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Highlights

What are the main findings?

• A Bayesian Markov switching autoregressive model with time-varying parameters
(Bayesian MSAR-TVP) is proposed for forecasting nonlinear time series data with
stochastic structural variations.

• The Bayesian MSAR-TVP model outperforms the Classical MSAR, Classical MSAR-
TVP, and Bayesian AR-TVP models in forecasting U.S. real GNP, particularly in han-
dling complex datasets and out-of-sample forecasting.

What are the implications of the main findings?

• The proposed model addresses parameter uncertainty and adapts dynamically to
regime shifts, enhancing the accuracy and reliability of economic forecasting.

• Its ability to capture economic volatility and structural breaks makes it an important
tool for policy formulation and long-term economic predictions.

Abstract

This research tackles the challenge of forecasting nonlinear time series data with stochas-
tic structural variations by proposing the Markov switching autoregressive model with
time-varying parameters (MSAR-TVP). Although effective in modeling dynamic regime
transitions, the Classical MSAR-TVP faces challenges with complex datasets. To address
these issues, a Bayesian MSAR-TVP framework was developed, incorporating flexible
parameters that adapt dynamically across regimes. The model was tested on two periods
of U.S. real GNP data: a historically stable segment (1952–1986) and a more complex,
modern segment that includes more economic volatility (1947–2024). The Bayesian MSAR-
TVP demonstrated superior performance in handling complex datasets, particularly in
out-of-sample forecasting, outperforming the Bayesian AR-TVP, Classical MSAR-TVP, and
Classical MSAR models, as evaluated by mean absolute percentage error (MAPE) and mean
absolute error (MAE). For in-sample data, the Classical MSAR-TVP retained its stability
advantage. These findings highlight the Bayesian MSAR-TVP’s ability to address parame-
ter uncertainty and adapt to data fluctuations, making it highly effective for forecasting
dynamic economic cycles. Additionally, the two-year forecast underscores its practical
utility in predicting economic cycles, suggesting continued expansion. This reinforces the
model’s significance for economic forecasting and strategic policy formulation.
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1. Introduction
Economic time series modeling has long been central to research on structural changes,

nonlinearity, and non-stationarity, which are frequently encountered in economic data. A
significant challenge in analyzing time series data is addressing the complexity arising
from stochastic structural shifts. These stochastic structural changes refer to shifts in data
patterns that may result from changes in economic policies, market dynamics, or global
events. Nonlinear time series data are characterized by irregular patterns or behaviors
that do not follow a simple linear relationship. This means the relationships between the
variables fluctuate and evolve over time. Structural changes refer to shifts in the underly-
ing patterns within the time series data. Linear approaches, including the autoregressive
integrated moving average (ARIMA) model, frequently fall short in representing these
nonlinear behaviors effectively [1,2]. As a result, the development of time series models
has focused on capturing these nonlinearities and accounting for structural shifts in the
data. To address these challenges, more sophisticated methods, such as Markov switching
autoregressive (MSAR) models and those incorporating time-varying parameters (TVP),
have been introduced. MSAR models, which capture transitions between different regimes
based on an unobserved latent variable, have been applied to various domains, including
real gross national product (GNP), stock market returns, equity prices, currency exchange
rates, and inflation metrics [3–6]. The TVP model offers a key advantage by dynamically
updating parameters to adapt to changing data relationships. Unlike fixed-parameter mod-
els, it adjusts in real-time, making it better suited for forecasting in dynamic environments.
This continuous updating enables the model to handle shifting regimes without the need
for recalibration at each stage, ensuring more accurate and timely predictions, especially in
data with rapid structural changes [7,8].

The MSAR model, first introduced by Hamilton [3], is a widely used approach for
capturing transitions between different economic regimes, such as phases of expansion
and recession. This model assumes that variations in data patterns are governed by an
unobserved latent variable representing the regime. By segmenting the data into distinct
regimes, where each segment adheres to its unique autoregressive (AR) process, the MSAR
framework effectively captures shifts between regimes. However, despite its effectiveness,
the Classical MSAR model exhibits limitations in parameter flexibility, particularly when
data exhibit gradual parameter changes within each regime [9].

GNP and gross domestic product (GDP) are both key economic indicators that mea-
sure overall economic activity. While GDP refers to the total value of goods and services
produced within a country’s borders, GNP includes net income from abroad, making it a
broader measure of national economic performance. Despite the shift in preference toward
GDP in recent decades, U.S. real GNP data has been extensively studied in time series
modeling due to its characteristics, including nonlinearity, structural changes, and complex
regime dynamics. Hamilton [3] pioneered the application of the MSAR model to analyze
business cycles and transitions between expansion and recession regimes. Subsequent
studies by Lam [10] generalized Hamilton’s framework by relaxing the unit-root restric-
tion in the autoregressive component, enabling the model to capture more flexible regime
dynamics. Kim [11] further refined the model by introducing a state-space approach that
integrated a general autoregressive component, enabling more flexible parameter estima-
tion. On the other hand, Cai [12] utilized the quantile self-exciting threshold autoregressive
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(QSETAR) model to capture more specific nonlinear patterns in GNP data. More recently,
Doornik [9] proposed the Markov switching component model, which provides a more
nuanced structural representation of temporal variations. These studies highlight the
importance of U.S. real GNP as a standard reference dataset for assessing the performance
of different time series models, especially those designed to handle structural shifts.

To overcome the limitations of the traditional MSAR model and further investigate
the modeling of U.S. real GNP data, the Markov switching autoregressive model with
time-varying parameters (MSAR-TVP) was introduced in a previous study [13]. This model
extends the MSAR framework by incorporating time-varying parameters, enabling greater
flexibility in capturing structural shifts [11,14]. The MSAR-TVP model has demonstrated
effectiveness not only in monitoring dynamic processes but also in delivering reliable
forecasting results. In prior research, parameters were estimated conventionally using
maximum likelihood estimation (MLE) alongside the Kim filter—a method combining the
Kalman filter, Hamilton filter, and Kim collapsing—while optimization was performed
via the Nelder–Mead algorithm. For the purposes of this study, this approach is referred
to as the Classical MSAR-TVP model. Leveraging these capabilities, the Classical MSAR-
TVP model showed superior performance when applied to U.S. real GNP data, which
exhibit nonlinear behavior and structural transitions between periods of economic expan-
sion and recession. Furthermore, the Classical MSAR-TVP outperformed the traditional
MSAR model, here defined as the MSAR model estimated using MLE combined with the
Hamilton filter.

Parameter optimization was conducted using the Nelder–Mead algorithm. While the
Classical MSAR-TVP model has its strengths, it encounters several limitations, particularly
when dealing with highly complex datasets. These limitations stem from its inability to
adequately represent parameter uncertainty and its constrained flexibility in modeling
posterior parameter distributions. To overcome these issues, the Bayesian methodology
provides a more robust alternative c. The Bayesian framework enhances estimation by
incorporating prior distributions, directly quantifying parameter uncertainty through pos-
terior distributions [15]. Utilizing Markov chain Monte Carlo (MCMC) methods, such as
Gibbs sampling, the Bayesian approach facilitates iterative sampling from the posterior dis-
tribution, enabling more precise parameter estimates, particularly for challenging datasets.
This Bayesian method has been widely developed and proven effective for estimating
parameters in MSAR models applied to complex data. The Bayesian approach has been ex-
tensively developed and shown to be effective in estimating parameters for MSAR models
using MCMC methods, particularly Gibbs sampling [16–18]. Similarly, Bayesian methods
have been widely applied to TVP models through Gibbs sampling, yielding significant
results in capturing nonlinear data patterns [19–22].

This study introduces a novel framework for the MSAR-TVP model employing
Bayesian parameter estimation, termed the Bayesian MSAR-TVP model. This enhanced
approach utilizes the Bayesian framework to combine prior knowledge with observed
data, enabling more reliable parameter estimation. By incorporating dynamic time-varying
parameters, the Bayesian MSAR-TVP model enhances forecasting precision while offering
deeper insights into regime shifts in economic time series. A key technical concern in
Markov switching models is the label switching problem, which arises when the model’s
latent regimes are not uniquely identifiable. Label switching occurs when regimes are
arbitrarily assigned labels, leading to ambiguities in regime identification. In this study,
we address this issue by proposing a Bayesian MSAR-TVP model that integrates Gibbs
sampling with the Kim filter. Our proposed framework allows for joint estimation of regime
labels and time-varying parameters, ensuring consistent regime identification across it-
erations. By capturing both parameter uncertainty and regime switching dynamics, the
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model offers a more robust framework for analyzing economic time series with complex
structural changes.

In addition to the Bayesian MSAR-TVP model, this study also introduces the Bayesian
Autoregressive with Time-Varying Parameters (Bayesian AR-TVP) model. This new model
incorporates Bayesian parameter estimation, which adapts more dynamically to data with
time-varying volatility, addressing some of the limitations identified in previous models.
In contrast to the Bayesian MSAR-TVP model, which effectively captures regime shifts
and time-varying parameters, the Bayesian AR-TVP model offers additional flexibility by
modeling time-varying volatility. While both models aim to improve forecasting accuracy
in dynamic economic environments, each offers unique advantages: the Bayesian MSAR-
TVP is superior for clear regime shifts, while the Bayesian AR-TVP excels in environments
with high, continuous volatility. The main aim of this study is to design the Bayesian
MSAR-TVP framework and compare its performance against the Classical MSAR, Classical
MSAR-TVP, and Bayesian AR-TVP models. These models are tested on U.S. real GNP
datasets, containing relatively stable data (1952–1986) and more complex data (1947–2024).
Model performance is evaluated using metrics such as mean absolute percentage error
(MAPE) and mean absolute error (MAE), with the goal of assessing the Bayesian model’s
ability to capture intricate economic patterns and produce more accurate predictions. The
use of GNP instead of GDP follows Hamilton’s original study and ensures consistency with
previous Classical MSAR and Classical MSAR-TVP applications in the literature.

Additionally, this research examines the capacity of the Bayesian MSAR-TVP model
to identify regime changes, including recessions and expansions, and evaluates its two-
year forecasting ability to support data-informed decision-making. This model provides a
versatile analytical framework applicable across domains such as finance, stock markets,
and policy-making.

