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Highlights

What are the main findings?

• We introduce the generalized BPSARMA model, a new framework for modeling
positive seasonal time series that allows the precision parameter to evolve dynamically
over time.

• In several empirical applications involving reservoir inflow data, the proposed model
often provides competitive or superior out-of-sample forecasting accuracy relative to al-
ternative beta prime-based models, SARIMA, and Holt–Winters exponential smoothing.

What are the implications of the main findings?

• Allowing the precision parameter to vary over time provides a flexible way to capture
changing variability in positive time series, potentially improving forecast performance.

• The proposed approach offers a practical forecasting tool for environmental and hydro-
logical applications where the data are strictly positive and display seasonal patterns.

Abstract

This paper proposes a generalized seasonal beta prime autoregressive moving average
model with dynamic precision, denoted by BPSARMA, for modeling and forecasting
positive-valued seasonal time series. The proposed framework extends the generalized
BPARMA model by incorporating stochastic seasonal dynamics in the conditional mean
through seasonal autoregressive and moving average components while allowing a flexible
autoregressive structure for the conditional precision parameter, thereby accommodating
time-varying uncertainty. The model also allows the inclusion of covariates and determin-
istic seasonal regressors. Parameter estimation is carried out by conditional maximum
likelihood, and the main inferential and diagnostic tools are discussed. Monte Carlo simula-
tions are conducted to examine the finite-sample behavior of the estimators and associated
inference procedures. The practical usefulness of the proposed approach is illustrated
through hydro-environmental time series applications, where its forecasting performance
is evaluated using both in-sample and out-of-sample predictive measures. The empirical
results indicate that the BPSARMA specification often provides competitive or superior
forecasting accuracy relative to competing models, highlighting its usefulness for modeling
and prediction in positive seasonal time series.

Keywords: beta prime distribution; dynamic precision; forecasting; Monte Carlo simulation;
positive time series; seasonality
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1. Introduction
Time series assuming values on the positive real line arise naturally in many environ-

mental and hydrological applications. Examples include river discharge, reservoir inflows,
rainfall accumulation, pollutant concentrations, and wind speeds. Such variables typically
display strong right-skewness and heteroscedastic behavior, with variability increasing
with the level of the series. In addition, many environmental processes are subject to
pronounced seasonal fluctuations driven by climatic cycles. These features often render
classical Gaussian time series models inadequate for capturing both the distributional
characteristics and the dynamic structure of the data.

In response to these challenges, increasing attention has been devoted to the devel-
opment of observation-driven time series models based on non-Gaussian distributions
defined on restricted domains. In particular, models built upon flexible continuous distribu-
tions supported on the positive real line have proven useful for describing environmental
and hydrological processes. Such models offer an important practical advantage: they
naturally produce forecasts that respect the support of the data, ensuring that predicted
values remain in (0, ∞). Among the distributions suitable for this purpose, the beta prime
distribution provides a versatile framework for modeling strictly positive data, as it accom-
modates a wide range of distributional shapes and allows the variance to vary with the
mean in a natural way.

Dynamic models for time series taking values in (0, 1) have been extensively stud-
ied in the literature. The βARMA (beta autoregressive moving average) model for such
series was introduced by [1] and later extended to accommodate time-varying precision
by [2]. A modification of the model to incorporate stochastic seasonality while maintaining
fixed precision was proposed by [3]. These models have been successfully applied to the
modeling and forecasting of hydro-environmental time series; see, for instance, [4,5].

Recent advances in forecasting have also focused on nonlinear and regime-switching
autoregressive structures, as well as Bayesian forecasting approaches. For example, Ref. [6]
proposed a double-banded-threshold mixture autoregressive model for capturing complex
nonlinear dynamics, while [7] developed Bayesian forecasting procedures for logistic
mixture double autoregressive models with explanatory variables. These contributions
highlight the growing interest in flexible forecasting frameworks capable of accommodating
nonlinear behavior and time-varying dynamics. In contrast, the forecasting framework
proposed in this paper is specifically designed for positive-valued seasonal time series
and is based on a conditional beta prime distribution with dynamic mean and precision
structures. The present contribution therefore complements these recent developments by
addressing a different class of forecasting problems involving continuous positive-valued
seasonal data.

The beta prime distribution, which is defined on the positive real line, is closely related
to the beta distribution, arising as the distribution of the odds transformation of a beta
random variable. This connection makes it a natural candidate for modeling positive-
valued stochastic processes. In this paper, we develop a dynamic modeling framework
based on the beta prime distribution, with particular emphasis on hydro-environmental
time series exhibiting pronounced seasonal behavior.

The generalized BPARMA (beta prime autoregressive moving average) class of mod-
els for positive-valued time series, based on the beta prime distribution, was introduced
by [8]. In that formulation, the conditional mean follows an autoregressive moving-average
structure, while the precision parameter evolves dynamically through a first-order autore-
gressive specification. An important feature of this formulation is that both parameters
of the conditional distribution evolve over time through separate dynamic submodels.
As a result, temporal changes in the conditional density are governed not only by the
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mean but also by the precision parameter, allowing the model to capture time-varying
variability in a flexible way. In the generalized BPARMA framework, seasonal patterns
may be represented through deterministic regressors such as harmonic components and
seasonal indicator variables.

Although this approach has proven useful in practice, many environmental time
series exhibit seasonal dependence structures that are more complex than those captured by
deterministic regressors alone. In particular, environmental processes often display seasonal
dynamics that arise from stochastic dependence across seasons, in addition to deterministic
periodic components. Moreover, the evolution of the variability of the series may require
richer specifications for the precision parameter than a first-order autoregressive structure.

Motivated by these considerations, this article proposes an extension of the generalized
BPARMA class that explicitly incorporates seasonal dynamics and a more flexible specifica-
tion for the precision component. In the proposed model, the conditional mean follows
a seasonal autoregressive moving-average structure in addition to the usual nonseasonal
dynamics. At the same time, the precision parameter is allowed to follow an autoregressive
process of general order, thereby expanding the range of dynamic heteroscedastic patterns
that can be captured by the model. The resulting class, which we refer to as the BPSARMA
model, also allows the inclusion of nonstochastic regressors, such as harmonic compo-
nents and indicator variables, providing additional flexibility for representing deterministic
seasonal patterns and structural changes.

Seasonality in environmental time series is often represented using one of several
alternative approaches, such as seasonal dynamic components, harmonic regressors, or sea-
sonal indicator variables. These strategies are frequently viewed as competing modeling
choices. In practice, however, environmental processes may exhibit seasonal patterns that
are too complex to be adequately represented by a single mechanism. In this article, we
show that these approaches can be used jointly within a unified modeling framework.
By extending the generalized BPARMA model to incorporate seasonal autoregressive and
moving-average dynamics, the proposed specification allows deterministic seasonal re-
gressors and stochastic seasonal dynamics to coexist in the same model. This combination
proves particularly effective for the hydro-environmental series analyzed in this study,
which exhibit strong and multifaceted seasonal fluctuations.

Parameter estimation is carried out by conditional maximum likelihood. Closed-
form expressions are obtained for the conditional score vector and the conditional Fisher
information matrix, facilitating numerical optimization and statistical inference. Diagnostic
tools suitable for assessing model adequacy are also discussed. In addition, a Monte
Carlo simulation study is conducted to examine the finite-sample performance of the
proposed estimators.

The empirical usefulness of the proposed modeling framework is illustrated through
five hydro-environmental applications involving monthly inflows to reservoirs associated
with hydroelectric power plants located in the five geographic regions of Brazil. Brazil is a
country of continental dimensions and is subject to diverse climatic regimes. Consequently,
the analyzed series display substantial variability in their temporal behavior while sharing
a common feature of strong seasonal fluctuations. Some series also present additional
complexities, such as prolonged drought periods or structural changes in their level and
variability. In our analysis, seasonal behavior is represented through a combination of
three complementary mechanisms: seasonal dynamic components, harmonic regressors,
and indicator variables. This strategy allows the model to capture both stochastic and
deterministic aspects of seasonal variation.

The proposed model yields high-quality fits and accurate out-of-sample forecasts for
all series considered. Its predictive performance is compared with that of several alternative
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approaches, including the BPSARMA model with fixed precision, the generalized BPARMA
model, Gaussian SARIMA (seasonal autoregressive integrated moving average) models,
and the Holt–Winters exponential smoothing algorithm. Overall, the results indicate
that the proposed specification provides a flexible and effective framework for modeling
positive-valued environmental time series exhibiting strong seasonal behavior and time-
varying variability.

It is important to distinguish the present setting from the extensive literature on
integer-valued time series, including threshold and count autoregressive models such as
those developed by [9–11]. Those models are designed for discrete-valued count processes
and rely on probabilistic mechanisms tailored to integer-valued data, such as thinning
operators or count distributions. By contrast, the hydro-environmental series analyzed in
this paper consist of continuous positive measurements. This distinction motivates the
use of a beta prime conditional distribution together with dynamic structures for both the
conditional mean and conditional precision.

The remainder of the paper is organized as follows: Section 2 introduces the proposed
model and discusses its main properties. Section 3 presents the conditional maximum
likelihood estimation procedure and derives the score vector and Fisher information matrix.
Model selection, diagnostic tools, and forecasting are discussed in Section 4. Section 5
reports the results of the Monte Carlo simulation study. Section 6 presents the empirical
applications to hydro-environmental time series. Finally, Section 7 concludes the paper.

2. A Seasonal Dynamic Extension of the Generalized BPARMA Model
In this section, we introduce the proposed seasonal dynamic extension of the general-

ized beta prime autoregressive moving average model. We begin with a brief review of the
beta prime distribution and the generalized BPARMA framework of [8]. Building on this
foundation, we develop a more flexible specification that incorporates stochastic seasonal
dynamics in the conditional mean and allows for higher-order autoregressive structures
in the precision submodel. These extensions broaden the range of temporal dependence
patterns that can be captured within the beta prime time series framework.

2.1. The Beta Prime Distribution

The beta prime distribution was introduced by [12,13]. Also known as the inverse beta
or beta type II distribution, it has support on the positive real line. The beta prime distribu-
tion arises as the distribution of the odds ratio associated with the beta distribution: if X
follows a beta distribution, then X/(1 − X) follows a beta prime distribution. Equivalently,
it can be expressed as the distribution of the ratio of two independent random variables
following standard gamma distributions with unit scale parameter.

Later, Ref. [14] proposed a reparameterization in terms of a mean parameter µ and
a precision parameter ϕ, which facilitates interpretation and makes the distribution par-
ticularly convenient for regression and time series modeling. Let Y be a random variable
following a beta prime distribution, denoted by Y ∼ BP(µ, ϕ). The cumulative distribution
function and probability density function are given, respectively, by

F(y; µ, ϕ) = Iy/(1+y)(µ(1 + ϕ), ϕ + 2)

and

f (y; µ, ϕ) =
yµ(ϕ+1)−1(1 + y)−[µ(ϕ+1)+ϕ+2]

B(µ(1 + ϕ), ϕ + 2)
,

y > 0, where µ, ϕ > 0, Iy/(1+y)(µ(1 + ϕ), ϕ + 2) = By/(1+y)(µ(1 + ϕ), ϕ + 2)/B(µ(1 +

ϕ), ϕ + 2) denotes the regularized beta function,
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By/(1+y)(µ(1 + ϕ), ϕ + 2) =
∫ y/(1+y)

0
tµ(1+ϕ)−1(1 − t)ϕ+1dt

is the incomplete beta function, and B(µ(1 + ϕ), ϕ + 2) = Γ(µ(1 + ϕ))Γ(ϕ + 2)/Γ(µ(1 +

ϕ) + ϕ + 2) is the beta function, with Γ(·) denoting the gamma function. The mean and
variance of Y are, respectively,

E(Y) = µ and Var(Y) =
µ(1 + µ)

ϕ
.

For all admissible values of µ and ϕ, the beta prime distribution is positively skewed.
The skewness coefficient depends on both the mean and precision parameters and is
given by

ψ1 =
2(1 + ϕ)(1 + 2µ)

ϕ − 1

√
ϕ

µ(1 + µ)(1 + ϕ)2 ,

for ϕ > 1. It is worth noting that in several traditional two-parameter distributions with
support on the positive real line, the skewness coefficient depends only on the corre-
sponding precision parameter, as is the case for the gamma distribution (2ϕ1/2) and the
reparameterized Birnbaum–Saunders distribution (4(3ϕ + 11)(2ϕ + 5)−3/2). As discussed
by [14], the beta prime distribution can exhibit substantially higher levels of skewness than
those typically observed for the gamma and inverse Gaussian distributions.

2.2. The Generalized BPARMA Model

Ref. [8] introduced a dynamic model for variables taking values on the positive real
line based on the beta prime distribution, referred to as the generalized BPARMA model.
In this framework, the authors extended the classical formulation commonly adopted in
dynamic models by incorporating a parsimonious dynamic submodel for the precision
parameter. Specifically, an autoregressive and moving average structure was considered
for the conditional mean, while a first-order autoregressive structure was specified for the
conditional precision of the process. As a result, both parameters indexing the distribution
evolve over time, providing greater modeling flexibility and allowing the conditional
density to change shape throughout the time series.

Let {Yt}n
t=1 be a time series of random variables such that, for t ∈ {1, . . . , n}, the condi-

tional distribution of Yt given the past information set Ft−1, with Ft−1 := σ{Yt−1, Yt−2, . . .}
denoting the σ-field generated by the information available up to time t − 1, is beta prime
with mean µt and precision parameter ϕt, that is, Yt | Ft−1 ∼ BP(µt, ϕt). The conditional
density of Yt | Ft−1 is

f (y | Ft−1; µt, ϕt) =
yµt(ϕt+1)−1(1 + y)−[µt(ϕt+1)+ϕt+2]

B(µt(1 + ϕt), ϕt + 2)
, y > 0, (1)

with µt, ϕt > 0. The conditional mean and conditional variance of Yt are given by E(Yt |
Ft−1) = µt and Var(Yt | Ft−1) = µt(1 + µt)/ϕt, respectively.

The generalized BPARMA(p, q) model consists of two dynamic structures and is
defined as

g1(µt) = α1 + x⊤t β +
p

∑
i=1

φi
[
g1(Yt−i)− x⊤t−iβ

]
+

q

∑
j=1

θjrt−j

and
g2(ϕt) = α2 + δzt−1,
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where α1 ∈ R and α2 ∈ R are scalar parameters, xt denotes an l-vector of nonstochastic
regressors at time t, and β := (β1, . . . , βl)

⊤ is the corresponding vector of coefficients.
The parameters φ1, . . . , φp correspond to autoregressive terms, while θ1, . . . , θq represent
moving average parameters. The term rt := g1(Yt)− g1(µt) denotes the random error on
the predictor scale, and zt−1 := Yt−1/Yt−2 corresponds to the ratio between consecutive
lagged observations. Moreover, p, q ∈ N0 := {0, 1, 2, . . .} denote the autoregressive and
moving-average orders, respectively, with p + q ≥ 1. The functions g1 : R+ → R and
g2 : R+ → R are strictly monotonic and twice differentiable link functions, with inverses
g−1

1 : R→ R+ and g−1
2 : R→ R+ also being twice differentiable.

