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Abstract: The aim of this study is to examine the behavior of subharmonics in a one-
dimensional cavity filled with a bubbly liquid, leveraging the nonlinear softening phe-
nomenon of the medium at high amplitudes to enhance subharmonic generation. To this
purpose, we use a numerical model developed previously that solves a coupled differential
system formed by the wave equation and a Taylor-expanded Rayleigh—Plesset equation.
This system describes the nonlinear mutual interaction between ultrasound and bubble
vibrations. We carry out several different simulations to measure the response of the subhar-
monic component f /2 and the acoustic source frequency signal f when the cavity is excited
over a range around the linear resonance frequency of the cavity (the resonance value
obtained at low pressure amplitudes). Different source amplitudes in three different kinds
of medium are used. Our results reveal several new characteristics of subharmonics as fol-
lows: their generation is predominant compared to the source frequency; their generation
is affected by the softening of the bubbly medium when acoustic pressure amplitudes are
raised; this specific behavior is solely an acoustically-related phenomenon; their behavior
may indicate that the bubbly liquid medium is undergoing a softening process.

Keywords: nonlinear acoustics; ultrasound; bubbly-liquids; subharmonics; nonlinear
resonance; numerical modeling

1. Introduction

Bubbly liquids are useful in many applications due to the drastic change that a very
small amount of air (of about 0.001%) in the form of bubbles produces on the acoustic
properties of the liquid. When tiny gas bubbles are added to a liquid, the sound speed,
attenuation, compressibility, and nonlinear parameters become dispersive, depending on
the resonance of the bubble, and they can grow by several orders of magnitude [1-3].
Medicine is one of the areas of great interest for which ultrasound interacts with these
media. Bubbly liquids are used as contrast agent to improve the visibility of tissues and
organs in diagnostic imaging [4] or in therapy, where bubbles are activated by ultrasound
waves to improve drug delivery, destroy cancer cells, or remove blood clots [5,6]. In engi-
neering, ultrasonic cleaning [7] and sonochemistry [8] are fields in which bubbly liquids
and ultrasound interact to produce the desired mechanisms and effects.

When an ultrasonic wave of finite amplitude interacts with tiny gas bubbles in a
liquid, the generation of harmonics and subharmonics, as well as the sum and differ-
ence frequencies from frequency mixing, is due to the high nonlinearity of the medium
caused by the presence of the bubbles. On the one hand, the generation of high-
frequency components (harmonics, sum frequency) allows us to obtain a better spa-
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tial resolution (smaller wavelengths) from signals of lower frequencies that are less
attenuated. The high frequencies thus obtained are useful in fields such as medical
imaging [9] and bubble detection and characterization [10-12]. On the other hand, low-
frequency components (difference frequency, subharmonics) are interesting because they
are less attenuated than the higher-frequency signals from which they are generated.
Moreover, besides its lower attenuation, the difference frequency component has a higher
directivity, which is desired in fields such as bubble detection and characterization [10,11],
underwater communication, and parametric arrays [12-14]. Subharmonics are used to
achieve high quality medical imaging because their existence in a liquid is almost exclu-
sively due to bubbles, which makes these a perfect contrast agent, since it reduces filtering
and image processing [15,16].

Understanding the generation of subharmonics and enhancing their intensity may
thus be of interest in some applications. Several studies have been done to understand their
behavior in the case of uncoated bubbles [17-21] and for coated bubbles [22-25]. In these
works the behavior of a single bubble under a linear regime (low pressure at the source) is
studied, but the nonlinear mutual interaction of ultrasound with bubble vibrations is not
considered. In [26], the mutual interaction of bubbles, with varying density, and ultrasound
in a one-dimensional cavity is analyzed, but without taking into account the softening of
the medium.

The softening of a medium (a bubbly liquid here) is a well-known nonlinear effect
observed when the amplitude of an acoustic wave is raised. It causes the decrease of
the sound speed in the medium. It has been analyzed in several works [27-29]. This
phenomenon was studied in detail in a cavity filled with a bubbly liquid in a previous
work [30], and it was used to potentiate the generation of harmonics (with a single-source
frequency) and the frequency mixing (with a two-source frequency) [30,31]. However,
the generation of subharmonics was not taken into account. It is worth noting that no prior
data are available in the literature regarding the relationship between subharmonics and
the softening of the bubbly liquid.