The organization of this paper is as follows: Section 2 describes the fundamental
model, outlines the development of the MSAR-TVP model, and explains the parameter
estimation approach. Section 3 presents the findings of this research. Section 4 analyzes
the empirical results and provides recommendations for future studies. Finally, Section 5
summarizes the conclusions of the paper.

2. Materials and Methods
2.1. MSAR-TVP Model

The MSAR-TVP model is an extension of the MSAR model, incorporating time-varying
parameters within each regime. This model was introduced in our previous study [13]. It is
designed to address time series data characterized by nonlinearity and stochastic structural
changes. The concept integrates the state-space model representation with parameters that
evolve over time according to a specific function, consistent with the AR process within
each regime.

The MSAR-TVP model can be denoted as MS(M)-AR(p)-TVP, where M represents
the number of regimes and p is the AR order within each regime. The model’s time-
varying parameters are denoted as βt,k,St for each k = 1, 2, . . . , p, St ∈ {1, 2, . . . , M}, and
t = 1, 2, . . . , T. These parameters follow an AR(1) process.

The model can be formulated as follows:
Measurement Equation:

(yt − µSt) = βt,1,St(yt−1 − µSt−1) + . . . + βt,p,St(yt−p − µSt−p) + εt, (1)

Parameter Transition Equation:

(βt,k,St − δk,St) = ϕk,St(βt−1,k,St − δk,St−1) + νt,k, k = 1, 2, . . . , p, (2)
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Transition Probabilities Matrix:

P =


p11 p12 . . . p1M

p21 p22 . . . p2M
...

...
. . .

...
pM1 pM2 . . . pMM

, (3)

where pij = P(St = j | St−1 = i), with
M
∑

j=1
pij = 1, i = 1, 2, . . . , M, and 0 ≤ pij ≤ 1. Here, yt

represents the dependent variable at time t; yt−k is the explanatory variable comprising
the lagged values of yt; µSt is the mean of the observed data at time t, influenced by state
changes; βt,k,St is the unknown time-varying parameter of the k-th order AR at time t,
influenced by state changes; ϕk,St is the k-th order AR coefficient in the parameter transition
equation, influenced by state changes; δk,St is the mean at time t in the k-th order AR in
the parameter transition equation, influenced by state changes; εt is the error term of the
measurement equation, with εt ∼ i.i.d.N(0, σ2

St
); νt,k is the error term of the parameter

transition equation, with νt,k ∼ i.i.d.N(0, σ2
k,St

); σ2
St

is the variance of εt, influenced by state
changes; σ2

k,St
is the variance of νt,k, influenced by state changes; and pij is the transition

probabilities from state i to state j.
To simplify the implementation, the MSAR-TVP model in Equations (1)–(3) can be

represented in vector and matrix notation as follows:
Measurement Equation:

yt = µ∗
St
+ htβt,St + εt, (4)

where µ∗
St
= µSt − βt,1,St µSt−1 − βt,2,St µSt−2 − . . . − βt,p,St µSt−p and εt ∼ i.i.d.N(0, σ2

St
),

Parameter Transition Equation:

βt,St = δ∗St
+ FStβt−1,St + νt, (5)

where δ∗k,St
= δk,St − ϕk,St δk,St−1 and νt,k ∼ i.i.d.N(0, σ2

k,St
) for k = 1, 2, . . . , p, and the

transition probability matrix as stated in Equation (3).
Here, it is defined that:

ht =
[
yt−1 yt−2 . . . yt−p

]
, βt,St =

[
βt,1,St βt,2,St . . . βt,p,St

]′
, δ∗St

=
[
δ∗1,St

δ∗2,St
. . . δ∗p,St

]′
,

FSt =


ϕ1,St . . . 0

...
. . .

...
0 . . . ϕp,St

, βt−1,St =
[

βt−1,1,St βt−1,2,St . . . βt−1,p,St

]′
, and νt =

[
νt,1 νt,2 . . . νt,p

]′
.

2.2. Bayesian Method

The Bayesian method is based on Bayes’ theorem, which combines prior information
about the model parameters with observed data to produce a posterior distribution. Unlike
classical methods, Bayesian inference treats all unknown parameters as random variables
with specific prior distributions. Let θ represent the vector of unknown parameters of a
model, and y denote the data vector. The posterior distribution, which reflects updated
information about the parameters, can be expressed as follows:

f (θ|y) ∝ f (y|θ)g(θ), (6)

where f (θ|y) is the posterior distribution, f (y|θ) is the likelihood, and g(θ) is the prior
distribution. Equation (6) states that prior information is updated using the sample in-
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formation contained in the data likelihood to obtain the posterior distribution, which is
subsequently used for decision-making [23].

The prior distribution describes the initial information about the parameters before any
observations are made, whereas the posterior distribution results from updating the prior
information using sample data through the likelihood. The likelihood function, f (y|θ),
serves as a continuous mechanism for updating the prior, enabling the resulting posterior
distribution to be used as the new prior in subsequent iterations.

The selection of a prior distribution plays a crucial role in the Bayesian approach as it
directly influences the posterior distribution inference. According to the literature, there are
several types of priors, such as conjugate priors, non-conjugate priors, informative priors,
non-informative priors, proper priors, improper priors, and pseudo priors [24,25]. A prior is
considered conjugate if it has the same distributional form as its posterior distribution [26].
In this study, a conjugate prior is employed to simplify calculations and facilitate the
application of computational methods in Bayesian analysis.

Bayesian inference often involves high-dimensional integration that is challenging
to solve analytically. To address this issue, MCMC methods, such as the Gibbs Sampling
algorithm, are used to enable iterative sampling from the posterior distribution. The
algorithm constructs a Markov chain that converges to the posterior distribution, resulting
in accurate parameter estimation. For the Markov chain to satisfy ergodicity and converge to
the target distribution, several conditions must be met. First, the chain must be irreducible,
meaning the transition probability between all states must be non-zero, ensuring that every
state can be accessed from any other state. Second, it must be aperiodic, indicating that no
periodic pattern exists in the parameter iterations, thereby preventing the Markov chain
from becoming trapped in a fixed cycle. Finally, the chain must be positive recurrent, where
parameters return to a specific value within a finite average time, ensuring the stability of
the chain. Meeting these three conditions ensures that the parameter distributions obtained
from MCMC accurately represent the posterior distribution.

The convergence of the MCMC algorithm can be evaluated using trace plots and
autocorrelation function (ACF) plots. A trace plot visualizes the stability of the parameters
and ensures that ergodicity is achieved, as indicated by parameters fluctuating randomly
around a certain range that aligns with the target distribution. Stable and random fluctu-
ations, resembling the shape of a “fat hairy caterpillar” [27], suggest that the parameter
values have stabilized and are representative of the posterior distribution. Once ergodicity
is confirmed, the independence between iterations is examined through the ACF plot,
which identifies correlations across iterations. A significant ACF value at lag-0 and values
close to zero at other lags indicate that the generated parameters efficiently cover the entire
target distribution without autocorrelation between iterations.

The sampling process in MCMC aims to produce a Markov chain that satisfies the
properties of positive recurrence, irreducibility, and aperiodicity. When these conditions
are met, the parameter distribution generated by the chain will converge to a stationary
distribution that aligns with the desired posterior distribution. If these assumptions are not
satisfied, corrective steps such as increasing the number of iterations, performing a burn-in,
adjusting the thinning value, or modifying the data distribution and prior may be required
to improve accuracy.

The primary challenge in MCMC is generating samples from the posterior distribution
density to calculate the expectation of posterior quantities. One of the most commonly
used numerical sampling algorithms in MCMC is Gibbs sampling, which was selected in
this study due to its efficiency in generating samples from the target distribution.
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2.3. Gibbs Sampling

One of the widely used methods in Markov chain Monte Carlo (MCMC) is Gibbs
sampling, introduced by Geman and Geman [15]. This method allows the generation
of random variables from a marginal distribution directly, without the need to compute
the density function of the distribution, through iterations in numerical simulation [28].
Sampling in Gibbs sampling is performed by generating a sequence of Gibbs random
variables (Gibbs sequences) based on the fundamental properties of the Markov chain
process. This process requires the conditional distribution for each variable being updated,
assuming that the other variables remain fixed. For instance, given the joint posterior
as shown in Equation (6), the full conditional distribution for the j-th parameter can be
expressed as:

f (θj

∣∣∣θ\j, y) = L(θ)g(θj), (7)

where θ\j = θ
(r)
1 , θ

(r)
2 , . . . , θ

(r)
j−1, θ

(r)
j+1, . . . , θ

(r)
M .

The general Gibbs sampling algorithm, referred to as Algorithm 1, can be described as
follows:

Algorithm 1. General Gibbs Sampling Algorithm

1. Determine the initial value θ(0).
2. Repeat the following steps for r = 1, 2, . . . , R:

• Set θ = θ(r−1).
• For j = 1, 2, . . . , M, update θj by sampling from the conditional distribution

f (θj

∣∣∣θ\j, y) .

• Set θ(r) = θ and save this value for use in iteration r + 1.

This process is repeated until convergence is achieved in the distribution.
There are two main approaches in Gibbs sampling, namely single-move and multi-

move Gibbs sampling [14], which are explained as follows.

1. Single-Move Gibbs Sampling
In this approach, the elements of the parameter vector θ = (θ1, θ2, . . . , θM) are up-
dated one at a time. In each iteration, every element θj is updated based on its full

conditional distribution f
(

θj

∣∣∣θ\j, y
)

, assuming the other elements remain fixed. Here,
θ\j represents the parameter vector excluding θj. In other words, Algorithm 1 repre-
sents the single-move Gibbs sampling approach. This approach requires relatively
simple computations, as only one parameter is updated at a time, and its conditional
distribution is straightforward to calculate. However, this method tends to require
more iterations to achieve convergence, particularly when the parameters exhibit
high correlations.

2. Multi-Move Gibbs Sampling
Unlike the single-move approach, in multi-move Gibbs sampling, the entire parameter
vector θ is updated simultaneously in a single iteration step. The parameters are
jointly updated from the joint distribution f (θ|y) . This approach is more efficient,
especially when the parameters exhibit high correlations, as the entire vector is up-
dated together. However, the computations become more complex because evaluating
the joint distribution requires additional considerations, which can be analytically or
numerically challenging.
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The multi-move Gibbs sampling approach follows the same step structure as
Algorithm 1, but the entire parameter vector θ is updated simultaneously using the joint
distribution f (θ|y) .

