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Abstract: This article describes a robust Gaussian Prior process state space modeling
(GPSSM) approach to assess the impact of an intervention in a time series. Numerous
applications can benefit from this approach. Examples include: (1) time series could be the
stock price of a company and the intervention could be the acquisition of another company;
(2) the time series under concern could be the noise coming out of an engine, and the
intervention could be a corrective step taken to reduce the noise; (3) the time series could
be the number of visits to a web service, and the intervention is changes done to the user
interface; and so on. The approach we describe in this article applies to any times series
and intervention combination. It is well known that Gaussian process (GP) prior models
provide flexibility by placing a non-parametric prior on the functional form of the model.
While GPSSMs enable us to model a time series in a state space framework by placing
a Gaussian Process (GP) prior over the state transition function, probabilistic recurrent
state space models (PRSSM) employ variational approximations for handling complicated
posterior distributions in GPSSMs. The robust PRSSMs (R-PRSSMs) discussed in this article
assume a scale mixture of normal distributions instead of the usually proposed normal
distribution. This assumption will accommodate heavy-tailed behavior or anomalous
observations in the time series. On any exogenous intervention, we use R-PRSSM for
Bayesian fitting and forecasting of the IoT time series. By comparing forecasts with the
future internal temperature observations, we can assess with a high level of confidence
the impact of an intervention. The techniques presented in this paper are very generic
and apply to any time series and intervention combination. To illustrate our techniques
clearly, we employ a concrete example. The time series of interest will be an Internet of
Things (IoT) stream of internal temperatures measured by an insurance firm to address
the risk of pipe-freeze hazard in a building. We treat the pipe-freeze hazard alert as an
exogenous intervention. A comparison of forecasts and the future observed temperatures
will be utilized to assess whether an alerted customer took preventive action to prevent
pipe-freeze loss.

Keywords: forecasting; Gaussian process state space model; intervention analysis; IoT time
series; scale mixture of normals distribution

1. Introduction
This paper deals with the problem of assessing the impact of an intervention in a

time series. Specifically, we provide a robust Gaussian Prior process state space modeling
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(GPSSM) approach to solve this problem. There are numerous applications that could
benefit from such approaches. A class of applications arises in the context of Internet of
Things (IoTs). IoT describes interconnected physical sensors that communicate via the
internet. In recent times, IoT technology exists in several domains. These include but are not
limited to smart city energy consumption forecasting [1], sewer overflow monitoring [2],
and development of risk mitigation strategies in the insurance industry [3,4]. This article
focuses on the last application in the insurance industry, where IoT devices typically record
their observations in a streaming fashion, leading to an inherent temporal dimension
in the IoT datasets. Development of statistical and machine learning models for IoT
data streams has two primary challenges. First, time series recorded by IoT devices are
often characterized by complex temporal dependencies including non-linear dynamics,
heavy-tailed behavior, anomalies, etc. Second, datasets on IoT time series can be massive,
possibly consisting of thousands of sensors recording observations at high frequency (e.g.,
at 15 min intervals). Unfortunately, many traditional time series methods either do not
scale easily to handle the size of such datasets or cannot adequately accommodate the
complex temporal dynamics. There is a need to develop novel time series methods that are
simultaneously flexible enough to learn the nuanced behavior of IoT time series and are
also computationally feasible to potentially handle thousands of time series.

One application for sensor networks is temperature monitoring within buildings
owned by end customers of an insurance firm. These buildings are susceptible to pipe-
freeze hazard (freeze loss), and the explicit goal is to prevent pipe-freeze losses to the
end customers through real-time alerts. A large number of sensors are usually deployed
in buildings throughout the United States, and it is essential to automate the process
of detecting and addressing adverse events (pipe-freeze loss). Critical to this process is
anomaly detection in the temperature readings that are acquired from the sensors. Ref. [4]
developed a modified Isolation Forest (IF+) machine learning algorithm to address pipe-
freeze loss mitigation, which proved to be extremely useful in detecting anomalies in the
temperature streams, which the firm used as the basis for sending customer alerts. Then, an
important question is whether and how an alerted end customer (insured) took remedial
action to prevent pipe freeze. Since direct feedback from the end customer on this is rarely
available, an interesting though challenging alternative is to use patterns in the pre-alert
and post-alert temperature streams to infer customer action.

A natural way to infer whether a customer took meaningful action after an alert is
to develop a metric that assesses differences in pre-alert and post-alert behavior in the
temperature streams by using time series intervention impact methods. In the classical
(frequentist) framework, intervention analysis such as the methods proposed in [5,6] or
change point detection [7] may be used for detecting whether there was a significant post-
event change in the stochastic behavior of a time series. [8] described an intervention
impact approach in the Bayesian framework by (a) employing a Bayesian structural time
series (BSTS) model [9] to fit the pre-intervention time series, and (b) using forecasts from
the fitted model to develop counter-factual forecasts of the post-intervention series. The
difference between the observed post-intervention and the forecast post-intervention values
of the time series allows one to construct a semi-parametric posterior estimate of the impact
effect associated with the exogenous intervention. Unfortunately, the BSTS approach does
not produce accurate results when the temporal dependence in the IoT streams is nonlinear.

Gaussian process (GP) prior models (or GP models, for short) describe a set of methods
which generalize the multivariate normal to infinite dimensions. Gaussian process regres-
sion models [10] have also been extended to time series. In particular, this model offers an
alternative to the Bayesian structural time series model for intervention impact assessment
in time series; it provides greater flexibility by allowing us to place a non-parametric prior
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on the functional form of the model. The class of GP regression models has demonstrated
excellent performance for time series forecasting tasks [11,12] by directly learning the func-
tional form of the data through either maximum likelihood (ML), maximum a posteriori
(MAP), or fully Bayesian procedures [13–15].