The objective of this work is to study the simultaneous contribution of both the soften-
ing of the bubbly medium (nonlinear resonance shift of the cavity) and the generation of
the subharmonic components of the ultrasonic signal (nonlinear generation). Moreover, our
aim here is to take advantage of the first contribution (softening phenomenon) to enhance
the intensity of the second one (subharmonic generation). Furthermore, we focus our
analysis on checking whether a net bulk pressure applied to the bubbly liquid impacts the
nonlinear behavior of subharmonics or not, to derive some conclusions about its acoustic-
related nature alone. This study on the influence of static pressure modifications is primarily
motivated by a theoretical concern, determining whether such modifications affect the
nonlinear behavior in question. To this purpose, the response of the subharmonic and the
source frequency components is studied by sweeping around the resonance frequency of
the cavity at f /2 (obtained in linear conditions, at low acoustic pressure amplitudes) for
different finite amplitudes of the ultrasonic source. It is shown that the new resonance fre-
quency of the cavity obtained for each amplitude enhances the generation of subharmonics.
In Section 2, we describe the physical assumptions and the mathematical model used for
the mutual nonlinear interaction between the acoustic field, modeled by the wave equation,
and the bubble vibrations, modeled by a Taylor-expanded Rayleigh—Plesset equation. We
solve the coupled differential system by means of the numerical model developed in [32].
In Section 3, we study the behavior of the subharmonic f/2 and the source frequency
f components in the following three kinds of medium: free medium (without net bulk
pressure, Section 3.1), compressed medium (with positive net bulk pressure, Section 3.2),
and decompressed medium (with negative net bulk pressure, Section 3.3). Section 3.4
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shows a comparison of the three types of medium. Finally, Section 4 gives the conclusions
of this work.

2. Materials and Methods

In this work, we consider a one-dimensional cavity of length L filled with a bubbly
liquid, in which an ultrasonic field propagates. We assume a homogeneous distribution
of spherical gas bubbles of the same size in the liquid. Furthermore, the initial bub-
ble radius, Rog, is small compared to the wavelength of the acoustic field, A (at least a
thousand times lower). We study the mutual nonlinear interaction between ultrasound
and bubble oscillations. This interaction is described by the following partial differential
equation system that couples the acoustic pressure p(x,t) and bubble volume variation
v(x,t) = V(x,t) — vog [1-3], where x is the one-dimensional space coordinate, t is the
time, vgg = 47'[R8g /3 is the initial volume of one bubble, and V(x, t) is the current volume
of the bubble. T; is the last instant considered in the study. Subscrips ¢ and x indicate
partial derivatives.

prx — pr/c = —paNgow, (x,t) € (0,L) x (0,Ty), (1)

Ot + 6wog vt + wégv +np =av® +b (2270” + v%), (x,t) € [0,L] x (0, Ty), ()

In the wave equation, Equation (1), co; and pg; are the sound speed and the density
at the equilibrium state of the liquid, and Nj is the bubble density in the liquid. In the
Taylor-expanded Rayleigh-Plesset equation, Equation (2), § = 4v;/woyR3 ¢ is the viscous
damping coefficient of the bubbly fluid, in which v; is the cinematic viscosity of the liquid;

wog = 27tfog = y/3YgPog/ Por R% 2 is the resonance frequency of the bubbles, where 7, is the

specific heats ratio of the gas; po, = pogc%g /g is its atmospheric pressure; and pgg and cog
are the density and sound speed at the equilibrium state of the gas. The other parameters
are defined as 17 = 47tRoq /por, @ = (g + 1)w(2)g/200g, and b = 1/6vg,.

The following initial conditions are imposed by assuming that the variables p and v
are atrestatt = 0:

p(x,0) =0, v(x,0) =0, ps(x,0) =0, v¢(x,0) =0, x € (0,L]. 3)

We consider a time-dependent pressure source placed at the end x = 0 of the cavity,
which is composed of the net bulk pressure p;, (a non-oscillating pressure acting on the
whole fluid, the value of which can be null like in Section 3.1, positive like in Section 3.2,
and negative like in Section 3.3), and the oscillating pressure (acoustic pressure) of the
amplitude (acoustic amplitude) py, frequency w = 27f, and wavelengh A, as follows:

p(0,t) = pp + pssin(wt), t € [0,T;]. (4)

We also assume a rigid-wall boundary condition at the other end of the cavity, x = L,
as follows:
px(L,t) =0, t€[0,T]. (5)

In the model, the bubbles are the only source of attenuation, dispersion, and nonlin-
earity in the fluid. They are monodisperse and oscillate at their first radial mode. Their
surface tension is neglected. The translational motion of the bubbles relative to the liquid,
under Bjerknes, buoyancy, viscous drag, and added-mass forces is not considered [2,33].