Subsequently, we developed a novel approach for parameter estimation in the MSAR-
TVP model by integrating Gibbs sampling with the Kim filter. This innovative approach is
designed to support the resolution of application-specific problems that are the focus of
this research.

2.4. Estimation Procedures

The MSAR-TVP model was previously introduced in [13], with parameter estimation
conducted using a classical approach. This approach utilized the Kim filter, a combination
of the Kalman filter, Hamilton filter, and Kim collapsing procedure, as a filtering method
to handle unobserved state vectors in models with time-varying parameters and regime
switching. This section presents a novel approach for estimating the parameters of the
MSAR-TVP model by integrating Gibbs sampling with the Kim filter.

This study formulates the parameter estimation algorithm for the MSAR-TVP model
based on Equations (4) and (5). The focus of this research is on cases where the AR
order is p = 1 and the number of regimes is M = 2, denoted as MS(2)-AR(1)-TVP. The
corresponding model equations are as follows:

Measurement Equation:

yt = µ∗
St
+ yt−1βt,1,St + εt, εt ∼ i.i.d.N(0, σ2

St
), (8)

where µ∗
St
= µSt − βt,1,St µSt−1 ,

Parameter Transition Equation:

βt,1,St = δ∗1,St
+ ϕ1,St βt−1,1,St + νt,1, νt,1 ∼ i.i.d.N(0, σ2

1,St
), (9)

where µ∗
St
= µSt − βt,1,St µSt−1 and δ∗1,St

= δ1,St − ϕ1,St δ1,St−1 ,
Transition Probability Matrix as in Equation (3) by substituting M = 2, resulting in:

P =

[
p11 p12

p21 p22

]
, (10)

where pij = P[St = j | St−1 = i], with
2
∑

j=1
pij = 1, i = 1, 2, and 0 ≤ pij ≤ 1.

The summary of the Kim filter for the MS(2)-AR(1)-TVP model is as follows [13]:

1. Determine the initial value β
j
0|0 and wj

0|0 for the Kalman filter, as well as P[St = j | Y0]

for the Hamilton filter, for j = 1, 2.
2. Run the Kalman filter to estimate β

(i,j)
t|t for i, j = 1, 2.

3. Run the Hamilton filter to compute P[St = j, St−1 = i|Yt ] and P[St = j|Yt ] for i,j = 1,2.
4. Apply the Kim collapsing procedure, utilizing the probability terms from Step 3, to

reduce the posterior matrix size from (2 × 2) to (2 × 1)
5. Calculate the log-likelihood function for t = 1, 2, . . . , T.

This process involves recursive steps that are iteratively executed for t = 1, 2, . . . , T,
continuously updating the information. The full procedure for the MSAR-TVP model
filtering can be found in [13].
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In the Bayesian approach, for St = 1, 2, the parameters of the MS(2)-AR(1)-TVP model
are represented as

θ =
[

p11 p22 µ∗
1 µ∗

2 βt,1,1 βt,1,2 σ2
1 σ2

2 δ∗1,1 δ∗1,2 ϕ1,1 ϕ1,2 σ2
1,1 σ2

1,2

]′
. (11)

Parameters such as ϕ1,St , p11, p22, βt,1,St , wt,1,St , are estimated using predefined prior
distributions. Other parameters, such as µ∗

St
, δ∗1,St

, σ2
St

, σ2
1,St

, are computed based on the
results of other parameter estimations. This hierarchical estimation structure follows the
Bayesian framework of Kim and Nelson [14], ensuring stable convergence and consistent
inference across regimes. All these parameters depend on the unobserved variable St which
takes a value of 1 or 2 to represent two distinct regimes. These parameters are estimated
using the Bayesian approach with Gibbs sampling, enabling accurate parameter inference
based on the chosen hyperparameter values.

In the parameter estimation process of the MSAR-TVP model using the Bayesian
approach, several notations are introduced to systematically facilitate the explanation of the
method. The notation yT represents the vector of observation data from time 1 to T, where

each yt is the observed value at time t. This vector is written as yT =
[
y1 y2 . . . yT

]′
.

The notation sT denotes the state vector encompassing all regimes of the variable St

from time 1 to T, where each St indicates the state at time t. This vector is expressed as

sT =
[
S1 S2 . . . ST

]′
. The notation βT represents the time-varying parameter vector

that includes all parameters from time 1 to T for St = 1, 2. This vector is written as:

βT =
[
βT,1 βT,2

]
=


β1,1,1

β2,1,1
...

βT,1,1

β1,1,2

β2,1,2
...

βT,1,2

. (12)

Each element βt,1,St in βT is associated with St at time t, and for each t, there are two
parameters corresponding to St = 1 and St = 2.

The Gibbs sampling procedure for this model begins with initial parameter values
chosen randomly within the domain. The key steps in this procedure are as follows:

1. Conditional on the state vector sT , the model hyperparameters, and the observation
data vector yT generate the time-varying parameter vector βT from:

p(βT |yT , sT) = p(βT |yT , sT)
T−1

∏
t=1

p(βt|βt+1, yt, st). (13)

2. Conditional on the time-varying parameter vector βT , the model hyperparameters,
and the observation data vector yT , generate the state vector sT from:

p(sT | yT ,βT) = p(ST | yT ,βT)
T−1

∏
t=1

p(St | St+1, yt,βt). (14)

3. Generate the transition probability parameters p11 and p22, conditional on the state
vector sT .

4. Generate the parameter ϕ1,St , conditional on the time-varying parameter vector βT
and the state vector sT .

5. Compute the parameters µ∗
St

, δ∗St
, σ2

St
, σ2

1,St
, conditional on the observation data yT and

the parameters generated in the previous steps .
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A detailed explanation of each step will be discussed in the subsequent sections,
including the methods used to generate each variable that satisfies the model’s conditional
features within the Gibbs sampling process.

2.4.1. Generating βββT Conditioned on sT , the Hyperparameter Model, and yT

The multi-move Gibbs sampling approach is utilized in this study to generate βT , as it
offers higher computational efficiency and faster convergence. In the Bayesian framework,
the model’s hyperparameters play a crucial role in shaping the prior distribution, which
reflects the initial information before the observations yT are obtained. These hyperparame-
ters provide additional flexibility in the sampling process by controlling the characteristics
of the posterior distribution.

The posterior distribution in Equation (13) indicates that the entire vector βT can be
generated by first generating βT from p(βT |yT , sT) , and subsequently, for t = T − 1, T −
2, . . . , 1, generating βt from p(βt|βt+1, yt, st). Since the MS(2)-AR(1)-TVP model is linear
and Gaussian in each of its regimes, the distribution of βT conditioned on yT and sT , as
well as the distribution of βt conditioned on βt+1, yt, and st for t = T − 1, T − 2, . . . , 1, are
also Gaussian distributions.

The steps for generating βT through Gibbs sampling are as follows:

1. Execute the Kim filter algorithm to compute β
j
t|t = E(βt|St = j, yt ) and wj

t|t =

var(βt|St = j, yt ) for t = 1, 2, . . . , T, and store the results. The final iteration of the
Kim filter provides β

j
T|T and wj

T|T , which are then used to generate βT based on the
following equation:

βT |yT , sT ∼ N
(

β
j
T|T , wj

T|T

)
. (15)

2. For t = T − 1, T − 2, . . . , 1 given β
j
t|t and wj

t|t, if elements of β
j
t+1, previously gen-

erated, are treated as additional observation vectors in the system, the distribution
p
(

βt

∣∣∣St = j, yt, β
j
t+1

)
can be derived by applying the Kalman filter update equations

for β
j
t+1 as follows:

β
j
t+1 = δ∗1,j + ϕ1,jβ

j
t + νt+1,1, (16)

where the update equations for β
j

t|t,βj
t+1

and wj

t|t,βj
t+1

are given by:

β
j

t|t,βj
t+1

= E
(

βt

∣∣∣St = j, yt, β
j
t+1

)
= β

j
t|t + wj

t|tϕ
′
1,j(ϕ1,jw

j
t|tϕ

′
1,j + σ2

1,j)
−1(β

j
t+1 − (δ∗1,j + ϕ1,jβ

j
t|t)),

(17)

wj

t|t,βj
t+1

= var
(

βt

∣∣∣St = j, yt, β
j
t+1

)
= wj

t|t + wj
t|tϕ

′
1,j(ϕ1,jw

j
t|tϕ

′
1,j + σ2

1,j)
−1ϕ1,jw

j
t|t.

(18)

Thus, the parameter βt, t = T − 1, T − 2, . . . , 1, can be generated based on the
following equation:

βt

∣∣∣ βt+1, yt, st ∼ N
(

β
j
t|t,βt+1

, wj
t|t,βt+1

)
, t = T − 1, T − 2, . . . , 1. (19)

2.4.2. Generating sT Conditioned on βββT , the Hyperparameter Model, and yT

Conditional on βT , the observational data yT does not provide direct information
about sT or other parameters in the model, except for those contained in βT . This is
primarily due to the independence between νt,1 and εt. In other words, the measurement
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and parameter transition equations in this model form two independent equation sets
because νt,1 and εt are independent. Consequently, in the process of generating sT , attention
is focused on the equations of the MS(2)-AR(1)-TVP model, which define an autoregressive
model with mean, variance, and AR coefficients that switch according to Markov dynamics
when St = 1 or St = 2. At this stage, βT is treated as input data for the model.

Considering βT , which has been generated in the previous step as a single dataset,
the problem of generating the state vector sT and unknown hyperparameters can be
solved using the two sets of equations through Gibbs sampling. In this study, the multi-
move Gibbs sampling approach is employed to generate sT . The posterior distribution in
Equation (14) indicates that ST is first generated conditional on yT and βT , Subsequently,
for t = T − 1, T − 2, . . . , 1, St is generated conditional on yt, βt, and St+1 which have been
previously generated.

Steps to generate sT using Gibbs sampling:

1. Run the Hamilton filter to obtain p(St|yt,βt ) for t = 1, 2, . . . , T, and store the results.
The final iteration of the filter provides the estimate p(ST |yT ,βT ), which is then used
to generate ST .

