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Abstract

Linear regression estimation can be adversely affected by multicollinearity and outliers in 
both the response and predictor variables. Ridge regression addresses multicollinearity but 
remains sensitive to outliers, whereas robust 𝑀-estimation reduces the influence of response 
outliers without directly addressing multicollinearity. Existing robust ridge estimators 
generally rely on fixed loss functions and plug-in shrinkage parameters, limiting their 
adaptability to diverse data structures. This paper proposes ATLAS-Ridge, a data-adaptive 
penalized generalized 𝑀-estimator that estimates the loss-function parameters from the 
data, assigns observation-specific robustness weights using robust distances, and selects 
the ridge parameter through generalized cross-validation. The proposed method aims 
to combine robust initialization, adaptive weighting, and ridge regularization within a 
unified estimation framework. A Monte Carlo study comprising 1408 design configurations, 
with 1000 replications per configuration, shows that ATLAS-Ridge attains the smallest 
mean squared error in 79.5% of contaminated configurations. Applications to four real 
datasets further demonstrate its coefficient stability. With tuning parameters fixed at their 
full-sample values, removing bad-leverage observations produces coefficient changes 2.7 to
5.8 times smaller than those of the best-performing competitor on three datasets and smaller 
than those of all competing estimators on the fourth. However, predictive performance is 
not uniformly superior: cross-validated prediction error ranges from a tie for first place to 
last among the eleven methods considered. Overall, these results suggest that ATLAS-Ridge 
offers a promising approach to robust linear regression under multicollinearity, although 
its relative performance depends on the contamination setting and evaluation criterion.

Keywords: bad leverage; generalized cross-validation; influence function; 𝑀-estimation; 
multicollinearity; ridge regression; robust regression

1. Introduction
Multiple linear regression is widely used for quantitative analysis in engineering, 

environmental science, and other applied disciplines [1–3]. However, two violations of its 
assumptions frequently arise together and can substantially reduce the reliability of the 
estimates: multicollinearity and data contamination. Multicollinearity, caused by strong 
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linear dependence among predictors, inflates the variance of the ordinary least squares 
(OLS) estimator and leads to unstable coefficient estimates [4–7]. Data contamination, 
arising from outliers or influential observations, further degrades estimation accuracy and 
may produce biased or misleading inferences [8,9].

Ridge regression [4] controls variance inflation caused by multicollinearity by adding 
a quadratic penalty, and a substantial amount of literature has focused on selecting the 
appropriate shrinkage constant [10–13]. Several alternative biased estimators based on dif-
ferent shrinkage formulations have subsequently been proposed [14–16], and the behavior 
of the ridge solution under collinearity continues to be examined, including its capacity for 
variable selection [17] and its use when the predictors are measured with error [18]. De-
spite these developments, ridge regression remains a least-squares estimator and therefore 
inherits OLS sensitivity to outlying observations. In contrast, robust regression replaces 
the quadratic loss by a bounded function of the scaled residuals to reduce the influence 
of anomalous observations [19–21]. High-breakdown procedures such as least median of 
squares [22], 𝑆-estimation [23] and 𝑀𝑀-estimation [24] provide substantial resistance to 
contamination, while bounded-influence estimators further improve robustness against 
both vertical outliers and high-leverage observations [25,26]. Quantile regression [27] also 
offers resistance in the response direction. However, these robust methods do not explicitly 
address multicollinearity, and their estimation variance can remain large when the design 
matrix is nearly singular.

Robust ridge 𝑀-estimation combines ridge regularization with robust estimation to 
address multicollinearity and outlier contamination simultaneously [28,29]. Recent de-
velopments include robust ridge 𝑀-estimators [30], quantile-based constructions [31,32], 
two-parameter formulations [33,34], Kibria-type ridge 𝑀-estimators [35,36], Stein-type 
robust estimators [37], bagging-based aggregations [38], weighted improved Kibria and 
Lukman constructions [39], and extensions to generalized linear models [40–42]. These 
methods address aspects of robust estimation under multicollinearity, but many use fixed 
loss functions or predetermined shrinkage rules. Such choices can limit flexibility when 
contamination patterns vary across observations. Three methodological limitations remain.

