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Highlights

What are the main findings?

e  GBSTS-LLTS provided strong forecasting performance for seasonal and changing-
seasonal-amplitude time series under different levels of data sparsity, while Holt—
Winters remained competitive in some trend and seasonal settings.

e  The empirical results for temperature and relative humidity showed that GBSTS-
LLTS consistently achieved the lowest forecasting errors across missing-data rates
of 10%, 30%, and 50%, while the leading imputation methods generally performed
comparably.

What are the implications of the main findings?

e Integrating flexible trend and seasonal representations with missing-data reconstruc-
tion provides an interpretable Bayesian framework for forecasting seasonal time series
with sparse observations.

e  Forecasting performance depends on the underlying temporal structure, sample size,
and degree of missingness; therefore, structural specification and missing-data treat-
ment should be considered jointly rather than independently.

Abstract

This study proposes a Generalized Bayesian Structural Time Series (GBSTS) framework
for forecasting seasonal time series with sparse observations. Rather than introducing
new state-space components, the proposed framework systematically integrates alternative
trend and seasonal specifications with multiple missing-data reconstruction strategies
within a unified Bayesian state-space formulation. This integration enables the joint assess-
ment of structural model specification and missing-data treatment under varying sample
sizes, seasonal structures, and levels of data sparsity. Forecasting performance is evalu-
ated through a Monte Carlo simulation study considering different seasonal mechanisms,
missing-data rates of 10%, 30%, and 50%, and a fixed 12-month forecasting horizon. An
empirical analysis of monthly temperature and relative humidity series is additionally
conducted to assess the practical applicability of the proposed framework. The results show
that the GBSTS with a local linear trend and trigonometric seasonal component achieved
the best overall forecasting performance among the models considered, demonstrating
robust predictive accuracy across varying data conditions and levels of sparsity. Among
the imputation methods examined, Kalman smoothing and seasonal split generally yielded
comparable forecasting performance across different data conditions and levels of sparsity.
Overall, the findings indicate that integrating flexible structural specifications and missing-
data reconstruction within the GBSTS framework provides an effective and interpretable
Bayesian approach for forecasting seasonal time series with sparse observations.
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1. Introduction

Bayesian Structural Time Series (BSTS) models provide a flexible state-space frame-
work for representing complex temporal dynamics through interpretable latent components,
including level, trend, seasonality, and regression effects. Within the Bayesian paradigm,
uncertainty associated with latent states and model parameters can be quantified through
posterior distributions, while the state-space representation facilitates recursive estimation
and forecasting. These features make BSTS particularly useful for modeling nonstationary
and structurally complex time series while retaining interpretability [1-3]. The theoret-
ical foundations of Bayesian structural and dynamic time-series models have been well
established in the literature [4—6].

The flexibility of BSTS has led to its application across a broad range of time-series
problems. Scott and Varian [7] introduced a BSTS framework for predicting the present by
integrating multiple time-series components and explanatory variables within a Bayesian
state-space formulation. Brodersen et al. [8] subsequently developed a BSTS-based ap-
proach for estimating causal effects from observational time-series data, while Jun [9]
applied BSTS to technological trend and innovation analysis. More recent studies have
evaluated BSTS for forecasting applications and compared its predictive performance with
classical approaches such as ARIMA and seasonal ARIMA [10-12]. Collectively, these
studies demonstrate the flexibility of BSTS in representing trend, seasonal variation, struc-
tural dynamics, and forecasting uncertainty. However, comparatively less attention has
been devoted to its forecasting performance when seasonal time series contain substantial
proportions of missing observations.

Despite its flexibility, the performance of a BSTS model depends on the specification of
its latent structural components and the information available in the observed series. This
becomes particularly important when seasonal time series contain substantial missing ob-
servations, because reduced information can increase uncertainty in latent-state estimation
and adversely affect forecasting accuracy. Moreover, seasonal behavior may differ in form
and strength across datasets or evolve over time, making a single seasonal specification
potentially inadequate under all data conditions. These considerations motivate a system-
atic framework in which alternative trend and seasonal specifications are evaluated jointly
with appropriate missing-data reconstruction strategies for forecasting seasonal time series
with sparse observations.

Seasonality is a fundamental feature of many time series, and its appropriate represen-
tation can substantially influence forecasting performance [13-17]. Conventional seasonal
state components provide a direct representation of recurring seasonal effects, whereas
trigonometric formulations use harmonic terms to represent smooth periodic variation
more parsimoniously [18,19]. Such alternative representations are particularly useful when
seasonal patterns differ in shape or when their amplitudes evolve over time. However,
the interaction between alternative seasonal specifications and missing-data treatment has
received comparatively limited attention within Bayesian structural time-series forecast-
ing. This motivates the systematic evaluation of conventional and trigonometric seasonal
representations under varying seasonal structures and levels of data sparsity.

Sparse observations may arise from missing measurements, irregular data collection,
short observation windows, or structural disruptions [20]. In state-space models, substan-
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tial information loss can make estimating latent states and variance components more
difficult, particularly when the proportion of missing observations is high [21,22]. Bayesian
methods offer a natural framework for incorporating prior information and propagating
uncertainty through posterior distributions; nevertheless, their forecasting performance re-
mains dependent on model specification, prior assumptions, and the amount of information
contained in the observed data [23]. Consequently, the treatment of missing observations
and the specification of the underlying structural model should be considered jointly rather
than as entirely independent modeling decisions.

Recent developments in time-series analysis have increasingly employed deep-
learning architectures to address incomplete observations and complex temporal or
spatiotemporal dependencies. Du et al. [24] proposed SAITS, a self-attention-based
framework for multivariate time-series imputation, demonstrating the potential of at-
tention mechanisms for reconstructing incomplete temporal observations. Jin and Blanco-
Encomienda [25] developed a seasonal decomposition-enhanced deep learning framework
for probabilistic forecasting that integrates trend and seasonal decomposition into an end-
to-end architecture. Lu et al. [26] reviewed recent deep learning and Transformer-based
forecasting approaches, highlighting their ability to capture nonlinear and long-range de-
pendencies while noting challenges associated with irregular observations, computational
complexity, and interpretability. Related developments include interpretable nonlinear
state-space identification [27] and adaptive sparse graph-attention architectures for model-
ing dynamically evolving dependencies [28]. These advances demonstrate the increasing
capability of data-driven approaches to model complex and incomplete time series.

Despite these advances, deep-learning and Bayesian state-space approaches offer
complementary strengths. Deep learning models are particularly effective at capturing
nonlinear, high-dimensional, and complex temporal dependencies, whereas Bayesian state-
space models provide an interpretable probabilistic framework by explicitly decomposing
time-series dynamics into latent components such as level, trend, and seasonality. Accord-
ingly, the proposed GBSTS framework complements modern deep learning approaches by
emphasizing structural interpretability, flexible seasonal representation, Bayesian uncer-
tainty quantification, and forecasting with incomplete observations.

In this study, the conventional BSTS formulation is extended into a Generalized
Bayesian Structural Time Series (GBSTS) framework by systematically combining alterna-
tive structural specifications, including local level, local linear trend, local linear trend with
a conventional seasonal component, and local linear trend with a trigonometric seasonal
component. The term “generalized” does not imply the introduction of new state-space
components; rather, it refers to their systematic integration into a unified Bayesian fore-
casting framework, along with alternative strategies for missing-data reconstruction. This
formulation enables the joint evaluation of structural model specification and missing-data
treatment under different sample sizes, seasonal mechanisms, and levels of data sparsity.

To address sparse observations, three complementary reconstruction strategies are
considered: Kalman smoothing based on a structural time-series model, Seasonal Split in-
terpolation, and Stineman interpolation. These methods represent probabilistic state-space
reconstruction, seasonality-aware interpolation, and smooth deterministic interpolation,
respectively [29-32]. Their inclusion enables a systematic assessment of how different
missing-data treatments interact with alternative GBSTS structural specifications. In par-
ticular, the comparison provides insight into whether preserving latent-state dynamics
or explicit seasonal information improves subsequent forecasting performance as data
sparsity increases.

Although local-level, local-linear-trend, conventional seasonal, and trigonometric
seasonal components are well established in the structural time-series literature, they are
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commonly applied through a particular predefined model specification, while missing-
data reconstruction is often treated as a separate preprocessing step. Consequently, the
interaction between structural specification and missing-data treatment has received com-
paratively limited attention in seasonal forecasting with sparse observations. The principal
contribution of this study is therefore not the introduction of new state-space components,
but the systematic integration and comparative evaluation of alternative structural specifi-
cations and missing-data reconstruction strategies within a unified Bayesian forecasting
framework. The proposed GBSTS framework enables joint assessment across varying
sample sizes, seasonal mechanisms, and missing-data rates, thereby providing a structured
approach to identifying robust forecasting configurations under sparse-data conditions.