2. To generate St conditional on yt and St+1, for t = T − 1, T − 2, . . . , 1, use the
following expression:

p(St|St+1, yt,βt ) ∝ p(St+1|St )p(St|yt,βt ), (20)

where p(St+1|St ) is the transition probability, and p(St|yt,βt ) is the result stored
from Step 1. Using Equation (20), the generation of St follows the same procedure as
single-move Gibbs sampling. First, calculate P[St = 1|St+1, yt,βt ] follows the same
process as in the case of single-move Gibbs sampling. First, calculate:

P[St = 1|St+1, yt,βt ] =
p(St+1|St = 1 )p(St = 1|yt,βt )
2
∑

j=1
p(St+1|St = j )p(St = j|yt,βt )

, (21)

and then, as in single-move Gibbs sampling, use a random number drawn from a
uniform distribution to generate St. For example, generate a random number from a
uniform distribution between 1 and 2. If the random number is less than or equal to
the value calculated from P[St = 1|St+1, yt,βt ], set St = 1; otherwise, set St = 2.

2.4.3. Generating Parameters p11 and p22 Conditional on sT

The parameters p11 and p22, conditional on sT , are independent of the dataset yT and
other model parameters.

Prior:

Assuming independent priors from a beta distribution for p11 and p22, the priors are
defined as follows:

p11 ∼ beta(u11, u12), (22)

p22 ∼ beta(u22, u21), (23)

with the joint prior function:

g(p11, p22) ∝ pu11−1
11 (1 − p11)

u12−1 pu22−1
22 (1 − p22)

u21−1, (24)

where uij, i, j = 1, 2, are the hyperparameters specified by the prior.

Likelihood:
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The likelihood for p11 and p22, conditional on sT , is formulated as:

L(p11, p22|sT ) = pn11
11 (1 − p11)

n12 pn22
22 (1 − p22)

n21 , (25)

where nij is the number of transitions from state i to j, which can be computed from

sT =
[
S1 S2 . . . ST

]
.

Posterior:

By combining the prior distribution and the likelihood function, the posterior distribu-
tion for p11 and p22 is obtained as:

p(p11, p22|sT ) ∝ g(p11, p22)L(p11, p22|sT ), (26)

Substituting the prior and likelihood yields:

p(p11, p22|sT ) ∝ pu11+n11−1
11 (1 − p11)

u12+n12−1 pu22+n22−1
22 (1 − p22)

u21+n21−1, (27)

From this result, the posterior distribution is given by two independent beta distribu-
tions:

p11|sT ∼ beta(u11 + n11, u12 + n12) , (28)

p22|sT ∼ beta(u22 + n22, u21 + n21), (29)

from which p11 and p22 are drawn.

2.4.4. Generating ϕ1,St Conditional on βββT and sT

Conditional on βT and sT , the parameter transition equation in Equation (9) is in-
dependent of other parts of the model, and the distribution of ϕ1,St , where St = 1, 2, is
independent of the other parameters in the model as well as the data yT . Consequently, the
focus can be restricted to Equation (9) by excluding other components of the model when
generating ϕ1,St conditional on βT and sT . As a result, this problem reduces to a univariate
autoregressive case in each regime via Gibbs sampling.

Prior:

The prior for ϕ1,St is assumed to follow a normal distribution:

ϕ1,St ∼ N
(

µϕ1,St
, σ2

ϕ1,St

)
I[s(ϕ1,St )]

. (30)

Here, I[s(ϕ1,St )]
is an indicator function ensuring that the roots of the polynomial

1 − ϕ1,St B = 0 lie outside the unit circle, where B is the backshift operator, thus maintaining
the stability of the AR model in each state St.

The prior function can be written as:

g(ϕ1,St) ∝ exp

(
− 1

2σ2
ϕ1,St

(
ϕ1,St − µϕ1,St

)2
)

. (31)

Likelihood:

The likelihood for ϕ1,St , conditional on βT and sT , is expressed as:

L(ϕ1,St |βT , sT ) ∝ exp

(
− 1

2σ2
1,St

T

∑
t=1

(
βt,1,St − δ∗1,St

− ϕ1,St βt−1,1,St

)2
)

. (32)

Posterior:
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By combining the prior and likelihood, the posterior distribution for ϕ1,St is given by:

p(ϕ1,St |βT , sT ) ∝ g(ϕ1,St)L(ϕ1,St |βT , sT ). (33)

The parameter ϕ1,St is drawn from the normal posterior distribution without trunca-
tion. The posterior distribution for ϕ1,St is given as:

ϕ1,St |βT , sT ∼ N
(

µ̃ϕ1,St
, σ̃2

ϕ1,St

)
I[s(ϕ1,St )]

, (34)

where the posterior mean µ̃ϕ1,St
and variance σ̃2

ϕ1,St
are calculated as:

µ̃ϕ1,St
=

(
1

σ2
ϕ1,St

+
x’

t,St
xt,St

σ2
1,St

)−1(
µϕ1,St

σ2
ϕ1,St

+
x’

t,St
βT,St

σ2
1,St

)
, (35)

σ̃2
ϕ1,St

=

(
1

σ2
ϕ1,St

+
x’

t,St
xt,St

σ2
1,St

)−1

, (36)

where xt,St is the design vector based on previous observations βt−1,1,St , specifically xt,St =[
β1,1,St β2,1,St . . . βT−1,1,St

]′
. In practice xt,St represents endogenous lag variables of

βt−1,St , making its dimension consistent with βT,St in iterations t ≥ 2.

2.4.5. Generating µ∗
St

, δ∗St
, σ2

St
, andσ2

1,St
Conditional on yT and Other Model Parameters

The calculation of µ∗
St

, δ∗St
, σ2

St
, and σ2

1,St
is performed based on other parameters that

have been previously obtained. The parameter µ∗
St

represents a constant at time t in the
measurement equation, influenced by regime changes, and is calculated using the formula:
µ∗

St
= µSt − µSt−1 βt,1,St . Subsequently, δ∗St

represents a constant at time t in the parameter
transition equation, also influenced by regime changes, and is calculated using the formula:
δ∗1,St

= δ1,St − ϕ1,St δ1,St−1 . Meanwhile, σ2
St

represents the variance at time t of εt, which is
influenced by regime changes. The parameter σ2

1,St
represents the variance at time t of νt,1

which is similarly influenced by regime changes.
After generating samples for each parameter through Gibbs sampling, iterations are

performed until convergence is achieved. This process yields samples from the posterior
distribution of each parameter. The final parameter estimates of the model are obtained
from the ergodic mean, which represents the average of the posterior distribution after
convergence has been reached.

While previous studies have explored Bayesian approaches for MSAR models with
constant parameters, this research is the first to develop a comprehensive Bayesian es-
timation framework for the MSAR model with time-varying parameters (MSAR-TVP).
The novelty lies in the integration of Gibbs sampling with the Kim filter to estimate both
the hidden regimes and the time-evolving parameters. This integrated approach enables
more accurate posterior inference, especially under high structural complexity. Unlike
classical estimation methods, which rely on point estimates and fixed parameters, our
Bayesian algorithm flexibly captures uncertainty in both the states and parameters, thereby
enhancing the model’s robustness for economic forecasting.

2.5. MSAR-TVP Forecasting Model

In this section, we explain the forecasting model for the MS(2)-AR(1)-TVP model,
which is based on the MS(2)-AR(1)-TVP model as shown in Equations (8)–(10). In this
model, the error terms εt in the measurement and transition equations are assumed to have
zero expectation, and νt,1 are uncorrelated both temporally and between states, with the
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assumption that E[εt] = 0 and E[νt,1] = 0, and is uncorrelated both temporally and across
states, so cov(εt, νt,1) = 0.

With this assumption, the forecast yt+h for horizon h can be formulated as the following
conditional expectation:

ŷt+h = E[yt+h|Yt, St, St−1;θ ] (37)

where Yt represents the available data up to time t, St represents the state information at
time t, and θ is the vector of unknown parameters, as defined in Equation (11).

Based on the MS(2)-AR(1)-TVP model in Equations (8)–(10), the forecast is performed
iteratively as follows:

yt+h = µ∗
St+h

+ yt+h−1βt+h,1,St+h
, (38)

βt+h,1,St+h
= δ∗1,St+h

+ ϕ1,St+h βt+h−1,1,St+h
, (39)

where µ∗
St+h

= µSt+h − µSt+h−1 βt+h,1,St+h
and δ∗1,St+h

= δ1,St+h − ϕ1,St+h δ1,St+h−1 , and the tran-
sition probability matrices remain consistent with those in Equation (10).

The concept of one-step ahead iteration is applied here, where forecasting is carried out by
gradually updating predictions for each time step h, using the estimates from the previous
step as input for the next prediction. This method allows the model to continuously adjust
predictions based on the most recent data available.

2.6. Evaluation Techniques

The mean absolute percentage error (MAPE) and mean absolute error (MAE) are
widely used metrics for assessing the accuracy of forecasting models [29]. MAPE provides
a measure of forecast accuracy expressed as a percentage, making it particularly useful
for conveying model performance to non-technical audiences. On the other hand, MAE
quantifies the average size of prediction errors, regardless of direction, reflecting the extent
of deviation between observed and predicted values. Lower values of MAPE and MAE
indicate better model performance and greater predictive accuracy. MAPE is especially
valued for its clarity, ease of interpretation, and its ability to convey comprehensive error
information [30].

The mathematical definitions of MAPE and MAE are as follows:

MAPE =
1
T

T

∑
t=1

∣∣∣∣yt − ŷt

yt

∣∣∣∣× 100%, (40)

MAE =
1
T

T

∑
t=1

|yt − ŷt|, (41)

where yt represents the observed value at time t, and ŷt represents the forecasted value.
Lewis [31] suggests that a MAPE value below 10% is indicative of highly accurate forecast-
ing, serving as a benchmark for evaluating the precision of forecasting models in industrial
and business contexts.

