.1. Line-Cavity Model

For the purpose of describing the TF of an RMP, the model of Whitmore [12] (W) is
chosen. Similarly to other available analytic models [8–11,13,14], it is based on linearized
governing equations for the internal propagation of pressure fluctuations within tubes. The
W model discretizes the geometry of the RMP with line-cavity elements, such as in Figure 1.
Each line-cavity element has a line with a length L, a constant circular cross-section with a
radius R, and a cavity at the end of the line with a volume Vv. This approach assumes that
L ≫ R, the cavity is acoustically compact, and the internal pressure fluctuations remain
small enough to result in laminar flow [12,35].

Figure 1. Diagram showing how branching line-cavity geometries are reduced into effective serial
ones in the W model. The grey-shaded line-cavities are reduced into the effective volumes in
each step.

Compared to the well-known method of Bergh and Tijdeman [10], the W model allows
for branching RMP geometries. This is achieved in a similar way to Kirchhoff’s laws, i.e., by
reducing the impact of any serial or parallel geometry downstream of the considered line-
cavity into a complex-valued effective cavity volume Ve. The following equation is used to
compute the ratio of the effective volume with respect to the line volume Vt:(

Ve

Vt

)
j
=

(
Vv

Vt

)
j

[
1 +

N

∑
i=1

Φi,j

]
;

(
Ve

Vt

)
N
=

(
Vv

Vt

)
N

. (2)

Here, the subscript i denotes any line-cavity element connected directly downstream of the
currently considered element with subscript j. The last downstream line-cavity of a branch
of these elements is indicated by subscript N. The last elements in each branch have an
equivalent volume equal to their actual cavity volume. An example of how the impact of
all downstream elements on element (i, j) = (0, 0) can be modeled with Ve0,0 is provided
in Figure 1. Here, both elements (1, 0) and (2, 1) are the last elements of their branches,
i.e., their effective volumes are equal to their cavity volume.

The effective volume considers the complex impedance Φi,j of every line-cavity i
coupled to the currently considered element j:

Φi,j =
Vti

Vvj

(
Ve

Vt

)
i

( cj

ci

)2 cosh ⟨ϕiLi⟩+ sinh ⟨ϕiLi⟩/[ϕiLi(Ve/Vt)i]

cosh ⟨ϕiLi⟩+ sinh ⟨ϕiLi⟩ · [ϕiLi(Ve/Vt)i]
, (3)
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where cj denotes the speed of sound and ϕj is the wave propagation factor, as defined by
Bergh and Tijdeman [10]:

ϕjLj = kL,j

√
J0⟨αj⟩
J2⟨αj⟩

√
γ

nj
. (4)

Here, Jk is the Bessel function of the first kind of order k, γ is the ratio of specific heats, and
nj is the polytropic exponent, with Pr being the Prandtl number, defined as

nj =

[
1 +

γ − 1
γ

J2⟨αj
√

Pr⟩
J0⟨αj

√
Pr⟩

]−1

. (5)

Finally, the remaining variables are the normalized model parameters: the reduced fre-
quency kL,j, the shear wavenumber αj, and the cavity-to-tube volume ratio (Vv/Vt)j:

kL,j =
ωLj

cj
; αj = (−1)3/4Rj

√
ω

νj
;

(
Vv

Vt

)
j
=

Vvj

LjπR2
j

;
Vti

Vvj

=
LiπR2

i
Vvj

. (6)

The last parameter (Vti /Vvj) is used to couple the connected downstream elements i to the
currently considered element j, and it impacts the complex impedance of element i with
respect to element j. Here, ω is the angular frequency, and νj is the kinematic viscosity.

With the above parameters determined, the TF of each line-cavity section can be com-
puted and multiplied together to form the full TF from one line-cavity section to another:

TFj =
p′j

p′j−1
=

[
cosh ⟨ϕjLj⟩+

Vej

Vtj

ϕjLj sinh ⟨ϕjLj⟩
]−1

, (7)

where p′j are the pressure fluctuations in the frequency domain in the cavity of element j.
The parameters in Equation (6) make it possible to fit the model to the calibration data.
From the analysis of Figure 2, it can be seen that kL impacts the line resonant frequen-

cies, which can also be concluded by reformulating the equations for line resonance:

fopen/closed =
c

2L
· n with n ∈ {1, 2, . . .} → nπ =

2π fopenL
c

= kL,open; (8)

fhalf-closed =
c

4L
· m with m ∈ {1, 3, . . .} → kL,half-closed = 2mπ. (9)

The strength of visco-thermal effects on the flow within the tube is influenced by α, as
noted by Tijdeman [36]. A more viscous flow, i.e., lower |α|, decreases the amplitude of
the resonance peaks in |TF|, resulting in a shallower resonant phase-shift slope in ∠TF.
In addition, all resonant peaks shift to lower frequencies, i.e., lower kL. The combination
of kL and α determines the viscous attenuation. Hence, for an equal α in Figure 2, the
frequency response of different kL does not perfectly collapse when plotted on a kL fre-
quency axis. Lastly, Vv/Vt affects the cavity resonant frequency, following the equation for
a Helmholtz resonator:

fc =
c

2π

√
A

VvL
=

c
2πL

√
Vt

Vv
→ kL,c =

2π fcL
c

=

(
Vv

Vt

)−1/2
. (10)

This Helmholtz estimate approaches the cavity resonant frequency for increasingly
inviscid flows.
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Figure 2. Effect of the normalized W model parameters, see Equation (6), on a single line-cavity
element. The vertical lines are resonant frequency estimates: line resonance (Equation (8)) with solid
lines and cavity resonance (Equation (10)) with dashed lines. In each panel, the dark solid curve is the
baseline, while the pink dotted and green dashed curves show the effect of doubling (‘×2’) or halving
(‘×1/2’) the corresponding parameter: (a) kL ω−1; (b) α; (c) Vv/Vt. The baseline case is defined by
kL ω−1 = 1.47 × 10−4 s, α ω−1/2 = 1.31 × 10−1 s1/2, and Vv/Vt = 2.55, with γ = 1.4 and Pr = 0.7.

2.2. Bayesian Inference

BI provides a natural statistical way to couple a model that reflects the physics of a
system to measurements of that system, which makes it ideal for the current fitting problem.
Various implementations exist for BI, yet they all feature the following probability density
functions (PDFs) at their base: the prior, the likelihood, and the posterior [37]. These PDFs
can be found in Bayes’ rule [38], which forms the basis of BI, as shown in Figure 3.

Figure 3. Diagram on the base concept of BI. Bayes’ rule is used to infer information on the model
parameters θ from two sources of information: (i) the model fit to the data and (ii) the user-defined
prior PDF. A most probable system state, without measurement error, is then derived by propagating
the parameters with the highest posterior density θMAP back through the model. Image adapted from
Moriaux et al. [22].