The performance of the proposed framework is evaluated through a Monte Carlo sim-
ulation study covering different sample sizes, seasonal structures, and missing-data rates
of 10%, 30%, and 50%, using a common 12-month forecasting horizon. The GBSTS speci-
fications are compared with established forecasting approaches, including Holt-Winters
exponential smoothing, ARIMA, and BATS. Forecasting accuracy is assessed using multiple
error measures to provide a comprehensive evaluation of predictive performance. An em-
pirical application to monthly temperature and relative humidity series is also conducted
to examine the framework’s practical applicability.

The remainder of this paper is organized as follows. Section 2 presents the proposed
GBSTS framework, including its alternative structural specifications, Bayesian estimation
procedure, prior specification, MCMC implementation, and benchmark forecasting models.
Section 3 describes the missing-data reconstruction methods. Section 4 presents the Monte
Carlo simulation design and evaluates forecasting performance under different seasonal
structures and levels of data sparsity. Section 5 reports the empirical application to meteo-
rological time series. Section 6 discusses the main findings and interprets the comparative
forecasting performance of the proposed framework. Finally, Section 7 presents the con-
clusions, summarizes the main contributions and limitations of the study, and outlines
directions for future research.

2. Materials and Methods

The methodological framework consists of three main stages: structural model spec-
ification, Bayesian estimation, and forecasting evaluation. First, alternative state-space
specifications are constructed to represent different combinations of level, trend, and
seasonal dynamics. Second, model parameters and latent states are estimated within a
Bayesian framework using Markov Chain Monte Carlo (MCMC) methods, with posterior
inference used to quantify parameter and forecasting uncertainty. For time series containing
missing observations, the reconstructed series obtained from the alternative imputation
methods are incorporated into the same modeling procedure to ensure consistent compar-
ison across structural specifications. Finally, forecasts from the GBSTS specifications are
evaluated against established benchmark models under a common forecasting horizon and
accuracy criteria.

This section describes the alternative specifications of the GBSTS model designed to
capture seasonal structures and trend dynamics. Sections 2.1-2.4 present the theoretical
formulations and computational implementation of the proposed structural specifications.
Section 2.5 describes the Bayesian estimation procedure, including prior specification and
MCMC diagnostics. For comparison with the proposed GBSTS framework, Sections 2.6-2.8
introduce three established forecasting approaches: the Holt-Winters Exponential Smoothing
model, the Autoregressive Integrated Moving Average (ARIMA) model, and the BATS model,
respectively.
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2.1. GBSTS with Local Level Component (GBSTS-LL)

The GBSTS with Local Level component (GBSTS-LL) represents the underlying time
series using a stochastic level that evolves over time. Let y; denote the observed time series
attimet, t =1,2,...,T. The model is expressed in state-space form as follows.

The observation equation is

]/t - ]’lt + Et, & N(O/ ng)/ (1)
and the state equation is

pe=pe1+n, e~ N(O,07). 2

Here 11+ denotes the unobserved latent level, ¢; is the observation error, #; is the state
innovation term, and ¢Z, and 0',% are the corresponding variance parameters.

This formulation corresponds to a random-walk state process with Gaussian inno-
vations, allowing the latent level to evolve flexibly over time. It is therefore suitable
for nonstationary time series in which the underlying level changes gradually over the
observation period.

Under the Bayesian estimation procedure, the unknown variance parameters are
02 ~ Inverse — Gamma (a¢, be) and (7,% ~ Inverse — Gamma (a;, by ).

The posterior distribution is proportional to

p(pr, 07, oplyrr) o pyrr|prr, o2) p(ur|oy) p(a?) ploy). 3)

Because the joint posterior has no closed-form solution, inference is conducted using
Markov Chain Monte Carlo (MCMC) sampling [33]. The latent states are sampled using the
state-space procedure described in Section 2.5, while the variance parameters are updated
from their corresponding posterior distributions.

For posterior draw m, the h-step-ahead predictive observation is generated as

y (T"er)h = V(Tnjr)h + S(Tnjr)h- @)

The point forecast is obtained from the posterior predictive mean,

Jr+n = BWrinlyrr), ®)
and forecast uncertainty is summarized using Bayesian credible intervals.

2.2. GBSTS with Local Linear Trend Component (GBSTS-LLT)

The GBSTS with Local Linear Trend component (GBSTS-LLT) extends the local-level
specification by allowing both the latent level and its slope to evolve stochastically over
time. Let y; denote the observed time series at timet =1,2,...,T.

The observation equation is

yi=u+er, & ~ N(0,02), (6)
and the state equations are

we = pr—1+ Bi—1+1, 1+ ~ N(O, (7%),
Bt =PBi-1+6, G ~ N(0,02).
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Here, y; denotes the latent level component, B; denotes the time-varying slope, ¢; is
the observation error, #; and ¢; are mutually independent state innovation terms, and ‘752/

o2

; and 07 are variance parameters.

This specification allows both the level and slope to evolve over time and therefore
provides greater flexibility than the local-level specification for representing gradually
changing trends.

Prior distributions are assigned to the variance parameters as

ng ~ Inverse — Gamma (ag, b;),
2

oy ~ Inverse — Gamma(ay, by),
2

IS

~ Inverse — Gamma(ag, b ).

Let® = {(782, Uﬁ, chZ }, the joint posterior distribution is

p (p1r, ﬁl:T/®‘]/1:T) o« p (yir|prr, 07) p (4, Brr|oy, 02)p(©). 8)

Posterior inference follows the MCMC state-space procedure described in Section 2.5.
For posterior draw m, the states and observations are propagated forward according to

(m) _ (m) (m) (m)
V(T+h = V(TJr)hfl + /3(T+)hf1 T
m m m
Brin = PBrin- TSt ©)
m) _ _(m m
Yrin = Hrin teron
Point forecasts are obtained from the posterior predictive mean defined in Equation (5).

2.3. GBSTS with Local Linear Trend and Seasonal Component (GBSTS-LLS)

To capture both stochastic trend dynamics and recurring seasonal patterns, the GBSTS
with Local Linear Trend and Seasonal component (GBSTS-LLS) combines a local linear
trend with a stochastic seasonal component. This specification is particularly appropriate for
monthly time series exhibiting evolving trends and recurring intra-year seasonal behavior.

Let y; denote the observed time series at time ¢t = 1,2,..., T, with the seasonal period
S = 12 as monthly seasonality.

The observation equation is

yi=pmi+u+e, & ~ N(0,G2). (10)
The local linear trend component is specified as

Me = pi—1+ Be—1+1, 1 ~ N(O, (7,%),

(11)
Bt = Bt-1 + 61, ¢t ~ N(0,02).
The stochastic seasonal component is defined by
5-1
T o=-Y T jtw, w ~N(0,0p). (12)
j=1

where the seasonal effects satisfy the sum-to-zero constraint
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in expectation. This constraint ensures identifiability of the seasonal component, while the
innovation term w; allows the seasonal pattern to evolve gradually over time.
The variance parameters are assigned inverse-gamma priors, as

(7]-2 ~ Inverse — Gamma (a,b), j € {¢,1,{, w}.

Let a; = (pt, B, )T denote the state vector and let ® = {UZ, a,?, Ug, (TZJ}.

The joint posterior distribution is proportional to

p(©,arrlyrr) = p(yirlarT, ®) p (ar.7|®)p (O). (13)

For posterior draw m, the h-step-ahead states and observations are generated recur-
sively as

Vg"njk)h = V(Tnjk)hfl + 5(Tn2h71 + ﬂ(Tﬁ)h’

B = Bt + 7Y

m 51 m m (14)
TT(‘+)h = 7],:1 T;Jr)h—j+ w(T+)h'
i =+

2.4. GBSTS with Local Linear Trend and Trigonometric Seasonal Component (GBSTS-LLTS)

The GBSTS with Local Linear Trend and Trigonometric Seasonal component (GBSTS—
LLTS) combines a stochastic local linear trend with a trigonometric representation of
seasonality. The trigonometric formulation provides a parsimonious representation of
smooth periodic variation through a set of harmonic components.

Let y; denote the observed time series at time t = 1,2,..., T, with the seasonal period
S=12.