First, the robust loss function is specified a priori. Common choices, including the 
Huber, bisquare, and Hampel 𝜓-functions, employ tuning constants selected to achieve a 
prespecified Gaussian efficiency, regardless of the tail behavior observed in the data. A 
separate line of work tunes the loss through the density power divergence of Basu et al. [43], 
in which a single constant 𝛼 indexes a continuum between least squares and increasingly 
resistant fits. Riani et al. [44] develop this for regression and show that 𝛼 can be set in 
closed form from either a target Gaussian efficiency or a target breakdown point. That 
constant is nevertheless fixed in advance and applied identically to every observation, and 
the regressors are held fixed throughout, so the resulting resistance is to contamination in 
the response. Prior work has examined adaptive loss tuning in unpenalized estimation [45], 
and the adaptive strategy of [46] modifies only the shrinkage parameter, leaving the loss 
unchanged. The present study integrates adaptive loss tuning with penalized generalized 
𝑀-estimation; Section 3.1 sets out what this adds to the fixed-constant formulations above.

Second, the shrinkage parameter is typically estimated using plug-in expressions based 
on the residual variance and the norm of a preliminary coefficient estimate. Since both 
quantities may themselves be affected by outliers, the resulting shrinkage parameter can 
inherit the influence of contaminated observations, thereby reducing the robustness of the 
final estimator.

Third, the influence functions of existing robust ridge 𝑀-estimators are generally 
bounded only with respect to response contamination. Consequently, bad-leverage obser-
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vations may continue to exert undue influence because robustness in the design direction is 
not explicitly incorporated.

To address these limitations, the proposed estimator (i) estimates the shape and scale of 
the robust loss adaptively from a trimmed tail index computed from the residuals of a high-
breakdown preliminary estimator, in contrast to the fixed-loss formulations of [30,31,33,35]; 
the member of the family at 𝑞 = 2 coincides with the density power divergence score 
discussed in [44], and what is added here is the estimation of the shape alongside the scale, 
as set out in Section 3.1; (ii) selects the shrinkage parameter by minimizing a reference-
weighted generalized cross-validation criterion rather than using the plug-in expressions 
adopted in [28,29,32,34]; and (iii) incorporates a leverage-coupling mechanism that yields 
bounded influence in both the response and design directions for fixed tuning, extending the 
bounded-influence framework of [25,26] to an adaptive penalized regression setting. These 
methodological developments are presented in Sections 3 and 4 and evaluated through 
simulation studies and real-data applications in Sections 5 and 6.

The remainder of the paper is organized as follows. Section 2 introduces the model and 
contamination framework. Section 3 develops the adaptive redescending loss family, and 
Section 4 presents the proposed ATLAS-Ridge estimator, its tuning, and theoretical proper-
ties. Section 5 reports the Monte Carlo study, Section 6 presents the real-data applications, 
and Section 7 concludes the paper.

2. Model and Contamination Framework
Consider the linear model

𝑦𝑖 = 𝐱⊤
𝑖 𝛽 + 𝜀𝑖, 𝑖 = 1, … , 𝑛, (1)

where 𝑦𝑖 is the response, 𝐱𝑖 is the vector of regressors, 𝛽 ∈ R𝑝 is unknown, and the errors 𝜀𝑖
are independent with distribution 𝐹 and scale 𝜎 . Collecting the 𝑛 observations gives the 
matrix form 𝐲 = 𝐗𝛽 + 𝜀, where 𝐲 = (𝑦1, 𝑦2, … , 𝑦𝑛)⊤, 𝜀 = (𝜀1, 𝜀2, … , 𝜀𝑛)⊤ and 𝐗 ∈ R𝑛×𝑝 has 
rows 𝐱⊤

𝑖 . The columns of 𝐗 are linearly independent, so 𝐗⊤𝐗 is invertible and the ordinary 
least squares estimator exists. Strong correlation among those columns leaves it invertible 
but close to singular. Regressors and response are standardized to correlation form, and 
estimates are returned to the original scale after fitting.