We employ the Gaussian process model framework to assess the intervention impact of
customer action in the context of a long IoT time series of internal temperatures recorded by
sensors. Specifically, by treating the pipe-freeze hazard alert as an exogenous intervention,
we can assess whether we believe with a high level of confidence that an alerted customer
took preventive action to prevent pipe-freeze loss.

Section 2 first reviews Gaussian state space models. Section 3 describes the robust
Gaussian process state space models for forecasting time series. Section 4 describes how we
can forecast IoT time series of internal temperatures using robust Gaussian process state
space models, then assess the impact of customer reaction to an intervention (alert of pipe
freeze hazard). Section 5 presents a summary and discussion.

2. Review of Variants of Gaussian Process State Space Models
Gaussian Process (GP) models have flexible non-parametric forms, and for supervised

learning problems, they have the distinct advantage of allowing the user to automatically
learn the correct functional form linking the input space X to the output time series yt.
This is achieved by specifying a prior over the distribution of functions, which then allows
the derivation of the posterior distribution over these functions once the data have been
observed. Through their flexibility and versatility, GP regression models have demonstrated
excellent performance for regression tasks by directly learning the functional form of the
data [10]. A review of GP regression and sparse GP regression models for time series is
given in Appendix A.

Given a time series yt ∈ R observed at discrete times t = 1, . . . , n, a state space
model (SSM) assumes that the temporal dynamics in yt are governed by the history of an
unobserved latent state vector xt ∈ Rp, which evolves over time in a Markovian way [16]:

yt = g(xt) + εt, (1)

xt = f (xt−1) + ωt. (2)

Equation (1) is the observation equation and (2) is the state equation. The function
g(·) is a possibly nonlinear function relating the observed yt to xt ∈ Rp, while f (·) is a
possibly nonlinear state transition function which relates the current state xt to past values
xt−1. In (1) and (2), εt and ωt represent the observation and state errors, respectively. In
many practical situations, we also have exogenous predictors ct, which may be included
either in the state equation or the observation equation for explaining and predicting yt. In
monitoring pipe-freeze hazard, yt can denote the internal temperature in a building at time
t, and the exogenous predictor can be the vector ct = (t, OutdoorTemperaturet)

′.
The general form for the SSM in (1) and (2) includes linear SSMs such as the dynamic

linear model (DLM) estimated via Kalman filtering [17], Bayesian structural time series
(BSTS) models estimated via exact and approximate Bayesian methods [9,18], and models
governed by nonlinear dynamics such as variants of Gaussian Process state space models,
which we describe in this paper.

Section 2.1 gives the an overview of the current literature on the Gaussian Process
state space model (GPSSM) [19]. Section 2.2 describes the probabilistic recurrent state space
model (PRSSM) [20], which is a variant of the GPSSM.
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2.1. Review of Gaussian Process State Space Models

A Gaussian Process state space model (GPSSM) is defined by placing a Gaussian
Process (GP) prior over the state transition function in (2), yielding the following generative
model:

f ∼ GP(µ(xt), k(xt, xt′)),

xt| f , xt−1 ∼ N ( f (xt−1), Σx),

yt|xt ∼ p(yt|xt, σ2
y ), (3)

where

µ(xt) = E( f (xt)), and (4)

k(xt, xt′) = E( f (xt)− µ(xt))( f (xt′)− µ(xt′)) (5)

denote the mean function and the covariance kernel, respectively, with the hyperparameter
set denoted as θGP, and p(yt|xt, σ2

y ) is an arbitrary parametric density. Placing the GP
prior over the state transition function endows the model with the ability to learn a wide
array of non-linear transition behaviors from the data based on the structure of the kernel
k(xt, xt′). A few examples of commonly used kernels in a time series context are shown
in Appendix A. Note that while we have assumed a univariate response yt and univariate
latent state xt (suitable for HSB’s IoT streams), the GPSSM can be easily extended to handle
multivariate observations and latent states; further, the conditional distribution of yt can be
assumed to depend on a larger set of hyperparameters instead of just the variance σ2

y .
Let y = (y1, . . . , yn)′, x = (x′1, . . . , x′n)′, and f = (f′1, . . . , f′n)′, where ft = f (xt−1), t =

2, . . . , n. The joint p.d.f. for the generic GPSSM takes the following form:

p(y, x, f|θ) = p(x1)
n

∏
t=2

p(yt|xt)p(xt|ft)p(ft|f1:t−1, x1:t−1), (6)

where θ = {σ2
y , Σx, θGP} denotes the set of hyper-parameters. Under the assumed GP

prior in a GPSSM, computing the joint posterior distribution p(x, f, θ|y) is challenging
due to the non-linear state transition function. Several exact and approximate Bayesian
approaches have been proposed in the literature for state estimation and hyperparameter
learning. Ref. [21] proposed an analytic moment-based filter for modeling non-linear
stochastic dynamical systems with GPs by exploiting the Gaussian assumption in the filter
step. Ref. [22] proposed using the expectation-maximization (EM) algorithm to perform
inference in the the latent space and learn the parameters of the underlying GP dynamical
model. Ref. [23] developed a variational inference approach (see [24]) for estimating the
GPSSM by leveraging sparse Gaussian processes in conjunction with sequential Monte
Carlo methods. To improve learning of the latent states in a GPSSM, ref. [25] proposed
the use of a recurrent neural network to help recover the parameters of the variational
approximation for the latent states. More recently, ref. [26] employed a non-factorized
variational density that allows for direct modeling of the dependency between latent states
and the GP posterior, thus improving the predictive performance of the model.

One notable variant of the GPSSM is the probabilistic recurrent state space model
(PRSSM) introduced by [20]. This framework leverages variational inference and sparse
GP methods to reduce computational complexity. More details on this model are given in
Section 2.2.
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2.2. Review of Probabilistic Recurrent State Space Models

Ref. [20] discussed the probabilistic recurrent state space model (PRSSM), which
uses a specialized variational approximation capable of modeling temporal correlations
among the latent states by coupling samples from the inducing variables to the latent
states. PRSSM also employs a sparse inducing point GP approach to reduce computational
complexity during estimation.