3. Results
This section discusses the application of the MSAR-TVP model to the quarterly U.S.

real GNP data. Two datasets are used in this study. The first dataset, denoted as Zt,
represents U.S. real GNP data from Q3 1952 to Q4 1986. For analysis purposes, Zt is divided
into in-sample data covering Q3 1952 to Q4 1984 (130 observations) and out-of-sample data
spanning Q1 1985 to Q4 1986 (8 observations). This dataset was selected due to its use
in previous studies, the development of the Classical MSAR model [3] and the Classical
MSAR-TVP model [13], allowing for a direct performance comparison of the models in a
forecasting context.
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The second dataset, denoted as Wt includes U.S. real GNP data from Q1 1947 to Q1
2024. Similarly to Zt, Wt is divided into in-sample data spanning Q1 1947 to Q1 2022 (301
observations) and out-of-sample data covering Q2 2022 to Q1 2024 (8 observations). This
extended dataset, which also encompasses the data range of Zt, was selected to evaluate
the performance and robustness of the Bayesian MSAR-TVP model in handling longer and
more complex time series.

A performance comparison of the Classical MSAR, Classical MSAR-TVP, and Bayesian
MSAR-TVP models was conducted for both in-sample and out-of-sample data using MAPE
and MAE as evaluation metrics. The best-performing model was then used to forecast the
next two years of data, spanning from Q2 2024 to Q1 2026 (8 observations).

3.1. Bayesian MSAR-TVP Model

The initial step in this study involves testing for nonlinearity and structural changes
in the data. As shown in Table 1, the results of the preliminary analysis indicate strong
evidence of data nonlinearity in both datasets, as confirmed by the Teräsvirta test [32] with
p-values < 0.05. Additionally, the Chow Test [33,34] identifies significant structural changes
at certain periods, with p-values < 0.05, highlighting the presence of regime switching in
the data. These combined findings strongly justify the application of MSAR and MSAR-
TVP models for time series modeling. This study focuses on implementing the Bayesian
MSAR-TVP model and evaluating its performance in comparison to other models, namely
the Classical MSAR and Classical MSAR-TVP models, to explore regime dynamics in the
datasets and demonstrate the advantages of the proposed approach.

Table 1. Dataset testing results.

Dataset p-Value (Teräsvirta Test) p-Value (Chow Test)

U.S. Real GNP (Q3 1952–Q4 1984) 0.0306 <2.2×10−16

U.S. Real GNP (Q1 1947–Q1 2022) 0.0435 <2.2×10−16

The modeling analysis began with tests for stationarity in variance and mean. Variance
stationarity tests on both datasets were conducted using the Box–Cox transformation [35],
yielding a parameter of λ = 0, which indicates that a logarithmic transformation is required
to achieve variance stationarity. The transformed data are denoted as Z∗

t = ln(Zt) and
W∗

t = ln(Wt). Subsequently, the augmented Dickey–Fuller (ADF) test [36] was applied to
assess mean stationarity for Z∗

t and W∗
t , yielding p-values of 0.0895 and 0.9236, respectively,

indicating that the time series remain non-stationary in their means. To address this issue,
differencing was applied to the data. The final model analysis was conducted on the log-
differenced data multiplied by 100, denoted as Yt = 100×∆ ln(Zt) and Vt = 100×∆ ln(Wt).
The data Yt and Vt are appropriately modeled using the MSAR-TVP model, as nonlinearity
testing through the RESET test [37] yields a p-value of 0.03841 and less than 2.2 × 10−16,
respectively, indicating nonlinear characteristics in the data. Additionally, the Bai–Perron
test [38] detects structural changes in both datasets. In terms of implications, the log-
difference transformation of Yt and Vt not only accurately represents economic growth
rates but also facilitates the identification of economic cycle patterns involving regime-
switching dynamics.

The trends depicted in Figure 1 illustrate cyclical changes in the U.S. economy, char-
acterized by regime shifts between expansion and recession periods. It can be observed
that the two datasets exhibit distinct characteristics. The first dataset, U.S. real GNP from
Q3 1952 to Q4 1984, after being stationarized (Yt), displays relatively stable patterns with
shorter cycle lengths. In contrast, the second dataset, U.S. real GNP from Q1 1947 to Q1 2022
(Vt), reveals significantly more complex patterns with longer and more intricate cycles.



Forecasting 2025, 7, 79 16 of 33

(a) (b) 

Figure 1. Time series plot of the stationarized U.S. real GNP: (a) 1952–1984; (b) 1947–2022.

The MSAR-TVP model is implemented with two regimes: Regime 1, representing an
expansion state, and Regime 2, representing a recession state. Each regime is assumed to
follow an AR(1) process, allowing the real GNP data to be modeled within the MS(2)-AR(1)-
TVP framework. The Bayesian MSAR-TVP model proposed in this study estimates model
parameters using a Bayesian MCMC approach integrated with the Kim filter.

In this research, conjugate prior distributions are used for each model parameter, as
explained in Section 2.3. The selection of priors is based on the domain knowledge or
results from classical estimations (pseudo-priors). These pseudo-priors help the parameters
converge more quickly to the target posterior distribution, thus accelerating the convergence
process in the Bayesian approach. The prior distributions in this study are designed to be
moderately informative, striking a balance between prior knowledge and flexibility for
data-driven learning. Conjugate priors are specified for the main parameters estimated
in the Bayesian MSAR-TVP model—namely, ϕ1,St , p11, p22, βt,1,St —while other parameters,
such as variance terms for β (i.e., wt,1,St ), and regime-dependent components, are provided
as initial values or derived internally from the Kalman filtering process.

These priors are constructed based on pseudo-prior principles, where prior values
are informed by classical estimation results and refined through simulation to facilitate
convergence. This design avoids overly tight constraints that may restrict the posterior, as
well as excessively loose assumptions that would diminish parameter identifiability. The
moderate informativeness of these priors enables the model to achieve robust posterior
inference without overpowering the information from the data. The full specification of the
prior distributions for both datasets is provided in Appendix A.

Table 2 presents a summary of the posterior parameter estimation results, including
the mean and standard deviation for each parameter. The posterior mean represents the
point estimates obtained, while the standard deviation reflects the level of uncertainty
associated with the estimates. Consequently, the smaller the standard deviation, the higher
the confidence in the parameter estimates at a given confidence level.

Based on the estimated parameters, the MSAR-TVP model can be represented by the
following equations to describe the behavior of variables in each regime:

• Mathematical Representation of the MSAR-TVP Model for Yt:

For St = 1:
Ŷt = µ̂∗

1 + Yt−1 β̂t,1,1, (42)

β̂t,1,1 = δ̂∗1,1 + 0.984483β̂t−1,1,1, (43)
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For St = 2:
Ŷt = µ̂∗

2 + Yt−1 β̂t,1,2, (44)

β̂t,1,2 = δ̂∗1,2 + 0.982895β̂t−1,1,2, (45)

The transition probability matrix obtained is:

P̂ =

[
0.991465 0.008535
0.039698 0.960302

]
. (46)

Table 2. Summary of posterior parameters for the Bayesian MSAR-TVP model on U.S. real GNP.

Parameter
U.S. Real GNP Stationary (1952–1984) U.S. Real GNP Stationary (1947–2022)

Mean Posterior SD Posterior Mean Posterior SD Posterior

ϕ1,1 0.984483 1.422867 × 10−4 0.999992 3.197386 × 10−6

ϕ1,2 0.982895 1.535849 × 10−4 0.979957 2.99114 × 10−11

p11 0.991465 1.048189 × 10−4 0.973342 1.118233 × 10−3

p22 0.960302 1.033378 × 10−3 0.996083 6.02714 × 10−5

βT,1,1 0.254784 1.423571 × 10−1 −0.072137 7.248630 × 10−2

βT,1,2 0.245401 1.421440 × 10−1 −0.070895 7.093633 × 10−2

• Mathematical Representation of the MSAR-TVP Model for Vt:

For St = 1:
V̂t = µ̂∗

1 + Vt−1 β̂t,1,1, (47)

β̂t,1,1 = δ̂∗1,1 + 0.999992 β̂t−1,1,1, (48)

For St = 2:
V̂t = µ̂∗

2 + Vt−1 β̂t,1,2, (49)

β̂t,1,2 = δ̂∗1,2 + 0.979957 β̂t−1,1,2, (50)

The transition probability matrix obtained is:

P̂ =

[
0.973342 0.026658
0.003917 0.996083

]
. (51)

The MSAR-TVP model was applied to two distinct datasets, namely the U.S. Real
GNP spanning the periods 1954–1984 and 1947–2024, aiming to explore temporal patterns
and regime transitions. The transition probability matrices for both datasets, as shown
in Equation (46) for the 1952–1986 dataset and Equation (51) for the 1947–2022 dataset,
indicate a strong tendency to remain in the same state, exceeding 96% for both periods.
For the 1952–1986 dataset, the probabilities of staying in State 1 and State 2 are 99.15% and
96.03%, respectively. Similarly, for the 1947–2022 dataset, these probabilities are 97.33%
and 99.61%, respectively. The probabilities of transitioning between states are very low,
less than 4% in all cases. This reflects high stability within each regime, with infrequent
transitions between regimes, highlighting the MSAR-TVP model’s ability to capture stable
and consistent temporal patterns.

The estimation results reveal that the model parameters, including the time-varying
parameters β̂t,1,1 and β̂t,1,2, as well as the other parameters µ̂∗

1 , µ̂∗
2 , δ̂∗1,1, and δ̂∗1,2, exhibit

significant fluctuations across both datasets. For the 1952–1984 dataset (Figures 2 and 3),
β̂t,1,1 reflects temporal dynamics, adjusting within the range of 0.15 to 0.25 in Regime
1, while β̂t,1,2 in Regime 2 demonstrates higher sensitivity to structural changes. Other
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parameters, such as µ̂∗
1 , µ̂∗

2 , δ̂∗1,1, and δ̂∗1,2, stabilize after an initial period of fluctuation,
reflecting the adaptation process of the average behavior of variables within each regime.
In the 1947–2022 dataset (Figures 4 and 5), β̂t,1,1 remains relatively stable, fluctuating
between −0.15 and 0 across most of the period in Regime 1. On the other hand, β̂t,1,2

displays a more volatile pattern over the same range, indicating heightened sensitivity
to structural dynamics in Regime 2. As in the earlier dataset, parameters like µ̂∗

1 , µ̂∗
2 , δ̂∗1,1,

and δ̂∗1,2, exhibit stabilization patterns after an initial period of fluctuation, reflecting the
adaptation process of the average behavior of variables within each regime. In both
datasets, µ̂∗

1 and µ̂∗
2 , which represent the constants in the measurement equations for each

regime, demonstrate stability after initial fluctuations. Conversely, the parameters δ̂∗1,1 and
δ̂∗1,2, representing the constants in the transition equations, show smaller fluctuations but
remain dynamic.