The error distribution is not assumed to equal a light-tailed central model 𝐹0. Instead 
𝐹 is allowed to lie in the contamination neighborhood

ℱ𝛿 = {𝐹 ∶ 𝐹 = (1 − 𝛿)𝐹0 + 𝛿𝐻}, 0 ≤ 𝛿 < 1
2 , (2)

with 𝐻 arbitrary [8,9]. Here 𝛿 denotes the contamination proportion, the fraction of obser-
vations drawn from the arbitrary distribution 𝐻 rather than from the central model 𝐹0, and 
𝛿 < 1/2 keeps the uncontaminated component in the majority. The estimator requires no 
knowledge of 𝛿, which is neither specified nor estimated; the contamination it can tolerate 
is governed instead by the breakdown point of Proposition 2, approximately 1/4 under the 
settings adopted here and when the selection rule for the shrinkage constant is restricted 
to the positive grid. The simulation study uses 𝛿 ∈ {0, 0.05, 0.10, 0.20}. Contamination 
may affect the response, producing vertical outliers; the design, producing high-leverage 
observations; or both simultaneously. An observation that is outlying in the regressor 
space while remaining consistent with the majority trend is termed good leverage, and 
one that is outlying in the regressor space and inconsistent with the trend is termed bad 
leverage. Since bad-leverage observations combine extreme design values with atypical 
responses, they exert disproportionate influence on conventional and many existing ro-
bust ridge estimators. The proposed methodology is specifically designed to attenuate
their influence.
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The design is assumed to be ill-conditioned, in the sense that the condition number 
𝜅 = 𝜆max(𝐗⊤𝐗)/𝜆min(𝐗⊤𝐗) is large or several variance inflation factors exceed ten [5,47,48]. 
Under the contamination model in Equation (2), OLS and conventional ridge regression remain 
susceptible to outlying observations, whereas unpenalized robust estimators, although resistant 
to contamination, do not alleviate the variance inflation induced by severe multicollinearity.

3. An Adaptive Redescending Loss Family
3.1. The Loss Family

Let the loss function be defined as

𝜌𝑐,𝑞(𝑢) = ∫
|𝑢|

0
𝑡 exp{−(𝑡/𝑐)𝑞}𝑑𝑡 =

𝑐2

𝑞 𝛾(
2
𝑞 , (|𝑢|/𝑐)𝑞), (3)

where 𝛾(⋅, ⋅) is the lower incomplete gamma function, 𝑐 > 0 and 𝑞 ≥ 2. Differentiating 
Equation (3) gives the score function

𝜓𝑐,𝑞(𝑢) = 𝜌′
𝑐,𝑞(𝑢) = 𝑢 exp{−(|𝑢|/𝑐)𝑞}, (4)

and the associated weight function is therefore given by

𝑤𝑐,𝑞(𝑢) =
𝜓𝑐,𝑞(𝑢)

𝑢 = exp{−(|𝑢|/𝑐)𝑞}, 𝑤𝑐,𝑞(0) = 1. (5)

Equation (4) is the derivative of Equation (3) by construction, since Equation (3) is defined 
as the integral of Equation (4); the estimator is specified through Equations (4) and (5), 
and Equation (3) is reported so that the objective function is available in closed form.

The family is bounded and redescending for every 𝑞 ≥ 2, with sup𝑢 |𝜓𝑐,𝑞(𝑢)| =
𝑐 𝑞−1/𝑞𝑒−1/𝑞. Redescending means that the weight an observation receives returns toward 
zero once its standardized residual grows large, so that a sufficiently extreme observation 
contributes almost nothing to the fit. The Welsch estimator [49] is recovered at 𝑞 = 2. That 
case coincides with an established score family. Setting 𝑞 = 2 gives 𝜓𝑐,2(𝑢) = 𝑢 exp(−𝑢2/𝑐2), 
which is the estimating-equation score of density power divergence regression under a 
normal model, 𝑢 exp(−𝛼𝑢2/2), with

𝛼 =
2
𝑐2 .

Riani et al. [44] study this family and give closed-form calibration of 𝛼 against a target 
breakdown point 1 − (1 + 𝛼)−1/2 or Gaussian efficiency (1 + 2𝛼)3/2(1 + 𝛼)−3, holding the 
regressors fixed.