The model evidence p(d) tends to be ignored for BI since it only scales the posterior
and cancels out in most BI implementations. The reason for ignoring this PDF is its
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computational cost, as it requires many model evaluations, as can be seen by expanding
the model evidence using the law of total probability:

p(d) =
∫ +∞

−∞
p(d|θ) p0(θ)dθ . (11)

Hence, the equation for the posterior is often reduced to

p(θ|d) ∼ p(d|θ) · p0(θ). (12)

This PDF determines the probability of the system having certain parameter values, given
the observed measurements, and is simply a combination of the information provided by
the prior and the likelihood.

The Bayesian approach considers the following relation between the model parameters
and measurement data. Given a fixed set of values for the model parameter vector θ,
e.g., geometrical or fluid properties, the frequency response of the RMP is fully defined,
e.g., by the model m, and can be considered as the current state u of the system. By
calibrating the RMP, one samples this state at several frequencies. The sampling frequencies
of the model can be interpolated with those of the data using the observation operator H if
they differ. The resulting measurements d also inevitably have some measurement error ε,
which can be described by a statistical model. Due to the law of large numbers, it is safe to
assume a Gaussian distribution:

ε ∼ N (µε, Rε). (13)

Hence, the measurement error can be split into a systematic (µε) and a random (Rε) com-
ponent. However, with calibration data, the time-domain pressure-fluctuation data of the
microphones are transformed into a frequency-domain TF between two such microphones.
Any systematic measurement error in pressure fluctuations is located in the TF at f = 0 Hz.
The only way to achieve a systematic error in the TF data is with a scaling error of the
pressure fluctuations, e.g., an error in determining the microphone’s sensitivity (mV Pa−1).
Yet, this does not affect the TF phase. Rather, it erroneously scales the entire TF amplitude
by a certain amount (see discussion in Section 3.1). And since such errors in microphone
sensitivity are case dependent, the systematic error is assumed to be zero, i.e., µε = 0. In
addition, it is considered that the measurement errors are unrelated to each other, resulting
in a diagonal covariance matrix Rε = diag(σd). The specific measurement-error variance
is defined by the user, as will be explained in Section 3.3. This error model also sets the
robustness of the method to noise. As the TF deviations are taken to be zero-mean and
uncorrelated, random noise averages out in the fit, and a clear resonance suffices to recover
the probe dimensions even when surrounded by noise. The zero-mean independent Gaus-
sian model is a deliberately neutral choice that avoids biasing the fit with a misspecified
noise structure, and it already performs well on real calibration data [22]. It remains a
simplification: real measurement chains contain systematic biases, e.g., from microphone-
sensitivity estimation, temperature instability, or analogue-to-digital conversion, and errors
at neighboring frequencies may be correlated through common noise sources, the calibrator,
or the TF estimator. Such non-zero-mean or correlated errors are not captured here and
can bias the fit, as for spurious calibrator resonance lying symmetrically around a physical
one [22]; these cases are handled by the band-removal of Section 3.4 or by other operator
intervention. The method is not tied to this model, however: the user is free to adopt
a better-suited error model, treating the parameters or the functional form of its PDF as
additional unknowns inferred through a hierarchical MCMC [39], just as the line-cavity
model can itself be refined or replaced.

https://doi.org/10.3390/acoustics8030050
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In BI, the first source of information is the data, e.g., the RMP calibration data or the
first-order polynomial example with outliers in Figure 3. To achieve a good model fit, a
range of θ can be tested from the parameter space. This information forms the likelihood
p(d|θ), which defines how probable it is to observe these measurements given a set of
proposed parameter values and some measurement error:

p(d|θ) = d − H ◦ m(θ) = ε ∼ N (0, diag(σd)). (14)

The parameter vector with the maximum likelihood returns the closest fit to the data, which
includes the outliers (see θlike and ulike in Figure 3).

The prior p0(θ) provides the second source of information. It is set by the user based
on prior knowledge and assumptions and indicates the probability that a parameter value
occurs. Therefore, the posterior will skew the fitting solution proposed by the likelihood
towards one with more plausible parameters under the prior (see Figure 3). The most
probable parameter values are found at the maximum value of the posterior, i.e., the
maximum a posteriori (MAP). The MAP parameters can be fed back through the model
to return the most probable system state that resulted in the observed measurements,
excluding spurious resonance or any outliers (see θMAP and uMAP in Figure 3).

For the implementation of BI in this paper, two types of Markov chain Monte Carlo
(MCMC) methods are employed. The Metropolis-Hastings (MH) MCMC method is used
for most of the presented fitting results, as it more clearly shows the impact of the user-
defined proposal distribution. This algorithm is implemented in the publicly available
Python code [33]. The second method is the parallel delayed rejection adaptive Metropolis
(ParaDRAM) MCMC [40], implemented in the ParaMonte package (version 1.5.1) [41]. This
algorithm adapts the proposal distribution to reach a target acceptance rate (AR), which is
defined here as 10% to 31% with an adaptive update period of 50 iterations. ParaDRAM is
used only where explicitly mentioned in the figure captions. For the associated results, the
Markov chain is also resampled multiple times to reduce the correlation between samples,
following the standard settings of the ParaMonte package.

MCMC uses random samples from PDFs to sample the posterior, as explained in
Section 3.5. Therefore, for the full repeatability of the results, the pseudo-random number
generators in the Python code are initialized with a fixed value for the seed of 3751. This
ensures that the same Markov chain can be recreated.

2.3. ASSIST Python Code

As mentioned before, the Python code underpinning ASSIST has been made publicly
available as an online publicly available repository [33] (version 1.3), which contains the
source code, i.e., all the functions to be called within the main scripts of ASSIST and several
Jupyter [42] tutorials on all aspects of the semi-empirical calibration approach. The purpose
of each script in the repository, as well as the required Python packages and their tested
minimum versions, is specified in the included readme file.

Any name of the Python code repository indicated within this paper, i.e., func-
tions, classes, files, or directories, is written in a monospace font. The functions men-
tioned in Section 3 are present in the directory of the source code “Source”. The inges-
tion and early processing of the raw calibration data, e.g., computing the TF from the
data, are performed with the functions and objects present in CalibrationMeasurement.
Both TDMS and CSV file formats are supported. This early processing relies on the
functions contained within ProcessingFunctions. The analytic TF models of Bergh
and Tijdeman [10] and Whitmore [12] are implemented as functions and objects in
BerghTijdemanWhitmoreModels. All functions relevant to BI that are required by ASSIST
are stored in BayesianInferenceFunctions. Nevertheless, the functions of scipy.stats
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(version 1.6.0) [43] can be used instead for the prior and likelihood if desired. Finally, the
results and calibration data are visualized using the code of PlottingFunctions.