As defined earlier, let y = (y1, . . . , yn)′ be the observed response time series vector,
x = (x1, . . . , xn)′ be the unobserved vector of latent states, and f = ( f (x1), . . . , f (xn))′.
Here, f is assumed to be a multivariate Gaussian with mean vector µ = (µ(x1), . . . , µ(xn))′

and variance–covariance matrix Kxx = {k(xt, xt′)} ∈ Rn×n. Let m << n denote a small
number of inducing points, let Z = (z′1, . . . , z′m) ∈ Rm×p be inducing inputs, and let
u = ( f (z1), . . . , f (zm))

′ ∈ Rm be the corresponding inducing variables.
The joint density of y, x, f, and u under the PRSSM has the following form:

p(y, x, f, u) =

[
n

∏
t=1

p
(

yt|xt, σ2
y

)]
p(x1)

[
n

∏
t=2

p(xt|ft)p(ft|xt−1, u)p(u)

]
, (7)

where the details of the components on the right are given in [20]. The joint posterior
p(x, f, u|y) is then approximated with the following joint variational density:

q(x, f, u) =

[
n

∏
t=2

q(xt|ft)

]
q(x1)

[
n

∏
t=2

p(ft|xt−1, u)q(u)

]
, (8)

where q(x1) = N (mx1 , Σx1) denotes the variational density for the initial state, while
q(u) = N (mz, Σzz) is the variational density for the inducing variables. Estimation of the
variational parameters in (8) is done by minimizing the evidence lower bound (ELBO),
which has the following form:

log p(y) ≥ Eq(x,f,u)

[
log

p(y, x, f, u)
q(x, f, u)

]
.

One key advantage of this variational approximation is its preservation of correlations
between time steps. This allows for optimization of the ELBO to remain tractable. One
shortcoming of PRSSM is that it uses a Gaussian density for the observational equation,
which may not be suitable for practical situations where there is heavy-tailed observational
noise. In the next section, we propose replacing the Gaussian observation density with the
p.d.f. of a scale mixture of Gaussians.

3. Robust Gaussian State Space Model
In many practical problems with heavy-tailed observational noise or anomalous data,

the Gaussian likelihood for f employed in the GPSSM or PRSSM may be inadequate
for accurate forecasting because the probability distribution of the time series (here, the
IoT temperatures) exhibits heavy-tailed behavior due to the presence of several outliers,
for example. A remedy is to incorporate heavy-tailed non-Gaussian distribution in a
model step. Ref. [27] described sparse latent autoregressive Student-t process models
(TP-RLARX) (see Appendix A for details) by assuming the Student-t prior process for f (·).
The computational burden for estimation and forecasting for the TP-RLARX models can be
high, and the model is not set up in a conventional SSM framework. In this section, we
describe an alternative R-PRSSM approach.

To model and forecast a time series yt exhibiting heavy tails or outlier behavior (the
IoT temperature series), we replace the normal distribution p(yt|xt, σ2

y ) in PRSSM by a scale
mixture of normals distribution [28] while retaining the Gaussian distribution p(ft|xt−1, u).
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We refer to the corresponding model as the robust PRSSM or R-PRSSM. Recall that the scale
mixture of normals distribution is defined as follows:

p(yt|xt, τ) = N(g(xt), τ),

τ ∼ p(τ), (9)

where τ is the variance of the normal distribution, so that

p(yt|xt) =
∫

p(yt|xt, τ)p(τ)dτ. (10)

When p(τ) is the inverse-Gamma density, (10) is the Student-t density, while if p(τ)
is the exponential density, then (10) is the Laplace density. Both of these distributions
accommodate non-Gaussian behavior such as heavy tails or outliers.

Using notation similar to Section 2.2, we see that(
f
u

)
∼ N

((
µx
µz

)
,

(
Kxx Kxz

Kzx Kzz

))
, (11)

where u = ( f (z1), . . . , f (zm))
′ ∈ Rm are m << n inducing points. Based on the properties

of the multivariate normal distribution [29], we see that

p(f|u) is N
(

µx + KxzK−1
zz (u − µz), Kxx − KxzK−1

zz Kzx

)
and (12)

p(u) is N (µz, Kzz). (13)

The joint density of y, τ, x, f, and u under R-PRSSM with a Gaussian scale mixture
distributional assumption is as follows:

p(y, τ, x, f, u) =

[
n

∏
t=1

p(yt|xt, τ)

]
p(τ)p(x1)

[
n

∏
t=2

p(xt|ft)p(ft|xt−1, u)p(u)

]
, (14)

where

p(yt|xt, τ) = N (xt, τ); p(τ) = IG(τ|α, β); p(x1) = N
(

µx1
, Ωx1

)
; p(xt|ft) = N (ft, Ωx);

p(u) = N (µz, Kzz); p(ft|xt−1, u) = N
(

µft
, Σft

)
, (15)

and

µft
= µxt−1

+ kxt−1,zK−1
zz (u − µz), and

Σft = kxt−1,xt−1 − kxt−1,zK−1
zz kz,xt−1

are the GP predictive mean and covariance, as the conditional mean and covariance are
defined in (12). Note that the conditional distribution in (12) only requires inversion of the
m × m matrix Kzz instead of the n × n matrix Kxx. By setting m << n, the computational
burden is substantially reduced.