(a) (b) 

Figure 2. Time-varying parameters of the Bayesian MSAR-TVP model (1952–1984): (a) β̂t,1,1, (b) β̂t,1,2.

 
(a) (b) 

 
(c) (d) 

Figure 3. Parameter values across different time points of the Bayesian MSAR-TVP Model (1952–1984):
(a) µ̂∗

1 , (b) µ̂∗
2 , (c) δ̂∗1,1, (d) δ̂∗1,2.
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(a) (b) 

Figure 4. Time-varying parameters of the Bayesian MSAR-TVP Model (1947–2022): (a) β̂t,1,1, (b) β̂t,1,2.

(a) (b) 

(c) (d) 

Figure 5. Parameter values across different time points of the Bayesian MSAR-TVP Model (1947–2022):
(a) µ̂∗

1 , (b) µ̂∗
2 , (c) δ̂∗1,1, (d) δ̂∗1,2.

The Bayesian MSAR-TVP model demonstrated convergence for both datasets, with
parameter estimates stabilizing during Gibbs sampling. For the 1952–1984 dataset, the maxi-
mum log-likelihood value was −203.359, while for the 1947–2022 dataset, it was −396.7628,
indicating reliable and stable estimates. Convergence was verified through diagnostic
checks, including trace plots and autocorrelation function (ACF) plots, which are presented
in Appendix B. The trace plots for both datasets reveal that the parameter estimates reached
steady-state conditions after sufficient burn-in periods, with 4025 iterations for Dataset 1
(out of 10,000 iterations) and 2581 iterations for Dataset 2 (out of 5000 iterations). The ACF
plots further confirmed the robustness of the posterior samples, showing that only lag-0
exhibited significant correlation, indicating that the posterior samples met the indepen-
dence criterion. These diagnostic tools ensure that the MCMC process has fully converged,
validating the stability and accuracy of the model’s parameter estimates and providing
confidence in the results.
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3.2. Model Comparison

In this study, model performance was compared using MAPE and MAE for three
models: Classical MSAR, Classical MSAR-TVP, and Bayesian MSAR-TVP. This approach
aims to evaluate the predictive accuracy of the models across two distinct datasets (Dataset
1: 1952–1986 and Dataset 2: 1947–2024) for both in-sample and out-of-sample data. The
results of the analysis are summarized in Table 3.

Table 3. Comparison of MAPE and MAE for Classical MSAR, Classical MSAR-TVP, and Bayesian
MSAR-TVP models on U.S. real GNP data.

Dataset Model
MAPE (%) MAE

In-Sample Out-of-Sample In-Sample Out-of-Sample

U.S. Real GNP
(1952–1986)

Classical MSAR 3.3042 4.3318 62.4868 159.2326
Classical MSAR-TVP 1.7592 1.8825 42.7753 69.3366
Bayesian MSAR-TVP 2.7762 3.6221 55.6518 131.8436

Bayesian AR-TVP 3.5498 6.7342 84.2860 244.9528

U.S. Real GNP
(1947–2024)

Classical MSAR 6.9597 24.2442 843.3941 5347.443
Classical MSAR-TVP 4.9582 23.8856 685.1016 5347.443
Bayesian MSAR-TVP 5.4784 6.5595 740.1583 3499.565

Bayesian AR-TVP 6.3291 23.5093 868.7970 5263.634
Notes: Bold values indicate the best performance for each metric.

The analysis presented in Table 3 highlights key findings regarding the performance
of the Classical MSAR, Classical MSAR-TVP, Bayesian MSAR-TVP, and Bayesian AR-
TVP models in forecasting datasets with different characteristics. For Dataset 1 (U.S. real
GNP 1952–1986), the results reveal that the Classical MSAR-TVP model delivers the best
performance for both in-sample and out-of-sample data. Specifically, for in-sample data,
the Classical MSAR-TVP achieves a MAPE of 1.76% and an MAE of 42.7753, outperforming
both the Bayesian MSAR-TVP (MAPE: 2.78%, MAE: 55.6518), the Classical MSAR (MAPE:
3.30%, MAE: 62.4868), and the Bayesian AR-TVP (MAPE: 3.55%, MAE: 84.2860). For out-of-
sample data, the Classical MSAR-TVP model continues to excel, with a MAPE of 1.88% and
an MAE of 69.3366, surpassing the Bayesian MSAR-TVP (MAPE: 3.62%, MAE: 131.8436),
the Classical MSAR (MAPE: 4.33%, MAE: 159.2326), and the Bayesian AR-TVP (MAPE:
6.73%, MAE: 244.9528). These findings underscore that the Classical MSAR-TVP model
is more effective at handling datasets with lower levels of complexity, yielding highly
accurate and consistent predictions for both in-sample and out-of-sample data.

Conversely, for Dataset 2 (U.S. real GNP 1947–2024), which is more complex, the
Bayesian MSAR-TVP model demonstrates significant superiority, particularly in out-of-
sample data. The Bayesian MSAR-TVP achieves the best results with a MAPE of 6.56% and
an MAE of 3499.565, substantially lower than the Classical MSAR-TVP (MAPE: 23.89%,
MAE: 5347.443), the Bayesian AR-TVP (MAPE: 23.51%, MAE: 5263.634). and the Classical
MSAR (MAPE: 24.24%, MAE: 5347.443). Although the Classical MSAR-TVP still outper-
forms in in-sample data with a MAPE of 4.96% and an MAE of 685.1016, compared to
the Bayesian MSAR-TVP (MAPE: 5.48%, MAE: 740.1583), the Bayesian AR-TVP (MAPE:
6.33%, MAE: 868.7970), and the Classical MSAR (MAPE: 6.96%, MAE: 843.3941). The
Bayesian MSAR-TVP model demonstrates superior performance in out-of-sample data.
This highlights its effectiveness in handling long and complex datasets. This conclusion
emphasizes the importance of selecting estimation methods that align with the dataset’s
characteristics to achieve accurate and reliable predictions.

To further evaluate predictive performance, additional analysis was conducted by
assessing model accuracy across multiple forecast horizons (from horizon 1 to horizon
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8) with a fixed origin using one-step-ahead iteration. The results are summarized in
Tables 4 and 5. In these tables, each row represents one-step-ahead forecasts, where the
previous prediction is used as the origin to make the forecast for the next time step.

Table 4. Comparison of out-of-Sample model performance for U.S. real GNP (1985–1986).

Time

Classical MSAR-TVP Classical MSAR Bayesian MSAR-TVP Bayesian AR-TVP

MAPE
(%) MAE MAPE

(%) MAE MAPE
(%) MAE MAPE

(%) MAE

Q1 1985 1.3760 48.8170 2.0260 71.8787 3.1713 112.5113 6.9276 245.7772
Q2 1985 1.2760 45.3265 2.1234 75.4419 3.4787 123.5974 7.1414 253.7174
Q3 1985 1.0136 36.0561 2.3755 84.6972 3.6309 129.4141 7.1982 256.4974
Q4 1985 0.8515 30.3201 2.5293 90.3695 3.8877 138.8763 7.3696 263.1475
Q1 1986 1.2988 47.2398 3.2872 11.3241 3.4904 125.2501 6.8679 246.6935
Q2 1986 1.5150 55.3927 3.7115 135.4495 3.4521 124.5067 6.7387 243.1951
Q3 1986 1.6899 62.0078 4.0328 147.7120 3.5261 127.7740 6.7243 243.6598
Q4 1986 1.8825 69.3366 4.3318 159.2326 3.6221 131.8436 6.7342 244.9528

Table 5. Comparison of out-of-sample model performance for U.S. real GNP (2022–2024).

Time

Classical MSAR-TVP Classical MSAR Bayesian MSAR-TVP Bayesian AR-TVP

MAPE
(%) MAE MAPE

(%) MAE MAPE
(%) MAE MAPE

(%) MAE

Q2 2022 23.9196 5237.5663 23.2286 5086.2550 8.8030 1927.5434 23.1654 5072.4251
Q3 2022 23.8045 5228.0075 23.3967 5138.6360 8.4942 1865.3330 23.1692 5088.5483
Q4 2022 23.7631 5234.6219 23.5634 5191.0252 8.1863 1802.8022 23.2157 5114.2143
Q1 2023 23.8164 5260.2716 23.7764 5252.0063 7.9210 1748.6220 23.3317 5153.4479
Q2 2023 23.8920 5291.3727 23.9794 5311.5009 7.6495 1692.7292 23.4510 5194.0198
Q3 2023 23.8626 5304.4369 24.0547 5348.2078 7.2721 1613.8294 23.4522 5213.5621
Q4 2023 23.8336 5318.1884 24.1145 5382.2402 6.8849 1532.0398 23.4438 5231.6310
Q1 2024 23.8856 5347.4426 24.2442 5429.3124 6.5595 1463.0779 23.5093 5263.6337

Table 4 presents the comparison of model performance for U.S. real GNP from Q1 1985
to Q4 1986. The Classical MSAR-TVP model consistently shows lower MAPE and MAE
values compared to the other models across all quarters. While the Bayesian MSAR-TVP
and Bayesian AR-TVP models perform adequately, the Classical MSAR-TVP remains the
most reliable for short-term forecasting, demonstrating superior accuracy in capturing
short-term fluctuations in U.S. real GNP data.

Table 5 compares the same models over a longer and more complex period, from
Q2 2022 to Q1 2024. In the early quarters (Q2 2022 to Q1 2023), the Classical MSAR model
slightly outperforms the Classical MSAR-TVP model in both MAPE and MAE, indicating
better short-term accuracy. However, starting from Q2 2023, the Classical MSAR-TVP
model gradually improves and eventually outperforms the Classical MSAR model in the
later quarters, reflecting its superior adaptability to structural shifts in the data.