2.4. Acoustic FEM Simulation Setup

The internal pressure fluctuations within a plane-wave tube calibrator are simulated
using a FEM with an acoustic and vibroacoustic solver, i.e., NASTRAN SOL 108 (Direct
Frequency Response), implemented in Siemens Simcenter (version 2304) [44]. The geometry
of the plane-wave tube is shown in Figure 4a and is similar to that designed by Van de
Wyer et al. [16]. The same acoustic FEM simulation data have previously been used for
the validation of ASSIST [30]. This FEM simulation emulates the frequency response of
the plane-wave tube used in the empirical calibrations of previous research [16,22]. The
empirical calibration data for the single-step approach, presented in Section 4, use the very
same calibrator. The data and a Python file to reproduce the TFs considered in this paper
are publicly available in the aforementioned code repository [33].

(a) (b)

Figure 4. Geometry of the plane-wave tube calibrator used in previous empirical calibrations of
experimental campaigns [16,22]. (a) Cross-section of the FEM geometry from Moriaux et al. [30],
which consists of cylinders and cones. The red dot in the speaker cone indicates the acoustic monopole
source. The dimensions are provided in mm and degrees. (b) Diagram of the pressure measurement
points within the simulation with their names, used to denote the path of the TFs. The italicized
names are associated with the line-cavity sections, delimited by dotted lines, and their parameter
names. The shown section is the lower part of the geometry depicted in Figure 4a and is not to scale.

A total of 25,422 tetrahedral elements are used to resolve this geometry, with dimen-
sions ranging from 0.7 mm in the side-branch of the calibrator to 3.5 mm in the speaker
cone of the calibrator. This means that the maximum achievable frequency of this simu-
lation is 16.2 kHz to 9.7 kHz with the largest elements, considering 6 to 10 elements per
wavelength, respectively.

The dynamics of the plane-wave calibrator have been simplified by modeling the
speaker not as a vibrating surface but as an anechoic boundary, with the pressure fluctua-
tions generated by a monopole source within the speaker cone, indicated by the red dot
in Figure 4a. The reason behind this simplification is that the properties of the speaker
membrane material need to be determined accurately for the pressure fluctuations to be

https://doi.org/10.3390/acoustics8030050

https://doi.org/10.3390/acoustics8030050


Acoustics 2026, 8, 50 11 of 28

correctly generated by the vibrating speaker surface. Instead, this monopole approach
simplifies the setup while still generating pressure fluctuations that cover the entire desired
frequency range. Additionally, all nodes from which pressure signals are acquired, shown
in Figure 4b, are equally affected by the frequency-dependent pressure-fluctuation ampli-
tudes that travel down the main channel of the plane-wave calibrator. Hence, the exact
amplitudes of the pressure fluctuations that exit the speaker cone do not matter.

3. ASSIST Setup
Setting up ASSIST with a new dataset can be non-trivial, as there are many choices

regarding the data, the model, and the MCMC settings. The following section outlines a
straightforward procedure for achieving the best possible results with the proposed method.
The first aspect of the semi-empirical calibration approach is the acquisition of calibration
data, as detailed in Section 3.1. The setup of the W model for the considered microphone
probe examples forms the second aspect of the method and is outlined in Section 3.2. The
impact of various choices for the prior PDF is demonstrated in Section 3.3. Pre-processing
the calibration data before the fit can, similarly to the prior PDF, be used to fine-tune the TF
fit. In Section 3.4, the use of this pre-processing is discussed. Finally, the importance of a
properly defined proposal distribution in MCMC is shown in Section 3.5.

3.1. Calibration Data

In general, empirical calibration methods [15,16,18,45] estimate the TF of a RMP
by measuring the time-domain pressure fluctuations with microphones over multiple
calibration steps, e.g., at the calibrator and reference measurement points of Figure 4b. The
design of the plane-wave tube calibrator affects the spurious resonant frequencies and the
maximum frequency up to which a usable TF can be estimated, i.e., the cut-off frequency of
the plane-wave tube fcut-off ≈ 0.586 c/d [46], with d being the tube diameter. For example,
d = 13 mm results in fcut-off ≈ 15 kHz (see Figure 4a).

The chosen pressure perturbation signal generated within the calibrator also has
an impact on the estimated TF that can be generated from the calibration process. Both
frequency-sweep [16] and white-noise signals [7] are popular options. Regardless of the
chosen perturbation signal, its amplitude must not clip any microphone in the calibration
chain. It is advised to perform a parametric study for the RMP and calibrator combination
to determine which calibration signal results in the highest cross-coherence (γ2

ij) between
the microphones within the considered frequency range. The impact of these different
calibration signals on the TFs should also be observed, e.g., the TF estimate could be inaccu-
rate in a certain frequency band if the perturbation signal does not excite the microphones
within that frequency band for long enough or if the measurement time is too short. For
the specific measurement campaign performed in the previous study [22], the white-noise
signal returned the best results.

The PressureAcquisition class offers a very flexible tool for processing time-
domain calibration data saved either as TDMS files by a National Instruments Lab-
VIEW virtual instrument or as CSV files, to several frequency-domain metrics such as
the power spectral density (PSD), cross-coherence, and TF (see Figure 5). Similarly, the
sensitivity_calculation function can be used to estimate the microphone sensitivities
from calibrations performed using a pistonphone. This is an essential step, as an error in
determining the microphone sensitivities results in an erroneous scaling of |TF|, which
affects the model fit, e.g., see Figure 5b.
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(a) (b)

Figure 5. Example processing of the “B&K pinhole” calibration dataset [22] with the
PressureAcquisition Python class [33]. (a) Upper: voltage time-signal acquired during the cali-
bration. Lower: PSD of the voltage signals. (b) Upper: cross-coherence between the microphones
of the TF. Lower: TF with and without correctly defined microphone sensitivities (exaggerated
for demonstration). The dotted line marks the unamplified state.

The FEM data considered for this example are already in the frequency domain.
Two TFs are taken as examples and analyzed in this study: (i) a pinhole TF, i.e., from the
junction point to the calibrator point, and (ii) a branching RMP TF, i.e., from the reference
point to the calibrator point (see Figure 4b). These TFs are shown with the labels ‘d’ in
Figure 6. For clarity, the term ‘RMP’ is used to refer to the latter TF case only throughout
Section 3, whereas the first case is referred to as ‘pinhole’.

Figure 6. FEM data ‘d’ superimposed with the W model TF of the line-cavity elements ‘m’. The vertical
lines are resonant frequency estimates: half-closed line resonance (Equation (9)) with solid lines and
cavity resonance (Equation (10)) with the dashed line. The naming follows Figure 4b. The lower
element TF (junc→ref) is inverted to align with the direction of the FEM data TF (ref→junc→cal).

An important design decision to make is how to present the data for BI. Instead of
considering the complex-valued TF for the likelihood, the function frequency_response is
used to compute the real-valued TF amplitude and phase, each with their own σd. Real-
valued σd can be more intuitively set based on the visualized TF. Being able to provide
separate values for them allows the operator to prioritize the fit with either |TF| or ∠TF.
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Additionally, specific frequency bands of the calibration data can also be band-removed to
tune the fit between the model and the data, as will be discussed in Section 3.4.