At 𝑞 = 2 the proposed score therefore reduces to an established family. The contribution 
lies in the three elements placed around it: 𝑞 is estimated rather than fixed at 2, which 
leaves that family whenever ˆ𝑞 ≠ 2; the constant is made observation-specific through the 
leverage attenuation of Section 3.4, giving bounded influence in the design direction that 
a fixed-𝛼 analysis on scaled residuals does not provide; and the whole is embedded in a 
penalized criterion with a data-driven shrinkage parameter. Section 6 reports the implied 
𝛼 = 2/ ˆ𝑐2

0 on the one dataset where ˆ𝑞 is close to 2. The associated weight function decreases 
monotonically from unity, so that an observation consistent with the fit retains full weight. 
The shape parameter 𝑞 controls the rate of redescent: a large value of 𝑞 produces near-linear 
behavior close to the origin followed by an abrupt descent, which suits contamination that 
is well separated from the bulk of the data, whereas 𝑞 = 2 produces a gradual descent 
better matched to smoothly heavy-tailed errors. Treating (𝑐, 𝑞) as quantities to be estimated 
converts Equation (4) from a single score function into a continuum of robustness and 
efficiency configurations.
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3.2. Estimating the Tail Index
Let ˆ𝛽(0) and 𝜎̂  denote a high-breakdown preliminary fit and scale, and let 𝑡𝑖 = (𝑦𝑖 −

𝐱⊤
𝑖

ˆ𝛽(0))/𝜎̂ . Order the absolute standardized residuals of the observations not rejected by 
the preliminary fit as |𝑡|(1) ≤ ⋯ ≤ |𝑡|(𝑛∗). The trimmed Hill-type estimator [50] of the tail 
index is

ˆ𝛼 = [


1
𝑚

𝑚
∑
𝑗=1

log(|𝑡|(𝑛∗−𝑗+1)/|𝑡|(𝑛∗−𝑚))]


−1

, (6)

with 𝑚 = ⌊(𝑛∗)0.6⌋. Large ˆ𝛼 indicates light tails and ˆ𝛼 ≤ 3 indicates heavy tails. Trimming is 
essential: without it, gross outliers already rejected by the preliminary fit would be read as 
evidence of heavy tails and would induce an unnecessarily aggressive loss.

Equation (6) is used as an ordinal index of tail weight, not as an estimate of a tail index, 
and the distinction matters for the error laws of Section 5. A Hill-type statistic estimates 
a tail index only under regular variation. Of the six laws used here, only 𝑡3 and 𝑡5 qualify, 
and even there 𝑚 = ⌊(𝑛∗)0.6⌋ leaves few order statistics and biases the statistic downward. 
The normal, Laplace, and contaminated normal have exponential tails and the log-normal, 
though heavier tailed, is not regularly varying; for these four, no tail index exists to converge 
to. The statistic still takes finite values and orders the laws stably, which is all Equations (8) 
and (9) require. Table 1 gives its median over 4000 samples for the five laws not governed 
by a further parameter; the contaminated normal depends on its mixture weight and scale 
and is omitted.

Table 1. Median of the statistic in Equation (6) across error distributions, with the true tail index 
where one exists.

Error Distribution Tail Index Median ˆ𝜶, 𝒏 = 100 Median ˆ𝜶, 𝒏 = 1000

Normal none 3.92 5.57
Laplace none 2.63 3.57
𝑡5 5 2.84 3.47
𝑡3 3 2.29 2.60
Log-normal none 1.55 1.70

 

Note. Variates standardized by the median absolute deviation. A tail index exists only for the two 𝑡
laws; the statistic orders all of them by tail weight, as Section 3.2 explains.

3.3. Efficiency Calibration
The pair ( ˆ𝑐0, ˆ𝑞) is obtained by solving

[∫ 𝜓′
𝑐0,𝑞(𝑢) 𝑑𝐹0(𝑢)]

2

∫ 𝜓2
𝑐0,𝑞(𝑢) 𝑑𝐹0(𝑢)

= 𝑒( ˆ𝛼), (7)

where the target efficiency is

𝑒( ˆ𝛼) = 0.85 + 0.10 min(1, ˆ𝛼/10), (8)

with 𝐹0 = Φ. The calibration is applied jointly with the shape rule

ˆ𝑞 = 2 + 2[1 − min(1, 3/ ˆ𝛼)] ∈ [2, 4]. (9)