The Bayesian AR-TVP model outperforms both the Classical MSAR and Classical
MSAR-TVP models in every quarter, though it still lags behind the Bayesian MSAR-
TVP. Most notably, the Bayesian MSAR-TVP model outperforms all three other models
throughout the period, with significantly lower MAPE and MAE values compared to the
Classical MSAR-TVP, Classical MSAR, and Bayesian AR-TVP models. This highlights the
strength of the Bayesian MSAR-TVP model in providing more accurate and stable forecasts,
especially when handling longer and structurally complex datasets.
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These results emphasize that the Bayesian MSAR-TVP model consistently achieves
the best forecasting accuracy, offering significant advantages in capturing uncertainty and
dynamic behavior in economic time series.

These findings are further supported by the visual analysis in Figures 6 and 7, which
illustrate the forecast trajectories for each model against actual observations. Based on
the analysis presented in Figures 6 and 7, a comparison is made between in-sample and
out-of-sample forecasts of the Classical MSAR, Classical MSAR-TVP, Bayesian MSAR-TVP,
and Bayesian AR-TVP models across two U.S. real GNP datasets. For Dataset 1 (1952–1986)
(Figure 6), the Classical MSAR-TVP model exhibits the best performance in capturing
historical data patterns, both in-sample and out-of-sample. This is evident from predictions
that closely align with the actual data, reflecting the model’s superiority in identifying
stable trends and relatively simple economic patterns during this period.

Figure 6. Comparison of actual data, in-sample forecasts, and out-of-sample forecasts for Classical
MSAR, Classical MSAR-TVP, Bayesian MSAR-TVP, and Bayesian AR-TVP models on U.S. real
GNP (1952–1986).

Conversely, for Dataset 2 (1947–2024) (Figure 7), which spans a longer and more
complex period, the Bayesian MSAR-TVP model demonstrates superior performance,
particularly in the out-of-sample forecast. This model more accurately tracks historical
trends and captures the upward movements in economic activity. Its flexibility also allows
it to better accommodate structural changes and uncertainties present in the data. Although
the Classical MSAR-TVP model still performs reasonably well in-sample data, its predictive
ability declines significantly out-of-sample compared to the Bayesian approach—especially
when dealing with complex and volatile time periods.

Overall, the results illustrated in both figures support the earlier quantitative analysis,
indicating that the Classical MSAR-TVP model performs better for data with stable trends,
while the Bayesian MSAR-TVP model is more suited for complex and long-term datasets.
This highlights that selecting the appropriate model heavily depends on the complexity
level of the dataset, with the Bayesian model offering greater flexibility and accuracy under
challenging data conditions.

To provide further statistical support for the model comparison, we conducted signifi-
cance tests on the distribution of absolute percentage error (APE) between the Classical and
Bayesian MSAR-TVP models. Based on the Kolmogorov–Smirnov (KS) test [39], we applied
independent t-tests [40] for normally distributed data and Mann–Whitney U tests [41] for
non-normal cases. For comparisons using t-tests, the Levene’s test [42] was employed to
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assess the homogeneity of variances and determine whether equal or unequal variance as-
sumptions were appropriate. The results, presented in Table 6, show statistically significant
differences in APE distributions—both in-sample and out-of-sample—particularly favoring
the Bayesian approach on the more complex dataset (Dataset 2). These findings reinforce
the robustness and predictive reliability of the Bayesian model in handling nonlinear and
structurally complex time series data.

Figure 7. Comparison of actual data, in-sample forecasts, and out-of-sample forecasts for Classical
MSAR, Classical MSAR-TVP, Bayesian MSAR-TVP, and Bayesian AR-TVP models on U.S. real
GNP (1947–2024).

Table 6. Results of APE difference tests between Classical and Bayesian MSAR-TVP models.

Dataset Group
KS Test p-Value

Difference Test p-ValueClassical
MSAR-TVP

Bayesian
MSAR-TVP

U.S. Real GNP
(1952–1986)

In-Sample 0.6079
(normal)

0.0675
(normal)

t-test (unequal variance,
Levene’s

p = 1.028 × 10−8)
3.396 × 10−7

Out-of-Sample 0.7129
(normal)

0.8426
(normal)

t-test (equal variance,
Levene’s p = 0.1148) 0.004238

U.S. Real GNP
(1947–2024)

In-Sample 2.426 × 10−13

(not normal)
0.2058

(normal) Mann–Whitney test 1.569 × 10−7

Out-of-Sample 0.5598
(normal)

0.9942
(normal)

t-test (unequal variance,
Levene’s p = 0.0023) 8.524 × 10−9

The results in Table 6 confirm that there are statistically significant differences in the
APE distributions between the Classical and Bayesian MSAR-TVP models. For Dataset 1
(1952–1986), both in-sample and out-of-sample comparisons using t-tests show significant
differences in prediction error patterns. In Dataset 2 (1947–2024), which reflects more
complex and volatile data, the Mann–Whitney test (in-sample) and t-test (out-of-sample)
also reveal significant differences. These results support the conclusion that the Bayesian
model provides more accurate and stable forecasts, particularly in challenging and complex
data environments.

In addition to significance testing, we further examined the predictive behavior using
the distribution of APE. The lower APE standard deviation also signifies the best perfor-
mance, as it reflects greater predictive consistency and accuracy. As shown in Table 7
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and visualized in the corresponding boxplots (Figures 8 and 9), the Bayesian approach
produced a more concentrated APE distribution with fewer outliers. This indicates en-
hanced prediction stability, particularly in out-of-sample scenarios, and further supports
the model’s effectiveness in managing complex economic data.

Table 7. Comparison of APE standard deviations for Classical MSAR-TVP and Bayesian MSAR-TVP
models.

Dataset Model
Standard Deviation

In-Sample Out-of-Sample

U.S. Real GNP (1952–1986) Classical MSAR-TVP 0.947471 1.165966
Bayesian MSAR-TVP 1.956111 0.850760

U.S. Real GNP (1947–2024) Classical MSAR-TVP 4.904877 0.238539
Bayesian MSAR-TVP 3.012078 1.672326

Notes: Bold values indicate the best performance for each metric.

(a) (b) 

Figure 8. Box plot of APE for U.S. real GNP (1952–1986) comparing Classical MSAR-TVP and
Bayesian MSAR-TVP models: (a) in-sample; (b) out-of-sample.

(a) (b) 

Figure 9. Box plot of APE for U.S. real GNP (1947–2024) comparing Classical MSAR-TVP and
Bayesian MSAR-TVP models: (a) in-sample; (b) out-of-sample.

Based on the results in Table 7, in Dataset 1 (1952–1986), the Classical MSAR-TVP
model exhibited a lower APE standard deviation for in-sample data (0.947471 compared to
1.956111 for the Bayesian approach), indicating better predictive consistency for simpler
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data. However, for out-of-sample data, the Bayesian approach demonstrated superior
stability with a lower APE standard deviation (0.850760 compared to 1.165966 for the
classical approach), while maintaining greater predictive flexibility.

Conversely, in Dataset 2 (1947–2024), the Bayesian model excelled in predictive stabil-
ity for both in-sample and out-of-sample data. The Bayesian approach exhibited a lower
APE standard deviation for in-sample data (3.012078 compared to 4.904877 for the classi-
cal approach). However, for out-of-sample data, the classical approach demonstrated a
smaller standard deviation (0.238539 compared to 1.672326 for Bayesian). Nevertheless, the
Bayesian model’s predictive accuracy remained superior, with a smaller MAPE, making it
a more effective approach for handling complex data.

The boxplots in Figures 8 and 9 support these findings. For Dataset 1, the classical
model demonstrated a narrower and more concentrated APE distribution for in-sample
data, while the Bayesian approach exhibited higher predictive flexibility but with greater
variability. Conversely, in Dataset 2, the Bayesian model produced a narrower APE dis-
tribution for both in-sample and out-of-sample data, emphasizing its superior predictive
stability when dealing with highly complex datasets.

Overall, these findings affirm that the MSAR-TVP model, whether utilizing the clas-
sical or Bayesian approach, outperforms the Classical MSAR model in applications in-
volving U.S. real GNP data. The Bayesian MSAR-TVP model demonstrates significant
advantages in handling complex datasets, delivering more stable predictions with lower
errors for out-of-sample data. Conversely, the Classical MSAR-TVP model is better suited
for simpler datasets, emphasizing consistency in predictions. The choice of approach
should consider the level of data complexity to ensure optimal performance across various
analytical contexts.

3.3. Forecasting Using the Bayesian MSAR-TVP Model

This analysis employs the Bayesian MSAR-TVP model to monitor economic processes
and forecast the next two years using U.S. real GNP data from 1947 to 2024. This model
was selected due to its superior performance, particularly in handling complex datasets, as
described in previous sections.

In Figure 10, the filtered probability plots illustrate the state transition patterns repre-
senting phases of economic expansion (State 1) and recession (State 2) in the U.S. during
the analysis period. High probabilities in State 1 depict the dominance of expansionary
conditions, while spikes in State 2 probabilities indicate periods of recession. The model
consistently detects major economic events, such as the early 1980s recession, where the
probability of a recession peaked between Q4 1981 and Q1 1982, reflecting the Federal
Reserve’s tight monetary policies aimed at curbing high inflation [43]. The early 1990s
recession is also captured by the model, with a recession probability of 0.766 in Q2 1990,
driven by rising oil prices following Iraq’s invasion of Kuwait and the lingering effects of
earlier monetary policies [44]. In 2001, the probability of recession spiked to 0.7, reflecting
the bursting of the dot-com bubble, which triggered an official recession from March to
November 2001 [43]. Furthermore, the 2008 global financial crisis was detected, with
recession probabilities peaking in Q4 2008, highlighting the impact of the housing market
collapse and subprime mortgage crisis [45]. The COVID-19 pandemic period in 2020 was
also effectively identified, with recession probabilities nearing their maximum during Q2
and Q3 2020, capturing the economic contraction caused by global lockdown policies [46].
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Figure 10. Filtered probability of U.S. real GNP Bayesian MSAR-TVP model (1947–2022).

These results confirm the Bayesian approach’s ability to detect the dynamics of eco-
nomic structures, providing deep insights into business cycles and capturing significant
changes in economic conditions.