When the series exhibits seasonal fluctuations, harmonic regressors are commonly used
to represent periodic patterns. In this case, one may set xt = (sin (2πt/S), cos (2πt/S))⊤,
where S denotes the seasonal period. These regressors provide a parsimonious way of
modeling deterministic seasonal cycles through sinusoidal functions, allowing the model
to capture smooth periodic variations in the mean structure of the series. However, this
specification assumes that the amplitude and phase of the seasonal pattern remain constant
over time. This approach was employed in [8] in the analysis of water flow series from
hydroelectric reservoirs.

2.3. The Generalized BPSARMA Model

We now introduce a seasonal dynamic extension of the generalized BPARMA model
that increases its flexibility for modeling positive-valued time series. The proposed formu-
lation incorporates stochastic seasonal autoregressive and moving average components in
the conditional mean structure while allowing the precision parameter to follow an autore-
gressive process of arbitrary order. These features enable the model to capture evolving
seasonal patterns and the evolution of the conditional precision.

The proposed generalized beta prime seasonal autoregressive moving average model,
denoted by BPSARMAµ(p1, q)× (P, Q)S + ARϕ(p2), is defined by

Φ(BS)φ(B)
[
g1(Yt)− x⊤t β

]
= α1 + Θ(BS)θ(B)rt (2)

and

g2(ϕt) = α2 +
p2

∑
k=1

δkzt−k =: η2t, (3)

where B denotes the backshift operator such that, for a nonnegative integer b, Bbg1(Yt) =

g1(Yt−b). Furthermore, φ(B) := 1− φ1B− φ2B2 − · · · − φp1 Bp1 denotes the nonseasonal au-
toregressive polynomial, while θ(B) := 1− θ1B − θ2B2 − · · · − θqBq corresponds to the non-
seasonal moving average polynomial. The seasonal autoregressive polynomial is Φ(BS) :=
1 − Φ1BS − Φ2B2S − · · · − ΦPBPS, whereas Θ(BS) := 1 − Θ1BS − Θ2B2S − · · · − ΘQBQS

denotes the seasonal moving average polynomial. Here, p1, q, P, Q, p2 ∈ N0. The seasonal
period of the time series is represented by S and zt−k := (Yt−k − Yt−k−1)/Yt−k−1.

Although Equations (2) and (3) are defined for general link functions, throughout
this paper, we employ the logarithmic link in both submodels, i.e., g1(u) = log(u) and
g2(u) = log(u). This choice is natural for positive-valued time series, since it ensures that
both the conditional mean µt and the precision parameter ϕt remain positive. Furthermore,
the transformation allows the dynamic dependence structure to be modeled on the log
scale, where autoregressive and moving-average effects can be interpreted in terms of
relative changes rather than absolute changes.

The regressors zt−k in the precision submodel are defined as relative increments
of the response variable rather than as simple ratios of consecutive observations. This
choice preserves the dimensionless nature of the precision covariates, which is important
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because the precision parameter ϕt must be free of measurement units. Indeed, since
Var(Yt | Ft−1) = µt(1 + µt)/ϕt, a dimensionless ϕt ensures that the conditional variance
has the appropriate squared measurement units of the response.

In addition, the adopted specification offers practical and interpretative advantages.
First, the relative increment zt−k = (Yt−k − Yt−k−1)/Yt−k−1 can be interpreted as a local
growth rate, with zero indicating stability, positive values indicating increases, and negative
values indicating decreases. This yields a more natural interpretation of the effect of recent
changes on the precision dynamics. Second, unlike simple ratios, relative increments are
centered around zero, which improves the interpretation of the intercept and may reduce
collinearity with it. Finally, because precision is intended to capture changes in variability,
using relative increments provides a more direct link between recent fluctuations in the
series and the temporal evolution of the precision parameter. Preliminary empirical and
simulation experiments with alternative ratio-based formulations consistently indicated
better overall performance for the specification adopted here.

Equation (2) of the BPSARMAµ(p1, q) × (P, Q)S + ARϕ(p2) model can be written
equivalently as

g1(µt) = α1 + x⊤t β +
p1

∑
i=1

φi
[
g1(Yt−i)− x⊤t−iβ

]
+

P

∑
I=1

ΦI
[
g1(Yt−IS)− x⊤t−ISβ

]
−

p1

∑
i=1

P

∑
I=1

φiΦI
[
g1(Yt−(i+IS))− x⊤t−(i+IS)β

]
−

q

∑
j=1

θjrt−j −
Q

∑
J=1

ΘJrt−JS

+
q

∑
j=1

Q

∑
J=1

θjΘJrt−(j+JS) =: η1t.

In what follows, we write φ := (φ1, . . . , φp1)
⊤, θ := (θ1, . . . , θq)⊤, Φ := (Φ1, . . . , ΦP)

⊤,
Θ := (Θ1, . . . , ΘQ)

⊤, and δ := (δ1, . . . , δp2)
⊤.

This representation makes explicit the dynamic specification adopted for the condi-
tional mean on the transformed scale. In particular, it shows that g1(µt) evolves through a
combination of nonseasonal and seasonal autoregressive components together with non-
seasonal and seasonal moving-average terms. Expressing the model in this form clarifies its
relationship with the generalized BPARMA structure while making the different dynamic
contributions to the conditional mean more transparent. Moreover, it highlights how the
proposed specification extends the original BPARMA framework by incorporating stochas-
tic seasonal dynamics in the conditional mean while simultaneously allowing for richer
temporal dependence in the precision submodel.

The dynamic structure specified for the conditional mean is similar to that adopted in
the βSARMA (beta seasonal autoregressive moving average) model and in the MKSAR-
MAX (modified Kumaraswamy seasonal autoregressive moving average with exogenous
regressors) model; see, respectively, [3,15]. It is important to emphasize, however, that
those models were developed for random variables with support restricted to the unit
interval. In contrast, the generalized BPSARMA model proposed in this paper is suitable
for random variables defined on the positive real line.

An important feature of the proposed specification is that seasonal dynamics are
modeled directly through seasonal autoregressive and moving average components. This
approach allows seasonal patterns to evolve dynamically over time, rather than being
restricted to fixed deterministic cycles. In many empirical applications, seasonality is
introduced through harmonic regressors, which impose periodic patterns with constant
amplitude and phase. While such representations are convenient, they assume that the
seasonal structure remains stable throughout the sample.
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In practice, however, seasonal patterns often evolve over time. This is particularly
common in hydro-environmental time series, where seasonal fluctuations may change
in magnitude, persistence, or timing due to climatic variability, hydrological regulation,
or other environmental factors. Capturing these evolving seasonal dynamics is therefore im-
portant for an adequate statistical description of the data. The stochastic seasonal structure
adopted in the proposed model accommodates such features by allowing the magnitude
and persistence of seasonal effects to adjust according to the underlying dynamics of the
process. As a result, the model provides a more flexible representation of seasonal behavior
than approaches based solely on deterministic harmonic components.

It is also worth noting that the proposed formulation does not preclude the use of
deterministic seasonal regressors. Because the model continues to allow the inclusion of
covariates in the linear predictor through x⊤t β, harmonic regressors can be incorporated
whenever appropriate. Consequently, the framework accommodates hybrid specifications
that combine deterministic seasonal effects with stochastic seasonal dynamics.

In addition to incorporating a dynamic structure capable of capturing seasonality in
the conditional mean submodel, the proposed model further generalizes the BPARMA
formulation in the precision submodel; see Equation (3). The model introduced by [8]
adopts a first-order autoregressive dynamic specification for the conditional precision.
By contrast, in the formulation developed here, the precision submodel is specified through
an autoregressive structure of order p2. This extension provides greater flexibility for
modeling the temporal dynamics of the conditional precision, which reflects the level of
uncertainty associated with the response variable.

Fluctuations in the precision parameter translate directly into changes in the con-
ditional variance of the process. By allowing a higher-order autoregressive structure,
the proposed specification allows the persistence and propagation of uncertainty levels to
be captured more accurately over time. As a result, the model can accommodate richer pat-
terns of temporal variation in conditional variability, yielding a more faithful representation
of the evolving uncertainty underlying the observed series.

The model with fixed precision can be viewed as a particular case of the proposed
formulation. It is obtained by adopting the identity link for g2 and imposing δk = 0,
for k ∈ {1, . . . , p2}. In this case, the precision parameter remains constant over time.
This nested specification highlights that the proposed framework encompasses both time-
varying and constant-precision models as special cases.

For βARMA models with fixed precision, consistency and asymptotic normality of the
conditional maximum likelihood estimator can be established under conditions analogous
to those used in Gaussian ARMA models, namely, requiring the autoregressive and moving-
average polynomials to have no common roots and all roots to lie outside the unit circle;
see [16]. However, such results do not directly extend to the present generalized BPSARMA
formulation, which combines stochastic seasonal components, dynamic precision governed
by a higher-order autoregressive structure, and nonlinear link functions in both submodels.
In particular, the interaction between seasonal and nonseasonal autoregressive polynomials
and the simultaneous evolution of ϕt preclude a direct application of the root-restriction
arguments used in the simpler setting.

Because the generalized BPSARMA model is specified through conditional mean and
precision recursions, inference and forecasting are developed conditionally on the past
information set Ft−1. The usual notion of stationarity retains its conventional meaning
as a property of the unconditional joint distribution of the process; however, since the
estimation framework is entirely conditional and no analytical characterization of the
admissible parameter space is currently available for this model class, stationarity is not

https://doi.org/10.3390/forecast8040053

https://doi.org/10.3390/forecast8040053


Forecasting 2026, 8, 53 9 of 37

operationally enforced during estimation. Instead, numerical stability of the conditional
recursions serves as the relevant practical criterion.

No explicit stationarity or invertibility constraints are therefore imposed during the
numerical maximization of the conditional log-likelihood. As a pragmatic diagnostic
strategy, similarly to [17], autoregressive or moving-average parameter estimates with
unusually large magnitudes (particularly exceeding one in absolute value) may be regarded
as potential indicators of numerical instability in the conditional recursions for η1t. In the
empirical applications presented in this paper, no such signs of instability were detected.
We emphasize, however, that this is only an ad hoc diagnostic criterion: unstable behavior
in the recursions may still arise even when all estimated coefficients lie within (−1, 1), and,
conversely, estimates outside this range do not necessarily imply divergence of the fitted
process. As in the related GARMA and dynamic beta regression literature, inference and
forecasting are grounded in the conditional specification of the model.

3. Conditional Likelihood Inference
Let {Yt}n

t=1 denote a realization from a BPSARMAµ(p1, q)× (P, Q)S +ARϕ(p2) stochas-
tic process, and let γ := (α1, β⊤,φ⊤, θ⊤, Φ⊤, Θ⊤, α2, δ⊤)⊤ denote the w-dimensional parame-
ter vector, where w := p1 + q + P + Q + ν + p2 + 2. Let m := max{p1 + PS, q + QS, p2 + 1},
which represents the minimum number of initial observations required for the conditional
likelihood evaluation. The conditional log-likelihood function can be written as

ℓ = ℓ(γ) :=
n

∑
t=m+1

log
(

f (Yt | Ft−1; µt, ϕt)
)
=

n

∑
t=m+1

ℓt(µt, ϕt). (4)

where

ℓt(µt, ϕt) := [µt(1 + ϕt)− 1] log(yt)− [µt(1 + ϕt) + ϕt + 2] log(1 + yt)

− log(Γ(µt(1 + ϕt)))− log(Γ(ϕt + 2)) + log(Γ(µt(1 + ϕt) + ϕt + 2)).

We now derive the conditional score vector and the conditional Fisher information
matrix, obtained from the first- and second-order derivatives of Equation (4), respectively.
To this end, we partition the parameter vector as γ := (γ⊤

1 , γ⊤
2 )⊤, where

γ1 := (α1, β⊤,φ⊤, θ⊤, Φ⊤, Θ⊤)⊤ and γ2 := (α2, δ⊤)⊤.

As before, we consider the error defined on the predictor scale. In what follows, primes
denote derivatives.

3.1. Conditional Score Vector

The conditional score vector is obtained from the first-order derivatives of the condi-
tional log-likelihood function given in Equation (4) with respect to the components of the
parameter vector γ.

Let κ1 := (κ1m+1, . . . , κ1n)
⊤ and κ2 := (κ2m+1, . . . , κ2n)

⊤ denote the vectors of partial
scores associated with the mean and precision submodels, respectively. We also define the
diagonal matrices A1 := diag

{
1

g′1(µm+1)
, . . . , 1

g′1(µn)

}
and A2 := diag

{
1

g′2(ϕm+1)
, . . . , 1

g′2(ϕn)

}
,

as well as the vectors z := (zm, . . . , zn−1)
⊤ and ν :=

(
∂η1m+1

∂α1
, . . . , ∂η1n

∂α1

)⊤
. Additionally, let

B, C1, C2, D1, and D2 be matrices of dimensions (n − m)× v, (n − m)× p1, (n − m)× P,
(n − m)× q, and (n − m)× Q, respectively, with corresponding (i, j) elements

Bi,j :=
∂η1i+m

∂β j
, C1i,j :=

∂η1i+m
∂φj

, C2i,j :=
∂η1i+m

∂Φj
,
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D1i,j :=
∂η1i+m

∂θj
, and D2i,j :=

∂η1i+m
∂Θj

.

The score vector is given by

U(γ) := (Uα1(γ), Uβ(γ)
⊤, Uφ(γ)

⊤, Uθ(γ)
⊤, UΦ(γ)⊤, UΘ(γ)⊤, Uα2(γ), Uδ(γ))

⊤,

with components

Uα1(γ) :=ν⊤A1κ1, Uβ(γ) := B⊤A1κ1, Uφ(γ) := C⊤
1 A1κ1,

Uθ(γ) :=D⊤
1 A1κ1, UΦ(γ) := C⊤

2 A1κ1, UΘ(γ) := D⊤
2 A1κ1,

Uα2(γ) :=1⊤n A2κ2, and Uδ(γ) := z⊤A2κ2,

where 1n denotes an (n − m)× 1 vector of ones. Further details are provided in Appendix A.
The conditional maximum likelihood estimator (CMLE) of γ, denoted by γ̂, is obtained

as the solution of the nonlinear system of equations U(γ) = 0, where 0 denotes a null
vector of dimension w. However, this system does not admit a closed-form solution.
Consequently, the CMLEs are obtained through iterative computational procedures based
on the maximization of the conditional log-likelihood function using Newton or quasi-
Newton nonlinear optimization algorithms. For further details, see [18,19].