For light-tailed distributions, the target efficiency 𝑒( ˆ𝛼) approaches 0.95 and the loss re-
descends sharply, so that high efficiency is maintained on clean data; when the tails are 
heavy, the target efficiency relaxes toward 0.85, and the redescent becomes gradual. The 
integrals in Equation (7) are one-dimensional and are evaluated by quadrature, after which 
Equation (7) is solved for 𝑐0 by a bracketing search at the shape ˆ𝑞 given by Equation (9). 
The calibration is fully data-driven and requires no user-specified constants.
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The two rules are bounded by construction, and this limits how far the estimated tail 
weight can move the fitted loss. Equation (8) confines the target efficiency to [0.85, 0.95]
and Equation (9) confines the shape to [2, 4], so a wide range of ˆ𝛼 maps into a narrow range 
of ˆ𝑐0. Table 2 traces the chain from ˆ𝛼 through Equations (8) and (9) to the constant obtained 
from Equation (7). Over a thirteen-fold range of ˆ𝛼, from 1.5 to 20, the calibrated constant 
stays within [2.14, 2.90], a change of about one third, and the corresponding density power 
divergence parameter 𝛼 = 2/ ˆ𝑐2

0 stays between 0.40 and 0.44 wherever ˆ𝑞 = 2. The calibration 
is therefore insensitive to moderate error in ˆ𝛼, which is the property the ordinal reading of 
Section 3.2 requires.

Table 2. Sensitivity of the calibrated loss to the estimated tail weight.

ˆ𝜶 𝒆( ˆ𝜶) ˆ𝒒 ˆ𝒄0 𝜶 = 2/ ˆ𝒄2
0

1.5 0.865 2.000 2.142 0.436
2.0 0.870 2.000 2.172 0.424
3.0 0.880 2.000 2.236 0.400
4.0 0.890 2.500 2.363 —
5.6 0.906 2.929 2.494 —
7.0 0.920 3.143 2.604 —
10.0 0.950 3.400 2.897 —
20.0 0.950 3.700 2.884 —

 

Note. The last column applies only where ˆ𝑞 = 2, that is for ˆ𝛼 ≤ 3.

One consequence follows. The upper end of Equation (8) is reached only when ˆ𝛼 ≥ 10, 
and clean normal errors do not produce such values at the sample sizes used here: the 
median of Equation (6) is 3.92 at 𝑛 = 100 and 5.57 at 𝑛 = 1000, giving target efficiencies of 
0.889 and 0.906. The nominal ceiling of 0.95 is therefore an upper limit of the rule rather 
than the efficiency attained at the central model, and the clean-data results of Section 5, in 
which ridge regression with a generalized cross-validation constant attains the smallest 
median mean squared error, are consistent with that.

3.4. Leverage Coupling
 Let (𝜇̂, Σ̂) be the deterministic minimum covariance determinant estimates of location 

and scatter of the rows of 𝐗 [51,52], with 75% coverage and the usual reweighting step, and let

𝑅𝐷2
𝑖 = (𝐱𝑖 − 𝜇̂)⊤Σ̂−1(𝐱𝑖 − 𝜇̂). (10)

The attenuation factor and the observation-specific tuning constant are given by

𝜔𝑖 = min{1, (𝜒2
𝑝,0.975/𝑅𝐷2

𝑖 )
𝛾/2

}, 𝑐𝑖 = ˆ𝑐0 𝜔𝑖, (11)

with 𝛾 ≥ 1. Observations with low leverage retain the calibrated constant ˆ𝑐0, whereas high-
leverage observations face a proportionally tighter redescent threshold. The consequence 
is deliberate and asymmetric. A bad-leverage observation is assigned negligible weight 
through exponential decay in (|𝑡𝑖|/𝑐𝑖)

ˆ𝑞, so it is effectively rejected. A good-leverage observa-
tion is retained with substantial weight at moderate leverage, but at extreme leverage the 
attenuated constant becomes small enough that it too is downweighted. This behavior is 
not a design choice but a consequence of the boundedness result: as shown in Section 4.4, 
bounding the influence in the design direction requires 𝜔(𝐱) → 0 as ‖𝐱‖ → ∞, irrespective 
of the residual. The estimator therefore exchanges efficiency under informative leverage 
for resistance to bad leverage, and Sections 5 and 6 quantify both sides of this exchange. 
Throughout, 𝛾 = 1.5 is used.
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4. The ATLAS-Ridge Estimator
4.1. Definition

For a shrinkage constant 𝑘 ≥ 0, the estimator solves the penalized generalized 𝑀
estimating equation