3.2. Modeling the Microphone Probe

The second aspect of the setup is to define the analytic TF model for both example
cases, along with an initial guess of the model parameters. This aspect mostly depends
on the prior knowledge of the user regarding the microphone probe geometry and other
properties that are relevant to the chosen parameters. This knowledge can be gained from
CAD files, simple measurements of the microphone probe dimensions, or updated beliefs
gained from previous fitting attempts.

However, depending on the chosen initial guess, the Markov chain might converge
to different local optima. A possible solution is to run multiple MCMCs with different
initial guesses that cover a range of sufficiently plausible values in the parameter space [39]
(p. 283). Such a range would be defined based on the absolute extremes that the parameters
can reach or a narrower user-defined parameter range. If the chain converges towards
an extreme of either parameter range, a new MCMC run might be needed with updated
extremes to better sample in this region of the parameter space. These Markov chains,
excluding their burn-in, can then be statistically compared using the double-sided probabil-
ity of the Kolmogorov-Smirnov (KS) test [47] to determine if the different initial guesses
converge to the same PDF mode. This feature is already implemented within the Paramonte
DRAM sampler as a multi-chain parallel DRAM, where multiple separate chains are run
in parallel [22].

In the current version of ASSIST, the fitting algorithm does not alter the number of
line-cavity elements used to discretize the microphone-probe geometry (see Figure 1).
The number and connections between line-cavity elements are defined by the user, and
ASSIST can only change the parameter values of these elements. Any discontinuities
in tube diameter, cavities between tubes, or branches in the probe must be modeled
using separate line cavities. These line-cavity elements can be made with Element objects
and connected to form any microphone-probe shape. Some pre-built functions are also
available for pinhole probes and a probe shape similar to the considered branching RMP
case, e.g., whitmore_pinhole and whitmore_junction, respectively.

The TF data of both pinhole and RMP cases, and the W model TFs of the lower and
side line-cavity elements are shown in Figure 6. The initial guess for the parameters of the
W model, based on the FEM geometry, already results in a relatively close approximation
of the resonant frequencies in the data.

The FEM pinhole case can be modeled using the side line-cavity element alone, as is
clear from Figures 4b and 6. Hence, the model parameters are kL,side, αside, and (Vv/Vt)side.
For kL and α, only the real-valued scaling constants are considered for the fitting parameters,
i.e., kL ω−1 and |α| ω−1/2.

Nevertheless, it is recommended that only a few fitting parameters be selected from the
full set of available ones since MCMC methods scale poorly with the number of parameters.
In essence, the size of the parameter region in which MCMC needs to sample to find the
MAP increases with the size of the parameter vector. As such, other BI implementations
should be considered for problems with more than ca. 10 parameters [48]. By using
the initial guess for the geometry of the microphone probe, the resonant frequencies of
the geometry can be estimated through either the W model or the resonance equations
(Equations (8)–(10)). Overlaying these models and resonant frequencies with the data,
such as in Figure 6, can indicate the source of the resonance, i.e., which line-cavity element
induces the resonant phenomenon and whether it is line resonance or cavity resonance.
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For the pinhole TF data, the only resonant frequency is situated near 8.5 kHz and is
approximately equal to the Helmholtz resonance of the side-branch line-cavity element.
To correctly fit this resonance with the model, Vv/Vt is needed to match the resonant
frequency, and α is needed to match its attenuation. Therefore, kL,side is dropped from the
fitting parameters.

For the RMP case, the TF can be modeled using three elements, which are shown in
Figure 4b. The upper element has its inlet at the top of the calibrator main channel, i.e., at
the end of the conical cavity that houses the speaker, and it ends at the junction point.
Hence, the speaker cone is ignored in the W model geometry. The remaining two elements
are connected downstream of the upper one: the side branch and the lower section of the
calibrator main channel. The latter has a small non-zero cavity volume, as any branch
termination of a microphone probe with a zero cavity volume can cause problems for the
complex impedance of upstream elements (see Equation (3)).

However, any pressure fluctuation that travels down the upper element and reaches
the junction point affects both connected line-cavity elements equally. Hence, it can be
reasoned that any change in the TF of elements above the junction point has no impact on
the RMP TF. The RMP TF can thus be expressed, following the naming in Figure 4b, by:

TFref→cal =
TFupperTFside

TFupperTFlower
=

TFside
TFlower

=
TFjunction→cal

TFjunction→ref
. (15)

The same conclusion could also be reached by observing Figure 6. The branching RMP TF
can be produced from the side-branch and lower line-cavity elements alone.

Consequently, only model parameters linked to the side-branch and lower elements
must be considered. This results in a preliminary selection of 6 parameters, which all
impact the RMP TF: the kL, α, and Vv/Vt associated with both line-cavity sections. Figure 6
can be used to further reduce the number of fitting parameters. The side-branch element
only features cavity resonance within the considered frequency range, eliminating the need
for kL,side. Similarly, the lower element only produces half-closed line resonance, removing
(Vv/Vt)lower from the fitting parameter selection. Hence, the main parameters affecting the
RMP TF are kL,lower, (Vv/Vt)side, αlower, and αside. Only the first two will be considered, as the
main purpose of this example is to fit the resonant frequencies, not their exact amplitude or
phase shift slope, and because this choice results in a clearer visualization of the posterior
PDF as a single contour plot. With the RMP case using kL and Vv/Vt as parameters, and
with the pinhole case using α and Vv/Vt, the behavior of all three main geometric model
parameters as fitting parameters can be observed in this guide.

With the callable function for the model of both cases finalized, the function for the
likelihood is complete. Examples of such code are publicly available in the online code
repository [33]. However, the MCMC code requires a callable function for the posterior
PDF that can be computed at each new proposed parameter sample. The final step needed
to form the posterior is to define a prior PDF.

3.3. Prior PDF

Any type of prior PDF can be provided by the user. This PDF should reflect the
operator’s knowledge about the probability of the system possessing a certain parameter
value. Two examples are provided: (i) a uniform distribution spanning a range of parameter
values that are deemed possible, and (ii) a multivariate Gaussian centered on the initial
guess of parameter values. The impact of different priors on this pinhole case is shown
in Figure 7.
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(a) (b)

Figure 7. Pinhole FEM TF fitting results with three different priors. The defined measurement
errors are: σd,|TF| = 50 and σd,∠TF = 0.1 rad. (a) TF of the various fitting solutions. (b) MAP of the
various fitting solutions. The bounds of the uniform prior and the 3σ bounds of the normal priors are
indicated with dashed lines of the same color as the MAP markers.