The plot in Figure 11 presents a comparison between actual data and the forecasting
results of the Bayesian MSAR-TVP model for U.S. real GNP over the 1947–2024 period.
This plot illustrates the model’s performance in predicting economic trends during the
in-sample and out-of-sample periods, as well as its projections for the future. The analysis
reveals that the Bayesian MSAR-TVP model consistently tracks historical data patterns
and reflects economic growth trends that align with the dynamics of the actual data. The
model effectively captures key patterns during the in-sample period, producing forecasts
that closely match the observed data. During the out-of-sample period, the Bayesian
MSAR-TVP model maintains good accuracy, with only minor discrepancies that may reflect
variations or uncertainties inherent in economic data. Additionally, the model’s future
projections align with reasonable growth patterns, highlighting its capability to project
long-term trends based on the historical data structure. Notably, the forecasts for the next
two years suggest that the U.S. economy is likely to remain in an expansionary regime.

Figure 11. Comparison plot of actual data, in-sample, out-of-sample, and future forecasts using the
Bayesian MSAR-TVP model for U.S. real GNP (1947–2026).
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Table 8 provides details on the average run length (ARL) as well as the maximum and
minimum run lengths for each state in the economic regime analysis using the Bayesian
approach. Based on this table, State 1 (expansion) recorded an ARL of 36.13 quarters,
indicating that expansion periods generally last longer than recessions. Conversely, State 2
(recession) had an ARL of 1.25 quarters. The maximum run length for expansion reached
131 quarters, whereas for recession, it was 2 quarters. The minimum run length for both
states was 1 quarter, indicating the possibility of rapid regime shifts. Additionally, the
equal number of runs—namely, 8 for both states—suggests that although expansion phases
are longer, recessions occur with the same frequency. This highlights the need to consider
recessions carefully in economic planning and business strategy development.

Table 8. Run length and ARL of the Bayesian MSAR-TVP model for U.S. real GNP (1947–2022).

Run Length State 1 State 2

Maximum Run Length 131 2
Minimum Run Length 1 1

Number of Runs 8 8
ARL 36.13 1.25

4. Discussion and Future Research Directions
This study developed a novel estimation method for the MSAR-TVP model using

a Bayesian approach, hereafter referred to as Bayesian MSAR-TVP. This approach was
designed to address the limitations of the Classical MSAR-TVP model, particularly in
handling datasets with high complexity and dynamic structural changes. By integrating
regime-switching capabilities with time-varying parameters, the model effectively captures
the intricate dynamics inherent in economic data. Additionally, the new Bayesian AR-TVP
model is also designed to capture structural changes over time.

The superiority of the Bayesian MSAR-TVP model over the Classical MSAR model
is evident from the analysis of U.S. real GNP data. For datasets with relatively simple
patterns (1952–1986), the Classical MSAR-TVP approach delivered the best performance,
achieving high in-sample and out-of-sample prediction accuracy. However, for more
complex datasets (1947–2024), the Bayesian MSAR-TVP approach demonstrated significant
advantages, particularly in out-of-sample forecasting. With a MAPE of 6.56%, the Bayesian
approach not only provided highly accurate predictions but also effectively captured
the complex dynamics of regime changes. In comparison, the Bayesian AR-TVP model
also effectively captured volatility and dynamic variations, though its predictive accuracy
remained slightly lower than that of the Bayesian MSAR-TVP, especially during prolonged
periods of instability.

Furthermore, the filtered probability analysis from the Bayesian MSAR-TVP model
in this study confirmed the model’s effectiveness in detecting major economic events,
such as the early 1980s recession, the 1990 recession, the dot-com bubble (2001), the 2008
global financial crisis, and the COVID-19 pandemic in 2020. These results demonstrate
that the Bayesian approach is not only accurate in forecasting but also flexible in capturing
transitions between expansion and recession phases in economic cycles. It also offers deep
insights into the historical structure of the data, supporting data-driven decision-making in
the field of economics.

Although the Bayesian MSAR-TVP model has demonstrated clear advantages, several
limitations remain that could serve as a focus for future research. One primary limitation is
the assumption that each regime follows an AR(1) process. Future studies could consider
increasing the AR order to capture more complex economic patterns, especially in datasets
with longer lag structures. Additionally, developing models with more than two regimes
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would provide greater flexibility, enabling the identification of more diverse economic
phases, such as periods of moderate growth or sharp contraction. Another potential im-
provement is the incorporation of exogenous explanatory variables, such as interest rates,
inflation, and unemployment, to enhance the model’s ability to capture external economic
dynamics and improve forecasting accuracy. This is important to consider because, al-
though the MAPE values remain under 10%, the forecast patterns do not perfectly align
with the actual data, indicating that the model does not fully capture every aspect of the un-
derlying dynamics. This misalignment may occur due to the occurrence of extreme events,
which can lead to outliers. The model may struggle to account for such unpredictable
shifts, and incorporating external variables could help capture these factors and improve
forecast accuracy.

Another limitation lies in the assumption of Gaussian-distributed residuals, which
may restrict the model’s applicability to datasets with outliers or asymmetric distribu-
tions. Hence, approaches that incorporate non-Gaussian residual distributions [47–49]
are expected to improve the model’s robustness under extreme data conditions. Further-
more, exploring more general transition frameworks, such as pairwise Markov models
(PMMs) [50–53] or other state-space models, could provide additional flexibility for han-
dling more intricate regime dynamics.

The application of the Bayesian MSAR-TVP model in this study is limited to economic
data, specifically U.S. real GNP. Future research could expand its applicability to diverse
domains, including climate modeling, financial markets, demographic studies, commodity
pricing, exchange rate dynamics, meteorology, population trends, and healthcare analytics,
such as brain electroencephalography (EEG) signals. Extending its use across these fields
could significantly advance predictive methodologies, reinforcing Bayesian MSAR-TVP as
a powerful and versatile tool in data analysis.

In summary, this study paves the way for further advancements in nonlinear time
series modeling. By addressing the current limitations, the Bayesian MSAR-TVP model
could evolve into a more comprehensive approach, applicable not only to economic fore-
casting but also to a wide range of data-driven applications in the future. This is expected
to spark further discussion among researchers about the potential of this model to tackle
increasingly complex data analysis challenges.

In addition to its methodological contributions, the Bayesian MSAR-TVP model holds
practical relevance for economic policy and planning. Its ability to detect structural regime
shifts—such as recessions and expansions—with high accuracy can support the develop-
ment of early warning systems and inform timely fiscal or monetary interventions. By
providing quantitative insights into economic stability and volatility, the model offers a
valuable tool for decision-makers in managing macroeconomic risks and anticipating future
economic conditions.

5. Conclusions
This study successfully developed the Bayesian Markov switching autoregressive

model with time-varying parameters (MSAR-TVP) as a superior approach for analyzing
nonlinear time series with structural changes. Empirical evaluation using U.S. real GNP
data demonstrated that the Classical MSAR-TVP model performed optimally on simpler
datasets (1952–1986), achieving a MAPE of 1.76% and MAE of 42.7753 for in-sample data,
and a MAPE of 1.88% and MAE of 69.3366 for out-of-sample data. In contrast, when applied
to a more complex dataset (1947–2024), the Bayesian MSAR-TVP model demonstrated
significant advantages, especially in out-of-sample forecasting, with a MAPE of 6.56% and
MAE of 3499.565. These results highlight the effectiveness of the Bayesian approach in
handling dynamic, long-horizon economic data with structural breaks.
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Beyond forecasting accuracy, the Bayesian MSAR-TVP model effectively identified
key regime transitions between economic regimes, including key recessionary periods such
as the early 1980s, the early 1990s, the 2001 dot-com bubble burst, the 2008 global financial
crisis, and the COVID-19 pandemic. Filtered probability analysis confirmed the model’s
capacity to produce realistic regimes estimates, with a high probability of persistence
within a regime (>96%) and relatively low probability of regime switching (<4%). These
findings offer valuable insights for understanding macroeconomic dynamics and support
evidence-based strategic planning.

Furthermore, the Bayesian AR-TVP model, introduced in this study, provides addi-
tional flexibility by modeling time-varying volatility, making it particularly useful during
volatile periods. While its overall predictive accuracy is slightly lower than that of the
Bayesian MSAR-TVP, it complements the latter by better representing short-term instability
and dynamic volatility patterns.

Given its high forecasting precision, flexibility, and capability to accommodate
complex time-dependent structures, the MSAR-TVP model—particularly its Bayesian
implementation—presents substantial potential as a reliable tool for economic analysis
and forecasting. Projections for the upcoming two years indicate continued expansion-
ary conditions in the U.S. economy. Furthermore, the methodology can be extended to
various domains, offering broader applicability for dynamic modeling and data-informed
decision-making.
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Appendix A
Table A1. Priors of parameters on the Bayesian MSAR-TVP model.

Dataset 1 (U.S. Real GNP 1952–1984) Dataset 2 (U.S. Real GNP 1947–2022)

ϕ1,1 ∼ N(0.9557, 0.01)
ϕ1,2 ∼ N(0.0844, 0.01)
βt,1,1 ∼ N(0.5, 0.05)
βt,1,2 ∼ N(0.3, 0.05)
p11, p22 ∼ Beta(2, 2)

ϕ1,1 ∼ N(0.4, 0.1)
ϕ1,2 ∼ N(−0.5, 0.1)
βt,1,1 ∼ N(0.67, 0.15)
βt,1,2 ∼ N(0.17, 0.1)
p11, p22 ∼ Beta(5, 5)

Appendix B
Appendix B.1

Figures A1 and A2 shows the history plot of the Bayesian MSAR-TVP model parame-
ters for U.S. real GNP from 1952 to 1984.

Figure A1. Trace plot of the Bayesian MSAR-TVP model for U.S. real GNP (1952–1984).

Figure A2. ACF plot of the Bayesian MSAR-TVP model for U.S. real GNP (1952–1984).
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Appendix B.2

Figures A3 and A4 shows the history plot of the Bayesian MSAR-TVP model parame-
ters for U.S. real GNP from 1947 to 2022.

Figure A3. Trace plot of the Bayesian MSAR-TVP model for U.S. real GNP (1947–2022).

Figure A4. ACF plot of the Bayesian MSAR-TVP model for U.S. real GNP (1947–2022).
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