𝑛
∑
𝑖=1

𝜓𝑐𝑖, ˆ𝑞(
𝑦𝑖 − 𝐱⊤

𝑖 𝛽
𝜎̂ )𝐱𝑖 =

𝑘
𝜎̂ 𝛽, (12)

equivalently
ˆ𝛽𝑘 = arg min

𝛽
{𝜎̂2

𝑛
∑
𝑖=1

𝜌𝑐𝑖, ˆ𝑞(
𝑦𝑖 − 𝐱⊤

𝑖 𝛽
𝜎̂ ) +

𝑘
2 ‖𝛽‖2

2}. (13)

The preliminary fit is the 𝑀𝑀-estimator [24] with a 50%-breakdown 𝑆-estimation start [23,53]; 
the 𝑆-stage supplies 𝜎̂ , which is held fixed thereafter, a standard device that stabilizes re-
descending 𝑀-estimation and preserves the breakdown point [54,55].

4.2. Computation
With 𝑤(𝑡)

𝑖 = 𝑤𝑐𝑖, ˆ𝑞(𝑟(𝑡)
𝑖 /𝜎̂) and 𝐖(𝑡) = diag(𝑤(𝑡)

1 , … , 𝑤(𝑡)
𝑛 ), the iteratively reweighted 

ridge step is
𝛽(𝑡+1) = (𝐗⊤𝐖(𝑡)𝐗 + 𝑘𝐈𝑝)

−1
𝐗⊤𝐖(𝑡)𝐲, (14)

iterated until ‖𝛽(𝑡+1)−𝛽(𝑡)‖/‖𝛽(𝑡)‖ < 10−8. Equation (14) has the algebraic form of a ridge step, 
but the contamination model of Equation (2) enters through the weight matrix. The weights 
𝑤(𝑡)

𝑖  decline as the standardized residual grows, attenuating observations whose responses 
are drawn from 𝐻, and the leverage coupling
𝑐𝑖 = ˆ𝑐0𝜔(𝐱𝑖) attenuates them further when 𝐱𝑖 lies far from the bulk of the design. Set-
ting 𝐖(𝑡) = 𝐈𝑛 recovers the ordinary ridge estimator; it is this dependence on the resid-
uals and on the design that distinguishes the two and that bounds the influence func-
tion of Proposition 1 in both directions. Each iteration decreases Equation (13), since 
𝜌𝑐,𝑞(√𝑣) is concave in 𝑣 for the family in Equation (3), so the standard majorization ar-
gument for iteratively reweighted least squares applies [21]. Because the objective in
Equation (13) is nonconvex, the iteration converges to a stationary point and no global 
minimum is guaranteed. The 𝑀𝑀 initialization is intended to place the iteration in a region 
associated with the uncontaminated majority of the observations. Proposition 2 is stated 
for this computed sequence and does not assume global minimization.

The procedure is intended for the classical regime in which 𝑝 is fixed and smaller than 
𝑛. The binding constraint is not the ridge step, which is well defined for any 𝑝 when 𝑘 > 0, 
but the robust scatter estimate of Section 3.4: the minimum covariance determinant estimate 
requires 𝑛 comfortably larger than 𝑝 for the 75% coverage subset to be non-singular. The 
simulation study imposes 𝑛 ≥ 5𝑝 and examines 𝑝 up to 20, and the applications have 𝑝
between 3 and 10. The method is not designed for 𝑝 ≥ 𝑛, where the scatter estimate and the 
leverage weights it supplies are unavailable.

4.3. Selection of the Shrinkage Parameter
Let 𝐖𝑟𝑒𝑓 = diag(𝑤𝑟𝑒𝑓

1 , … , 𝑤𝑟𝑒𝑓
𝑛 ) be the diagonal matrix of robustness weights obtained 

from the 𝑀𝑀 reference fit and held fixed throughout the shrinkage path. The corresponding 
robust effective degrees of freedom are defined as

𝑑𝑓𝑅(𝑘) = tr[𝐗(𝐗⊤𝐖𝑟𝑒𝑓 𝐗 + 𝑘𝐈𝑝)
−1

𝐗⊤𝐖𝑟𝑒𝑓 ]. (15)

The shrinkage parameter is selected by minimizing the reference-weighted generalized 
cross-validation criterion

ˆ𝑘 = arg min
𝑘∈𝒦

1
𝑛 ∑𝑛

𝑖=1 𝑤𝑟𝑒𝑓
𝑖 (𝑦𝑖 − 𝐱⊤

𝑖
ˆ𝛽𝑘)