The observation equation is

yi=m+Tte, & ~ N0 (15)
The local linear trend component is specified as

]/lt = ]’lt—l + ,Bt—l + 17t/ Tlt ~ N(OIU}%)I

16
Bt = Bt—1 +6t, Gt ~ N(O,Ug)- (16)

The trigonometric seasonal component is represented by
= i ay s COS Zth ~+ by ; sin 2kt (17)
Tt = & kit S kit S ,

where S = 12 denotes the seasonal period and K = 3 is the number of harmonic components
included in the model.
For each harmonic k, the coefficient vector evolves according to

M) = Ry [TRT) 4 Wi wie ~ N(0,0,1),
byt byt—1

where
Re — cos zsik) sin zsik . 2Tk as)
o —sin(2—<k) Ccos M) POk S
S S
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This representation allows the seasonal component to evolve smoothly over time
through multiple harmonic frequencies.
For Bayesian estimation, inverse-gamma priors are assigned to the variance parame-
ters. In compact form,
2

o; o~ Inverse — Gamma (4, b),

for the corresponding observation, trend, slope, and seasonal innovation variances.
Let oy = (pe, Bt, a1,e, big, .., ax, bK,t)T denote the complete state vector. The joint
posterior distribution is

p (a1:7, Olyrr) < p (yrrlarr, ©) p (a1:7|0) p (©). (19)
For posterior draw m, the h-step-ahead predictive observation is obtained from

V(Tri)h = P‘(Tni)hq + IB(T”i)hfl + 775"71)11’

m m 2k (T +h . (2nk(T+h
T](~+)h = ’El a,((lT)Jrh cos 7(5 )> + bl(c,mT)Jrh sm<(s >>), (20)
ygfi)h = :u(Tri)h + Tﬁ)h + e(Tnjr)h'

Point forecasts and Bayesian credible intervals are obtained from the resulting posterior
predictive distribution.

2.5. Bayesian Estimation, Prior Specification, and MCMC Diagnostics

For each GBSTS model, 5000 MCMC [33] iterations were generated for each chain. The
first 1000 iterations were discarded as burn-in to minimize the influence of the initial values.
To reduce serial dependence among successive posterior draws, every second iteration was
retained, corresponding to a thinning interval of 2. Consequently, 2000 posterior draws
per chain were retained for posterior inference and forecasting. To facilitate convergence
assessment, four independent MCMC chains were initialized with dispersed starting
values, yielding a total of 8000 retained posterior draws across the four chains after burn-
in and thinning. Posterior point estimates were calculated using the posterior means
of the retained samples, while posterior uncertainty was summarized using posterior
standard deviations and 95% Bayesian credible intervals. Since the posterior distribution
has no closed-form solution, inference is conducted using MCMC sampling, combined
with forward-filtering backward-sampling (FFBS) [34] based on the Kalman filter to draw
latent states, and Gibbs sampling [35] for variance parameters.

We adopted weakly informative prior distributions for the variance parameters to
provide numerical regularization while allowing the observed data to dominate posterior
inference. For the observation-error variance, the prior distribution was specified as

0? ~ Inverse — Gamma (0.01,0.01).

Similarly, the state innovation variance associated with the latent level component was
assigned 0'% ~ Inverse — Gamma(0.01,0.01), whereas the innovation variance associated
with the stochastic slope component was specified as %2 ~ Inverse — Gamma(0.01,0.01).

For models containing seasonal or trigonometric seasonal components, the cor-
responding seasonal innovation variance was assigned the prior ¢3 ~ Inverse —
Gamma(0.01,0.01).

The same weakly informative hyperparameter specification was used across the
GBSTS models to maintain comparability among alternative structural specifications and
to prevent differences in forecasting performance from being driven by different prior

assumptions.
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The candidate was accepted according to the Metropolis—Hastings [36] probability:

— mi r(9*ly, ©)
= mm{l, }7(4)("11)]/,@)} (21)

The proposal standard deviation of 0.10 was selected to balance exploration of the
parameter space and the acceptance probability. During implementation, the acceptance
behavior was monitored to ensure satisfactory chain mixing.

MCMC convergence was evaluated using both graphical and numerical diagnostics.
Trace plots for all monitored parameters were visually inspected to verify stable mixing, the
absence of persistent trends, and adequate exploration of the posterior distribution after the
burn-in period. Numerical convergence was assessed using the potential scale reduction
factor, R calculated from the four independent chains. Convergence was considered
satisfactory when R < 0.01.

2.6. Holt-Winters Exponential Smoothing Models

To provide a classical benchmark for comparison with the proposed GBSTS framework,
this study employs the Holt-Winters exponential smoothing model. This method belongs
to the exponential smoothing family [37-39] and is widely used for forecasting time series
exhibiting trend and seasonal patterns.

When the time series exhibits both trend and seasonality, the Holt-Winters method [40]
incorporates an additional seasonal component. Two formulations are commonly used:
additive and multiplicative, depending on whether seasonal fluctuations are constant or
proportional to the level.

(a) Additive Seasonality

Suitable when the seasonal amplitude is approximately constant.
The level equation is

b= a(yr—si—s) + (1 —a)(li—1 + b—1), (22)
the trend equation is

by = B (Et -l ) + (1 - :B) bi_q, (23)

and the seasonal equation is

st =y — 1) + (1—7) si—s, (24)

where /; is the smoothed level, by is the smoothed trend, « € (0,1) is the level smoothing
parameter, B € (0,1) is the trend smoothing parameter, s; is the seasonal component and
v € (0,1) is the seasonal smoothing parameter.

(b) The h-step-ahead forecast is jr,, = ¢+ + hbr + s7ipys,, where S is the seasonal
periodand k = [(h —1)/S].

(c) Multiplicative Seasonality

Suitable when seasonal variation increases with the level.
The level equation is

= (syts) + (1 —a)(li—q +bi1), (25)
t—
the trend equation is
by =Bl —li1) +(1—B) b1, (26)
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and the seasonal equation is

St =Y (g:) +(1=7) si—s. (27)
The h-step-ahead forecast is 1, = (¢; + hbr)sT s,

2.7. Autoregressive Integrated Moving Average (ARIMA) Model

The Autoregressive Integrated Moving Average (ARIMA) model is a classical statisti-
cal approach for modeling and forecasting univariate time series [41]. It provides a flexible
representation of temporal dependence by combining autoregressive (AR), differencing
(I), and moving average (MA) components. In this study, ARIMA is included as a conven-
tional benchmark to assess whether the proposed GBSTS framework provides forecasting
improvements beyond those obtained from a widely established linear time-series model.

Let y; denote the observed time series at time (t). An ARIMA model of order (p,4d, q),
denoted by ARIMA (p, d, q), can be expressed as

¢(B)(1 — B)"ys = c +8(B)e; (28)

where B is the backward-shift operator defined by B¥y; = y;_y, d is the order of differencing
required to obtain a stationary series, ¢ is a constant term, and ¢; denotes a white-noise
error process with e; ~ N(0,072).

The autoregressive polynomial is defined as

¢(B) =1—¢B— B> — -+ — ¢, B (29)

where ¢4, ..., ¢, are the autoregressive parameters. Similarly, the moving-average polyno-
mial is given by
0(B) =1+ 6:B+0,B*+ -+ 6,B (30)

where 61, .. ., 0, are the moving-average parameters. The autoregressive component repre-
sents dependence between the current observation and its previous values, whereas the
moving-average component captures dependence on current and past random innovations.
Differencing is used to remove stochastic trends and achieve stationarity when necessary.

For seasonal time series, the ARIMA formulation can be extended to a seasonal ARIMA
model, denoted by ARIMA (p,d, q)(P, D, Q),, as

®(B%)¢pp(B)(1 - B)" (1 — B)Pys = @ (B)04(B)et, (31)

where P, D, and Q represent the seasonal autoregressive, seasonal differencing, and sea-
sonal moving-average orders, respectively, and s denotes the seasonal period. The seasonal
AR and MA polynomials are denoted by ®(B®) and @ (B°), respectively.

In the empirical analysis, the ARIMA model is fitted to the training data, and its
orders are selected using an information-criterion-based procedure [42]. Forecasts obtained
from the fitted ARIMA model are subsequently evaluated using the same forecasting
horizons and accuracy measures as those applied to the GBSTS specifications. The inclusion
of ARIMA provides a classical linear benchmark for evaluating the relative forecasting
performance of the proposed framework under different seasonal structures and missing-
data conditions.

2.8. BATS Model

The BATS model is a flexible exponential-smoothing-based forecasting framework
designed to accommodate complex temporal structures through Box—Cox transformation,
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ARMA errors, trend, and seasonal components [43]. The acronym BATS represents Box—
Cox transformation, ARMA errors, Trend, and Seasonal components. In this study, BATS
is employed as an additional benchmark because it provides a flexible alternative to
conventional ARIMA and exponential smoothing methods, particularly when the observed
series exhibits trend and seasonal behavior.