To implement the iterative procedure, initial values for η1t and η2t must be specified.
For t > m, the quantities η1t and η2t are computed using the derivatives with respect to the
parameters of the mean and precision submodels, respectively.

3.2. Conditional Information Matrix

To obtain the conditional Fisher information matrix, K(γ), it is necessary to compute
the second-order derivatives of the conditional log-likelihood given in Equation (4) and
their expected values. These results allow the computation of the standard errors of the
CMLEs, the construction of asymptotic confidence intervals, and the implementation of
hypothesis tests. The matrix K(γ) corresponds to the conditional Fisher information matrix,
obtained as the expectation of the negative Hessian of the conditional log-likelihood.

Let K1 := diag{λ1m+1, . . . , λ1n}, K2 := diag{λ2m+1, . . . , λ2n} and K3 := diag{λ3m+1, . . . ,
λ3n}. The conditional Fisher information matrix associated with the parameter vector γ can be
expressed as

K = K(γ) =



Kα1,α1 Kα1,β Kα1,φ Kα1,θ Kα1,Φ Kα1,Θ Kα1,α2 Kα1,δ

Kβ,α1 Kβ,β Kβ,φ Kβ,θ Kβ,Φ Kβ,Θ Kβ,α2 Kβ,δ

Kφ,α1 Kφ,β Kφ,φ Kφ,θ Kφ,Φ Kφ,Θ Kφ,α2 Kφ,δ

Kθ,α1 Kθ,β Kθ,φ Kθ,θ Kθ,Φ Kθ,Θ Kθ,α2 Kθ,δ

KΦ,α1 KΦ,β KΦ,φ KΦ,θ KΦ,Φ KΦ,Θ KΦ,α2 KΦ,δ

KΘ,α1 KΘ,β KΘ,φ KΘ,θ KΘ,Φ KΘ,Θ KΘ,α2 KΘ,δ

Kα2,α1 Kα2,β Kα2,φ Kα2,θ Kα2,Φ Kα2,Θ Kα2,α2 Kα2,δ

Kδ,α1 Kδ,β Kδ,φ Kδ,θ Kδ,Φ Kδ,Θ Kδ,α2 Kδ,δ


,

where Kα1,α1 := −ν⊤K1 A2
1ν, Kα1,β = K⊤

β,α1
:= −ν⊤K1 A2

1B, Kα1,φ = K⊤
φ,α1

:= −ν⊤K1 A2
1C1,

Kα1,θ = K⊤
θ,α1

:= −ν⊤K1 A2
1D1, Kα1,Φ = K⊤

Φ,α1
:= −ν⊤K1 A2

1C2, Kα1,Θ = K⊤
Θ,α1

:=
−ν⊤K1 A2

1D2, Kα1,α2 = Kα2,α1 := −ν⊤A2K3 A11n, Kα1,δ = K⊤
δ,α1

:= −ν⊤A2K3 A1z,
Kβ,β := −B⊤K1 A2

1B, Kβ,φ = K⊤
φ,β := −B⊤K1 A2

1C1, Kβ,θ = K⊤
θ,β := −B⊤K1 A2

1D1,

Kβ,Φ = K⊤
Φ,β := −B⊤K1 A2

1C2, Kβ,Θ = K⊤
Θ,β := −B⊤K1 A2

1D2, Kβ,α2 = K⊤
α2,β :=

−B⊤A2K3 A11n, Kβ,δ = K⊤
δ,β := −B⊤A2K3 A1z, Kφ,φ := −C⊤

1 K1 A2
1C1, Kφ,θ = K⊤

θ,φ :=

−C⊤
1 K1 A2

1D1, Kφ,Φ = K⊤
Φ,φ := −C⊤

1 K1 A2
1C2, Kφ,Θ = K⊤

Θ,φ := −C⊤
1 K1 A2

1D2, Kφ,α2 =
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K⊤
α2,φ := −C⊤

1 A2K3 A11n, Kφ,δ = K⊤
δ,φ := −C⊤

1 A2K3 A1z, Kθ,θ := −D⊤
1 K1 A2

1D1, Kθ,Φ =

K⊤
Φ,θ := −D⊤

1 K1 A2
1C2, Kθ,Θ = K⊤

Θ,θ := −D⊤
1 K1 A2

1D2, Kθ,α2 = K⊤
α2,θ := −D⊤

1 A2K3 A11n,
Kθ,δ = K⊤

δ,θ := −D⊤
1 A2K3 A1z, KΦ,Φ := −C⊤

2 K1 A2
1C2, KΦ,Θ = K⊤

Θ,Φ := −C⊤
2 K1 A2

1D2,
KΦ,α2 = K⊤

α2,Φ := −C⊤
2 A2K3 A11n, KΦ,δ = K⊤

δ,Φ := −C⊤
2 A2K3 A1z, KΘ,Θ := −D⊤

2 K1 A2
1D2,

KΘ,α2 = K⊤
α2,Θ := −D⊤

2 A2K3 A11n, KΘ,δ = K⊤
δ,Θ := −D⊤

2 A2K3 A1z, Kα2,α2 := −1⊤n K2 A2
21n,

Kα2,δ = K⊤
δ,α2

:= −1⊤n K2 A2
2z and Kδ,δ := −z⊤K2 A2

2z. For details, see Appendix A.
Under the usual regularity conditions and for sufficiently large n, the CMLE γ̂ is

consistent and asymptotically normally distributed [20]. In particular,

γ̂ ∼ Nw

(
γ, K−1(γ)

)
,

approximately, where Nw denotes the w-dimensional normal distribution, and γ̂ is the
CMLE of γ.

3.3. Confidence Intervals and Hypothesis Testing

Let γs denote the s-th component of the parameter vector γ, γ̂s the corresponding
conditional maximum likelihood estimator contained in γ̂, and K(γ̂)ss the s-th element of
the main diagonal of the inverse Fisher information matrix evaluated at γ̂, for s ∈ {1, . . . , w}.
From the asymptotic normality of the CMLE of γ, it follows that

γ̂s − γs√
K(γ̂)ss

∼ N (0, 1),

approximately. This result can be used to construct asymptotic confidence intervals as well
as to perform hypothesis tests on the model parameters.

An asymptotic confidence interval for γs, with confidence level 100(1− ε)%, 0 < ε < 1,
is given by [

γ̂s − z1−ε/2

√
K(γ̂)ss, γ̂s + z1−ε/2

√
K(γ̂)ss

]
,

where z1−ε/2 denotes the (1− ε/2) quantile of the standard normal distribution. For further
details on asymptotic confidence intervals, see [21].

The asymptotic normality of γ̂ can also be used to perform hypothesis tests on the
parameters indexing the model. Suppose we wish to test H0 : γs = γ

(0)
s against H1 : γs ̸= γ

(0)
s .

The z test statistic is given by

z :=
γ̂s − γ

(0)
s√

K(γ̂)ss
.

Under H0 and for sufficiently large n, z is approximately standard normally distributed.
Thus, for a given significance level ε, H0 is rejected if |z| > z1−ε/2.

When the interest lies in simultaneously testing multiple parametric restrictions, more
general hypothesis tests may be employed, such as the likelihood ratio test [22], the score
test [23], and the Wald test [24]. Under H0 and for sufficiently large samples, the statistics
associated with these tests are asymptotically χ2-distributed, with degrees of freedom equal
to the number of imposed restrictions.

4. Model Selection, Diagnostic Analysis, and Forecasting
In this section, we present the model selection criteria, diagnostic tools, and forecasting

procedures adopted for the generalized BPSARMA model. The diagnostic analysis aims
to assess whether the fitted model adequately captures the dynamic structure present in
the data. If this condition is satisfied, the model can be regarded as suitable for producing
reliable out-of-sample forecasts.
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4.1. Model Selection

Information criteria are widely used in model selection, particularly when comparing
competing specifications within the same model class. For selecting the generalized BP-
SARMA model, we adopt the modified Bayesian information criterion (MBIC) proposed
by [3]. This modified criterion is defined as

MBIC := −2ℓ̂× n
n − m

+ w log(n),

where ℓ̂ denotes the maximized value of the log-likelihood function. The authors also
considered a modified version of the Akaike Information Criterion (MAIC).

4.2. Residuals

Residual analysis constitutes a fundamental step in assessing the adequacy of the
estimated model to the observed data. To investigate the fit of the generalized BPSARMA
model, we employ the quantile residual, which is widely used in the literature on regression
and time series models. This residual is defined as

r̂q
t := Φ−1(F(Yt | Ft−1; µ̂t, ϕ̂t)

)
,

where Φ(·) denotes the cumulative distribution function of the standard normal distri-
bution and Φ−1(·) its corresponding quantile function, and F(Yt | Ft−1; µ̂t, ϕ̂t) represents
the conditional cumulative distribution function of the beta prime distribution, condi-
tional on the past information set Ft−1, evaluated at Yt. Under correct model specification,
the quantile residual r̂q

t is asymptotically standard normally distributed [25].

4.3. Portmanteau Tests

Portmanteau-type tests are widely used to assess the adequacy of a fitted model. This
assessment is based on jointly verifying whether the first v autocorrelations of the residuals
equal zero; that is, the null hypothesis H0 : ρ1 = · · · = ρv = 0 is tested. One of the most
commonly used test statistics is the one proposed by [26]. An alternative is the statistic
proposed by [27], which is based on the partial autocorrelations of the residuals.

The model is considered adequate if the residual autocorrelations (or partial autocorre-
lations) do not jointly differ significantly from zero. Otherwise, the fitted specification may
be regarded as inadequate, and the fitted model is rejected. Under the null hypothesis, these
statistics are asymptotically χ2-distributed with v − (p + q + P + Q) degrees of freedom.
Ref. [3] suggests adopting v = max{10, 2S}.

4.4. Forecasting

In-sample forecasts for the conditional mean of Yt, with t ∈ {m + 1, . . . , n}, are given
by the fitted conditional means µ̂t. These forecasts are constructed by setting r̂t = 0 for
t ∈ {1, . . . , m} and, for t ∈ {m + 1, . . . , n}, taking r̂t = g1(Yt) − g1(µ̂t). Additionally,
the unknown parameters in Equation (2) are replaced by their conditional maximum
likelihood estimates, after which the inverse link function is applied. Thus, the in-sample
forecast µ̂t, for t ∈ {m + 1, . . . , n}, is given by

µ̂t = g−1
1

(
α̂1 + x⊤t β̂ +

p1

∑
i=1

φ̂i
[
g1(Yt−i)− x⊤t−i β̂

]
+

P

∑
I=1

Φ̂I
[
g1(Yt−IS)− x⊤t−IS β̂

]
−

p1

∑
i=1

P

∑
I=1

φ̂iΦ̂I
[
g1(Yt−(i+IS))− x⊤t−(i+IS) β̂

]
−

q

∑
j=1

θ̂j r̂t−j −
Q

∑
J=1

Θ̂J r̂t−JS
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+
q

∑
j=1

Q

∑
J=1

θ̂jΘ̂J r̂t−(j+JS)

)
.

Similarly, out-of-sample forecasts can also be obtained. The h-step-ahead forecast of
the conditional mean, for h ∈ {1, 2, . . .}, is denoted by µ̂n+h and is given by

µ̂n+h = g−1
1

(
α̂1 + x⊤n+h β̂ +

p1

∑
i=1

φ̂i
[
g1(Yn+h−i)− x⊤n+h−i β̂

]
+

P

∑
I=1

Φ̂I
[
g1(Yn+h−IS)

− x⊤n+h−IS β̂
]
−

p1

∑
i=1

P

∑
I=1

φ̂iΦ̂I
[
g1(Yn+h−(i+IS))− x⊤n+h−(i+IS) β̂

]
−

q

∑
j=1

θ̂j r̂n+h−j

−
Q

∑
J=1

Θ̂J r̂n+h−JS +
q

∑
j=1

Q

∑
J=1

θ̂jΘ̂J r̂n+h−(j+JS)

)
,

where

[g1(Yt)] =

{
g1(µ̂t), if t > n,
g1(Yt), if t ≤ n.

5. Simulation Results
In this section, we present Monte Carlo simulation evidence on the finite-sample prop-

erties of the CMLEs of the parameters indexing the BPSARMAµ(p1, q)× (P, Q)S +ARϕ(p2)

model. We consider four sample sizes, namely n ∈ {100, 200, 500, 1000}. In each replication,
a burn-in period of length 1000 was used; that is, time series of length n+ 1000 were generated,
and the first 1000 observations were discarded in order to mitigate the influence of initial
conditions on the simulated sample paths. The resulting series are denoted by y1, . . . , yn. Each
series was generated from the generalized BPSARMA model specified in (2) and (3), using
the logarithmic link function in both submodels.

Parameter estimation was performed by numerically maximizing the conditional
log-likelihood function. For this purpose, we employed the quasi-Newton limited-
memory Broyden–Fletcher–Goldfarb–Shanno algorithm with box constraints (L-BFGS-
B), using analytical first derivatives. The initial parameter values were specified as fol-
lows: (i) the initial values for α1, φ1, . . . , φp1 , and Φ1, . . . , ΦP were obtained from ordinary
least squares estimates of the linear regression of g1(yt) on g1(yt−1), . . . , g1(yt−p1) and
g1(yt−(p1+1)), . . . , g1(yt−(p1+P)), and in this case, the initial value of α1 corresponds to the
intercept of the regression; (ii) the parameters θ1, . . . , θq, and Θ1, . . . , ΘQ were initialized at
zero; (iii) the initial value of α2 was obtained as

g2

(
n−1

n

∑
t=1

yt(1 + n−1
n

∑
t=1

yt)/s2

)
;

where s2 is the sample variance of y1, . . . , yn; and, (iv) finally, the coefficients of the precision
submodel, δ1, . . . , δp2 , were initialized at −1, providing simple feasible starting values for
the numerical optimization.

The initialization strategy was designed to provide starting values that are consistent
with the dynamic structure of the model while maintaining numerical stability during opti-
mization. In particular, the initial values of α1, φ1, . . . , φp1 , and Φ1, . . . , ΦP were obtained
from a linear approximation to the conditional mean dynamics on the link-function scale.
The moving-average parameters were initialized at zero, a common choice in likelihood-
based estimation of ARMA-type models, since reliable preliminary estimates of these
parameters are generally unavailable. The initial value of α2 was obtained by matching
the sample moments to the variance structure implied by the beta prime distribution.
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The coefficients of the precision submodel were initialized at −1, providing a simple and
feasible starting configuration while allowing for an initial negative association between
recent relative changes in the series and the precision dynamics, which is often observed
in preliminary empirical analyses. Alternative initialization strategies, including different
fixed starting values for the moving-average parameters and for the coefficients of the pre-
cision submodel, were also explored in preliminary numerical experiments. The adopted
scheme was retained because it consistently yielded stable convergence and satisfactory
optimization performance while remaining computationally simple.