For fitting and forecasting via R-PRSSM, the target is the n-dimensional marginal
distribution of f, i.e.,

p(f) =
∫

p(f|u)p(u)du, (16)
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where the terms in the integral were shown in (12) and (13), respectively. Replacing p(u)
with its variational approximation (see Appendix B for a review)

q(u) = Nm(mz, Σzz) (17)

leads to approximating p(f) via a variational approximation q(f), which has the following
form (again using the properties of the multivariate normal distribution):

q(f) =
∫

p(f|u)q(u)du

= Nn

(
µx + KxzK−1

zz (mz − µz), Kxx + KxzK−1
zz (Σzz − Kzz)K−1

zz Kzx

)
. (18)

Incorporating the scale prior implies that the joint variational density becomes as
follows:

q(x, τ, f, u) = q(τ)

[
n

∏
t=2

q(xt|ft)

]
q(x1)

[
n

∏
t=2

p(ft|xt−1, u)q(u)

]
, (19)

where q(τ) = IG(τ|a, b), q(x1) = Np(mx1 , Σx1) denotes the variational density for the
initial state, while q(u) = Nm(mz, Σzz) is the variational density for the inducing variables.
We employ an LSTM [30] recognition model to learn the initial latent state; more details
can be found in [25].

The evidence lower bound (ELBO) for R-PRSSM takes the following form:

log p(y) ≥ Eq(τ,x,f,u)

[
log

p(y, τ, x, f, u)
q(τ, x, f, u)

]
=

n

∑
t=1

Eq(xt ,τ)[log p(yt|xt, τ)]− KL[q(τ) ∥ p(τ)]− KL[q(u) ∥ p(u)]− KL[q(x1) ∥ p(x1)], (20)

where KL[q(·) ∥ p(·)] is the Kullback–Leibler distance between q(·) and p(·). In (20), the
last two KL terms are analytically tractable and are given as follows:

KL[q(u) ∥ p(u)] =
1
2

[
(µz − mz)

′K−1
zz (µz − mz) + Tr(K−1

zz Σzz)− log
|Σzz|
|Kzz|

− m
]

(21)

and

KL[q(x1) ∥ p(x1)] =
1
2

[(
µx1

− mx1

)′
Ω−1

x1

(
µx1

− mx1

)
+ Tr(Ω−1

x1
Σx1)− log

|Σx1 |
|Ωx1 |

− p
]

, (22)

where Tr(A) denotes the trace of a matrix A. The term KL[q(τ) ∥ p(τ)] can be derived as
follows:

KL[q(τ) ∥ p(τ)] =
[
(a − κ)ψ(a)− log Γ(a) + log Γ(κ) + κ log

b
θ
− log θ) + a

(
θ − b

b

)]
. (23)

The ELBO for the R-PRSSM is optimized using virtually the same stochastic variational
inference procedure described in the original PRSSM paper by [20]. The only difference is
that we have the following:

Eq(xt ,τ)[log p(yt|xt, τ)] ≈ 1
S

S

∑
s=1

log p(yt|x(s)t , τ(s)) (24)

as the unbiased estimator for the log-likelihood, where s denotes the s-th sample from
xt ∼ q(xt) and τ ∼ q(τ).
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The generic steps for forward and backward passes for the R-PRSSM variational
inference algorithm are described in Algorithms 1 and 2. Below, we show the steps for
implementing R-PRSSM for the internal temperature series yt. The inputs are the internal
and ambient temperatures for n = 672 time points for the training data and K = 48 time
points for the test data.

Our implementation of this algorithm for the IoT temperature time series is done
using PyTorch [31] and GPyTorch [32]. These platforms include implementations for many
state-of-the-art GP methods.

Step 1. We initialize the variational parameters.
Step 2. Using current variational parameters, we generate the n-dimensional latent state
trajectories by sampling from multivariate Gaussian q(xt) t = 1, . . . , n, and we sample q(τ)
from IG(a, b).
Step 3. We evaluate the ELBO in (20) at the current values of the variational parameters
and the generated samples in Step 2.
Step 4. We update the variational parameters via a backward pass of the gradient descent
algorithm using the *autodiff routine* in PyTorch.

We repeat these steps until the ELBO has attained convergence.

4. Application: Intervention Impact Analysis for IoT Temperature
Time Series

We illustrate the approach for a data stream from a single sensor installed in a building
by The Hartford Steam Boiler. Figure 1 shows the internal temperatures (blue) and the
external temperatures (yellow) for the entire week prior to an alert event (vertical black
line), as well as the observed values over the immediate twelve hours following the alert.
That is, the training data length is n = 672 (i.e., 15 min observations for a week), and the
test data length is K = 48 (i.e., 15 min observations for 12 h).

In the hours immediately preceding the alert event, there is a precipitous decline in
external temperatures along with sufficiently low internal temperatures, which together
trigger an alert. Our code is a modified version of the code available here: https://
github.com/zhidilin/gpssmProj/blob/main/models/GPSSMs.py, accessed on 23 May
2025, which was implemented as part of [33]. This repo has an implementation for PRSSM
(see line 77, and set LMC = False on line 87).

Figure 1. Example Alert Event during a single week: the blue line is the internal temperature observed
once every 15 min, the orange line is the external (ambient) temperature at the same times, and the
dotted line is the time point of the alert.

https://github.com/zhidilin/gpssmProj/blob/main/models/GPSSMs.py
https://github.com/zhidilin/gpssmProj/blob/main/models/GPSSMs.py


Forecasting 2025, 7, 22 9 of 20

We fit the R-PRSSM with a scale mixture of normal errors and a Mateŕn 52 kernel to
the week-long internal temperatures prior to an alert event and forecast the next twelve
hours (K = 48 time steps) post-alert. Note that we chose the Mateŕn 52 kernel, as it gave the
best overall performance when compared to an RBF, Mateŕn 12 and Mateŕn 32 kernels. We
compare the performance of R-PRSSM and PRSSM using the following prediction metrics:
mean squared error (RMSE), mean absolute error (MAE), symmetric mean absolute percent
error (SMAPE), and continuous ranked probability score (CRPS) [34].