Let y; denote the observed time series. The Box—Cox transformed observation is

yr-1
yr=y e w70 (32)
log (y¢), w =0

defined as

where w is the Box-Cox transformation parameter. This transformation allows the model
to stabilize the variance and accommodate possible nonlinear changes in the scale of the
time series.

The BATS model can be represented by an observation equation of the form

T .
= oy + Y s, i, (33)
i=1

1

where /; represents the local level, b; is the trend component, ¢ is the damping parameter,
ng) denotes the ith seasonal component with seasonal period m;, T is the number of seasonal
components, and d; represents the ARMA error component.

The level and trend components evolve according to
Et = gtfl + (pbtfl + Dédt and bt =@ bt,1 + ﬁ ds,

where & and f are smoothing parameters controlling the updating of the level and trend
components, respectively. Each seasonal component is updated as

Sgi) = Sggrrzi + Yi dt/ i= 1/ ey T/ (34)

where 7; denotes the smoothing parameter associated with the ith seasonal component. To
account for serial dependence that remains after modeling the level, trend, and seasonal
components, BATS incorporates an ARMA (p, d) error structure. The error component can
be expressed as
p q
d = Z (det—j + Z Orer i+ et (35)
=1 k=1

where ¢; and 6y are the autoregressive and moving-average parameters, respectively, and
¢; is a white-noise innovation with zero mean and constant variance.

The BATS formulation therefore integrates variance stabilization, dynamic level and trend,
seasonal variation, and serially correlated errors within a unified forecasting framework [44].
This flexibility makes BATS particularly useful as a benchmark for assessing whether im-
provements achieved by the proposed GBSTS framework stem from its Bayesian structural
formulation rather than simply from its ability to capture trend and seasonal patterns.

3. Imputation Methods for Sparse Observations

In this study, three imputation methods are systematically examined to address sparse
observations in several seasonal time series. The following subsections describe each impu-
tation strategy, including its theoretical foundation and computational implementation.
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3.1. Kalman-StructTS (KS) Method

To handle sparse observations in time series data, the Kalman smoothing approach
based on the Structural Time Series framework [45,46] fits a structural state space model
and then applies Kalman filtering and smoothing to obtain optimal estimates of unobserved
components given the sparse observations.

Let y; denote a univariate time series with missing observations. In the Structural
Time Series framework, the observed series is decomposed into interpretable components:

vi=pi+vi+e, e ~ N(,02), (36)

where yi; is the trend or level-slope components, < is the seasonal component, and ¢; is the
observation error.
The trend component commonly used specification is the local level model:

pror = petn, e~ N(O,07) (37)
or the local linear trend model:

]’lt = ,utfl + ,Btfl + 17t/ 17t ~ N(OI 0-1%)/

(38)
Bt = Bi—1+ ¢t gt ~ N(0,02).
where f; represents the time-varying slope.
The structural model can be written in standard state-space form:
The observation equation is defined as
Y = Ziapt e (39)
and the state equation is denoted as
wpp1 = Te ap + Ry (40)

where «; is the state vector, Z;, Ty and R; are system matrices that typically include level,
slope, and possibly seasonal components; the corresponding observation and transition

matrices are determined by the model’s structural formulation.
Unknown variance components (722, 0’%, (ng
log-likelihood via numerical optimization. The likelihood is evaluated recursively using

are estimated by maximizing the Gaussian

the Kalman filter. The Kalman filter produces the predicted state estimates &;|;_; and
updated state estimates &; ;. When an observation y; is missing, the update step is omitted,
and prediction proceeds solely via the state equation. After forward filtering, backward
smoothing is applied to obtain &;|  which represents the optimal estimate of the state at
time ¢ conditional on the entire sample. Missing observations are then reconstructed as

0 = Zidyr.

3.2. Seasonal Split (SS) Method

To explicitly preserve the periodic structure under sparse observations, apply a sea-
sonal split-imputation approach [47]. This method imputes missing values by separating
the time series into seasonal subseries and interpolating independently within each seasonal
position.

Let y; be a seasonal time series with known periodicity s = 12. The seasonal split
approach partitions the series into s seasonal subseries:

(Vs Yiers Yiasr -} k=1,2,...,s.
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Each subseries corresponds to a fixed seasonal position

Instead of interpolating along the original time index, imputation is performed within
each seasonal subseries, thereby preserving periodic consistency. For a missing value
Jkrms = Interpolation(yk, yxis,--.).

This method assumes that seasonal effects are relatively stable over time and that
observations sharing the same seasonal index exhibit similar behavior.

3.3. Stineman Interpolation (ST) Method

To obtain a smooth yet shape-preserving reconstruction of missing values, this method
provides a compromise between linear and cubic spline interpolation by preserving local
monotonicity and reducing overshooting artifacts [48,49].

Let y; denote a univariate time series with missing observations observed at ordered
time points t; < t < ... < t;. Stineman interpolation constructs a smooth interpolant that
passes exactly through all observed points, preserves local monotonicity when present, and
avoids excessive oscillation between data points. Suppose (t;,y;) and (t;11,y;+1) are two
consecutive observed points. Let m = % denote the secant slope. The interpolated
value at a missing time, T € (t;,t;;1) is obtained using a modified cubic formulation in
which local derivatives are adjusted to prevent overshooting beyond neighboring values.

Thus, the interpolated estimate is  (t) = S (7), where S (7) is a smooth function con-
structed using locally adjusted slopes rather than globally constrained second derivatives.

4. Simulation Study and Results

This section presents a comprehensive Monte Carlo simulation study to evaluate the
performance of GBSTS and alternative imputation methods for seasonal time series with
sparse observations. The simulated data are generated to reflect hierarchical seasonal
dynamics with and without trend components and seasonal amplitude. For all sample
sizes, a fixed forecasting horizon of 12 observations was used, representing one complete
annual seasonal cycle. Specifically, the final 12 observations of each simulated series were
reserved as the test set, while the remaining 108 and 228 observations were used for model
estimation n = 120 and 240.

To construct the data-generating process, three structural scenarios are considered:
a no-trend seasonal model, a trend-seasonal model, and a seasonal model with changing
amplitude. The trend component is defined as a deterministic linear function:

T, = 14002t t=1,2,...,n, (41)

representing a gradually increasing trajectory over time. The seasonal component is
generated using a multiplicative sinusoidal structure with periodicity S = 12:

27t
S = 1+02xsin  —21), (42)
12
capturing smooth cyclical behavior. The random error term is assumed to follow a Gaussian

distribution with a mean and standard deviation as
et ~ Normal(1,0.05).

Under the no-trend structure, the observed time series is generated as y; = S;ey,
which reflects purely seasonal dynamics without systematic growth.

To evaluate forecasting performance under non-constant seasonal behavior, an addi-
tional simulation scenario with a time-varying seasonal amplitude was considered. Let
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t = 1,2,...,n denote the time index. The deterministic trend component was specified as
T; = 1 + 0.02 t, representing a gradually increasing linear trend over time.

The seasonal amplitude was allowed to increase linearly from 0.10 to 0.40 over the
entire observation period. Specifically,

0.3 (t—1)

A =01+ == t=12,.mn. (43)

Using a seasonal period of 12, the time-varying seasonal component was constructed as

St =14 Ap sin (27Tt> (44)
12

Thus, the strength of the seasonal fluctuations gradually increases as time progresses,
while the seasonal period remains fixed. This design differs from a conventional fixed-
amplitude seasonal process because the magnitude of seasonal variation is explicitly al-
lowed to evolve over time.

The random component was generated independently from ¢; ~ Normal (1,0.05).
Accordingly, the simulation consists of an increasing linear trend, a periodic seasonal com-
ponent with gradually increasing amplitude, and normally distributed random variation.
This data-generating mechanism provides a more challenging scenario for evaluating the
ability of the forecasting methods to accommodate dynamic seasonal behavior rather than
only fixed seasonal patterns.

Under the trend structure and seasonal amplitude, the observed time series incorpo-
rates all components as y; = T; S; €, representing a multiplicative interaction between
trend, seasonality, and stochastic noise.

The simulated time series under the no-trend structure are illustrated in Figure 1, the
trend-seasonal structure is presented in Figure 2, and the seasonal amplitude structure is
shown in Figure 3. In each figure, the blue and red lines correspond to sample sizes of
n = 120 and n = 240, respectively.

To provide a more rigorous evaluation under sparse-data conditions, the missing-data
rates were revised to 10%, 30%, and 50%, representing low, moderate, and severe levels of
sparsity, respectively. In addition to the conventional seasonal setting, a changing-seasonal-
amplitude scenario was introduced to examine forecasting performance when the strength
of seasonality evolves over time.