The simulations were carried out using the statistical computing environment R [28].
A total of 5000 Monte Carlo replications were conducted, and no convergence failures
occurred during the numerical maximization of the log-likelihood function. We adopt the
logarithmic link function for both the mean and precision submodels.

In the first simulation scenario, the data were generated from the BPSARMAµ(1, 1)×
(1, 1)12 + ARϕ(2) model. The parameter values were set to α1 = 0.13, φ1 = 0.65,
θ1 = −0.08, Φ1 = 0.95, Θ1 = 0.68, α2 = 3.17, δ1 = −1.39, and δ2 = −1.20. These values corre-
spond to the point estimates obtained from fitting the BPSARMAµ(1, 1)× (1, 1)12 +ARϕ(2)
model to real data on inflow to the Estreito reservoir and therefore represent a realistic
empirical configuration.

Table 1 reports, for each estimator, the estimated mean (Mean), standard deviation
(SD), bias (Bias), and mean squared error (MSE). As expected, both the biases and the
mean squared errors decrease as the sample size increases, providing evidence of the
consistency of the CMLEs. It is also observed that the parameters φ, θ, Φ, and Θ tend to
be underestimated. This behavior is consistent with the results reported for the βSARMA
model in [3].

The tendency toward negative bias in the estimators of φ1, θ1, Φ1, and Θ1 is likely a
finite-sample effect associated with the estimation of dynamic dependence parameters in
ARMA-type models. Similar behavior has been reported for the βSARMA model by [3].
The effect is particularly pronounced for the seasonal parameters, whose estimation relies
on observations separated by one seasonal cycle. Consequently, the effective amount
of information available for estimating Φ1 and Θ1 is smaller than that available for the
corresponding nonseasonal parameters, leading to larger finite-sample biases. As expected,
these biases decrease steadily as the sample size increases.

In addition, the biases of the estimators of the nonseasonal parameters, φ1 and θ1,
decrease more rapidly than those of the seasonal parameters, Φ1 and Θ1. This finding cor-
roborates the discussion in [29], according to which the estimators of seasonal parameters
tend to exhibit larger biases than the remaining estimators. For example, when n = 100,
the estimated bias of φ̂1 (θ̂1) is −0.0470 (−0.0216), whereas that of Φ̂1 (Θ̂1) is −0.1216
(−0.1555). Overall, the results indicate that the parameters of the generalized BPSARMA
model can be estimated with good accuracy, particularly as the sample size increases.

A different pattern is observed for the intercept parameter α1, whose estimator exhibits
a comparatively larger finite-sample bias. This behavior may be attributed, at least in part,
to the fact that the intercept is estimated jointly with the autoregressive, moving-average,
seasonal, and precision components and therefore reflects the cumulative effect of finite-
sample estimation errors in the remaining parameters. Nevertheless, the bias decreases
rapidly as the sample size increases, falling from 0.3652 when n = 100 to 0.0330 when
n = 1000, which provides further evidence of the consistency of the CMLE.
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Table 1. Monte Carlo results for the CMLEs under the BPSARMAµ(1, 1)× (1, 1)12 + ARϕ(2) model:
mean (Mean), standard deviation (SD), bias (Bias), and mean squared error (MSE); first scenario.

n
Parameter

α1 φ1 θ1 Φ1 Θ1 α2 δ1 δ2
0.13 0.65 −0.08 0.95 0.68 3.17 −1.39 −1.20

Mean

100 0.4952 0.6030 −0.1016 0.8284 0.5245 3.1818 −1.3790 −1.1361
200 0.2897 0.6291 −0.0894 0.8922 0.5949 3.1669 −1.3887 −1.1704
500 0.1928 0.6426 −0.0821 0.9262 0.6407 3.1642 −1.3834 −1.1817
1000 0.1630 0.6466 −0.0810 0.9373 0.6579 3.1657 −1.3895 −1.1888

SD

100 0.5007 0.1346 0.1655 0.1407 0.1853 0.1846 0.6467 0.6316
200 0.1894 0.0801 0.1014 0.0639 0.0950 0.1226 0.3908 0.3719
500 0.0687 0.0463 0.0599 0.0252 0.0463 0.0842 0.2259 0.2168
1000 0.0378 0.0321 0.0415 0.0148 0.0298 0.0608 0.1534 0.1502

Bias

100 0.3652 −0.0470 −0.0216 −0.1216 −0.1555 0.0118 0.0110 0.0639
200 0.1597 −0.0209 −0.0094 −0.0578 −0.0851 −0.0031 0.0013 0.0296
500 0.0628 −0.0074 −0.0021 −0.0238 −0.0393 −0.0058 0.0066 0.0183
1000 0.0330 −0.0034 −0.0010 −0.0127 −0.0221 −0.0043 0.0005 0.0112

MSE

100 0.3841 0.0203 0.0279 0.0346 0.0585 0.0342 0.4184 0.4030
200 0.0614 0.0069 0.0104 0.0074 0.0163 0.0150 0.1528 0.1392
500 0.0087 0.0022 0.0036 0.0012 0.0037 0.0071 0.0511 0.0474
1000 0.0025 0.0010 0.0017 0.0004 0.0014 0.0037 0.0235 0.0227

We next present four additional simulation scenarios aimed at evaluating the finite-
sample performance of inference for the parameters indexing the proposed model. For these
additional scenarios, we considered only the sample sizes n ∈ {200, 1000}. These sam-
ple sizes were selected to represent moderate- and large-sample settings, allowing us
to evaluate the rate at which the asymptotic properties of the estimators become ev-
ident. In addition to the point-estimation results, we report the empirical coverage
rates (CRs) of the asymptotic 95% confidence intervals. The adopted specification is
the BPSARMAµ(1, 1)× (0, 1)12 + ARϕ(2) model, under different combinations of the pa-
rameter values Θ1 and δ1, allowing us to investigate distinct levels of seasonal dependence
as well as different dynamic regimes in the variable-precision component. Specifically,
the parameter values were set to α1 = 1.69, φ1 = 0.64, θ1 = −0.21, Θ1 ∈ {−0.46, 0.46},
α2 = 1.84, δ1 ∈ {−0.37,−2.5}, and δ2 = −0.63.

The results for the four additional simulation scenarios are reported in Tables 2–5.
Overall, the point estimators display satisfactory finite-sample performance. In general,
the means of the estimates remain close to the corresponding true parameter values, even
for the smaller sample size (n = 200), indicating relatively small biases. Moreover, these
biases systematically decrease as the sample size increases. A substantial reduction in the
standard deviations is also observed as n increases. For nearly all parameters, the variability
of the estimators when n = 1000 is less than half of that observed for n = 200, reflecting
considerable gains in precision. Consequently, the mean squared errors decrease markedly
across the sample sizes. Taken together, these results indicate that increasing the amount
of sample information contributes simultaneously to reducing both bias and variability,
which is consistent with the asymptotic behavior expected for the CMLEs and provides
favorable empirical support for their use in moderate and large samples.

A comparison across the different simulation scenarios reveals that the estimators
of the parameters associated with the precision dynamics (δ1 and δ2) generally exhibit
the largest standard deviations and mean squared errors, particularly in the scenarios
where |δ1| assumes larger values. This suggests that stronger precision dynamics make the
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estimation of these parameters more challenging in finite samples. Nevertheless, increasing
the sample size leads to a substantial reduction in both estimator variability and mean
squared error, indicating that these effects are progressively mitigated as more information
becomes available.

The coverage rates of the 95% confidence intervals are broadly consistent with the
behavior predicted by the asymptotic theory. For n = 1000, the empirical coverage rates
are very close to the nominal level for all parameters and in all scenarios, generally ranging
between 0.94 and slightly above 0.95. For n = 200, a mild undercoverage is observed
for some parameters, particularly those associated with the conditional mean dynamics,
with coverage rates ranging approximately from 0.92 to 0.94. However, these deviations
from the nominal level are small in magnitude and become progressively less pronounced
as the sample size increases, providing empirical support for the adequacy of the asymptotic
approximations used for interval estimation.

Table 2. Monte Carlo results for the CMLEs under the BPSARMAµ(1, 1)× (0, 1)12 + ARϕ(2) model:
mean (Mean), standard deviation (SD), bias (Bias), mean squared error (MSE), and coverage rate
(CR); second scenario.

n
Parameter

α1 φ1 θ1 Θ1 α2 δ1 δ2
1.69 0.64 −0.21 −0.46 1.84 −0.37 −0.63

Mean 200 1.7749 0.6178 −0.2193 −0.4491 1.8611 −0.3489 −0.6038
1000 1.7027 0.6365 −0.2106 −0.4578 1.8433 −0.3650 −0.6260

SD 200 0.3721 0.0854 0.1095 0.0685 0.1433 0.2892 0.2903
1000 0.1497 0.0341 0.0453 0.0271 0.0600 0.1156 0.1128

Bias 200 0.0849 −0.0222 −0.0093 0.0109 0.0211 0.0211 0.0262
1000 0.0127 −0.0035 −0.0006 0.0022 0.0033 0.0050 0.0040

MSE 200 0.1457 0.0078 0.0121 0.0048 0.0210 0.0841 0.0850
1000 0.0226 0.0012 0.0021 0.0007 0.0036 0.0134 0.0127

CR 200 0.9315 0.9374 0.9233 0.9276 0.9244 0.9557 0.9542
1000 0.9480 0.9492 0.9478 0.9451 0.9506 0.9513 0.9508

Table 3. Monte Carlo results for the CMLEs under the BPSARMAµ(1, 1)× (0, 1)12 + ARϕ(2) model:
mean (Mean), standard deviation (SD), bias (Bias), mean squared error (MSE), and coverage rate
(CR); third scenario.

Parameter

n α1 φ1 θ1 Θ1 α2 δ1 δ2
1.69 0.64 −0.21 0.46 1.84 −0.37 −0.63

Mean 200 1.7954 0.6170 −0.2206 0.4601 1.8577 −0.3486 −0.5930
1000 1.7092 0.6358 −0.2111 0.4593 1.8426 −0.3627 −0.6213

SD 200 0.3814 0.0837 0.1082 0.0653 0.1430 0.2924 0.2857
1000 0.1568 0.0343 0.0451 0.0265 0.0602 0.1156 0.1133

Bias 200 0.1054 −0.0230 −0.0106 0.0001 0.0177 0.0214 0.0370
1000 0.0192 −0.0042 −0.0011 −0.0007 0.0026 0.0073 0.0087

MSE 200 0.1566 0.0075 0.0118 0.0043 0.0208 0.0859 0.0830
1000 0.0250 0.0012 0.0020 0.0007 0.0036 0.0134 0.0129

CR 200 0.9295 0.9436 0.9347 0.9305 0.9221 0.9555 0.9538
1000 0.9471 0.9498 0.9461 0.9333 0.9496 0.9516 0.9502
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Table 4. Monte Carlo results for the CMLEs under the BPSARMAµ(1, 1)× (0, 1)12 + ARϕ(2) model:
mean (Mean), standard deviation (SD), bias (Bias), mean squared error (MSE), and coverage rate
(CR); fourth scenario.

Parameter

n α1 φ1 θ1 Θ1 α2 δ1 δ2
1.69 0.64 −0.21 −0.46 1.84 −2.50 −0.63

Mean 200 1.7439 0.6324 −0.2113 −0.4465 1.8490 −2.5185 −0.6179
1000 1.6974 0.6375 −0.2095 −0.4576 1.8409 −2.5017 −0.6293

SD 200 0.3056 0.0722 0.0776 0.0558 0.1555 0.4423 0.2702
1000 0.1177 0.0275 0.0305 0.0220 0.0638 0.1756 0.1016

Bias 200 0.0539 −0.0167 −0.0013 0.0135 0.0090 −0.0185 0.0121
1000 0.0074 −0.0025 0.0005 0.0024 0.0009 −0.0017 0.0007

MSE 200 0.0963 0.0055 0.0060 0.0033 0.0243 0.1959 0.0732
1000 0.0139 0.0008 0.0009 0.0005 0.0041 0.0308 0.0103

CR 200 0.9184 0.9382 0.9128 0.9287 0.9049 0.9533 0.9541
1000 0.9430 0.9489 0.9471 0.9466 0.9453 0.9497 0.9509

Table 5. Monte Carlo results for the CMLEs under the BPSARMAµ(1, 1)× (0, 1)12 + ARϕ(2) model:
mean (Mean), standard deviation (SD), bias (Bias), mean squared error (MSE) and coverage rate (CR);
fifth scenario.

n
Parameter

α1 φ1 θ1 Θ1 α2 δ1 δ2
1.69 0.64 −0.21 0.46 1.84 −2.50 −0.63

Mean 200 1.7747 0.6214 −0.2107 0.4562 1.8342 −2.4506 −0.5867
1000 1.7037 0.6370 −0.2093 0.4591 1.8382 −2.4839 −0.6200

SD 200 0.3219 0.0713 0.0797 0.0471 0.1634 0.4495 0.2747
1000 0.1243 0.0274 0.0312 0.0184 0.0662 0.1756 0.1002

Bias 200 0.0847 −0.0186 −0.0007 −0.0038 −0.0058 0.0494 0.0433
1000 0.0137 −0.0030 0.0007 −0.0009 −0.0018 0.0161 0.0100

MSE 200 0.1108 0.0054 0.0064 0.0022 0.0267 0.2045 0.0773
1000 0.0156 0.0008 0.0010 0.0003 0.0044 0.0311 0.0101

CR 200 0.9224 0.9338 0.9231 0.9216 0.9160 0.9532 0.9521
1000 0.9425 0.9457 0.9444 0.9408 0.9436 0.9512 0.9508

In summary, the simulation study provides evidence that the conditional maximum
likelihood estimators, both point and interval, perform satisfactorily in finite samples.
The point estimators generally exhibit small biases, decreasing variability as the sample
size increases, and empirical coverage rates close to the nominal level. The results also
reinforce the consistency of the point estimators. Overall, the inferential procedures based
on the asymptotic normal approximation show adequate performance, particularly for
moderate and large sample sizes, yielding confidence intervals with coverage probabilities
compatible with those theoretically expected.