We use a previously developed numerical tool [32] to solve the differential system
formed by Equations (1)—(5). This model is based on the finite-volume method in the space
dimension and on the finite-difference method in the time domain. In Section 3, we use
50 finite volumes per cavity length L and 400 time intervals per period T of the frequency f.
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3. Results

The aim of this work is to study the softening effect a bubbly liquid has on the
generation of subharmonic components of finite-amplitude ultrasound when acoustic
pressure amplitudes are raised. To this end, we use the model presented in Section 2.

The data used in the model are presented in Table 1.

Table 1. Parameters used in the model.

Liquid (Water) Gas (Air) Bubbles
cor = 1500 m/s cog = 340 m/s Rog = 2.5 pm
por = 1000 kg/m3 pog = 1.29 kg/m® fog = 1.35 MHz
v; = 1.43 x 107 m?/s Ve =14 Ng =5 x 10" 1/m?3

The length of the cavity is setat L = A/2, where Ay = c¢/ f is the wavelength and ¢
is the sound speed in the biphasic and dispersive medium at the frequency f [2], which
means that ¢y = 12169 m/sand L = ¢f/2f = 0.002 m at f = 300 kHz. This frequency
is close to the linear resonance of the cavity in the medium used here at f /2. This means
that this value f is the one found in linear conditions, at low acoustic pressure amplitudes,
for which the response of the system is close to its maximum at f/2.

In the following, T; = 2000 T, where T = 1/ f is a value that ensures the steady regime
in the cavity. At each finite volume a Fast Fourier Transform (FFT) without windowing
is applied over 50 steady T of the acoustic pressure signal to study the distribution of its
frequency components.

3.1. Nonlinear Resonance of Subharmonics in a Free Bubbly Liquid (Study vs. Acoustic
Pressure Amplitude)

In this section, we study the nonlinear resonance shift that affects both the subharmonic
f/2 and the component f in the cavity around f = 300 kHz. In this case, the net pressure
applied is null, p, = 0 Pa (free medium), and the acoustic pressure amplitude is varied
(pf = 6 kPa, py = 8kPa, py = 10 kPa, py = 12 kPa). For each one of these values, a
frequency sweep around f is carried out to localize the frequency at which the maximum
pressure amplitude is reached in the cavity for the subharmonic f/2 (pm;,,) and for the
driving signal f (pu,). Figure 1 shows these values for the subharmonic f/2 (Figure 1a)
and the component f (Figure 1b) as a function of the source frequency f and for the four
different acoustic amplitudes at the source used here. In nonlinear conditions, at a moderate
value p; = 6 kPa, the cavity reaches the maximum amplitude for the subharmonic f/2,
Pmy,y, 1€, its resonance, at a frequency higher than f = 300 kHz, f, = 300.88 kHz. One
could interpret this shift as the hardening of the bubbly liquid in the cavity. However,
this is a direct effect of the predominance of the intense generation of subharmonic f/2,
which was almost resonant and then tends to reach and impose its resonance (due to the
dispersive features of the bubbly liquid). The same behavior is observed for the component
f. This is due to the predominant character of f/2, which tends toward its own resonance,
whereas f is non-resonant. This prevalence is in the order of 300-400% of the acoustic source
amplitude pr). However, it can be observed that if we still raise the acoustic amplitude at
the source, i.e., increase the nonlinearity of the waves, the resonance of the subharmonic
f/2 is obtained at lower frequency values as follows: f, = 300.39 kHz at py = 8 kPa,
fn=299.88 kHzat py = 10 kPa, and f}, = 299.32 kHz at py = 12 kPa. This pattern follows
the classical nonlinear behavior describing the softening of a medium, i.e., the decrease of
the resonance frequency of the subharmonic f /2 as the acoustic amplitude increases (the
decrease of the sound speed at this frequency), which is the natural trend of the bubbly
liquid. These results, shown in Figure 1a, help improve our understanding of subharmonic
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generation. The existence of a pressure threshold above which the subharmonic generation
at f /2 takes place for f = 300 kHz was py, = 9.53 kPa in our previous work [26], which
is consistent with our results obtained here; at f = 300 kHz, the subharmonic only exists
for the source amplitudes py = 10 kPa and p; = 12 kPa. However, at frequencies a
little higher than f = 300 kHz (f = 302 kHz for example), whose threshold should be
higher than py, = 9.53 kPa, according to [26], the subharmonic is obtained for lower
amplitudes (py = 8 kPa and py = 6 kPa). This indicates that the subharmonic generation
in cavities comes out only when certain conditions are met at the same time, that is, enough
amplitude, nonlinearity, dispersion, geometry, and boundary conditions. Once again,
the same behavior is observed for the f component. In Figure 1b, for the f component, it
can be seen that the maximum pressure occurs at the same frequency as the subharmonic
f/2. This is because the amplitude for f/2 is much larger than the amplitude for f.
The higher maximum amplitude for f relative to the oscillating source amplitude py is due
to the contribution of the second harmonic of the subharmonic f/2.
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Figure 1. Maximum pressure for f/2 (a), and f (b) in the cavity vs. source frequency f for four
different acoustic amplitudes of the source p ¢ = 12KkPa (blue dashed line (- -)), p ¢ =10 kPa (red
solid line), p = 8 kPa (green dashed line (. .)), and py = 6 kPa (yellow dashed line (- .)).