Three imputation methods are implemented prior to model estimation, and seven
forecasting accuracy metrics are evaluated using the Mean Absolute Percentage Error
(MAPE) and Root Mean Square Error (RMSE).

The MAPE and RMSE are computed as

(v — 01)°

M=

100
h t=1

Yyt — Gt

Yt

-
Il

1

MAPE = ,and RMSE =

where y; denotes the actual observed value, §j; represents the corresponding forecasted
value, and & denotes the forecast horizon, which is fixed at 12 observations in this study.
The MAPE provides a scale-independent measure of prediction accuracy, expressed as
a percentage, allowing consistent comparison across different simulation scenarios and
sample sizes. The RMSE measures the magnitude of prediction errors in the original scale of
the data and assigns greater weight to larger errors through the squared-error formulation.
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Figure 1. Simulated time series with sample sizes n = 120 and 240, exhibiting seasonal behavior with
a no-trend structure.
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Figure 2. Simulated time series with sample sizes n = 120 and 240, exhibiting seasonal behavior with
a trend structure.
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Figure 3. Simulated time series with sample sizes n = 120 and 240, exhibiting seasonal behavior with
seasonal amplitude.

In this study, the simulation experiment is repeated 1000 times for each configuration
to ensure statistical stability and reliability of the results. Consequently, the Average Mean
Absolute Percentage Error (AMAPE) and Average Root Mean Squared Error (ARMSE)
are computed across all replications and used as the primary performance criterion for
identifying the most effective forecasting method. The AMAPE and ARMSE are defined as

1 R
AMAPE = Er; MAPE,,

and

1 R
ARMSE = Er; RMSE,.

where R = 1000 denotes the number of simulation replications, and MAPE, and RMSE,
denote the MAPE and RMSE, respectively, obtained in the Rth replication. The forecast-
ing approach with the lowest AMAPE is considered the most accurate under the given
experimental setting. Similarly, the lowest ARMSE indicates the approach with the smallest
overall forecasting error, where lower values represent better predictive performance.

Three imputation methods are implemented prior to model estimation, namely
Kalman smoothing (KS) under the Structural Time Series model, seasonal split (SS), and
Stineman interpolation (ST).

Following the imputation stage, forecasting analysis is conducted using four specifi-
cations of the Generalized Bayesian Structural Time Series framework: GBSTS with Local
Level component (GBSTS-LL), GBSTS with Local Linear Trend component (GBSTS-LLT),
GBSTS with Local Linear Trend and Seasonal component (GBSTS-LLS), and GBSTS with
Local Linear Trend and Trigonometric Seasonal component (GBSTS-LLTS). For compar-
ative benchmarking, four established forecasting methods are also included: the Holt—
Winters Seasonal method (HW), the Autoregressive Integrated Moving Average (ARIMA)
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model, and the Box—Cox transformation, ARMA errors, Trend, and Seasonal components
(BATS) model.

Forecasting accuracy is evaluated using the AMAPE and ARMSE to assess both relative
percentage errors and the magnitude of forecasting errors across simulation replications.
The comparative results are summarized in Tables 1-3, providing a detailed assessment
of how sample size, sparsity level, seasonal structure, and model specification influence
imputation effectiveness and forecasting performance.

Table 1. Simulation results under Kalman smoothing based on the Structural Time Series model,
reporting AMAPE and ARMSE for different sample sizes, missing rates, and structural scenarios.

Structural Sample Missing GBSTS- GBSTS- GBSTS- GBSTS-
Scenarios Sizes Rate LL LLT LLS LLTS HW ARIMA BATS
] 13.162 12.648 3.897 3.013 4527 4951 4414
10% 0.148 0.159 0.048 0.038 0.056 0.059 0.054
) 13.315 12.909 4281 3238 4965 5.351 4597
n =120 30% 0.150 0.161 0.052 0.040 0.06 0.063 0.056
50% 13.283 13.269 5.965 4010 6.828 6.804 5.337
0.150 0.165 0.071 0.048 0.080 0.079 0.064
Seasonal
] 13.351 12.661 4059 3.166 4358 5.005 4366
10% 0.150 0.155 0.050 0.039 0.053 0.060 0.054
) 13.169 12.541 4326 3291 4776 5.299 4456
n =240 30% 0.148 0.154 0.053 0.041 0.058 0.063 0.055
50% 13.275 12.952 6.789 4167 6.449 6.767 4908
0.149 0.158 0.079 0.050 0.076 0.078 0.06
] 12.175 13.044 5.968 7.108 4521 9.656 4.869
10% 0.490 0.546 0.223 0.255 0.182 0372 0.193
) 12.282 13.361 6.094 7.225 4878 10.88 5.389
n =120 30% 0.495 0.558 0.230 026 0.195 0.412 0213
50% 12.128 13.939 10.285 6.951 6355 10891  6.627
Trend and 0.484 0.575 0378 0.253 0.247 0.412 0.258
Seasonal . 12.452 13.017 4.745 4.205 4297 9.076 4536
10% 0.839 0.94 0323 0282 0.298 0.59 0315
) 12.36 12.986 5.501 4266 4696 10009 4836
n =240 30% 0.826 0.927 0.368 0.285 0.322 0.645 0.334
50% 12.436 13.666 14.368 4657 6205  11.498 5.83
0.827 0.974 0917 0311 0.418 0.738 0.395
10% 24.706 23.948 12.072 6.901 6061 25597  9.904
0.902 0.974 0.456 0.241 0.237 0.830 0411
30% 24.838 24.16 12.353 6.983 6993 25547 10306
n =120 0.904 0.983 0.470 0.246 0279 0826 0417
50% 24.800 24.753 15.146 6.827 11309 1679  11.246
Seasonal 0.899 1.000 0.568 0.243 0.431 0.566 0.438
Amplitude 10% 25.743 24.501 11.155 4.029 5.259 22.500 7.277
1611 1.708 0.855 0270 0.359 1.255 0.493
30% 25.728 24.488 11.491 4206 573 25338 7766
n =240 1.59% 1.700 0.871 0.280 0.396 1410 0517
50% 25.891 24.991 18.107 4897 8.267 14.26 9.308
1.590 1.746 1.245 0317 0.579 0.836 0.605

Note: Underlined values indicate the lowest AMAPE and RMSE within each configuration.

Table 1 presents the forecasting performance under Kalman smoothing across different
sample sizes, missing rates, and structural scenarios. Overall, GBSTS-LLTS achieved the
lowest AMAPE values in the Seasonal and Seasonal Amplitude scenarios, demonstrating its
ability to capture seasonal dynamics. In contrast, Holt-Winters (HW) generally produced
the lowest AMAPE in the Trend and Seasonal scenarios. Forecasting errors tended to
increase as the missing rate increased, particularly under the more complex Seasonal Am-
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plitude structure. The ARMSE results generally supported the AMAPE patterns, although

some differences among methods were observed.

Table 2. Simulation results under seasonal split interpolation, reporting AMAPE and ARME for

different sample sizes, missing rates, and structural scenarios.

Structural

Sample

Missing

GBSTS-

GBSTS-

GBSTS-

GBSTS-

Scenarios Sizes Rate LL LLT LLS LLTS HW ARIMA BATS
] 13.164 12.649 3.89 3.017 4545 5.001 442
10% 0.148 0.158 0.048 0.038 0.056 0.06 0.054
) 13325 12.908 4331 3255 5.061 5535  4.654
n =120 30% 0.15 0.161 0.052 0.041 0.062 0.065 0.057
50% 13.287 13273 5.909 4005 6.832 6977 5367
0.15 0.165 0.071 0.048 0.081 0.081 0.065
Seasonal
] 13353 12.664 4074 3171 4378 5039 4359
10% 0.150 0.155 0.05 0.040 0.054 0.06 0.053
) 13325 12.908 4331 3255 5.061 5535  4.654
n =240 30% 0.15 0.161 0.052 0.041 0.062 0.065 0.057
50% 13277 12.958 6.764 4173 6.46 6794 4923
0.149 0.158 0.079 0.050 0.076 0.078 0.06
] 12216 13.154 5.924 7.258 4483 9832 4889
10% 0.496 0.552 0.222 0.260 0180 0377 0194
) 12.277 13.438 6.110 7.207 4852 10825 5382
n=120 30% 0.494 0.559 0.232 0.259 0194 0410 0212
50% 12.109 13.952 10.229 6.903 6354 11056  6.609
Trend and 0.483 0.576 0.376 0.251 0247 0418 0.258
Seasonal . 12.462 12.99 4815 4168 4305  9.035 4573
10% 0.838 0.936 0.329 0281 0.300 0.592 0.319
) 12.449 12.907 6.242 4190 4652 11228 4706
n =240 30% 0.827 0.920 0.419 0.279 0.314 0.715 0319
50% 12.462 13.611 14.65 4545 6154 11609 5716
0.828 0.971 0.93 0305 0.415 0.743 0.388
10% 24.712 23.959 12.163 6.864 6260 24893  10.076
0.900 0.972 0.461 0240 0.244 0.808 0.418
30% 24.867 24.266 12.874 6.797 8000  27.636  11.016
n=120 0.899 0.978 0.497 0241 0.311 0887  0.436
50% 24.874 25271 17.863 6.623 13981 21190  12.879
Seasonal 0.890 1.004 0.669 0238 0.518 0.706 0.488
Amplitude 10% 25775 24518 11.389 3.987 5451 20855 7516
1.609 1.705 0.873 0268 0.369 1167 0509
30% 25.86 24,587 12.969 4115 6832 29646  8.672
n =240 1.587 1.694 0.979 0.280 0.456 1.619 0.566
50% 26.056 25.379 23412 5.065 10661 21976 11671
1571 1.752 1.545 0325 0.726 1.233 0.735

Note: Underlined values indicate the lowest AMAPE and RMSE within each configuration.