The SMAPE for the test data is defined as follows:

1
K

K

∑
k=1

|ŷn+k − yn+k|
(|yn+k|+|ŷn+k|)

, (25)

It is designed to address the issue of negative errors being more heavily penalized by
the standard MAPE calculation. The CRPS measures the quality of a probabilistic forecast
and is defined as follows:

CRPS(F, x) = −
∫ ∞

−∞
(F(y)− 1{y ≥ x})2dy (26)

where F denotes the cumulative distribution function for the continuous random variable
x, and 1 denotes the indicator function. In Bayesian forecasting settings, the CRPS can be
estimated by comparing the empirical CDF of the posterior predictive samples and the
CDF of our observed values.

Since we are specifically interested in identifying anomalously large increases in the
observed post-alert temperatures, we compute and compare the widths of the predictive
intervals generated by the models. To do this, we use the prediction interval coverage
probability (PICP), defined as follows:

PICP(ql , qu) =
1
K

K

∑
k=1

1

(
ψ(ql ,n+k) < yn+k < ψ(qu ,n+k)

)
, 0 < l < u < 1, (27)

where ψ(q,t) is the q-th quantile of the posterior predictive density of yt at time t. If the
predictive interval is too narrow, it is likely that the intervention impact analysis is prone to
false positives.

Figure 2 shows the 48-step-ahead (12 h) forecasts generated by the PRSSM (left) and the
R-PRSSM (right). From the figure, we can see that both models are successful in learning the
post-alert internal temperature dynamics, as evidenced by the posterior mean predictions.
In addition, it is clear that the 95% posterior predictive interval from the PRSSM has failed
to encompass a significant proportion of time points at both the start and end of the forecast
period. In contrast, R-PRSSM’s 95% predictive interval fully encompasses the vast majority
of the observed post-alert temperature readings.
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Figure 2. Comparison forecasts post-alert for K = 48 time points from the PRSSM model (left) and
the R-PRSSM model (right). The post-alert period is the same as in Figure 1. We show a truncated
pre-alert period for clarity.

A comparison of the forecast metrics for both models is given in Table 1 below. We
observe that while the PRSSM mildly outperforms the R-PRSSM on metrics related to point
prediction (RMSE, SMAPE, CRPS), it performs substantially worse than the R-PRSSM on
the PICP metric. Since the predictive density for the PRSSM does not adequately capture
the variance in the post-alert temperatures, subsequent intervention analysis is not reliable.

The intervention impact p-value for the PRSSM is about 0.759, compared with a
value of about 0.370 for the R-PRSSM. If the intervention impact p-value is greater than
α = 0.95, we declared “action taken” on an alert event. While neither model would have
classified this event as having appreciable customer intervention based on that criterion,
we nevertheless see that the forecasts generated by the PRSSM model have a propensity to
overestimate the likelihood of customer action due to its underestimation of the internal
temperature variability. If the goal is to be more conservative in labeling alert events
as receiving appreciable customer response, then the R-PRSSM with its heavier-tailed
posterior predictive density should be preferred.

Table 1. 48-step-ahead forecast metrics comparison for the alert event shown in Figure 1.

Model RMSE sMAPE CRPS PICP

PRSSM 1.939 0.030 1.476 0.6784
R-PRSSM 3.209 0.049 2.454 0.9722

Having demonstrated the efficacy of this method on a single sensor, we apply both the
PRSSM and the R-PRSSM methods to 50 sensor time series, each with a single alert. Overall,
we find that while R-PRSSM performs worse on forecast metrics related to point prediction,
as shown by the results in Table 2, it greatly outperforms PRSSM on the PICP metric.
Furthermore, Table 3a,b show that the R-PRSSM is far more conservative in declaring an
appreciable post-alert intervention (as indicated by a rise in temperature) by the customer,
i.e., 16% of alerts under the R-PRSSM versus 28% under the PRSSM. Overall, if the goal
of the firm is to be conservative in assessing customers as low-risk clients based on their
propensity to react to alerts, then the R-PRSSM is the preferable method (since it provides
wider predictive intervals).

Table 2. 48-Step-ahead forecast metrics comparison (averaged across 50 unique alert events from
different IoT sensors).

Model RMSE SMAPE CRPS PICP

PRSSM 3.818 0.063 2.789 0.689
R-PRSSM 6.688 0.108 5.178 0.981
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Table 3. Confusion matrices for PRSSM (a) and R-PRSSM (b) for analyzed alert events from the
50 sensors.

(a) PRSSM

Human Labels

Predicted Labels No Action Action

No Action 32 4
Action 8 6

(b) Robust PRSSM

Human Labels

Predicted Labels No action Action

No action 34 8
Action 6 2

5. Summary and Discussion
In this paper, we proposed the R-PRSSM, which extends the Gaussian process state

space model known as PRSSM by replacing the Gaussian likelihood with a Gaussian
scale mixture likelihood. Our primary motivation in doing this was to make the PRSSM
more robust to observational noise, then use it as the forecasting model for time series
intervention analysis.

As a proof of concept, we applied the R-PRSSM to 50 IoT time series alert events and
compared its performance with the PRSSM. We found that the R-PRSSM’s (additional)
inverse Gamma prior for the scale parameter modifying the Gaussian likelihood led to
improved predictive interval coverage probability compared to the PRSSM. As a result
of its wider predictive intervals, the R-PRSSM’s intervention impact assessment was far
more conservative than the corresponding assessment from the PRSSM. Indeed, if domain
experts believe that the cost of false positives is high, then it would be prudent for them to
use the R-PRSSM, since its intervention impact inference will be more robust to outliers
and heavy-tailed noise distribution in the post-alert forecast period. We also mention that
it is important to pay attention to model selection, hyperparameter tuning, and scalability.
In addition, modeling choices, such as the use of a particular heavy-tailed likelihood, are
important.