Figure 2 shows the pressure amplitude distribution obtained in the cavity at the source
frequencies f = 300 kHz and f; = 299.32 kHz for py = 12 Kpa. As can be seen, accounting
for the softening of the medium induces higher maximum amplitudes p,,, = 34.21 kPa,
Py, = 35.89 kPa, Py = 13.32 kPa, and Pmhy = 13.52 kPa. Thus, if we want to enhance
the subharmonic generation we have to slightly modify the frequency or the length of the
cavity to obtain more intense components.

It is noted here that additional simulations were performed when the source frequency
f coincided with the cavity resonance. The results showed that, in this configuration, no sig-
nificant subharmonics were generated because the resonant signal at the source frequency
is much higher than the subharmonics, preventing their generation. The acoustic energy is
retained within the resonant source frequency component. On the other hand, the predomi-
nance of f/2 observed here applies to a specific resonant cavity length. For other cavity
lengths, or other bubbly liquids, the frequencies used should be modified. Additionally, it
is worth mentioning that future analysis will need to consider other forces, such as surface
tension, Bjerknes, buoyancy, viscous drag, and added mass, to study their impact on the
behavior of subharmonics. An interesting study to be conducted is on the influence of
modifying the fluid viscosity on the generation and nonlinear behavior of subharmonics.
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Figure 2. Pressure amplitude distribution of frequency components in the cavity for p; = 12 kPa.
(a) f/2 (solid line) and f;,/2 (dashed line), (b) f (solid line) and f; (dashed line).

3.2. Nonlinear Resonance of Subharmonics in a Compressed Bubbly Liquid (Study vs. Acoustic
Pressure Amplitude)

This section applies the same procedure as the one used in Section 3.1 to study the
nonlinear resonance shift of the same frequency components, in a compressed bubbly
liquid obtained by applying the net bulk pressure of value p, = 4 kPa (see Equation (4)).
Here again, py = 6 kPa, py = 8 kPa, and py = 10 kPa. pu, and pi are the displayed vs.
the source frequency f for each py in Figure 3a,b. It is seen that the resonance frequency
of the cavity, measured at f/2, changes by modifying the acoustic pressure amplitude
at the source. By imposing the positive net bulk pressure (p, = 4 kPa), this resonance
frequency shifts toward higher values than in the free-medium case (p, = 0 Pa, Section 3.1)
for the three acoustic amplitudes. This is an artificial hardening of the medium imposed
by pp, which means that the sound speed is raised. However, like in the previous section,
if we compare the three oscillating sources to each other, we can see that an increase in
amplitude causes a softening of the medium, which results in lower resonance frequen-
cies, i.e., the natural nonlinear behavior of the medium finally prevails over the artificial
compression mechanism.

3.3. Nonlinear Resonance of Subharmonics in a Decompressed Bubbly Liquid (Study vs. Acoustic
Pressure Amplitude)

In this section, the same procedure as the one used in Sections 3.1 and 3.2 is applied to
study the nonlinear resonance shift of the same frequency components, but considering a
decompressed bubbly liquid by applying the net bulk pressure of value p;, = —2 kPa (see
Equation (4)). In this case, py = 8 kPa, py = 10 kPa, and p; = 12 kPa. For each py, Figure 4
displays py,,, (Figure 4a) and py, (Figure 4b) as a function of the source frequency f. As in
the previous cases, the resonance frequency of the cavity, measured at f/2, changes by
modifying the acoustic pressure amplitude at the source. In this case, by imposing the
negative net bulk pressure (p, = —2 kPa), it can be seen that the resonance frequency shifts
toward lower values than in the free-medium case (p, = 0 Pa, Section 3.1) for the three
acoustic amplitudes. This is an artificial softening imposed by p;, which means that the
sound speed is lowered. However, like in the previous sections, the comparison of the
three p; shows that an increase in amplitude causes an augmentation of the softening of
the medium, which results in lower resonance frequencies. Once again, here, the natural
nonlinear behavior of the medium is clearly observed.
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Figure 4. Maximum pressure for f/2 (a) and for f (b) in the cavity vs. source frequency f for three
different oscillating source amplitudes p =12 kPa (blue dashed line (- -)), p F =10 kPa (red solid
line), and py = 8 kPa (green dashed line (. .)) witha fixed net bulk pressure p, = —2 kPa.