Table 2 presents the forecasting performance under seasonal split interpolation for dif-

ferent sample sizes, missing rates, and structural scenarios. The GBSTS-LLTS consistently

achieved the lowest AMAPE values in the Seasonal and Seasonal Amplitude scenarios,

indicating strong performance in modeling seasonal structures. For the Trend and Sea-

sonal scenarios, HW generally yielded the lowest AMAPE, particularly for n = 120, while

GBSTS-LLTS became competitive for n = 240 at higher missing rates. Forecasting errors

generally increased with increasing missing rates, with a more pronounced effect under
the Seasonal Amplitude scenario. The ARMSE results broadly complemented the AMAPE

findings, although the best-performing method differed in some configurations.
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Table 3. Simulation results under Stine interpolation, reporting AMAPE and ARMSE for different

sample sizes, missing rates, and structural scenarios.

Structural Sample Missing GBSTS- GBSTS- GBSTS- GBSTS-
Scenarios Sizes Rate LL LLT LLS LLTS HW ARIMA  BATS
] 13162 12652 3.89% 3019 4562 499 4427
10% 0.148 0.159 0.048 0038 0056 0060  0.055
. 13318 12.909 4291 3269 5054 5472 4608
n=120 30% 0.150 0.161 0.052 0041 0062 0064  0.056
50% 13269 13286 5711 4059 7055 6964  5.266
0.150 0.166 0.068 0049 0083 0081  0.064
Seasonal
] 13352 12664 4068 3174 4368 5031 4367
10% 0.150 0.155 0.050 0040 0054 0060  0.054
. 13198 12688 4356 3353 4815 5428  4.484
n =240 30% 0.148 0.154 0.053 0042 0058 0064  0.055
50% 13260  12.941 6.469 4208 6676 6869 4832
0.149 0.158 0.075 0051 0079 0079  0.059
] 12056  13.005 5.561 7144 4306 9847 4731
10% 0.487 0.543 0211 0256 0173 0370  0.189
. 12.306 13.39 5.981 6756 4.888  11.604 5384
n=120 30% 0.496 0.555 0.229 0243 0193 0439 021
50% 12316 14024  9.483 7049 6694 9952 6714
Trend and 0.493 0.578 0.351 0257 0260 0384 0264
Seasonal ] 1253 13.073 479 4319 4337 8262 4572
10% 0.846 0.939 0.326 0289 0300 0548 0319
. 12579 13339 5.553 4495 4758 10429  4.956
n =240 30% 0.844 0.953 0.38 0301 0329 0671 0343
50% 12616  13.676 1353 4668 6214 10471 5488
0.843 0.979 0.861 0312 0418 0678 0376
10% 24.71 23.96 12137 6888 6202 25538  9.928
0.901 0.973 0.459 0241 0242 0827 0410
30% 24725 24164 12685 6998 7796 23473  10.447
n=120 0.898 0.976 0.481 0246 0305 0766 0419
50% 24862 25347  17.628 6818 13538 16249  12.531
Seasonal 0.895 1.007 0.651 0243 0500 0563 0476
Amplitude 10% 25695 2448 11272 4158 5328 22394  7.255
1.613 1711 0.86 0276 0364 1253  0.494
30% 25839 24532 12561 4228 6346 26224 8444
n=240 1.588 1.699 0.954 0281 0429 1449 0555
50% 26159 25473 21197 5377 1089  17.651  11.441
1.589 1.77 1.434 0340 0738 1028 073

Note: Underlined values indicate the lowest AMAPE and RMSE within each configuration.

Table 3 presents the forecasting performance under Stine interpolation across different
sample sizes, missing rates, and structural scenarios. The GBSTS-LLTS achieved the
lowest AMAPE values in the Seasonal and Seasonal Amplitude scenarios, indicating its
effectiveness in capturing seasonal patterns. In contrast, Holt-Winters (HW) provided the
lowest AMAPE in the Trend and Seasonal scenarios. Forecasting errors generally increased
as the missing rate increased, reflecting the adverse effect of data sparsity. The ARMSE
results broadly supported the AMAPE findings, although some differences among methods
were observed. These results suggest that forecasting performance depends strongly on
the underlying structural characteristics of the time series.

To complement the forecasting accuracy measures reported in Tables 1-3, the Diebold—
Mariano (DM) [50] test was employed to formally assess whether the predictive perfor-
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mance of the proposed GBSTS-LLTS model differed significantly from that of the bench-
mark forecasting methods. The test was conducted by comparing the forecast loss of
GBSTS-LLTS with those of Holt-Winters (HW), ARIMA, and BATS under each structural
scenario, sample size, missing rate, and imputation strategy.

The loss differential between GBSTS-LLTS and a competing method was defined as

di = L(egs) — L(ep,)

where eg ; and ep ; denote the forecast errors from GBSTS-LLTS and the benchmark method,
respectively, and L(-) denotes the loss function. The null and alternative hypotheses of the
DM test are

Hy = E(dt) =0, H, = E(dt) <0,

indicating equal predictive accuracy between the two forecasting methods. A heteroskedasticity-
and autocorrelation-consistent (HAC) variance estimator was used to account for possible serial
dependence in the loss differential. A statistically significant negative DM statistic indicates
that GBSTS-LLTS yields a significantly lower forecast loss than the corresponding benchmark
method. The significance level was set at 5% throughout the analysis.

The DM test results therefore provide formal statistical evidence complementing the
AMAPE and ARMSE comparisons reported in Tables 1-3 and help determine whether
the observed differences in forecasting performance are statistically significant rather
than merely numerical. Pairwise DM tests were subsequently conducted between the
proposed GBSTS-LLTS model and each benchmark forecasting method under the different
imputation strategies and structural scenarios. The results of these pairwise comparisons
are summarized in Table 4.

Table 4. Summary of pairwise Diebold—Mariano test results comparing GBSTS-LLTS with benchmark
forecasting methods across structural scenarios.

Scenario GBSTS-LLTS vs. HW GBSTS-LLTS vs. ARIMA GBSTS-LLTS vs. BATS
Seasonal Significant improvement Significant improvement Significant improvement
Mostly not significant N . o
Trend and Seasonal (HW superior) Significant in some cases Mostly significant
Seasonal Amplitude Mixed Mostly significant Mostly significant

Table 4 summarizes the pairwise Diebold—Mariano test results comparing GBSTS—
LLTS with HW, ARIMA, and BATS across the three structural scenarios. Under the Seasonal
scenario, GBSTS-LLTS showed statistically significant improvements over all benchmark
methods, confirming its strong ability to capture seasonal patterns. For the Trend and
Seasonal scenario, GBSTS-LLTS generally did not significantly outperform HW, and HW
was superior in several configurations, whereas significant improvements were observed
in some comparisons with ARIMA and in most comparisons with BATS. For the Seasonal
Amplitude scenario, the comparison with HW produced mixed results, while GBSTS-LLTS
significantly outperformed ARIMA and BATS in most configurations.

These statistical findings are consistent with the forecasting performance summarized
in Table 5, further demonstrating that the relative advantage of each forecasting method
depends on the underlying structural characteristics of the time series.