The results presented in this paper point to a number of fruitful avenues for future
research. First, for simplicity, we presented a simple version of the PRSSM in which both
the observations and latent state were univariate. However, the original paper by [20]
is more general in that it allows for multivariate latent states and likelihoods. R-PRSSM
could easily be extended to accommodate multivariate states and likelihoods by replacing
the inverse Gamma prior with that of an inverse Wishart prior. Furthermore, we could
also investigate whether or not anything would be gained by replacing the GP transition
function with that of a TP, similar to the TPRLARX model from [27]. Finally, while we opted
for the Gaussian scale mixture likelihood, other options such as the Laplace likelihood
could also be explored.
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Appendix A. Review of Gaussian Process (GP) Regression Models for
Time Series

Let yt, t = 1, . . . , n be an observed real-valued response time series, which we must
explain as a function of an unobserved latent state xt ∈ R and an observed exogenous
predictors ct ∈ Rp. Let D = {(yt, ct), t = 1, . . . , n} denote observed data and xt =

(xt, c′t)
′ ∈ R1+p. Given an observed response yt and input vectors xt and x∗t ∈ Rp, the GP

regression model for yt has the following form:

yt = f (xt) + εt, (A1)

f (xt) ∼ GP(µ(xt), k(xt, x∗t )), (A2)

where ϵt ∼ N(0, σ2
ε ), the form of f (·) is unknown, and

µ(xt) = E( f (xt)), (A3)

k(xt, x∗t ) = E( f (xt)− µ(xt))( f (x∗t )− µ(x∗t )) (A4)

denote the mean function and the covariance kernel, respectively.
By employing either one kernel or a mixture of suitable kernels that can explain linear

trends, short-term nonliearity, or seasonality [13,35], a GP regression model can learn a
wide range of time series behavior. A few examples of commonly used kernels are shown
below.

K1. Periodic kernels that capture seasonal behavior in the time series are defined as follows:

kPERi (t, t′) = σ2
pi

exp

(
− (2sin2(π|t − t′|/pei ))

ℓ2
pi

)
, (A5)

where σ2
pi

denotes the component variance, ℓ2
pi

denotes the length scale, and pei denotes the
period.
K2. The radial basis kernel, which models short-term to medium-term variations in yt as a
function of t and xt, is defined as follows:

kRBF(xt, xt′) = σ2
r exp

(
−||xt − xt′ ||2

2ℓ2
r

)
, (A6)

where σ2
r denotes the component variance and ℓr denotes the lengthscale.

K3. The spectral mixture kernels [14] can extrapolate non-linear patterns in a time series and
are defined as follows:

kSMi (t, t′) = σ2
mi

exp

(
− (t − t′)2

2ℓ2
mi

)
cos
(

t − t′

τmi

)
, (A7)

where σ2
mi

is the variance of the component i = 1, 2, ℓmi denotes the lengthscale, and τmi

acts as the lengthscale of the cosine term.
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K4. We can also use the additive kernel composition as follows [11]:

kθ(xt, xt′) = kPER1(t, t′) + kPER2(t, t′) + kRBF(xt, xt′)

+ kSM1(t, t′) + kSM2(t, t′),

where each component discussed above can capture a different characteristic of the tempo-
ral patterns in yt.

Let y = (y1, . . . , yn)′, and X = (x1, . . . , xn). The Gaussian process has a multivariate
normal distribution with mean vector µ = (µ(x1), . . . , µ(xn))′ and variance–covariance
matrix Kxx = {k(xt, xt′)} ∈ Rn×n. For t = 1, . . . , n, let k′

t = (k(xt, xt′), t′ = 1, . . . , n).
Standard GP regression provides convenient closed forms for posterior inference. The
posterior distribution p( f (xt)|X, y) is Gaussian with mean and variance given as follows,
respectively:

µt = µ(xt) + k′
t

(
Kxx + σ2

ε In

)−1
(y − µ),

kt = k(xt, xt)− k′
t

[
Kxx + σ2

ε In

]−1
kt. (A8)

Given a new set of inputs X∗ = (x∗,1, . . . , x∗,m) ∈ Rp×m, the joint distribution of the
observed response y and the GP prior f (·) is as follows:[

y
f∗

]
∼ Nn+m

([
µf
µ∗

]
,

[
Kxx + σ2

ε In Kx,∗
K∗,x K∗,∗

])
. (A9)

The posterior prediction density for f∗ is as follows:

p
(
f∗
∣∣X∗, X, y

)
= Nm

(
µ∗|x, Σ∗|x

)
, where

µ∗|x = µ∗ + K∗x

[
Kxx + σ2

ε In

]−1
(y − µf),

Σ∗|x = K∗∗ − K∗x

[
Kxx + σ2

ε In

]−1
Kx∗. (A10)

The matrix inversions in (A10) involving the kernel covariance matrix have O(n3)

time complexity, which is difficult to scale to large datasets. This drawback of the GP
regression model can be remedied by employing sparse GP methods, which can reduce
the computational cost of fitting GP models to long time series [36–39]. For m << n, they
approximate the GP posterior by learning inducing inputs Z = {z1, . . . , zm} ∈ X , which
leads to a finite set of inducing variables U = {u1, . . . , um} with ut = f (zt), where f (·). Let
u = ( f (z1), . . . , f (zm))′. Their joint distribution is as follows:(

f
u

)
∼ Nn+m

((
µx
µz

)
,

(
Kxx Kxz

Kzx Kzz

))
, (A11)

and using the properties of the multivariate normal distribution,

p(f|u) = Nn

(
µx + KxzK−1

zz (u − µz), Kxx − KxzK−1
zz Kzx

)
, (A12)

p(u) = Nm(µz, Kzz). (A13)
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The conditional distribution in (A12) now only requires inversion of the m × m matrix
Kzz instead of the n × n matrix Kxx. The target is the n-dimensional marginal distribution
of f, given as follows:

p(f) =
∫

p(f|u)p(u)du. (A14)