3.4. Comparison of the Nonlinear Resonance of Subharmonics Between Free, Compressed,
and Decompressed Bubbly Liquids (Study vs. Net Bulk Pressure)

This section aims to clearly show the behavior described in the above sections by
comparing the three different media. Following the methodology used and the results
obtained in Sections 3.1, 3.2, and 3.3 for the three values p, = —2kPa, p, = 0kPa,
and p, = 4 kPa, here, we compare the nonlinear resonance shift of the same frequency
components in one case, that is, py = 10 kPa. py,, and py, are displayed in Figures 5a,b
vs. the source frequency f. As expected, it can be observed in Figure 5a that the resonance
frequency of the cavity is higher when pj, is higher, i.e., the resonance frequency is getting
higher when the medium is compressed, whereas it is getting lower when the medium
is decompressed. However, the amplitude of the frequency components obtained is a
consequence of the acoustic pressure signal. The net bulk pressure does influence the
medium, and therefore, different amplitudes are obtained in the three different cases, even
if they have the same oscillating pressure values. In Figure 5b, we can see a behavior
strongly influenced by f/2, again, i.e., the peak observed at the f component is due to the
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second harmonic of the subharmonic f /2, which is much more intense (resonant) than the
component f (not resonant). It can also be seen that when there is no subharmonics (from
296 to 298 kHz and from 307 to 310 kHz), the maximum amplitude for the component
f increases as the source frequency f is getting further away from the resonance of f/2,
and it decreases as the source frequency f is approaching the resonance of f/2.
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Figure 5. Maximum pressure amplitude for f/2 (a) f (b) components at p r =10 kPa vs. source
frequency f for the three net bulk pressures p, = —2 kPa (dotted line), p, = 0 kPa (solid line),
and p; = 4 kPa (dashed line).

The phenomenon described in this work may be helpful in verifying the existence of
the softening process in a bubbly medium by observing subharmonic behavior. Addition-
ally, measuring subharmonics and their dependence on amplitude may indicate the current
presence of bubbles within the liquid, and this may be used for characterizing unknown
bubbly liquids.

It is important to note that, since no prior data (theoretical or experimental) are avail-
able in the literature describing the relationship between subharmonics and the softening
of the bubbly liquid, a comparison of our results is not possible at this time.

The specific computational setting employed in this study enables us to reveal the
relationship between the enhancement of subharmonic intensity and the softening of a
bubbly liquid as acoustic amplitudes increase (nonlinear resonance shift). This setting was
chosen because it was previously used in [26], which demonstrated the hysteretic behavior
of subharmonics in bubbly liquids. The computational demands of this particular scenario
were substantial, requiring a significant amount of simulation time. We are aware that
exploring additional configurations is essential for a more comprehensive understanding;
however, future studies should be guided by the conclusions presented in Section 3.1
regarding subharmonic generation in cavities.

4. Conclusions

This study addresses the behavior of subharmonics generated by the nonlinear propa-
gation of ultrasound in a one-dimensional cavity filled with a bubbly liquid. Our analysis
focuses on the effects experienced by subharmonics due to medium softening, which occurs
as acoustic pressure amplitudes increase, aiming to elucidate the cause of their enhance-
ment when the driving frequency is varying around their resonance in the cavity. The study
has been carried out through simulations using a numerical model that allows us to track,
in time, the nonlinear mutual interaction between ultrasound and bubble vibrations. These
simulations have been conducted to analyze the response of the subharmonic component



Acoustics 2025, 7,17 90f 10

f/2 and the component f in the cavity excited over a range around the linear resonance
frequency of the cavity. To this purpose, three different kinds of medium have been used.
For each one of them, different source amplitudes have been imposed at the acoustic source.
It has been shown that the softening of the bubbly medium at higher acoustic pressure
amplitudes enhances subharmonic generation, and that this is solely an acoustically-related
phenomenon. Furthermore, it has been concluded that the generation of the subharmonic
f /2 is predominant compared to the component f. This can be viewed as a method to verify
the existence of the softening process in the bubbly medium by observing subharmonic
behavior, as well as a potential technique for characterizing unknown bubbly liquids.
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