Table 5 summarizes the results obtained from Tables 1-3 by identifying the best-
performing forecasting method and the corresponding lowest AMAPE value for each
imputation strategy, sample size, missing rate, and structural scenario. Overall, GBSTS-
LLTS was the dominant method in the Seasonal scenario across all imputation strategies
(KS, SS, and ST), while HW performed better in several Trend and Seasonal configurations.
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For the Seasonal Amplitude scenario, HW was preferable at a low missing rate for n = 120,
whereas GBSTS-LLTS generally provided the lowest AMAPE as the missing rate increased
and for n = 240. Across the three imputation strategies, seasonal split interpolation (SS)
frequently produced the lowest AMAPE, although Kalman smoothing (KS) was superior in
several configurations. These results demonstrate that the optimal forecasting-imputation
combination depends on the structural scenario, sample size, and degree of missingness.

Table 5. Summary of the best-performing forecasting methods and the corresponding lowest AMAPE

values under each imputation strategy, sample size, missing rate, and structural scenario.

Structu'ral Sample Sizes Missing Rate KS SS ST
Scenarios
) GBSTS-LLTS GBSTS-LLTS GBSTS-LLTS
10% 3.013 3.017 3.019
. GBSTS-LLTS GBSTS-LLTS GBSTS-LLTS
n=120 30% 3.328 3.255 3.269
50% GBSTS-LLTS GBSTS-LLTS GBSTS-LLTS
4010 4005 4059
Seasonal
] GBSTS-LLTS GBSTS-LLTS GBSTS-LLTS
10% 3.166 3171 3.174
. GBSTS-LLTS GBSTS-LLTS GBSTS-LLTS
n =240 30% 3.291 3.255 3535
50% GBSTS-LLTS GBSTS-LLTS GBSTS-LLTS
4167 4173 4208
] HW HW HW
10% 4521 4.483 4306
HW HW HW
n =120 30% 4878 4852 4888
50% HW HW HW
Trend and 6.355 6.354 6.694
Seasonal ] GBSTS-LLTS GBSTS-LLTS GBSTS-LLTS
10% 4205 4168 4319
. GBSTS-LLTS GBSTS-LLTS GBSTS-LLTS
n =240 30% 4266 4190 4.495
50% GBSTS-LLTS GBSTS-LLTS GBSTS-LLTS
4657 4545 4,668
10% HW HW HW
6.061 6.269 6.202
30% GBSTS-LLTS GBSTS-LLTS GBSTS-LLTS
n =120 6.983 6.797 6.998
50% GBSTS-LLTS GBSTS-LLTS GBSTS-LLTS
Seasonal 6.827 6.623 6.818
Amplitude 10% GBSTS-LLTS GBSTS-LLTS GBSTS-LLTS
4029 3.987 4158
30% GBSTS-LLTS GBSTS-LLTS GBSTS-LLTS
n =240 4.206 4115 4228
50% GBSTS-LLTS GBSTS-LLTS GBSTS-LLTS
4.897 5.065 5377

Note: Underlined values indicate the lowest AMAPE within each configuration.
In general, Kalman smoothing (KS) and Seasonal Split (SS) interpolation slightly out-

perform the other imputation methods in several model-dataset combinations. However,
the differences in AMAPE are generally small, indicating that the leading imputation meth-
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ods perform comparably under specific conditions rather than demonstrating a substantial
advantage of one method over the others.

5. Application in Real Data Set

To demonstrate the practical applicability of the proposed approach, a real-world
dataset consisting of monthly average temperature and relative humidity observations
is analyzed. The data were collected from the Khlong Toei meteorological station in
Bangkok, Thailand, covering the period from January 2005 to December 2025, from the Thai
Meteorological Department (TMD) (https://www.tmd.go.th/, accessed on 9 March 2026).
These variables are widely used as indicators of local climate variability and exhibit clear
seasonal patterns. The time series plots of the monthly average temperature and relative
humidity are shown in Figure 4, where the blue and red lines represent the monthly
average temperature and relative humidity, respectively, and the corresponding descriptive
statistics are summarized in Table 6.

Temperature
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Figure 4. Time series plots of monthly average temperature (°C) and relative humidity (%) recorded
at the Khlong Toei meteorological station in Bangkok, Thailand, from January 2005 to December 2025.

Table 6. Descriptive statistics for monthly average temperature (°C) and relative humidity (%) at the
Khlong Toei meteorological station in Bangkok, Thailand, from January 2005 to December 2025.

Mefeorologlcal Median SD Min Max Ccv Trend Seasonal
Variables

Temperature 30.3 1.181 26.6 33.7 3.900 0.332 0.715
Relative

Humidity 68.0 6.023 50 81 8.942 0.126 0.678

Figure 4 illustrates the monthly time series of temperature and relative humidity at the
Khlong Toei station, where both variables exhibit clear seasonal fluctuations throughout the
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observation period. This visual pattern is consistent with the descriptive statistics reported
in Table 6. Specifically, the seasonal indices are relatively high for both variables (0.714
for temperature and 0.678 for relative humidity), indicating strong seasonality. The trend
values (0.332 and 0.126) indicate moderate long-term variation. In addition, the summary
statistics show that the mean temperature is approximately 30.28 °C with relatively low
variability (SD = 1.181), while relative humidity has a mean of 67.35% and slightly higher
variability (SD = 3.023). These statistical characteristics align with the seasonal patterns
observed in Figure 4, supporting the dataset’s suitability for evaluating forecasting models
under seasonal time-series conditions.

To evaluate the forecasting performance under sparse observations, three imputation
methods are applied prior to model estimation. The original dataset contains no missing
values; therefore, missing observations are artificially generated by randomly removing
10%, 30%, and 50% of the data points to simulate sparsity, and this process is repeated
1000 times. The forecasting results for the temperature series are summarized in Table 7,
while the corresponding results for the relative humidity series are presented in Table 8.
The values reported in both tables represent the Average Mean Absolute Percentage Error
(AMAPE) and Average Root Mean Squared Error (ARMSE), calculated based on a fixed
forecast horizon of 12 observations.

Table 7. Average Mean Absolute Percentage Error (AMAPE) and Average Root Mean Squared Error
(ARMSE) in forecasting models for the temperature series under different imputation methods and
missing rates.

Imputation Missing GBSTS- GBSTS- GBSTS- GBSTS-

Methods Rate LL LLT LLS LLTS HW ARIMA ~ BATS
] 3.479 3.669 2.892 2.189 2.700 3.101 219

10% 1.303 1.413 0.954 0.754 1.093 1.140 0.951

. 3.472 3.646 2.988 2.168 2437 3.156 2.189

KS 30% 1.301 1.402 0.993 0.749 0.991 1.154 0913
50% 3.456 3.412 3.782 2.061 2.461 3.298 2.289

1.296 1.299 1275 0.713 0.965 1.198 0.905

] 348 3.668 2.88 2.19 2.692 3.093 2197

10% 1.302 1.413 0.950 0.754 1.090 1.138 0.951

. 3.475 3.64 2915 2.159 2.401 3.120 2175

S5 30% 1.300 1.399 0.965 0.745 0.975 1.145 0.908
50% 3.467 3.422 3.512 2.062 2387 3.208 2187

1.299 1.306 1.185 0.725 0.908 1.173 0.85

10% 3.480 3.665 2.891 2.190 2711 3.086 2.19%

1.301 1.412 0.954 0.755 1.093 1.136 0.949

30% 3.475 3.617 2.895 2.147 2.458 3.083 2217

ST 1.298 1.391 0.959 0.741 0.992 1.135 0.916
50% 3.474 3.453 3.299 2.072 2.400 3.137 2.155

1.302 1.322 1111 0.734 0.902 1.154 0.841

Note: Underlined values indicate the lowest AMAPE and RMSE within each configuration.

Tables 7 and 8 present the forecasting performance for the temperature and relative
humidity series, respectively, under different imputation methods and missing rates. Over-
all, GBSTS-LLTS consistently achieved the lowest AMAPE and RMSE values across all
imputation methods and missing rates for both meteorological variables, demonstrating
its robust forecasting performance. For the temperature series, the differences among KS,
SS, and ST were relatively small, with GBSTS-LLTS maintaining its superior performance
as the missing rate increased. A similar pattern was observed for relative humidity, al-
though forecasting errors were generally larger than those for temperature. Among the
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benchmark methods, HW and BATS generally performed better than ARIMA, but they
were consistently outperformed by GBSTS-LLTS. These findings indicate that GBSTS-LLTS
provides stable and accurate forecasts across different levels of missingness and imputation
strategies in both temperature and relative humidity series.

Table 8. Average Mean Absolute Percentage Error (AMAPE) and Average Root Mean Squared Error
(RMSE) in forecasting models for the relative humidity series under different imputation methods
and missing rates.