2

[1 − 𝑑𝑓𝑅(𝑘)/𝑛]2 , (16)
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where 𝒦  is a logarithmically spaced grid of 39 values ranging from 10−4 to 104, together 
with 𝑘 = 0. The criterion in Equation (16) extends the generalized cross-validation 
criterion [13,56] by incorporating robust reference weights. Weighting the residual sum of 
squares limits the influence of gross outliers on the estimated prediction risk. The weights 
are held fixed for a specific reason. If instead they were re-evaluated at each 𝑘, then as 𝑘 grows 
and the fit collapses toward the null the residuals approach the responses themselves, and a 
redescending weight function assigns an observation with a large standardized response a 
contribution of 𝑦2

𝑖 exp{−(|𝑦𝑖|/𝜎̂𝑐𝑖) ˆ𝑞}, which is largest at |𝑦𝑖| = 𝜎̂𝑐𝑖(2/ ˆ𝑞)1/ ˆ𝑞 and decays to zero 
beyond it. The value such a criterion assigns to complete shrinkage is therefore bounded 
by 𝜎̂2 ˆ𝑐2

0(2/ ˆ𝑞)2/ ˆ𝑞𝑒−2/ ˆ𝑞, a quantity determined by the scale and the loss tuning alone, so the 
criterion stops charging for the signal it discards. Holding the weights at their reference 
values removes this mechanism; Proposition S3 of the Supplementary Materials gives the 
comparison. That comparison motivates the use of fixed reference weights in Equation (16); 
it does not establish a robustness property of the selected shrinkage parameter itself. The 
coefficient estimates retain the fully adaptive observation-specific weighting scheme.

The complete tuning vector ( ˆ𝑐0, ˆ𝑞, {𝜔𝑖}, ˆ𝑘) is determined adaptively from the data 
within a unified estimation procedure. The computational complexity is 𝑂(|𝒦|𝑇𝑛𝑝2), 
where 𝑇 denotes the number of iterative updates, and the evaluation over the grid 𝒦
is fully parallelizable.

4.4. Theoretical Properties
Consider 𝜆 = 𝑘/𝑛 and let 𝑇𝜆(𝐹) denote the functional defined by the population 

form of Equation (12), obtained by dividing both sides by 𝑛, so that the estimator of 
Equation (13) is ˆ𝛽𝑘 = 𝑇𝑘/𝑛(𝐹𝑛) with 𝐹𝑛 the empirical distribution. The same normalization 
is used throughout the Supplementary Materials. For 𝜆 > 0, the penalized functional 𝑇𝜆(𝐹)
is not in general equal to 𝛽; Remark S1 of the Supplementary Materials gives 𝑇0(𝐹) = 𝛽 and 
𝑇𝜆(𝐹) → 𝛽 as 𝜆 ↓ 0. The results below differ in which parts of the procedure they treat as 
known. We refer collectively to the tuning quantities: the scale 𝜎̂ , the location and scatter 
functionals (𝜇̂, Σ̂) and the attenuation weights 𝜔𝑖 they determine, the loss parameters ( ˆ𝑐0, ˆ𝑞), 
and the shrinkage constant ˆ𝑘. Each result states which of these it holds fixed.

Assumption 1. 𝐹0 has a symmetric, unimodal density that is positive on R; E‖𝐱‖4 < ∞ under the 
central model; and for each 𝜆 ≥ 0 the matrix 𝑀𝜆 = 𝜎−1E𝐹[𝜓′

𝑐(𝐱),𝑞(
𝑦−𝐱⊤𝑇𝜆(𝐹)

𝜎 )𝐱𝐱⊤] + 𝜎−1𝜆𝐈𝑝 is 
nonsingular, and 𝑀𝜆 at 𝜆 = 0 equals 𝜎−1𝑀0, with 𝑀0 the matrix appearing in Theorem 1.

Proposition 1 (Joint boundedness of the influence function). Under Assumption 1, for fixed 
𝜎 , (𝜇, Σ), (𝑐0, 𝑞) and 𝜆 > 0, the influence function of 𝑇𝜆 at 𝐹 in the direction of a point mass at 
(𝐱0, 𝑦0) is

𝐈𝐹((𝐱0, 𝑦0); 𝑇𝜆, 𝐹) = 𝑀−1
𝜆 [𝜓𝑐(𝐱0),𝑞(

𝑦0 − 𝐱⊤
0 𝑇𝜆(𝐹)
𝜎 )𝐱0 −

𝜆
𝜎 𝑇𝜆(𝐹)], (17)

and for 𝛾 ≥ 1 it satisfies sup𝐱0,𝑦0
‖𝐈𝐹((𝐱0, 𝑦0); 𝑇𝜆, 𝐹)‖ < ∞.