The uniform prior PDF is the least informative, as it simply sets the allowed extremes
(see Figure 7b). With this prior, the posterior reduces to the likelihood within the allowed
bounds, so the MAP coincides with the maximum-likelihood estimate. Since the likelihood
of Equation (14) is Gaussian, maximizing it is equivalent to minimizing |d − H ◦ m(θ)|2,
i.e., the uniform-prior fit is a bounded least-squares fit of the model to the calibration
data [37]. The comparison between priors in Figure 7 therefore already includes a least-
squares fit as its uniform-prior case. Due to the large mismatch in the model fit ‘d − m(θ)’
around the resonant frequency (see Figure 7a), the likelihood attempts to continuously
increase |α|. This large mismatch in |α| will be further discussed in Section 4.

The normal prior PDF provides more information to the posterior. The prior mean
defines the model parameters that the user deems most probable, and the covariance matrix
of the prior reflects the uncertainty of the initial value for each parameter. This covariance
matrix has an effect similar to the bounds of the uniform prior. A larger prior variance
on a given parameter means it will be allowed to deviate further from the initial value to
achieve a closer fit. This is shown with the two normal priors in Figure 7b.

For example, the exact cavity volume of the probe might depend on the mounting
of the microphone within the cavity that houses it and the additional volume between its
protective grid and membrane. Additionally, since line-cavity models assume a compact
cavity, where all inertia of the flow occurs within the tube, a conical cavity might feature
an increased effective line length and a decreased cavity volume with respect to their
geometrical counterpart. Regardless, it is recommended to permit a larger prior variance
on cavity volumes.

It is important to note that the prior variances and σd have a combined effect on the
model fit. Smaller σd values mean that the model fit is allowed to deviate less from the data,
more readily changing the model parameters from their initial guess. Inversely, a smaller
prior PDF covariance will restrict the deviation of parameter values from their initial values
more, possibly resulting in a model fit that is less close to the data. A closed-form equation
for the posterior exists for linear models with a Gaussian prior and likelihood [49], and
even for non-linear models, this combined effect of variances can be seen in Figure 7b.
While the likelihood remains the same, the different covariances of the Gaussian priors
allow the MAP parameters to deviate more or less from the initial guess. So, while the prior
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covariance matrix and measurement-error variances can be defined based on repeated
measurements, they can also be assumed to be simple tuning parameters for the fit. They
reflect the relative uncertainty linked to the data and the probable range of parameter
values. The exact values for the variances influence the credible regions of the posterior
PDF and should thus be considered when using these credible regions for the uncertainty
quantification of this method. The sensitivity of the posterior and its credible regions to
the chosen prior or measurement error can be evaluated using a Hierarchical MCMC [39].
Here, the prior PDF parameters or σd are defined as hyperparameters [22], which also form
a part of the MCMC parameter vector. In many cases, defining a prior and σd that result
in the desired model fit is an iterative process, and they are tuned based on the results of
previous runs. For the pinhole probe example, a bad prior may cause the MCMC not to
converge due to the continuous increase in |α| (see Figure 7).

Finally, observing the θMAP of both normal prior examples in Figure 7b, their values
fall outside of the 3σ credible region of the prior. In other words, these parameter values
have less than 1% chance of occurring according to the prior knowledge of the operator.
This may indicate one of the following problems. (i) The operator’s knowledge of the
parameters, summarized in the prior, does not properly reflect the range of parameter
values that the system is likely to have. (ii) The model does not properly reflect the physics
that have resulted in the observed data; i.e., the correct parameter values result in a model
TF that is completely different from the calibration data. As the exact FEM geometry is
known, the mismatch in the model frequency response and calibration data will be further
discussed in Section 3.4.

3.4. Pre-Processing the Calibration Data

The previous analysis showed a problematic aspect of the pinhole case: the posterior
of this case strongly depends on the chosen prior (see Figure 7b). Depending on the prior,
the MCMC might not even converge. The source of this sensitivity is the aforementioned
mismatch in peak resonant |TF| and the resonant phase shift slope, caused by the W model
being viscous while the FEM simulation is inviscid. Hence, the likelihood will push the W
model to emulate the inviscid behavior by perpetually evolving |α| towards larger values.

ASSIST relies on having large enough frequency bands of correct TF data to fit, such
that the frequency bands affected by errors are mostly ignored and replaced by the correct
TF. The prior partly aids in this task by keeping the model parameters in a physically
reasonable range. Yet, sometimes, if the error in the data results in too large a deviation
from the model, the fit may prioritize the frequency bands containing the errors to the
detriment of the fit within the frequency bands with correct TF data. Two examples of
erroneous frequency bands can often be found. First, for all empirical calibration, the
experimentally obtained TF data will no longer reflect the frequency response of the probe
below or beyond certain frequencies where the calibrator provides an accurate calibration
environment, e.g., above the calibrator cut-off frequency (see Section 3.1) or the frequency
limits imposed by the microphones. Second, similarly to inviscid resonance in the pinhole
case, spurious resonance can be problematic to the fit when (i) the magnitude of the
mismatch to the true TF is too large, e.g., Figure 7a, or (ii) most of the acquired frequency
band of the TF data is affected by spurious resonance. Hence, besides tuning the prior,
the data can be pre-processed before fitting the model: specific frequency bands can be
band-removed using the mask_f_data function.

With empirical calibration data, the cross-coherence between the different microphone
signals used for the TF can serve as a good indicator of the quality of the data at each
frequency, often dropping suddenly in correspondence with calibrator-induced spurious
resonance, e.g., at 3.3 kHz and 10 kHz in Figure 5b. Therefore, cross-coherence between
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the calibration steps can be consulted when choosing which frequencies to band-pass. It
is important to stress that resonance should only be removed after careful analysis of its
source to avoid removing resonance that is physical to the probe.

In the case of the FEM pinhole, one could deem the inviscid resonance not to be
physical to the probe since it does not match the viscous W model. Hence, the TF from
8.4 kHz to 8.6 kHz is band-removed to avoid the negative impact of the inviscid resonance
on the convergence of the Markov chain and the sensitivity of the posterior. The method
will still be able to fit the resonance in the TF using the remaining increase and decrease of
|TF| centered around the resonant frequency, but the fit will no longer be pulled to match
the extremely large resonance |TF| peak value (see the inset plot in Figures 7a and 8).

Figure 8. TF fit, using ParaDRAM, of the band-removed pinhole FEM simulations data, TFjunction→cal.
The red-tinted region from 8.4 kHz to 8.6 kHz is band-removed.

3.5. MCMC Proposal Distribution

For non-linear models, such as the W model, the existence of a closed-form equation
for the posterior is not guaranteed. Instead, MCMC estimates the posterior by randomly
sampling its PDF based on the value of the posterior in the proposed sample and in the
previous sample [50]. Using the MCMC samples, the kernel density estimate (KDE) [51]
approximates the posterior.