6. Hydro-Environmental Applications and Out-of-Sample Forecasting
In this section, we analyze the monthly mean inflow to the reservoirs of five Brazilian

hydroelectric power plants. The plants were selected so as to represent the five ma-
jor geographic regions of the country: Estreito (North), Sobradinho (Northeast), Manso
(Central-West), Camargos (Southeast), and Itaipu (South). Reservoir inflow corresponds
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to the volume of water entering the reservoir from upstream sources and constitutes a
key indicator for water resource planning and management. Figure 1 presents the time
series plots for the five inflow series: Manso (top panel), Camargos (middle-left panel),
Estreito (middle-right panel), Sobradinho (bottom-left panel), and Itaipu (bottom-right
panel). All series display pronounced seasonal fluctuations. In this context, and with the
aim of improving the efficiency of water resource utilization, the primary objective of this
empirical application is to obtain accurate forecasts of future inflow values.
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Figure 1. Monthly inflow time series for the reservoirs of Manso (top panel), Camargos (middle-
left panel), Estreito (middle-right panel), Sobradinho (bottom-left panel), and Itaipu (bottom-
right panel).

The data were obtained from the Brazilian National Electric System Operator (ONS,
https://www.ons.org.br, accessed on 16 March 2026) and are expressed in cubic meters
per second (m3 s−1). In all five applications, October 2025 was adopted as the cutoff
date. The starting dates vary across reservoirs because, for each case, the longest available
historical series was used so as to maximize the information available for estimation.
The six most recent observations (from May 2025 to October 2025) were removed from
the sample prior to the modeling stage and subsequently used to evaluate the out-of-
sample predictive performance of the competing models. The withheld values are: Manso
{91.6229, 56.7200, 45.3168, 31.6503, 32.9113, 37.5645}; Camargos {63.0226, 58.7770, 44.1452,
36.0968, 36.1980, 33.3113}; Estreito {3024.2884, 2095.7993, 1656.8719, 1544.5168, 1453.4987,
1743.4229}; Sobradinho {692.5806, 516.6667, 485.8065, 434.8387, 458.0000, 469.3548}; and
Itaipu {7066.511, 7084.345, 6073.487, 5890.801, 6760.856, 7012.301}.

Generalized BPSARMA model selection was conducted by considering all combina-
tions of orders p1, q ∈ {0, . . . , 4}, P, Q ∈ {0, 1, 2}, and p2 ∈ {1, . . . , 4}. For all fitted
models, logarithmic link functions were adopted for both the mean and precision submod-
els. In addition, exogenous regressors were incorporated, including harmonic components:
xt = (sin (2πt/12), cos (2πt/12))⊤, for t ∈ {1, . . . , n}. During the modeling process, the in-
clusion of harmonic regressors in the generalized BPSARMA specification improved the
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goodness of fit and enhanced out-of-sample forecasting accuracy. Seasonal dummy variables
were also considered in order to further reinforce the modeling of seasonal fluctuations.

The final model selection was based on the MBIC information criterion, the statistical
significance of the parameters (assessed through z tests), inspection of the autocorrelation
function (ACF) and partial autocorrelation function (PACF) of the residuals, and the Ljung–
Box and Monti Portmanteau tests. Whenever components of the conditional mean or
precision submodel (including regressors and both nonseasonal and seasonal autoregressive
and moving-average terms) were not statistically significant at the 5% level, they were
removed from the specification. When more than one non-significant component was
present, elimination proceeded sequentially in decreasing order of their p-values.

In order to assess out-of-sample predictive performance, in addition to the proposed
model, we also considered the BPSARMA model with fixed precision. We further included
the following competing approaches: the generalized BPARMA model with harmonic
regressors [8], the Gaussian SARIMA model, and the Holt–Winters exponential smoothing
algorithm with both additive and multiplicative seasonality. Analogously to the generalized
BPSARMA specification, the BPSARMA model with fixed precision was fitted including
harmonic regressors and seasonal dummy variables, with model selection based on the
MBIC criterion. The generalized BPARMA model was estimated using the same harmonic
regressors and dummy variables, with specification chosen according to the Bayesian
Information Criterion (BIC). The SARIMA specification was selected using the auto.arima
function from the forecast package in the R statistical computing environment, adopting
the arguments ic = “bic”, d = 0, and allowdrift = FALSE, thereby allowing models
with a linear trend component to be considered. The Holt–Winters method was fitted using
the hw function from the same package.

The competing methods were selected to assess different aspects of the proposed
forecasting framework. The BPSARMA model with fixed precision allows us to isolate the
contribution of dynamically modeling the precision parameter. The generalized BPARMA
model provides a comparison with an existing beta prime-based forecasting approach and
therefore allows us to assess the gains obtained by incorporating dynamic precision and a
richer seasonal structure. The Gaussian SARIMA and Holt–Winters methods were included
for a different purpose. Both are widely used forecasting tools in applied time-series
analysis and are frequently employed through automated specification and forecasting
procedures. Our objective is therefore not to compare the proposed model with fully
customized or manually enhanced versions of all competing approaches (for example,
by augmenting SARIMA specifications with additional exogenous seasonal regressors),
but rather to evaluate whether the additional flexibility of the generalized BPSARMA
framework translates into improved predictive performance relative to forecasting methods
routinely adopted in practice. Taken together, these comparisons allow us to assess the
forecasting performance of the proposed model from two complementary perspectives:
first, relative to closely related beta prime-based alternatives under comparable modeling
structures, and second, relative to widely used benchmark forecasting methodologies, as
they are commonly implemented in practice.

The comparison of the models in the context of out-of-sample forecasting was carried
out using standard predictive accuracy measures, namely the relative root mean squared
error (RRMSE) and the mean absolute relative error (MARE). These measures are defined as

RRMSE =

√√√√1
h

h

∑
j=1

(
Yn+j − µ̂n+j

Yn+j

)2

and MARE =
1
h

h

∑
j=1

∣∣∣∣∣Yn+j − µ̂n+j

Yn+j

∣∣∣∣∣,
for h ∈ {1, 2, . . .}, where µ̂n+j denotes the j-step-ahead forecast of Yn+j.
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6.1. Manso Water Reservoir Inflow

The Manso Hydroelectric Power Plant, located on the Manso River in the state of
Mato Grosso, was built through a partnership between the private sector, represented by
the PROMAN consortium—formed by the companies Odebrecht, Servix, and Pesa—and
FURNAS, a company administered by Eletronorte (Centrais Elétricas do Norte do Brasil
S/A). With an installed capacity of 210 MW, the reservoir covers an area of approximately
427 km2, extending across the municipalities of Chapada dos Guimarães and Nova Brasilân-
dia. In addition to its role in electricity generation, the reservoir plays an important role in
regulating the flood and drought regimes of the Cuiabá River, thereby contributing to the
mitigation of socioeconomic impacts in the region.

Monthly inflow data for the Manso reservoir from January 2001 to October 2025
were considered, yielding an initial sample of n = 298 observations. For the purpose
of evaluating predictive performance, the last six observations were reserved for out-of-
sample validation. Consequently, the sample effectively used for parameter estimation
consists of n = 292 observations.

Table 6 presents descriptive statistics for the time series. The average monthly inflow
to the Manso reservoir during the period under analysis is 154.40 m3 s−1. The smallest
and largest recorded values (24.41 m3 s−1 and 670.21 m3 s−1) occurred in August 2024 and
February 2024, respectively.

Table 6. Descriptive statistics for the Manso reservoir inflow series.

Min. Max. Median Mean Std. Dev. Skewness Kurtosis

24.41 670.21 99.61 154.40 128.97 1.27 3.79

In order to improve the representation of these seasonal fluctuations, we included
an indicator variable for the months from January to April. Specifically, x3t is defined to
take the value 1 for these months and 0 otherwise. The inclusion of this regressor led to
noticeable improvements in model fit.

In addition, the series appears to exhibit a possible change in its mean level over time.
Considering data up to 2014, the average monthly inflow is 170.16 m3 s−1, whereas for
the period beginning in 2015, the mean decreases to 133.05 m3 s−1. To account for this
structural change, we introduced a second indicator variable, denoted by x4t, defined as 1
for the period from January 2001 to December 2014, and 0 for the subsequent period, that
is, from January 2015 to the end of the series.

The selected specification was BPSARMAµ(1, 0)× (2, 0)12 + ARϕ(4), including har-
monic regressors x1t = sin (2πt/12) and x2t = cos (2πt/12), as well as the two dummy
variables described above, x3t and x4t. However, the z tests did not reject the null hypothe-
ses for Φ2, δ3, and δ4 at the 5% level. The corresponding terms were then dropped from
the model.

The inclusion of harmonic regressors and seasonal dummy variables was motivated
by empirical evidence obtained during the model-building process. It is important to
note that the baseline specification already incorporates seasonal dynamics through the
seasonal autoregressive and seasonal moving-average dynamics of the generalized BP-
SARMA model. Therefore, the purpose of introducing harmonic regressors and seasonal
dummy variables was not to create seasonality in the model, but rather to determine
whether additional deterministic seasonal information could further improve model fit and
forecasting performance.

To assess their contribution, we compared three nested specifications sharing the same
dynamic structure. Model 1 included only the seasonal dynamic component. Model 2
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augmented this specification with harmonic regressors, while Model 3 additionally in-
cluded seasonal dummy variables. In each case, non-significant terms were sequentially
removed at the 5% significance level, and the model was subsequently refitted. The MBIC
values of the resulting final models were 2986.9196, 2875.0054, and 2849.7574, respectively.
The correlation between the observed and fitted values increased from 0.7544 in Model 1
to 0.8368 in Model 2 and to 0.8580 in Model 3. These results indicate that the seasonal
dynamic structure alone does not fully capture the seasonal behavior of the series. Har-
monic regressors provide an improvement by representing smooth deterministic seasonal
fluctuations, whereas seasonal dummy variables yield an additional gain by accommo-
dating more localized seasonal effects. Furthermore, the specification combining all three
mechanisms produced fitted values that more accurately reproduced the observed seasonal
peaks. These findings support the view that seasonal dynamic components, harmonic
regressors, and seasonal dummy variables act as complementary rather than competing
tools for modeling seasonality.

As previously explained, at the model selection stage, we considered all combina-
tions with p1, q ∈ {0, . . . , 4}, P, Q ∈ {0, 1, 2}, and p2 ∈ {1, . . . , 4}, yielding a total of
800 candidate specifications. Model comparison was performed using the MBIC criterion.
The five specifications with the lowest MBIC values were BPSARMAµ(1, 0)× (2, 0)12 +

ARϕ(4) (MBIC = 2832.7263), BPSARMAµ(1, 2) × (0, 2)12 + ARϕ(4) (MBIC = 2832.9054),
BPSARMAµ(1, 2)× (0, 2)12 + ARϕ(3) (MBIC = 2833.9145), BPSARMAµ(2, 0)× (2, 0)12 +

ARϕ(4) (MBIC = 2834.0015), and BPSARMAµ(4, 0)× (2, 0)12 +ARϕ(4) (MBIC = 2834.1581).
The MBIC values of the best-performing specifications were very close, indicating
that several model structures provide a comparable fit to the data. Nevertheless,
the BPSARMAµ(1, 0)× (2, 0)12 + ARϕ(4) model achieved the smallest MBIC value and
was therefore selected as the initial specification. Subsequently, statistical significance
was assessed through z tests. The seasonal parameter Φ2 was removed due to lack of
significance (p-value = 0.4034). After refitting the model, the parameters δ4 and δ3 were
sequentially excluded because their corresponding p-values were 0.0705 and 0.0821, re-
spectively. Following this sequential elimination procedure, all remaining parameters were
statistically significant at the 5% level, yielding the final model reported below.

Table 7 reports the parameter estimates, their corresponding standard errors, z statis-
tics, and p-values, together with selected diagnostic measures for the fitted model. The num-
ber of lags (v) used in the Portmanteau tests was set equal to twice the seasonal period.
The null hypothesis of no residual autocorrelation is not rejected by either the Ljung–Box
or the Monti tests at conventional significance levels. In addition, the Jarque–Bera test
for normality applied to the quantile residuals provides no evidence against normality
at the 10% significance level. Overall, these results suggest that there is no indication of
misspecification in the fitted model.

Figure 2 presents diagnostic plots for the fitted generalized BPSARMA model. The up-
per panels display the residual correlogram and partial correlogram. All residual auto-
correlations and partial autocorrelations lie within the 95% asymptotic confidence bands
(horizontal dashed lines), indicating the absence of serial correlation in the residuals and
corroborating the conclusions drawn from the Portmanteau tests. These graphical findings
are in agreement with the Ljung–Box and Monti test results reported in Table 7. Since both
tests are applied to the quantile residuals, the large p-values provide no evidence against
the null hypothesis of residual serial independence.

The bottom-left panel shows the residuals plotted over time. The residuals fluctuate
randomly around zero, with no evidence of systematic patterns. The bottom-right panel
presents the quantile–quantile (Q–Q) plot, where the empirical quantiles of the residuals
are compared with the theoretical quantiles of the normal distribution. The close alignment
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of the points with the reference line suggests that the normal approximation is adequate.
These graphical findings are consistent with the results of the Jarque–Bera normality test.

Table 7. Parameter estimates and diagnostic statistics for the fitted generalized BPSARMA model;
Manso reservoir inflow.

Parameter Estimate Std. Error z Statistic p-Value

α1 2.0796 0.0513 40.5231 <0.0001
φ1 0.4816 0.0390 12.3361 <0.0001
Φ1 0.1160 0.0472 2.4603 0.0139
β1 0.5348 0.0585 9.1405 <0.0001
β2 0.7472 0.0599 12.4750 <0.0001
β3 0.3259 0.0599 5.4373 <0.0001
β4 0.2301 0.1000 2.3020 0.0213
α2 2.8001 0.1958 14.3017 <0.0001
δ1 −0.8461 0.1995 −4.2419 <0.0001
δ2 −0.8900 0.2545 −3.4967 0.0005

MBIC = 2849.7575
Ljung–Box statistic (v = 24): QLB = 16.1940 (p-value = 0.7045)

Monti statistic (v = 24): QM = 18.9020 (p-value = 0.5282)
Jarque–Bera statistic: JB = 3.4234 (p-value = 0.1806)
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Figure 2. Residual autocorrelation function (top-left), residual partial autocorrelation function (top-
right), residuals over time (bottom-left), and normal Q–Q plot of the residuals (bottom-right); fitted
generalized BPSARMA model for the Manso reservoir inflow series.

Overall, both the graphical diagnostics and the statistical tests indicate that the fitted
model provides an adequate description of the data and is therefore suitable for forecasting
purposes. Figure 3 displays the observed time series (gray line) together with the fitted
values obtained from the generalized BPSARMA model (black line). The fitted values
closely track the dynamics of the observed series, indicating good agreement between
observed and model-implied values. For completeness, we also evaluated Pearson-type
standardized residuals. The resulting residual ACF and PACF plots showed no significant
autocorrelations, and the corresponding Ljung–Box and Monti tests led to the same con-
clusions as those obtained from the quantile residuals. The results are therefore omitted
for brevity.
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Figure 3. Observed time series (gray line) and fitted values from the generalized BPSARMA model
(black line); Manso reservoir inflow.