To facilitate this computation, we replace p(u) given in (A13) with its variational
approximation:

q(u) = Nm(mz, Σzz), (A15)

which in turn leads to approximating p(f) based on q(f). Again, using the properties of the
multivariate normal distribution, q(f) is given as follows:

q(f) =
∫

p(f|u)q(u)du

= Nn

(
µx + KxzK−1

zz (mz − µz), Kxx + KxzK−1
zz (Σzz − Kzz)K−1

zz Kzx

)
. (A16)

Further, given a new set of test inputs X∗, the approximate posterior predictive density
for f∗ has the following form:

p(f∗|y) ≈
∫

p(f∗|f, u)p(f, u|y)q(u)dfdu

=
∫

p(f∗|u)q(u)du. (A17)

The integral in (A17) is tractable and takes a form analogous to that in (A16). Given
observed data y ∈ Rn, the variational inference approach for approximating the exact
posterior of f in sparse GP regression reduces to minimizing the evidence lower bound
(ELBO) [24]:

log p(y) ≥ Eq(u)

[
Ep(f|u) log p(y|f)

]
− KL[q(u) ∥ p(u)]

= Eq(f)[log p(y|f)]− KL[q(u) ∥ p(u)], (A18)

where q(f) is defined as in (18). For more details on the ELBO optimization procedure,
refer to Section 4 of [39].

A class of models that incorporate autoregressive and latent autoregressive lagged
input terms in addition to exogenous predictors are respectively the GP-NARX model [40]
and the GP-RLARX model [41]. In these models, the data distribution for yt and the
distribution for the prior process f(.) are assumed to be Gaussian.

Ref. [27] extended the GP-NARX and GP-RLARX models to TP-NARX and TP-
RLARX models by replacing the GP functional prior with a Student-t prior process, and
they employed variational methods similar to [42] for estimation and prediction. They
assumed a scale r ∼ IG(α, β). Letting Z = [z1, . . . , zm] ∈ X with m << n denoting a set of
inducing inputs, they defined corresponding inducing variables u|r = [ f (z1), . . . , f (zm)] ∼
Nm(0, rKzz), and showed that the joint density of f, fz, r is as follows:

p(f, fz, r) = p(f|u, r)p(u|r)p(r)

= N
(

KxzK−1
zz u, r(Kxx − KxzK−1

zz Kzx)
)
N (0, rKzz)IG(α, β). (A19)

They continued to assume that the data distribution was normal, and the goal of
their approach was to accurately model and forecast time series subject to heavy-tailed or
outlying patterns.
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Appendix B. Review of Variational Approximations
Variational inference is an approximate Bayesian approach. We review the evidence

lower bound (the objective function optimized in variational inference problems), stochastic
variational inference (using data sub-sampling to facilitate variational inference for large
data problems), and black box variational inference (to apply variational inference in
problems where the evidence lower bound does not have a closed form and/or model
derivations are cumbersome).

Appendix B.1. Variational Inference and the Evidence Lower Bound (ELBO)

Suppose that we have a set of latent variables z = {z1, . . . , zp} and observations
x = {x1, . . . , xn} with the following joint density:

p(x, z) = p(x|z)p(z). (A20)

In Bayesian statistics, we are typically interested in calculating the joint posterior
distribution of the latent variables z, conditional on the observed data. As such,

p(z|x) = p(x|z)p(z)
p(x)

=
p(x|z)p(z)∫
p(x|z)p(z)dz

.

Since the marginal density p(x) is often intractable, computation of the posterior
density of z must be accomplished via sampling algorithms such as MCMC. Unfortunately,
MCMC sampling methods struggle to scale to large datasets due to their inherently large
time complexity. In recent years, variational inference (VI) [24] has emerged as an alterna-
tive to “fully Bayesian” methods. Essentially, VI methods work by using an optimization
routine to learn an approximating density q(z) ∈ Q, such that

q∗(z) = argminq(z)∈Q KL[q(z) ∥ p(z|x)] (A21)

By learning an approximate posterior using gradient-based methods, VI procedures are
capable of scaling to incredibly large datasets that are typical of IoT time series data. Note
that with some algebra, we can see that the objective function in (A21) is not easy to
compute due to its dependence on p(x) (refer to [24]). Minimizing (A21) is equivalent to
maximizing the evidence lower bound (ELBO), defined as follows:

L = Eq(z)[log p(x, z)]− Eq(z)[log q(z)]

= Eq(z)[p(x|z)] + Eq(z)[p(z)]− Eq(z)[log q(z)]

= Eq(z)[p(x|z)]− KL[q(z) ∥ p(z)] (A22)

which is readily computable since there is no dependence on p(x).

Appendix B.2. Stochastic Variational Inference

For very large datasets (e.g., millions of observations), a naive application of the
variational inference procedure described in Appendix B.1 will require prohibitively large
computation time. In these settings, one can employ stochastic variational inference (SVI)
[43], which is a VI algorithm that employ sub-sampling of the observed data to estimate
the parameters of the approximate variational posterior. This method is particularly useful
in Bayesian models where there are both local and global latent variables (e.g., Gaussian
mixture model).
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Suppose that we have observed data X = {x1, . . . , xn}, where each xi ∈ Rp is uniquely
associated with a local latent variable zi ∈ Rk belonging to Z = {z1, . . . , zn}. Furthermore,
suppose that we have a set of global latent variables β that can be of arbitrary dimension
with fixed hyperparameters α. The joint density of this model can be expressed as follows:

p(X, Z, β, α) = p(β|α)
n

∏
i=1

p(xi, zi|β). (A23)

Now, let us assume that we have the following variational density:

q(β, Z) = q(β|λ)
n

∏
i=1

q(zi|ϕi) (A24)

where λ and ϕi denote the variational parameters associated with each q(·). Subsequently,
we have the ELBO for this model, as follows:

L = Eq(β,Z)

[
log

p(β|α)∏n
i=1 p(xi, zi|β)

q(β|λ)∏n
i=1 q(zi|ϕi)

]
= Eq(β,Z)

[
log p(β|α) +

n

∑
i=1

log p(xi, zi|β)
]

− Eq(β,Z)

[
log q(β|λ) +

n

∑
i=1

log p(zi|ϕi)

]
. (A25)

Traditional VI optimization routines such as coordinate ascent variational inference
(CAVI) [44] require us to loop through the entire dataset in order to optimize the local vari-
ational parameters. For large n values, this process becomes prohibitively time consuming.