Various MCMC algorithms evolve the Markov chain by proposing a new sample
parameter vector at each iteration i. The MH MCMC algorithm, which shares some
similarities with DRAM, is explained here. This proposed parameter vector θp is chosen by
taking a random sample gi from the multi-variate Gaussian proposal distribution, which is
centered on the last sample accepted into the chain θi−1:

θp = θi−1 + gi with gi ∼ N (0, P) . (16)

However, for the KDE to provide a usable estimate of the posterior PDF, the density of the
samples should be related to the local probability density of the posterior, e.g., Figure 9b.
Equation (16) alone results in a random walk of samples that is unrelated to the posterior.
To tackle this problem, the correct sample distribution is ensured by using a criterion based
on the ratio of the posterior value in the proposed sample to the posterior value in the last
accepted sample:

if Π =
p(θp|d)

p(θi−1|d)
> yi ∼ U (0, 1) : θi = θp; else : θi = θi−1 . (17)
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In Equation (17), the ratio of the posteriors Π is compared with a sample from a uniform
distribution yi ranging between 0 and 1. The result is that any proposed sample with a
higher value for the posterior (Π > 1) is guaranteed to be accepted into the Markov chain,
allowing the chain to evolve towards regions of high probability. Nevertheless, proposed
samples with a lower value for the posterior still have a non-zero chance of being accepted,
as yi can take any value between 0 and 1.

Starting from the initial guess, it is likely that the sampler will require several samples
to converge to a region of high posterior probability around the MAP, ideally in as few steps
as possible (see Figure 9b). A large covariance P for the proposal distribution increases
the step size between proposed parameter-vector samples, following Equation (16). These
burn-in samples, which are required to reach the high-probability region of the posterior,
are not distributed in a manner that is representative of the posterior and, therefore, are
not usable for estimating the posterior PDF (see Figure 10c). Plots such as the one in
Figure 9a can be used to determine which samples must be removed from the chain before
computing the KDE. For example, the distribution of the remaining samples in the inset
plot of Figure 9b is representative of the posterior.

(a) (b)

Figure 9. Parameter vector chain of the MCMC of the pinhole FEM case with the ‘narrow normal’
prior (see Figure 7). (a) Per-iteration convergence of the parameter values. (b) Convergence of the
chain shown in the parameter space.

A smaller step size is likely to result in Π closer to unity. Compared to that, a large
step size is more likely to land within a region with a lower posterior than the current
sample, hence a smaller Π. Thus, a smaller step size of the proposal distribution will
have a lower percentage of rejected samples, which is desirable from a computational cost
perspective. Yet, a small step size also means that the parameter values of each sample
are more strongly correlated with the parameter values of the previous samples. This
correlation is not representative of random samples of the posterior PDF but is linked to
the proposal distribution. Hence, using these samples to estimate the PDF might not return
an accurate representation of the posterior, and samples with a strong correlation should
be sub-sampled. In short, whereas a small step size between samples increases the AR, it
also increases the correlation between the samples.

https://doi.org/10.3390/acoustics8030050

https://doi.org/10.3390/acoustics8030050


Acoustics 2026, 8, 50 19 of 28

(a) (b) (c)

Figure 10. Examples of the impact of the defined proposal distributions and burn-in. (a) Comparison
of the MCMC samples with a high AR of 95% (top row) and a low AR of 24% (bottom row). Burn-in
samples are removed and the low AR case is sub-sampled. (b) Comparison of the auto-correlation
function (ACF) for an AR of 95% (top row) and an AR of 24% (bottom row). (c) KDE of the highest
posterior density credible regions of the ‘narrow normal’ prior example without removing the burn-in
samples (see Figure 9).

In view of the above, the proposal distribution covariance matrix should be tuned
to achieve a good trade-off between the number of accepted samples and the correlation
between them. This trade-off is found at a sample AR of approximately 30% for the samples
after burn-in [48]. Gelman et al. [39] (p. 296) suggest a slightly different target AR of 44% for
1-D problems and 23% for higher dimensional problems, i.e., above approximately 5-D.
Both sources also advise shaping the proposal distribution to match that of the posterior,
albeit scaled to achieve the target AR.

As an example, the link between AR and the correlation of the Markov chain samples is
demonstrated in Figure 10. Regardless of the proposal distribution and AR, the underlying
posterior remains the same. Therefore, the Markov chain will randomly sample within
a similar parameter value range, i.e., similar extremes (see Figure 10a). However, for a
small step size, it will take many more iterations to evolve from one extreme of this high
probability parameter range to the other. This implies that the parameters in each iteration
are closer in value to those of the surrounding iterations. The result is that the chain exhibits
a periodicity similar to the 95% AR case in Figure 10a. In comparison, the large step size of
the low-AR case results in a Markov chain that can jump from one extreme of the parameter
space to the other and randomly pick any value in between. Another way of observing this
is with the auto-correlation function (ACF) of the sample parameter values, computed with
ParaMonte [41], which simply quantifies the correlation between pairs of samples of the
Markov chain that are separated from each other by a certain amount of sampling iteration
‘lags’. For the high AR case, the ACF for |α| remains large up to a very high number of
‘lags’ (see Figure 10b). In other words, samples up to 104 iterations away from another
sample are correlated with it. In comparison, the low AR case has very low values for the
ACF, even for samples that are situated close to one another. Naturally, when running
the first MCMC attempt for a new case, the AR after burn-in is likely not to represent
the desired value. While tuning the proposal distribution, the AR may overshoot that
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desired value for the first few MCMC runs. Hence, tuning the proposal distribution can
require several MCMC runs. Apart from the proposal distribution, enough samples in
this high-probability posterior region are needed for the KDE to converge to an accurate
estimate of the posterior PDF.

DRAM is capable of adapting the proposal distribution every couple of iterations [40].
As such, ParaDRAM can start with larger steps during burn-in and shrink the step size
in a posterior region with high probability. In addition, ParaMonte will sub-sample the
final MCMC chain to reduce the correlation between samples [41]. Still, understanding the
principles of MH MCMC can be beneficial, and the publicly available code has the MH
MCMC method implemented in the mcmc_update function.

The KDE associated with the band-removed pinhole case with ParaDRAM is presented
in Figure 11. The contours visualized from the KDE are the highest posterior density regions
associated with the credible regions of 68%, 95% and 99%. These are the credible region
contours with the largest mean value for the PDF. In other words, these are the narrowest
range of parameters that contains the defined credible region. For example, the integrated
space under a Gaussian PDF that defines the credible region could be achieved with the
parameter range of the tails of the PDF or the parameter range that contains its peak.

Figure 11. KDE of the TF fit of pinhole FEM simulations data, TFjunction→cal. TF fit, using ParaDRAM,
shown in Figure 8.

The KDE contours of the pinhole indicate a positive correlation between the model
parameters |α|side and (Vv/Vt)side, as can be seen from the positive angle of the elliptical
KDE contour axes to the coordinate axes (see the dotted lines in the inset figure of Figure 11).
The correlation between these parameters has also been observed and discussed in detail
in previous research [22]. Since a higher |α| increases the resonant frequencies, Vv/Vt or kL

need to increase for the model to still retain the same resonant frequency as that present in
the data (see Figure 2).