After establishing that the generalized BPSARMA model provides a satisfactory fit
to the time series, we proceed with an initial comparison with the BPSARMA model
with fixed precision, that is, the specification obtained by imposing δ = 0, where 0 de-
notes the p2-dimensional null vector, and by adopting the identity link function for the
precision submodel.

Following the model-building procedure described earlier, an initial specification was
selected based on the MBIC criterion. This yielded the model BPSARMAµ(2, 0)× (1, 0)12

with regressors x1t, x2t, x3t, and x4t. Subsequently, individual z tests were used to assess the
statistical significance of the regression coefficients. The parameters β3 and β4, associated
with x3t and x4t, respectively, were removed because their corresponding p-values exceeded
the 5% significance level. Thus, the final fixed-precision specification retained only the
statistically significant regressors.

Once the fixed-precision benchmark model had been defined, we assessed whether
allowing the precision parameter to vary dynamically led to a statistically significant im-
provement in model fit. For this purpose, we performed a likelihood ratio test comparing
the fixed-precision model and the generalized model with dynamic precision. The null
hypothesis was H0 : δ = 0, corresponding to constant precision, against the alternative
H1 : δ ̸= 0, corresponding to time-varying precision. The resulting p-value was smaller
than 0.0001, providing strong evidence against the fixed-precision assumption and indicat-
ing that modeling the precision dynamically yields a significantly better fit.

In addition, the models were compared using information criteria. The generalized
BPSARMA model yielded MAIC (MBIC) values of 2802.7180 (2843.1620), whereas the fixed-
precision model produced MAIC (MBIC) values of 2898.9717 (2924.7089). Both criteria
therefore favor the model with time-varying precision. Overall, the results provide clear
evidence in favor of a specification with dynamic precision.

The inclusion of the variables zt−k in the precision submodel aims to allow the condi-
tional precision to adapt to the recent relative dynamics of the series. Unlike the previous
formulation, which used only ratios of consecutive observations, the present specification
is based on relative increments, zt−k = (Yt−k − Yt−k−1)/Yt−k−1, thereby distinguishing not
only the magnitude but also the direction of recent changes in the process. This provides
greater interpretability and flexibility, since increases and decreases in the series may have
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asymmetric effects on the local variability. In practical terms, this specification allows the
model to capture situations in which abrupt increases or decreases in the observed process
are associated with distinct levels of uncertainty, leading to a more responsive dynamic
representation of the precision parameter.

With respect to the variables zt−k, k ∈ 1, 2, three situations can be distinguished:
(i) zt−k < 0, which occurs when yt−k < yt−k−1; (ii) zt−k > 0, that is, when yt−k > yt−k−1;
and (iii) zt−k = 0, in which case yt−k = yt−k−1. In light of the estimates of α2, δ1, and δ2

reported in Table 7, it follows that in situation (i), the estimated precision tends to increase,
whereas in situation (ii), it tends to decrease. In other words, when the value of the
series declines (for instance, due to seasonal fluctuations), the estimated precision tends to
increase; conversely, when the series rises, the precision tends to decrease.

To illustrate this behavior, consider observation t = 258, for which the estimated
precision is ϕ̂t = 45.7621. It should be noted that the precision at time t depends on
past information, in this case on the observed values at times 255, 256, and 257, which
are 323.0406, 104.2377, and 52.4281, respectively. Thus, in a decreasing segment of the
series, a relatively large value of the estimated precision is obtained. In contrast, consider
observation t = 182, for which ϕ̂t = 0.3582. The observed values of the series at times 179,
180, and 181 are 90.1160, 85.7374, and 477.9087, respectively. In this case, characterized by
an increasing pattern in the series, the estimated precision is substantially smaller.

The temporal evolution of the estimated precision is displayed in Figure 4. The pattern
is approximately the inverse of that observed in Figure 3, reinforcing the finding that the
precision tends to increase during decreasing segments of the series, whereas it tends to
decline during increasing segments. In Figure 4, the dashed horizontal line represents the
fixed precision estimate from the BPSARMA model with constant precision, equal to 9.2040,
whereas the mean precision obtained from the generalized model is 17.0884. Moreover,
approximately 68% of the precision estimates produced by the generalized model exceed
the fixed precision estimate.

0
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φ^
 t

Figure 4. Estimated conditional precisions from the generalized BPSARMA model (solid line) and
fixed precision estimate from the constant-precision BPSARMA model (dashed horizontal line);
Manso reservoir inflow.

We now turn to the evaluation of out-of-sample forecasts. In addition to the general-
ized BPSARMA model and the BPSARMA model with fixed precision, we also consider the
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generalized BPARMA model with harmonic regressors and dummy variables. Furthermore,
we include as benchmark methods the Gaussian SARIMA model and the Holt–Winters
exponential smoothing algorithm with additive seasonality. The generalized BPARMA
model selected with harmonic regressors and dummy variables was the BPARMA(4, 0)
model. However, the autoregressive terms of orders 2 and 3 were not statistically significant
at the 5% level and were consequently removed from the final specification. The selected
SARIMA specification was the (1, 0, 1)× (1, 1, 1)12 model.

Table 8 reports the forecast accuracy measures for prediction horizons ranging from
one to six steps ahead, with the best results highlighted in bold. Overall, the generalized BP-
SARMA model consistently outperforms the competing models according to both accuracy
measures across all considered horizons. To illustrate this superior performance, consider
the case h = 6. The forecasts generated by the generalized BPSARMA model yield an
RRMSE of 0.3007, which is lower than that of the competing approaches. The second-best
performance is obtained by the generalized BPARMA model, with an RRMSE of 0.4052,
indicating a noticeable loss in predictive accuracy when compared to the proposed model.

Table 8. Out-of-sample forecast accuracy measures for different forecasting horizons; Manso reser-
voir inflow.

h = 1 h = 2 h = 3 h = 4 h = 5 h = 6

RRMSE

Generalized BPSARMA 0.0642 0.0456 0.0761 0.0999 0.1564 0.3007
Generalized BPSARMA fixed prec. 0.2899 0.2803 0.2389 0.3022 0.3815 0.5550
Generalized BPARMA 0.1369 0.1087 0.0964 0.1598 0.2455 0.4052
SARIMA 0.1348 0.2574 0.2904 0.3864 0.4322 0.5520
Holt–Winters additive 0.1020 0.1923 0.1935 0.3023 0.3421 0.4809
Holt-Winters multiplicative 0.0875 0.1535 0.2067 0.3137 0.4543 0.5909

MARE

Generalized BPSARMA 0.0642 0.0354 0.0619 0.0839 0.1246 0.2119
Generalized BPSARMA fixed prec. 0.2899 0.2801 0.2263 0.2799 0.3443 0.4634
Generalized BPARMA 0.1369 0.1034 0.0906 0.1361 0.1981 0.3029
SARIMA 0.1348 0.2364 0.2734 0.3517 0.3974 0.4888
Holt–Winters additive 0.1020 0.1770 0.1833 0.2633 0.3043 0.4029
Holt-Winters multiplicative 0.0875 0.1431 0.1903 0.2715 0.3770 0.4860

As an additional sensitivity analysis, we fitted a SARIMAX specification to the Manso
inflow series using the same harmonic regressors and seasonal dummy variables adopted in
the beta prime-based models. Although the additional regressors were individually significant
at the 5% level according to z tests, the resulting SARIMAX model did not yield empirical
gains over the benchmark SARIMA specification. In particular, the SARIMA model achieved
lower information criteria (AIC = 3194.5660; BIC = 3212.7399) than the SARIMAX model
(AIC = 3322.5551; BIC = 3355.6459), and slightly higher in-sample correlation between
observed and fitted values (0.85 versus 0.84). In the out-of-sample comparison, the SARIMAX
forecasts were more accurate than those of SARIMA only for the horizons h = 1 and h = 2,
while SARIMA outperformed SARIMAX for the remaining forecasting horizons according to
both RRMSE and MARE. These results suggest that the benchmark SARIMA specification
used in this study provides a reasonable practical reference.

To further assess forecasting performance, we conducted a rolling-window evaluation.
The model structures selected in the full-sample analysis were kept fixed throughout this
exercise, and only the model parameters were re-estimated at each forecasting origin. Starting
with the first 263 observations, each model was estimated and used to generate a one-step-
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ahead forecast for the next observation. The estimation sample was then expanded by one
observation, and the procedure was repeated until the first 298 observations had been used
for estimation. This resulted in 36 pseudo-out-of-sample one-step-ahead forecasts for each
competing model, corresponding to the last three seasonal cycles of the series. For brevity,
the Holt–Winters method was not included in this supplementary rolling-window analysis.

Rather than focusing on a particular forecast accuracy measure, we recorded, at each fore-
casting origin, which model produced the smallest absolute prediction error. The generalized
BPSARMA model produced the most accurate one-step-ahead forecast in 75% of the compar-
isons against the BPSARMA model with fixed precision, in 72% of the comparisons against
the generalized BPARMA model, and in 83% of the comparisons against the SARIMA model.
When all four competing models were considered simultaneously, the generalized BPSARMA
model yielded the smallest absolute prediction error in 55% of the forecasting exercises.

These results provide additional evidence that the forecasting gains observed in the
six-step-ahead out-of-sample evaluation reported previously, which was based on forecasts
generated from the end of the series, are not restricted to a single forecasting origin. However,
this rolling-window exercise is intended only as a supplementary robustness check and
has a limited scope, as it is restricted to a single empirical application and one-step-ahead
forecasts. Therefore, it should not be viewed as a replacement for a systematic rolling-window
comparison across all applications and forecast horizons. The main forecasting assessment in
this paper remains the multi-step holdout evaluation conducted for all empirical series.

For the sake of brevity and to avoid repetition, the remaining applications are presented
more concisely, emphasizing the selected specifications and the six-step-ahead out-of-sample
forecasting performance based on the holdout observations at the end of each series.

6.2. Camargos Water Reservoir Inflow

The Camargos Hydroelectric Power Plant is located in the municipality of Itutinga, in the
state of Minas Gerais, Brazil, on the Grande River. The plant began operations in 1960 and was
the first facility integrated into the Furnas system (Furnas Centrais Elétricas S/A). Its installed
capacity is 45 MW. The reservoir covers an area of 73.35 km2 and has a total storage capacity
of 792 million cubic meters of water. In addition to electricity generation, the Camargos plant
plays an important role in regulating river flows, supporting the operation of other facilities
within the Furnas Hydroelectric Complex. It also contributes to the regulation of the water
level of Furnas Lake, helping maintain the operational stability of the Brazilian National
Interconnected Power System and enhancing the reliability of electricity supply.

The Camargos reservoir data series used in this study begins in January 2000 and
comprises n = 310 observations. The last six observations were reserved for forecast
evaluation, leaving n = 304 observations for model estimation. The average monthly
inflow is 104.85 m3 s−1. The minimum value occurred in October 2014, at 22.42 m3 s−1,
whereas the maximum was recorded in January 2011, reaching 522.81 m3 s−1. Higher
inflows typically occur between December and March, reflecting the seasonal pattern of the
series. In 2014, the region experienced a severe drought, during which the lowest value in
the series was recorded; see [30]. To account for this exogenous shock, a dummy variable
was included in the model specification, denoted by x3t, defined as x3t = 1 for observations
in 2014 and x3t = 0 otherwise. Additionally, a seasonal dummy variable, denoted by
x4t, was included to capture the period of lower monthly inflow: specifically, x4t = 1 for
observations corresponding to the months from May to September, and x4t = 0 otherwise.

The selected model was BPSARMAµ(2, 2)× (1, 1)12 + ARϕ(2), which incorporates
harmonic regressors to capture seasonal patterns. However, no clear seasonal behavior was
observed during 2014, a period associated with a severe drought episode. To accommodate
this feature, the harmonic terms were interacted with the indicator function (1 − x3t),
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allowing the seasonal component represented by the harmonic regressors to be effectively
switched off during the drought period. This specification yields the regressors x1t(1 − x3t)

and x2t(1 − x3t). In addition, the model includes the dummy variables x3t and x4t to
account for structural changes related to the drought period and other exogenous influences.
The first-order nonseasonal autoregressive term was removed from the model due to lack
of statistical significance at the 5% level. As before, model adequacy was assessed using the
Ljung–Box and Monti tests. The p-values were 0.5967 and 0.6366, respectively. Hence, there
is no evidence of serial residual correlation. The distributional assumption of the residuals
was evaluated using the Jarque–Bera test based on quantile residuals, which resulted in a
p-value of 0.4162. We thus conclude that there is no evidence against the normality of the
residuals and, consequently, of model misspecification.

For the evaluation of out-of-sample forecasts, we also considered a BPSARMA specification
with fixed precision. The selected specification for the latter was BPSARMAµ(1, 1)× (1, 1)12,
incorporating the regressors x1t, x2t, and x3t. Additionally, a generalized BPARMA model
including harmonic regressors and the dummy variable was fitted, for which the specification
BPARMA(2, 0) was selected. We also considered a SARIMA model of order (0, 0, 1)× (0, 1, 1)12

as a benchmark.
Table 9 reports the forecast accuracy measures for prediction horizons ranging from

one to six steps ahead. According to the RRMSE criterion, the varying-precision BPSARMA
model exhibits superior predictive performance for the horizons h = 1, 3, 4, and 5. In con-
trast, for h = 2 and 6, the Holt–Winters multiplicative method outperforms the competing
models. When the evaluation is based on the MARE metric, the proposed model provides
the best performance for horizons from h = 1 to 5. For h = 6, the Holt–Winters multi-
plicative method achieves the lowest MARE, followed by the varying-precision BPSARMA
model. To illustrate these results, consider the case h = 3. The RRMSE associated with the
forecasts produced by the proposed model is 0.0482. The second- and third-best perfor-
mances are obtained by the Holt–Winters multiplicative method and the SARIMA model,
with RRMSE values of 0.0767 and 0.1386, respectively. These values exceed that of the
proposed model by more than 50%, highlighting its superior predictive accuracy.