SVI addresses this shortcoming by sampling a single data point (or minibatches of data
points) and then updating the variational parameters as though we had iterated through
the entire dataset. Before delving deeper into the SVI algorithm, it is crucial to note that in
order to use SVI, one must have the complete conditionals of all latent variables belonging
to the exponential family (at least for the SVI method described in [43]). From (A25), we
see that the ELBO can be re-written as follows:

L = Eq(β,Z)[log p(β|α)− log q(β|λ)]

+
n

∑
i=1

Eq(β,Z)[log p(xi, zi|β)− log p(zi|ϕi)] (A26)

splitting it into a local and global component. For a single iteration of CAVI, updates to the
global parameters are attained by maximizing the ELBO,

Lλ = Eq(β,Z)[log p(β|α)− log q(β|λ)]

+
n

∑
i=1

Eq(β,Z)
[
log p(xi, zi|β)− log p(zi|ϕ̂i)

]
(A27)

with respect to λ, where ϕ̂i denotes the maximized local variational parameters for that
iteration. SVI yields an approximate estimate of (A27) by using a single randomly sampled
xi to attain the following:

Li
λ = Eq(β,Z)[log p(β|α)− log q(β|λ)]

+ n ∗ Eq(β,Z)
[
log p(xi, zi|β)− log p(zi|ϕ̂i)

]
(A28)
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which can to be used to attain an unbiased estimator for the gradient of Lλ. By repeatedly
sampling either a single observation (or minibatches of observations) and using them to
compute stochastic approximations to (A26), one can efficiently apply VI to large datasets.
The generic SVI algorithm for a single observation is shown in Algorithm 1. Note that
ηg(xi, zi) is the “natural gradient”, which incorporates information regarding the geometry
of the parameter space (refer to [43] for more details).

Algorithm 1: Generic SVI Algorithm [43]

1 Initialize λ(t=0) with random values
2 Set step-size schedule of ρ(t)

3 while L has not converged do
4 Randomly sample xi where i ∼ U(1, n))
5 Estimate the local variational parameter ϕ̂i = Eq(β|λ(t−1))

[
ηg(xi, zi)

]
corresponding to xi

6 Estimate the intermediate global parameters as though xi had been repeated n
times β̂ = Eq(zi |ϕ̂)

[
ηg(xi, zi)

]
7 Update the global variational parameters according to

λ(t) = (1 − ρ(t)) + λ(t−1) + ρ(t)λ̂

8 end

Appendix B.3. Black Box Variational Inference

One of the most challenging aspects of using variational inference methods is the
tedious derivation of algorithms for each specific class of models. Compounding this
challenge is the fact that an analytical solution for the ELBO is typically not even possible for
models outside of the conditionally conjugate exponential family. Fortunately, a technique
known as black box variational inference (BBVI), first introduced by [45], alleviates both of
these issues by using Monte Carlo samples from the variational distribution q(·) to attain
“noisy” (stochastic) estimates of the ELBO gradient, even in cases where the ELBO has
no analytical solution. When coupled with techniques such as automatic differentiation,
we can entirely side step the process of tedious gradient derivations for most models,
regardless of whether or not their ELBO functions are analytically tractable.

Suppose that we have our set of observations as x and z as our latent variables with
joint density p(x, z). Furthermore, suppose that we have variational density q(z|λ), where
λ denotes our set of variational parameters. From (A22), it follows that the generic form of
the ELBO is as follows:

Lλ = Eq(z|λ)[log p(x, z)− log q(z|λ)] (A29)

whose gradient with respect to the variational parameter λ is given as follows:

∇λLλ = ∇λEq(z|λ)[log p(x, z)− log q(z|λ)]. (A30)

Note that this interchange of the expectation and gradient is valid, provided that the
score function exists and the score and likelihood are bounded [45]. By interchanging the
expectation and gradient in (A30), we obtain the following:

∇λLλ = Eq(z|λ)[∇λ log p(x, z)− log q(z|λ)] (A31)
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we can attain an unbiased estimator of the ELBO by computing the following:

∇λLλ ≈ 1
S

S

∑
s=1

∇λ log q(z(s)|λ)
[
log p(x, z(s))− log q(z(s)|λ)

]
(A32)

where z(s), s = 1, . . . , S is a Monte Carlo sample from variational density q(z|λ). The
results of (A32) can be leveraged to develop the stochastic optimization algorithm shown
in Algorithm 2. In cases where the Monte Carlo gradient in (A32) exhibits high variance,
Rao–Blackwellization can be employed to make the gradient estimates less noisy.

Algorithm 2: Generic BBVI Algorithm [45]
Input: data x, joint density p(·), mean field variational family q(·)

1 Initialize λ(t=0) with random values
2 Set initial learning rate for ρ(t=0)

3 while ||λ(t−1) − λ(t)||2 is greater than 0.01 do
4 for s = 1, . . . , S do
5 Sample z(s) ∼ q(z|λ(t−1))

6 end
7 Set ρ(t) according to appropriate learning rate step-size schedule

8 Calculate λ(t) =

λ(t−1) + ρ(t) 1
S ∑S

s=1 ∇λ log q(z(s)|λ(t−1))
[
log p(x, z(s))− log q(z(s)|λ(t−1))

]
9 end
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