4. Results and Discussion
The general procedure to set up ASSIST for microphone calibration data has been

detailed in the previous sections. The results of processing both TF cases with ASSIST are
presented in the following section. The application of this method to the RMP case results
in Figure 12.
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(a) (b)

Figure 12. Fitting results for the RMP FEM case using ParaDRAM. (a) TFref→cal fit. (b) KDE of the
MCMC TF fit.

For both pinhole and RMP cases, the TF returned by ASSIST contains all reso-
nant frequencies present in the data, as shown in Figures 8 and 12a, respectively. This
would not have been the case if the model assumptions were invalid for the calibration
data [30] or if the probe geometry was not properly represented by the user-defined
line-cavity topology [22].

Similarly to the 8.5 kHz side-branch resonance, the destructive line resonance at 3.3 kHz
and 10 kHz in the RMP TF does not reach as low a value for |TF| nor as steep a phase
shift slope due to the difference in |α|lower between the FEM and W model (see Figure 12a).
However, for the RMP case, |α| is not part of the fitting parameters; therefore, the mismatch
in viscosity between the data and the model does not pose an issue for the TF fit.

These line-resonant frequencies in the RMP data are also present in the pinhole TF as
spurious resonance at 3.3 kHz and 10 kHz, which is shown in the inset plots of Figure 8.
For 1-D models, such as the W model, the side-branch line-cavity element is connected to
the upper line-cavity element at the junction point (see Figure 4). The pressure fluctuations
in the junction point are imposed over the entire cross-section of the side-branch line-
cavity element as inlet conditions. Hence, the entire element is equally affected by the line
resonance, just as the junction point is. As a TF is a comparison between the signals in
two points, and all points in the side branch are equally affected by the line resonance, the
resonance does not appear in the W model of the pinhole TF.

In comparison, for the 3D acoustic FEM simulation, the pressure fluctuations imposed
at the inlet of the side branch are not only those at the junction point, where the line-resonant
node is located, but also those in the plane-wave tube over the entire ‘sensing area’ of
the side branch (with a diameter of 2 mm). Therefore, a remnant of the line resonance is
present in the FEM simulation pressure fluctuations in the calibrator point. This might
be considered an impact of the 1-D flow assumption of the W model. However, such
small features in the TF are likely to be dissipated for real viscous calibration data, and
the semi-empirical method successfully removes and replaces the TF in frequency bands
affected by spurious resonance. Furthermore, although a correlation between |α| and the
other W model parameters exists in Figure 11, the RMP case shows that no correlation
exists between kL and Vv/Vt, as shown in Figure 12b. This is deduced from the elliptical

https://doi.org/10.3390/acoustics8030050

https://doi.org/10.3390/acoustics8030050


Acoustics 2026, 8, 50 22 of 28

KDE contours being upright. In other words, the principal axes of the elliptical contours
are aligned with the parameter axes. The lack of correlation is due to both parameters
having no effect on the resonant frequency of each other; i.e., Vv/Vt has no impact on the
line-resonance, and vice versa for kL. However, this lack of correlation is by no means
universal. For viscous TFs, nearby resonance may cause their resonant frequencies to shift
toward one another.

Another point of interest is how close the MAP parameter values are to the ‘true’
parameters of the pressure-measurement probe. The W model assumptions [12,36] imply
that the physics of the model are not an exact representation of the real system. As such,
the TF of the real and model systems may differ, even when the same parameter values
are considered. For the goal of removing spurious resonance from the calibration data,
this is of little relevance, as a matching TF can be found with slightly different parameter
values. However, any use of the resulting MAP parameters would suffer from this problem,
e.g., inserting the MAP parameters into corrective models for either the TF or pressure
measurements. For example, using |α| of the pinhole as a fitting parameter, an estimate of
the true system radius of the pinhole is provided as the MAP. This quantity can be used in
the model of Corcos [5] to correct any wall-pressure spectra acquired with the microphone
for spatial averaging of the unsteady pressure fluctuations over the sensing area of the
probe. Similarly, the MAP dimensions of the probe and the resulting TF fit can be used to
apply a correction for the effect of grazing flow over the microphone using the model of
Tijdeman and Bergh [23]. However, the accuracy of these corrections depends on how well
the MAP-parameter values represent the real-parameter values.

The results of the W model are, to some extent, similar to those of the model of Bergh
and Tijdeman [10]. The latter study mentions that similar TFs are achieved between the
model and data for tube radii that are 2 % to 5 % smaller than the mean true values. For
the FEM data, the MAP parameters are expected to differ from the true values due to the
aforementioned correlation between parameters and the difference between the inviscid
data and the viscous W model. No comment can be made about the difference in |α|side

between both FEM geometry and the set of MAP parameters, as the inviscid simulation
does not have a value for ν. As shown in Table 1, the other two MAP parameters differ
significantly from their counterparts in the FEM geometry.

Table 1. Difference between the MCMC parameter MAP values and the FEM geometry.

Parameter kL,lower ω−1, s (Vv/Vt)side, -

MAP 7.52 × 10−5 9.39 (RMP), 9.68 (pinhole)

FEM 7.64 × 10−5 2.74

For real-life calibration data, the initial guess of the parameters appears to lie closer to
the MAP parameters [22]. Still, it proves difficult to determine the ‘true’ model parameters
of the physical microphone probes to validate the accuracy of the MAP parameters. Both
Bergh and Tijdeman [10] and Whitmore [12] seem to indicate that the model parameters
are not far from the real values. Nevertheless, a conclusive statement on the usefulness
of the MAP parameters when used with corrective models remains to be analyzed in
further research.

Finally, the semi-empirical calibration method may be useful in other interesting
scenarios. One such case is the in-situ calibration of microphone probes installed on
non-sealing surfaces. Many multi-step calibration approaches require that the internal
pressure field within the calibrator does not vary by more than an amplification constant,
as explained in Section 1. Yet, when the microphone probe is mounted on a surface with
which the calibrator cannot form a seal, e.g., on porous or strongly curved surfaces [52], no
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controlled calibration environment can be created. A single calibration step would remove
the requirement of an identical pressure field over multiple steps, but the acquired TF
would be defined as the combination of the TF of the probe and that of the calibrator, with
no means of separating them from each other. Using ASSIST, the calibration data would
be fitted with a W model line-cavity representation of both the calibrator and microphone
probe geometries (see the left-most TF in Figure 13). Afterwards, only the line-cavity
elements of the microphone probe can be kept, while discarding those associated with the
calibrator geometry, resulting in an estimated TF for the microphone probe alone (see the
right-most TF in Figure 13).