Table 9. Out-of-sample forecast accuracy measures for different forecasting horizons; Camargos
reservoir inflow.

h = 1 h = 2 h = 3 h = 4 h = 5 h = 6

RRMSE

Generalized BPSARMA 0.0065 0.0426 0.0482 0.0978 0.1028 0.3448
Generalized BPSARMA fixed prec. 0.8901 0.9153 0.9266 0.9324 0.9352 0.9367
Generalized BPARMA 0.2285 0.1617 0.1497 0.2099 0.2965 0.5401
SARIMA 0.2066 0.1466 0.1386 0.1587 0.1563 0.3187
Holt–Winters additive 0.1571 0.2320 0.2629 0.2885 0.3069 0.2803
Holt–Winters multiplicative 0.0440 0.0415 0.0767 0.1000 0.1082 0.2300

MARE

Generalized BPSARMA 0.0065 0.0332 0.0414 0.0753 0.0844 0.2058
Generalized BPSARMA fixed prec. 0.8901 0.9149 0.9262 0.9321 0.9349 0.9364
Generalized BPARMA 0.2285 0.1182 0.1195 0.1722 0.2404 0.3911
SARIMA 0.2066 0.1124 0.1153 0.1383 0.1399 0.2329
Holt–Winters additive 0.1571 0.2226 0.2536 0.2788 0.2973 0.2519
Holt–Winters multiplicative 0.0440 0.0414 0.0673 0.0879 0.0976 0.1661
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6.3. Estreito Water Reservoir Inflow

The Estreito Hydroelectric Power Plant is located on the Tocantins River, on the border
between the states of Maranhão and Tocantins, encompassing the municipalities of Estreito
(MA), Aguiarnópolis (TO), and Palmeiras do Tocantins (TO). The plant is currently operated
by the Estreito Energia Consortium (CESTE), formed by the companies Engie, Vale, Alcoa,
and InterCement. It has an installed capacity of 1087 MW, a reservoir area of 555 km2, and a
normal upstream water level of 156 m.

For model estimation, the effective sample covers the period from January 2002 to
April 2025. The interval from May to October 2025 was reserved for the evaluation of
out-of-sample forecasts. The average monthly inflow during the observed period was
3238.79 m3 s−1. The series exhibits a range of 13,094.86 m3 s−1, with a minimum value of
762.61 m3 s−1 and a maximum value of 13,857.47 m3 s−1, recorded in September 2016 and
January 2021, respectively. The series displays a well-defined seasonal pattern, with higher
monthly inflow values typically occurring from January to April. To better capture these
seasonal fluctuations, a dummy variable for these months was introduced, denoted by x3t.

The model initially selected was the BPSARMAµ(2, 0)× (2, 1)12 + ARϕ(3) specifica-
tion, incorporating the two harmonic regressors x1t and x2t, as well as the dummy variable
x3t. However, the dynamic terms associated with the parameters φ2 and Φ2 were removed
from the model because they were not statistically significant at the 5% level.

The Ljung–Box and Monti tests yielded p-values of 0.2583 and 0.1337, respectively,
providing no evidence of serial autocorrelation in the residuals. The normality of the
residuals was evaluated using the Jarque–Bera test, which produced a p-value of 0.7158.
Taken together, these results indicate no evidence of misspecification in the fitted model.

For the evaluation of out-of-sample forecasts, alternative models were considered in
addition to the proposed specification. First, a BPSARMA model with fixed precision was
fitted, for which the selected specification was BPSARMAµ(1, 2)× (1, 2)12, also incorpo-
rating harmonic regressors and the dummy variable. In addition, a generalized BPARMA
model of order (1, 4) was estimated, likewise including these regressors. The SARIMA
model selected for comparison was (1, 0, 0)× (2, 1, 0)12.

Table 10 reports the forecast accuracy measures for prediction horizons ranging from
one to six steps ahead. According to all the metrics considered, the BPSARMA model with
varying precision exhibits superior predictive performance for the horizons h = 1, 2, 5, and
6. For the horizons h = 3 and 4, the additive Holt–Winters method provides the most
accurate forecasts, followed by the BPSARMA model with varying precision.

Table 10. Out-of-sample forecast accuracy measures for different forecasting horizons; Estreito
reservoir inflow.

h = 1 h = 2 h = 3 h = 4 h = 5 h = 6

RRMSE

Generalized BPSARMA 0.0589 0.0425 0.0521 0.0765 0.0690 0.0671
Generalized BPSARMA fixed prec. 0.1132 0.1889 0.1979 0.1997 0.1794 0.1743
Generalized BPARMA 0.0869 0.0647 0.0865 0.1150 0.1104 0.1050
SARIMA 0.0950 0.0754 0.0868 0.1054 0.0944 0.1159
Holt–Winters additive 0.0650 0.0472 0.0431 0.0384 0.0839 0.0824
Holt–Winters multiplicative 0.1052 0.1346 0.1100 0.1580 0.1414 0.1302

MARE

Generalized BPSARMA 0.0589 0.0354 0.0460 0.0654 0.0562 0.0563
Generalized BPSARMA fixed prec. 0.1132 0.1776 0.1900 0.1938 0.1623 0.1596
Generalized BPARMA 0.0869 0.0579 0.0781 0.1022 0.0997 0.0951
SARIMA 0.0950 0.0717 0.0832 0.0993 0.0813 0.0994
Holt–Winters additive 0.0650 0.0400 0.0378 0.0329 0.0605 0.0628
Holt–Winters multiplicative 0.1052 0.1319 0.0897 0.1304 0.1060 0.0952
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6.4. Sobradinho Water Reservoir Inflow

The Sobradinho reservoir is located in the state of Bahia, on the São Francisco River.
It extends for approximately 320 km and has a water surface area of about 4214 km2. Its
storage capacity reaches 34.1 billion cubic meters when the water level is at 392.5 m, making
it one of the largest artificial lakes in the world. The hydroelectric plant associated with
the reservoir has an installed capacity of 1050.3 MW. The reservoir is currently operated by
Companhia Hidro Elétrica do São Francisco (CHESF).

The time series of inflow to the Sobradinho reservoir spans the period from January
2000 to October 2025. For modeling purposes, the effective sample considered extends
up to April 2025, totaling n = 304 monthly observations. The mean inflow during the
analyzed period was 1585.87 m3 s−1, with a minimum value of 234.19 m3 s−1, observed in
October 2014, and a maximum value of 6352.29 m3 s−1, recorded in March 2007.

An exploratory inspection of the series suggests a possible level shift between 2013
and 2020, reflected in changes in both the mean level and the variability of the inflow.
In particular, during this interval, there is a noticeable reduction in the magnitude of peak
inflows, along with a greater concentration of observations at lower levels compared with
the preceding and subsequent periods. This behavior may be associated with hydrological,
climatic, or operational factors that temporarily affected the dynamics of the series. To ac-
count for this feature, the indicator variable x3t was included in the model specification.
This variable takes the value 1 for the period from 2013 to 2020 and 0 otherwise, allowing
the model to explicitly capture this temporary effect.

We selected the model BPSARMAµ(1, 0)× (1, 1)12 +ARϕ(3), which includes harmonic
regressors (x1t and x2t) together with the indicator variable x3t. The p-values of the Ljung–
Box and Monti tests were 0.5565 and 0.2580, respectively, providing no statistical evidence
of residual serial autocorrelation.

Regarding the normality of the residuals, the Jarque–Bera test rejected the null hy-
pothesis of normality at the 5% significance level. An inspection of the quantile residuals
revealed that the departure from normality is primarily driven by three observations with
unusually large absolute residuals. These residuals are associated with abrupt and atypical
fluctuations in the inflow series rather than with systematic patterns affecting a broader
portion of the sample. In particular, the two largest absolute residuals occurred during
periods in which the series would typically exhibit increasing inflow levels; however,
in October 2014 and December 2023, the inflow dropped by more than 30% relative to the
previous month. Likewise, the third largest residual occurred in May 2024, when the inflow
decreased by more than 70% compared with the previous month. Such abrupt changes are
highly unusual in the context of the observed hydrological dynamics. Importantly, despite
this departure from normality, the residual ACF and PACF plots do not indicate serial
dependence, and both the Ljung–Box and Monti tests fail to reject the null hypothesis of
residual independence. Therefore, the available diagnostic evidence suggests that the fitted
model adequately captures the dynamic dependence structure of the series, although a few
extreme observations generate heavier tails than those expected under the assumed model.

As before, competing models were also considered. First, a BPSARMA model with a
constant precision parameter was fitted. The selected specification was BPSARMAµ(1, 2)×
(1, 2)12, including the harmonic regressors x1t and x2t as well as the seasonal dummy
variable. In addition, a generalized BPARMA model incorporating the same harmonic
regressors and dummy variable was estimated, yielding the specification BPARMA(2, 3).
As a classical time series benchmark, a SARIMA model of order (2, 0, 0)× (0, 1, 1)12 was
also fitted.
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Table 11 reports the forecast accuracy measures for horizons ranging from one to six
steps ahead. According to both the RRMSE and MARE metrics, the proposed model yields
more accurate forecasts than the competing models across all forecast horizons considered.

Table 11. Out-of-sample forecast accuracy measures for different forecasting horizons; Sobradinho
reservoir inflow.

h = 1 h = 2 h = 3 h = 4 h = 5 h = 6

RRMSE

Generalized BPSARMA 0.0905 0.0685 0.0565 0.0982 0.1182 0.1969
Generalized BPSARMA fixed prec. 0.0952 0.0940 0.0853 0.1449 0.1934 0.3072
Generalized BPARMA 0.3639 0.3376 0.2876 0.2589 0.2548 0.3133
SARIMA 0.2032 0.1441 0.1394 0.2074 0.2202 0.2463
Holt–Winters additive 1.2575 1.6198 1.8455 2.0193 2.1079 2.1265
Holt–Winters multiplicative 0.3243 0.3247 0.3425 0.3371 0.3461 0.3404

MARE

Generalized BPSARMA 0.0905 0.0625 0.0463 0.0773 0.0972 0.1482
Generalized BPSARMA fixed prec. 0.0952 0.0940 0.0841 0.1254 0.1645 0.2397
Generalized BPARMA 0.3639 0.3365 0.2716 0.2391 0.2388 0.2847
SARIMA 0.2032 0.1095 0.1161 0.1714 0.1902 0.2166
Holt–Winters additive 1.2575 1.5861 1.8006 1.9675 2.0600 2.0863
Holt–Winters multiplicative 0.3243 0.3247 0.3417 0.3364 0.3451 0.3392

6.5. Itaipu Water Reservoir Inflow

The Itaipu reservoir extends for approximately 170 km along the Paraná River, located
in the state of Paraná, Brazil. It has an inundated area of about 1350 km2 and a storage
capacity of approximately 29 billion cubic meters. Its energy production index is estimated
at 10.4 MW km−2. Consequently, the Itaipu reservoir constitutes a strategic asset not only
for electricity generation but also for maintaining ecological balance and supporting the
economic development of the surrounding region. In this context, continuous monitoring
of the reservoir is essential to ensure both the structural integrity of the dam and the
environmental preservation of its surroundings.

The inflow series for the Itaipu reservoir was observed from January 2000 onward,
yielding an effective sample of n = 304 observations. The mean monthly inflow was
10,405.97 m3 s−1. The smallest value recorded was 4688.48 m3 s−1 in July 2021, whereas the
largest occurred in January 2010, reaching 22,356.95 m3 s−1.

Visible structural changes can be identified in the behavior of the inflow over time,
indicating the presence of distinct regimes. In particular, the initial portion of the sample is
characterized by a higher mean level and a greater occurrence of extreme peaks, whereas
later periods exhibit a reduction in the mean level together with changes in variability.
To account for these features, we include two indicator variables in the model.

The first variable, x3t, is defined as x3t = 1 during the first 19 years of the sample
(2000–2018) and x3t = 0 thereafter, with the aim of capturing the initial regime characterized
by higher mean inflow levels. The second variable, x4t, is defined as x4t = 1 from 2023
onward and x4t = 0 in the preceding periods in order to capture a possible more recent
regime associated with additional changes in both the level and the variability of the
series. The inclusion of these variables allows regime shifts to be modeled explicitly.
Moreover, these dummies contribute to improving model fit and predictive accuracy by
accommodating long-run variations that are not captured solely by the autoregressive,
seasonal, and harmonic components. When generating out-of-sample forecasts, we set

https://doi.org/10.3390/forecast8040053

https://doi.org/10.3390/forecast8040053


Forecasting 2026, 8, 53 31 of 37

x3t = 0 and x4t = 1, thereby assuming that the most recent regime of the series persists
beyond the sample period.

We selected the model BPSARMAµ(1, 0)× (2, 0)12 + ARϕ(2), incorporating the har-
monic regressors, x1t and x2t, as well as the indicator variables x3t and x4t. However,
the seasonal autoregressive component of order one was not statistically significant at the
5% level and was therefore removed from the model. A diagnostic analysis was conducted
to assess the adequacy of the specification. The p-values of the Ljung–Box and Monti
tests were 0.8049 and 0.7424, respectively, indicating no evidence of serial correlation in
the residuals.

As in the modeling of the Sobradinho series presented in Section 6.4, the normality
of the residuals was initially rejected by the Jarque–Bera test at the 5% significance level.
Nevertheless, the residual diagnostics indicated no evidence of remaining serial depen-
dence, with the Portmanteau Ljung–Box and Monti tests yielding p-values of 0.8049 and
0.7424, respectively. A more detailed inspection revealed that two residuals with relatively
large absolute values were exerting a substantial influence on the outcome of the normality
test. These points are associated with atypical and abrupt fluctuations in the time series.
Specifically, they occur during periods of declining inflow; however, in June 2013 and July
2015, the inflow increased by more than 40% relative to the immediately preceding month,
representing unusually sharp reversals in the local behavior of the series.

In the out-of-sample forecasting evaluation, we also considered a BPSARMA model
with fixed precision. In this case, the selected specification was BPSARMAµ(1, 0)× (1, 1)12,
including the two harmonic regressors and the indicator variables x3t and x4t. Keeping
the same set of harmonic regressors and dummy variables, we also fitted a generalized
BPARMA model, for which the selected specification was BPARMA(4, 1). Additionally,
a SARIMA model of order (1, 1, 1)× (0, 0, 2)12 was fitted to the data.

Table 12 presents the out-of-sample forecast accuracy measures for horizons ranging
from one to six steps ahead. Considering all evaluation metrics jointly, the proposed model
exhibits superior predictive performance for horizons from three to six steps ahead, consis-
tently yielding the lowest values among the models considered. For the one-step-ahead
horizon, the BPSARMA model with fixed precision shows the best predictive performance.
In contrast, for the two-step-ahead horizon, the SARIMA model achieves relatively better
performance compared with the other models analyzed.