Imputation Missing GBSTS- GBSTS- GBSTS- GBSTS-
Methods Rate LL LLT LLS LLTS HW ARIMA BATS
] 8.245 8.133 5.380 2973 4677 9.615 4576
10% 6.971 6.899 4.284 2.360 4.080 7.741 3.934
. 8.252 8.219 5.678 3.145 5.174 9.574 4871
KS 30% 6.961 6.935 4542 2442 448 7.775 4177
50% 8.287 8.553 6.242 3.489 6.238 8.506 5.677
6.969 7.157 5.059 2734 5273 7.038 4.804
. 8.248 8.121 5.403 2977 4.645 11.591 4.59
10% 6.972 6.889 429 2.359 4067 9.293 3.942
. 8.227 8.222 5.595 3.141 5.084 9.523 4.646
S5 30% 6.966 6.942 4478 2.402 4.456 7.667 4.040
50% 8.32 8.882 6.393 4003 7.920 6.920 5.024
7.011 7.413 5.054 2.994 6.554 5.829 4376
10% 8.250 8.116 5411 2963 4.651 11.675 4.607
6.973 6.888 4.300 2351 4.077 9.325 3.949
30% 8.251 8.226 5.552 3.140 5.103 9.419 4619
ST 6.970 6.943 4429 2395 4461 7.62 4016
50% 8.319 8.562 6.198 3721 7.631 7715 4.874
7.000 7.175 4913 2.787 6.297 6.457 4.258

Note: Underlined values indicate the lowest AMAPE and RMSE within each configuration.

The original meteorological datasets contained no missing observations. To provide a
controlled evaluation of forecasting performance under varying levels of sparsity, missing
observations were artificially introduced at 10%, 30%, and 50% rates via a random deletion
mechanism. Therefore, the resulting incomplete datasets represent controlled experimental
missingness rather than naturally occurring missing-data processes. This design facilitates
consistent comparisons across forecasting and imputation methods, but it does not capture
all mechanisms through which missing observations may arise in real-world applications.

6. Discussion

The results obtained from both the simulation study and the empirical analysis pro-
vide important insights into forecasting seasonal time series with sparse observations. The
findings indicate that forecasting performance depends strongly on the underlying tempo-
ral structure, sample size, and degree of missingness. Overall, GBSTS-LLTS demonstrated
strong performance for seasonal and changing-seasonal-amplitude processes, suggesting
that combining a local linear trend with trigonometric seasonal components provides suffi-
cient flexibility to capture smooth and evolving periodic patterns. This result is consistent
with the structural time-series literature, which emphasizes the benefits of explicitly model-
ing latent trend and seasonal components [4-6,29], as well as previous studies highlighting
the importance of flexible representations for complex seasonal patterns [13,14,16].

However, the proposed model did not uniformly dominate the competing methods.
Holt-Winters was particularly competitive for the Trend and Seasonal scenario with smaller
samples, whereas GBSTS-LLTS became more favorable as the sample size increased. A
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similar pattern occurred under changing seasonal amplitude, where Holt-Winters per-
formed well under low missingness with smaller samples, while GBSTS-LLTS generally
showed greater advantages under more complex conditions. These findings emphasize that
increased model flexibility does not necessarily guarantee superior forecasting accuracy
and that model performance depends on the compatibility between the model structure
and the underlying data-generating process. This observation is consistent with established
findings on exponential smoothing and structural time-series forecasting [5,30,37-40].

The results also demonstrate the importance of the interaction between missing-data impu-
tation and forecasting. No imputation strategy uniformly dominated across all experimental
settings, although approaches that preserved temporal and seasonal information generally
produced competitive forecasts. Kalman-based methods provide a theoretically coherent state-
space mechanism for reconstructing missing observations [5,6,45-47], whereas interpolation
methods can effectively preserve smooth local and seasonal structures [31,32,48,49]. Therefore,
the choice of imputation method should be considered jointly with the subsequent forecasting
model rather than as an entirely independent preprocessing step.

The empirical analysis of temperature and relative humidity further supports the prac-
tical applicability of the proposed framework. GBSTS-LLTS consistently provided strong
forecasting accuracy for both meteorological variables across different missing rates and
imputation strategies. These results suggest that its stochastic trend and trigonometric sea-
sonal representation are well suited to meteorological series characterized by pronounced
periodic behavior. Similar applications have demonstrated the usefulness of structural
time-series and flexible seasonal models for environmental and meteorological data [2,44].

Finally, comparisons with ARIMA, BATS, and Holt-Winters show that established fore-
casting approaches remain competitive under particular temporal structures [14,30,37,40—-44].
Thus, the contribution of GBSTS-LLTS should not be interpreted as universal superiority over
existing methods. Rather, the results demonstrate its value as a flexible Bayesian structural
forecasting framework, particularly when seasonal dynamics are prominent or evolve over
time. This balanced interpretation is consistent with the broader forecasting literature, which
recognizes that forecasting performance is inherently dependent on the characteristics of the
data and model specification [14,30].

The findings of this study should be interpreted within the scope of the experimental
design. Although the proposed framework was evaluated using both simulated and empirical
meteorological time series, the empirical datasets were originally complete, and missing ob-
servations were artificially introduced via a controlled random mechanism. Consequently, the
results demonstrate the performance of the proposed framework under controlled sparse-data
conditions but do not establish equivalent performance for naturally incomplete datasets. In
particular, economic and business time series may exhibit non-random missingness, structural
breaks, intermittent demand, irregular observation intervals, and abrupt changes in trend or sea-
sonality that are not fully represented in the present experiments. Therefore, the generalizability
of the current findings to such settings requires further empirical investigation.

Future research should therefore evaluate the proposed GBSTS framework under more
complex data-generating processes, including structural breaks and abrupt changes in tem-
poral dynamics, as well as a broader range of additive and multiplicative seasonal patterns.
Such extensions would provide a more comprehensive assessment of the framework’s
robustness under complex and dynamically evolving seasonal structures.

7. Conclusions

This study proposes a generalized Bayesian structural time series (GBSTS) framework
for forecasting seasonal time series with sparse observations. The proposed approach ex-
tends the conventional BSTS formulation by integrating alternative structural components,
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including local level, local linear trend, and different seasonal representations, within a
unified Bayesian state-space framework. We evaluated its forecasting performance us-
ing Monte Carlo simulations across different sample sizes, missing rates, and temporal
structures, along with an empirical analysis of temperature and relative humidity data.
The comparison was further extended to established forecasting methods, including Holt,
Holt—Winters, ARIMA, and BATS.

The simulation results show that the Generalized Bayesian Structural Time Series
with Local Linear Trend and Trigonometric Seasonal Component (GBSTS-LLTS) generally
performed best under seasonal and changing-seasonal-amplitude scenarios, whereas Holt—
Winters remained competitive and performed better in several trend and seasonal settings,
particularly for smaller samples. No single imputation method consistently dominated
across all conditions. The empirical analysis further showed that GBSTS-LLTS provided the
lowest forecasting errors for both temperature and relative humidity across the examined
missing rates and imputation strategies. The Diebold—Mariano tests with HAC variance
estimation also provided statistical support for the forecasting improvements observed in
several configurations. In addition, while the present study employs pairwise Diebold—
Mariano tests to assess predictive accuracy, future research could consider multiple-model
forecast comparison procedures, such as the Superior Predictive Ability (SPA) test [51],
particularly when several competing forecasting methods are evaluated simultaneously.

A limitation of the present study is that missing observations were generated randomly
at predetermined rates, whereas consecutive or blockwise missing-data patterns were not
explicitly considered. In practical time-series applications, observations may be unavailable
for consecutive periods due to sensor failures, data transmission interruptions, or other
systematic disruptions. The performance of imputation and forecasting methods under
such conditions may depend on the length, location, and frequency of the missing blocks.
Future research should therefore extend the proposed GBSTS framework to investigate
blockwise missingness of varying lengths and compare its robustness with that observed
under randomly distributed missing-data mechanisms. Further investigation should also
consider more complex time-series structures, including structural breaks and a broader
range of additive and multiplicative seasonal patterns.
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Abbreviations

The following abbreviations are used in this manuscript:

GBSTS Generalized Bayesian Structural Time Series

GBSTS-LL GBSTS with Local Level

GBSTS-LLT  GBSTS with Local Linear Trend

GBSTS-LLS  GBSTS with Local Linear Trend and Seasonal

GBSTS-LLTS = GBSTS with Local Linear Trend and Trigonometric Seasonal

HwW Holt-Winters Seasonal method

ARIMA Autoregressive Integrated Moving Average Model

BATS Box—Cox transformation, ARMA errors, Trend, and Seasonal components
KS Kalman smoothing

SS Seasonal Split

ST Stineman Interpolation
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