The concept explained above is exemplified with data from an empirical calibration
of a pinhole-mounted microphone, where the set-up, methodology, and microphones are
those used for fitting the RMP case in Figure 15 from Moriaux et al. [22]. This empirical
dataset also serves as further experimental validation of ASSIST. The TF from the calibrator
side branch to the pinhole probe onto which the calibrator is placed is used for the fit.
Even with the added complexity of 6 fitting parameters, the W model closely matches the
empirical data. In the absence of inviscid resonance, the analytic model easily converges
to the appropriate model parameters without the need to tune the prior or band-remove
spurious resonance. Since the fitting data come from a single calibration step, no spurious
resonance is present (see Figure 13), so ASSIST can fit over the entire frequency range and
is not required to ignore frequency bands. The two-step empirical calibration of the same
pinhole, together with the TF obtained by applying ASSIST directly to those two-step data
with the spurious resonance band-passed to refine the fit, is included in Figure 13 as a
reference. The single-step result matches the physical cavity resonance of this conventional
calibration while omitting the spurious resonance that the two-step data contain, providing
a direct comparison against the conventional approach and a favorable validation of the
single-step method.

To quantify the agreement, the root-mean-square error (RMSE) between the model TF
and the data is computed separately for the amplitude and the phase according to

RMSE =

√√√√ 1
N

N

∑
i=1

(di − [H ◦ m(θ)]i)
2, (18)

where di and [H ◦ m(θ)]i are the data and the model evaluated at the i-th of the N frequency
points, and d denotes either |TF| or ∠TF. The resulting values are reported in Table 2. The
optimal fit reduces the amplitude RMSE to the single-step data from 2.65 to 0.35 and the
phase RMSE from 1.40 to 0.06 rad relative to the initial guess. More importantly, the probe
TF recovered from the single-step calibration agrees with the two-step data almost as
closely as the ASSIST fit applied directly to that two-step data, with an amplitude RMSE of
0.130 against 0.119 and an essentially equal phase RMSE of 0.230 against 0.231 rad. The lat-
ter fit additionally required band-passing of the spurious resonance to be refined, whereas
the single-step result reaches comparable accuracy without such operator intervention.

Table 2. RMSE for the single-step calibration of Figure 13. Top: W model fit to the single-step data,
for the initial-guess and optimal parameters. Bottom: the probe TF derived from the single-step fit,
and the ASSIST fit to the two-step data, both compared against the two-step empirical calibration.

|TF| ∠TF, Rad

Fit to single-step data, initial guess 2.651 1.400
Fit to single-step data, optimal 0.349 0.060

Single-step probe TF vs. two-step data 0.130 0.230
ASSIST on two-step data vs. two-step data 0.119 0.231
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(a) (b)

(c)

Figure 13. Single-step calibration of empirical pinhole calibration data using ASSIST. Each column
shows a step of the approach, including the (a,b) diagrams of the considered line-cavity elements
in the model and (c) the TFs. Left: TF fit to the single-step calibration data. Right: W model of the
‘empirical dataset’ pinhole TF derived from the single-step calibration data fit after removal of the
line-cavity elements associated with the calibrator device (dashed-line line-cavity elements). The
two-step empirical calibration data of the pinhole, as well as the TF computed by ASSIST based on
these data with the spurious resonance band-passed, are included for comparison.

5. Conclusions
The present paper provides the basis for a rigorous and robust single-step calibration

of RMPs making use of the novel semi-empirical calibration method ASSIST. Acoustic
simulation data have been used as an example dataset to illustrate every step of the method,
from its initial setup for a new dataset to the fine-tuning of its parameters for optimal results.
The functions of the publicly available repository of the Python code [33] are referenced,
enabling readers to set up ASSIST for their calibration data using the provided code.
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ASSIST relies on having enough accurate TF data to fit the model, such that the
frequency bands affected by spurious resonance are ignored in the fit and replaced by a
physically correct TF. Therefore, careful attention should first be paid to acquiring accurate
calibration data. Part of the provided Python package aims to process and visualize these
data to help the user discern their accuracy during the calibration procedure. Another
consequence is that spurious resonance may be included in the TF fit in cases similar to
the inviscid resonance presented in this paper or other such edge cases, e.g., the B&K
pinhole case in a previous investigation of ASSIST [22]. In these instances, the model
parameters are pushed to improbable values. This issue can be solved by (i) restricting
the achievable parameter values with the prior or (ii) band-removing the problematic
spurious resonance from the data before fitting. Resonance should only be removed after
carefully analyzing its origin to ensure that no resonance physical to the microphone probe
is erroneously removed.

The subsequent steps for ASSIST are the discretization of the probe geometry into
line-cavity elements of the analytic TF model and the definition of the aforementioned prior.
Next, the proposal distribution of the MCMC needs to be fine-tuned to achieve a good
balance between the acceptance of samples and a low correlation between them. Samples
that are too highly correlated may result in an inaccurate estimate of the posterior PDF and,
thus, an inaccurate estimate of the uncertainty of the TF fit. The results of each MCMC
run aid the user in fine-tuning the parameters of the prior, measurement error variance,
and proposal distribution to get closer to the desired TF fit and AR. Hence, ASSIST often
requires several MCMC runs to achieve the desired results.

When applying ASSIST to the acoustic simulation dataset of the reference test case,
all spurious resonances are correctly removed and replaced. For this particular dataset,
the model parameters to which ASSIST converges are sensitive to the chosen prior and
differ from the simulation geometry. The source of this discrepancy is that the simulation
data consider an inviscid model for the propagation of acoustic waves, whereas the chosen
analytic TF model [12] intrinsically considers viscosity. To emulate an inviscid TF with the
viscous model, any shear wave number fitting parameter is perpetually pushed to larger
absolute values. The correlation between the shear wave number and the other model
parameters implies that the other parameters are also affected by the unrealistic value for
the shear wave number. Both aforementioned solutions solve the lack of convergence of
the fitting parameters, i.e., adapting the prior accordingly or band-removing the inviscid
resonance. However, band-removing the inviscid resonance has the additional benefit of
decreasing the sensitivity of the found fitting parameter values to the prior.

An important aspect of the proposed methodology is that the model parameters
found with ASSIST can be used in correction terms for either TFs or unsteady-pressure
measurements to further increase their accuracy. For instance, the estimated radius of
the inlet orifice of the probe can be used in the model of Corcos [5] to correct for spatial
averaging of unsteady-pressure fluctuations over the sensing area of the probe, or, fol-
lowing Samuelson [53], in a line-cavity model evaluated at the measurement temperature
to transfer a calibration to different temperature conditions. In contrast to the inviscid
dataset, the model parameters determined by ASSIST are expected to better represent
their real-life counterparts for viscous calibration data, making this a potentially feasible
future development.

Finally, ASSIST has been shown to be capable of providing an estimated TF for RMPs
mounted on a flat sealing surface using a single-step calibration method. This approach
eliminates the need to keep the pressure fluctuations within the calibrator identical up
to an amplification constant over both calibration steps. For the empirical pinhole case,
the probe TF recovered from a single calibration step reproduces the conventional two-
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step calibration almost as accurately as ASSIST applied directly to the two-step data, yet
without the band-passing of spurious resonance that the latter requires. For microphone
probes installed on non-sealing surfaces, such as porous liners [31], this enables their in-situ
calibration, which is typically not feasible with current calibration techniques.
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