Table 12. Measures of forecast accuracy for different forecast horizons; Itaipu reservoir inflow.

h = 1 h = 2 h = 3 h = 4 h = 5 h = 6

RRMSE

Generalized BPSARMA 0.0382 0.0695 0.0593 0.0646 0.0584 0.0536
Generalized BPSARMA fixed prec. 0.0097 0.0337 0.1220 0.1950 0.2029 0.2216
Generalized BPARMA 0.0276 0.0201 0.0879 0.1266 0.1212 0.1222
SARIMA 0.0153 0.0164 0.1151 0.1650 0.1561 0.1482
Holt–Winters additive 0.1196 0.0961 0.0793 0.0698 0.0784 0.0723
Holt–Winters multiplicative 0.0441 0.0336 0.0697 0.1126 0.1043 0.1097

MARE

Generalized BPSARMA 0.0382 0.0644 0.0540 0.0595 0.0513 0.0447
Generalized BPSARMA fixed prec. 0.0097 0.0282 0.0815 0.1371 0.1565 0.1814
Generalized BPARMA 0.0276 0.0172 0.0570 0.0897 0.0912 0.0975
SARIMA 0.0153 0.0164 0.0709 0.1143 0.1141 0.1116
Holt–Winters additive 0.1196 0.0920 0.0705 0.0600 0.0695 0.0617
Holt–Winters multiplicative 0.0441 0.0309 0.0549 0.0854 0.0804 0.0897
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7. Final Remarks
This article develops a flexible modeling framework for positive-valued time series

exhibiting pronounced seasonal behavior. The proposed specification extends the gen-
eralized BPARMA class by incorporating seasonal autoregressive and moving-average
dynamics in the conditional mean structure while allowing for a richer dynamic specifica-
tion in the precision submodel. In particular, the precision parameter is permitted to follow
autoregressive dynamics of arbitrary order, which enhances the model’s ability to capture
persistence in conditional variability. The specification also accommodates the inclusion of
exogenous regressors, harmonic terms, and seasonal indicator variables, providing multiple
mechanisms for representing seasonal patterns.

Inference is conducted by conditional maximum likelihood estimation. Analytical
expressions for the conditional score vector and the conditional Fisher information matrix
are derived, which simplifies numerical implementation and facilitates standard likelihood-
based inference. Diagnostic tools are also discussed to support model checking and ade-
quacy assessment. A Monte Carlo simulation study investigates the finite-sample behavior
of the estimators and indicates satisfactory performance in sample sizes typically encoun-
tered in applied work.

The empirical analysis examines five hydro-environmental time series corresponding
to the monthly inflows of reservoirs associated with hydroelectric power plants located in
the five geographic regions of Brazil. These series provide a demanding empirical setting
due to their pronounced seasonal patterns and the heterogeneity arising from the country’s
diverse climatic regimes. In the empirical applications, seasonality is represented through a
combination of seasonal dynamics, harmonic components, and seasonal indicator variables.
This integrated specification proves effective in capturing the complex seasonal structures
present in the data.

Forecasts generated by the proposed model are evaluated against those obtained
from several alternative approaches, including the BPARMA model with fixed precision,
the generalized BPARMA model, a Gaussian SARIMA specification, and the Holt–Winters
exponential smoothing method. Across the series analyzed, the proposed model typically
achieves superior predictive accuracy, highlighting the benefits of jointly modeling seasonal
dynamics and time-varying precision within the beta prime framework.

Overall, the results suggest that the proposed model constitutes a useful tool for the
analysis and forecasting of positive seasonal time series. In the context of hydroelectric
systems, accurate modeling and forecasting of reservoir inflows are essential for operational
planning and water resource management. More broadly, the modeling framework intro-
duced here may be applied to a wide range of environmental, hydrological, and economic
time series characterized by positive support and strong seasonal variation.
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Abbreviations
The following abbreviations are used in this manuscript:

BIC Bayesian Information Criterion
βARMA Beta Autoregressive Moving Average
βSARMA Beta Seasonal Autoregressive Moving Average
BPARMA Beta Prime Autoregressive Moving Average
BPSARMA Seasonal Beta Prime Autoregressive Moving Average
CMLE Conditional Maximum Likelihood Estimador
MAIC Modified Akaike Information Criterion
MBIC Modified Bayesian Information Criterion
MARE Mean Absolute Relative Error

MKSARMAX
Modified Kumaraswamy Seasonal Autoregressive Moving Average with
Exogenous Regressors

MSE Mean Squared Error
RRMSE Relative Root Mean Squared Error
SARIMA Seasonal Autoregressive Moving Average
SD Standard Deviation

Appendix A
We now present the quantities required to obtain the conditional score vector. To com-

pute the first derivative of the conditional log-likelihood with respect to the ith element of
γ1, with i ∈ {1, . . . , p1 + q + P + Q + ν + 1}, the chain rule is used. We have that

∂ℓ

∂γ1i
=

n

∑
t=m+1

∂ℓt(µt, ϕt)

∂µt

dµt

dη1t

∂η1t
∂γ1i

,

where
∂ℓt(µt, ϕt)

∂µt
= (1 + ϕt)(Y∗

t − µ∗
t ) =: κ1t (A1)

and
dµt

dη1t
=

1
g′1(µt)

.

Here, Y∗
t := log(Yt/(1 + Yt)) and µ∗

t := ψ(at) − ψ(at + bt), with at := µt(1 + ϕt) and
bt := ϕt + 2, and ψ(·) denotes the digamma function. Recall that g1(µt) = η1t. Therefore,

∂ℓ

∂γ1i
=

n

∑
t=m+1

κ1t
g′1(µt)

∂η1t
∂γ1i

.

We next obtain closed-form expressions for the derivatives of η1t with respect to each
component of the parameter vector γ1. These derivatives have a recursive structure and
are given by
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∂η1t
∂α1

= 1 +
q

∑
j=1

θj
∂η1t−j

∂α1
+

Q

∑
J=1

ΘJ
∂η1t−JS

∂α1
−

q

∑
j=1

Q

∑
J=1

θjΘJ
∂η1t−(j+JS)

∂α1
,

∂η1t
∂βc

= xtc −
p1

∑
i=1

φix(t−i)c −
P

∑
I=1

ΦI x(t−IS)c +
p1

∑
i=1

P

∑
I=1

φiΦI x[t−(i+IS)]c

+
q

∑
j=1

θj
∂η1t−j

∂βc
+

Q

∑
J=1

ΘJ
∂η1t−JS

∂βc
−

q

∑
j=1

Q

∑
J=1

θjΘJ
∂η1t−(j+JS)

∂βc
,

∂η1t
∂φi

= g1(Yt−i)− x⊤t−iβ −
P

∑
I=1

ΦI [g1(Yt−(i+IS))− x⊤t−(i+IS)β] +
q

∑
j=1

θj
∂η1t−j

∂φi

+
Q

∑
J=1

ΘJ
∂η1t−JS

∂φi
−

q

∑
j=1

Q

∑
J=1

θjΘJ
∂η1t−(j+JS)

∂φi
,

∂η1t
∂θj

= − rt−j +
Q

∑
J=1

ΘJrt−(j+JS) +
q

∑
j=1

θj
∂η1t−j

∂θj
+

Q

∑
J=1

ΘJ
∂η1t−JS

∂θj

−
q

∑
j=1

Q

∑
J=1

θjΘJ
∂η1t−(j+JS)

∂θj
,

∂η1t
∂ΦI

= g1(Yt−IS)− x⊤t−ISβ −
p1

∑
i=1

φi[g1(Yt−(i+IS))− x⊤t−(i+IS)β] +
q

∑
j=1

θj
∂η1t−j

∂ΦI

+
Q

∑
J=1

ΘJ
∂η1t−JS

∂ΦI
−

q

∑
j=1

Q

∑
J=1

θjΘJ
∂η1t−(j+JS)

∂ΦI
,

∂η1t
∂ΘJ

= − rt−JS +
q

∑
j=1

θjrt−(j+JS) +
q

∑
j=1

θj
∂η1t−j

∂ΘJ
+

Q

∑
J=1

ΘJ
∂η1t−JS

∂ΘJ

−
q

∑
j=1

Q

∑
J=1

θjΘJ
∂η1t−(j+JS)

∂ΘJ
,

for c ∈ {1, . . . , l}, i ∈ {1, . . . , p1}, j ∈ {1, . . . , q}, I ∈ {1, . . . , P}, and J ∈ {1, . . . , Q}.
In the absence of moving average components, whether seasonal or nonseasonal,

the quantity η1t and its partial derivatives can be evaluated directly, without the need
for recursion.

Next, we obtain a closed-form expression for the derivative of the conditional log-
likelihood function with respect to the i-th element of the parameter vector γ2, with
i ∈ {1, . . . , p2 + 1}. We have that

∂ℓ

∂γ2
=

n

∑
t=m+1

∂ℓt(µt, ϕt)

∂ϕt

dϕt

dη2t

∂η2t

∂γ2
,

where
∂ℓt(µt, ϕt)

∂ϕt
= Y†

t − µ†
t =: κ2t (A2)

and
dϕt

dη2t
=

1
g′2(ϕt)

.

Here, Y†
t := µt log(Yt) − (1 + µt) log(1 + Yt) e µ†

t := µt(µ∗
t − ∆t/µt), with ∆t := ψ(at +

bt − ψ(bt). Recall that g2(ϕt) = η2t and, hence,
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∂ℓ

∂γ2
=

n

∑
t=m+1

κ2t

g′2(ϕt)

∂η2t

∂γ2
.

The derivatives of η2t with respect to the components of γ2 are

∂η2t

∂α2
= 1 and

∂η2t

∂δk
= zt−k.

Next, we present the quantities required to obtain the conditional information matrix.
The second derivatives of the conditional log-likelihood function, for i, j ∈ {1, . . . , w}, are

∂2ℓt(µt, ϕt)

∂γ1i∂γ1j
=

n

∑
t=m+1

∂

∂µt

(
∂ℓt(µt, ϕt)

∂µt

dµt

dη1t

∂η1t
∂γ1j

)
dµt

dη1t

∂η1t
∂γ1i

=
n

∑
t=m+1

∂2ℓt(µt, ϕt)

∂µ2
t

dµt

dη1t

∂η1t
∂γ1j

+
∂ℓt(µt, ϕt)

∂µt

∂

∂µt

(
dµt

dη1t

∂η1t
∂γ1j

)
dµt

dη1t

∂η1t
∂γ1i

,

∂2ℓt(µt, ϕt)

∂γ2i∂γ2j
=

n

∑
t=m+1

∂

∂ϕt

(
∂ℓt(µt, ϕt)

∂ϕt

dϕt

dη2t

∂η2t

∂γ2j

)
dϕt

dη2t

∂η2t

∂γ2i

=
n

∑
t=m+1

∂2ℓt(µt, ϕt)

∂ϕ2
t

dϕt

dη2t

∂η2t

∂γ2j
+

∂ℓt(µt, ϕt)

∂ϕt

∂

∂ϕt

(
dϕt

dη2t

∂η2t

∂γ2j

)
dϕt

dη2t

∂η2t

∂γ2i
,

and

∂2ℓt(µt, ϕt)

∂γ1i∂γ2j
=

n

∑
t=m+1

∂

∂ϕt

(
∂ℓt(µt, ϕt)

∂µt

dµt

dη1t

∂η1t
∂γ2j

)
dϕt

dη2t

∂η2t

∂γ1i

=
n

∑
t=m+1

∂2ℓt(µt, ϕt)

∂ϕt∂µt

dµt

dη1t

∂η1t
∂γ2j

+
∂ℓt(µt, ϕt)

∂µt

∂

∂ϕt

(
dµt

dη1t

∂η1t
∂γ2j

)
dϕt

dη2t

∂η2t

∂γ1i
.

Under the usual regularity conditions, it holds that E(∂ℓt(µt, ϕt)/∂µt | Ft−1) = 0
and E(∂ℓt(µt, ϕt)/∂ϕt | Ft−1) = 0. This follows from the fact that the conditional expecta-
tions of Equations (A1) and (A2), given Ft−1, are equal to µ∗

t and µ†
t , respectively, almost

surely. Therefore,

E

(
∂2ℓt(µt, ϕt)

∂γ1i∂γ1j

∣∣∣Ft−1

)
=

n

∑
t=m+1

[
E

(
∂2ℓt(µt, ϕt)

∂µ2
t

∣∣∣Ft−1

)](
dµt

dη1t

)2 ∂η1t
∂γ1j

∂η1t
∂γ1i

, (A3)

E

(
∂2ℓt(µt, ϕt)

∂γ2i∂γ2j

∣∣∣Ft−1

)
=

n

∑
t=m+1

[
E

(
∂2ℓt(µt, ϕt)

∂ϕ2
t

∣∣∣Ft−1

)](
dϕt

dη2t

)2 ∂η2t

∂γ2j

∂η2t

∂γ2i
, (A4)

and

E

(
∂2ℓt(µt, ϕt)

∂γ1i∂γ2j

∣∣∣Ft−1

)
=

n

∑
t=m+1

[
E

(
∂2ℓt(µt, ϕt)

∂ϕt∂µt

∣∣∣Ft−1

)](
dµt

dη1t

)(
dϕt

dη2t

)
∂η1t
∂γ2j

∂η2t

∂γ1i
. (A5)

Taking the second derivatives of (A1) and (A2) with respect to µt and ϕt, respectively,
we obtain

∂2ℓt(µt, ϕt)

∂µ2
t

= −(1 + ϕt)
2[ψ′(at)− ψ′(at + bt)

]
=: λ1t (A6)
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and
∂2ℓt(µt, ϕt)

∂ϕ2
t

= −µ2
t ψ′(at) + (1 + µt)

2ψ′(at + bt)− ψ′(bt) =: λ2t, (A7)

where ψ′(·) denotes the trigamma function. Plugging (A6) into (A3) and (A7) into (A4), we
obtain, respectively,

E

(
∂2ℓt(µt, ϕt)

∂γ1i∂γ1j

∣∣∣Ft−1

)
= −

n

∑
t=m+1

λ1t

(g′1(µt))2
∂η1t
∂γ1j

∂η1t
∂γ1i

and

E

(
∂2ℓt(µt, ϕt)

∂γ2i∂γ2j

∣∣∣Ft−1

)
= −

n

∑
t=m+1

λ2t

(g′2(ϕt))2
∂η2t

∂γ2j

∂η2t

∂γ2i
.

The cross-derivative is obtained by differentiating (A1) with respect to ϕt:

∂2ℓt(µt, ϕt)

∂ϕt∂µt
= Y∗

t − µ∗
t + (1 + ϕt){ψ′(at + bt) + µt[ψ

′(at + bt)− ψ′(at)]} =: λ3t. (A8)

As noted earlier, E(Yt | Ft−1) = µt almost surely. Plugging (A8) into (A5), we arrive at

E

(
∂2ℓt(µt, ϕt)

∂γ1i∂γ2j

∣∣∣Ft−1

)
=

n

∑
t=m+1

λ3t

g′1(µt)g′2(ϕt)

∂η2t

∂γ2j

∂η1t
∂γ1i

.
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