Proof. Boundedness in 𝑦0 follows from the boundedness of 𝜓𝑐,𝑞. In the design direction, 
sup𝑢 |𝜓𝑐,𝑞(𝑢)| = 𝜅𝑞𝑐 with 𝜅𝑞 = 𝑞−1/𝑞𝑒−1/𝑞 < ∞, so ‖𝜓𝑐(𝐱0),𝑞(⋅)𝐱0‖ ≤ 𝜅𝑞 ˆ𝑐0 𝜔(𝐱0)‖𝐱0‖. By Equa-
tion (11), 𝜔(𝐱0) = 𝑂(‖𝐱0‖−𝛾) as ‖𝐱0‖ → ∞, so the product is 𝑂(‖𝐱0‖1−𝛾) and is bounded for 
𝛾 ≥ 1. The requirement that 𝜔(𝐱0) → 0 irrespective of the residual is what makes the bound 
hold, and it is the source of the efficiency exchange described in Section 3.4. A complete 
proof is given in Section S3 of the Supplementary Materials, where Remark S2 shows that 
the vanishing of the attenuation is necessary and not merely sufficient. The penalty term is 
bounded because ‖𝑇𝜆(𝐹)‖ ≤ 𝜎(2𝜌max

𝑐0,𝑞 /𝜆)
1/2

, where 𝜌max
𝑐,𝑞 = (𝑐2/𝑞)Γ(2/𝑞) is the supremum of 
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the loss in Equation (3); this follows from the coercivity of the penalized objective and is 
proved in the same section. 

Proposition 1 is a conditional statement. It holds with all of the tuning quantities held 
fixed, and it does not establish the influence function of the composite functional in which 
these quantities are themselves estimated from the data. Remark S3 of the Supplementary 
Materials sets out that distinction, explains why the composite influence function is not 
derived here, and records what does bear on the fully adaptive procedure.

Proposition 2 (Breakdown point). Let { ˆ𝛽(𝑡)
𝑘 } be the sequence produced by Equation (14) started 

at the 𝑀𝑀 fit, with the tuning quantities other than 𝑘 held fixed along the iteration. For every 𝑘 > 0
the iterates satisfy

‖ ˆ𝛽(𝑡)
𝑘 ‖

2
≤

2𝑛𝜎̂2𝜌max
ˆ𝑐0, ˆ𝑞

𝑘 + ‖ ˆ𝛽(0)
𝑀𝑀‖

2
for every 𝑡, (18)

so the computed estimator cannot diverge, without any assumption of global minimization. If 
the selection rule is restricted to the positive grid, so that ˆ𝑘 ∈ 𝒦 ∖ {0} and hence ˆ𝑘 ≥ 𝑘min =
min(𝒦 ∖ {0}) > 0 for every sample considered, the finite-sample replacement breakdown
point satisfies

𝜀∗
𝑛( ˆ𝛽𝑘̂) ≥ min{𝜀∗

𝑛(𝜎̂), 𝜀∗
𝑛( ˆ𝛽(0)

𝑀𝑀), 𝜀∗
𝑛(𝜇̂, Σ̂)},

which is approximately 1/4 for the 75% coverage adopted in Section 3.4, the scatter functional being 
the binding term. The case ˆ𝑘 = 0 is not covered; Remark S5 of the Supplementary Materials sets out 
what would be required.

The estimating equation is redescending, so Ψ(𝑏) → 0 as ‖𝑏‖ → ∞ and several roots 
may exist. Nonsingularity of the derivative at 𝛽 identifies 𝛽 locally but does not make it 
a well-separated zero on a large set. Section S5 of the Supplementary Materials therefore 
establishes that, with probability tending to one, the estimating equation has exactly one 
root in a fixed small ball about 𝛽 and that this root is consistent, and states as Condition 5 
that the computational procedure returns it. That condition is an assumption about the 
algorithm; the reasons to expect it to hold, namely the consistency of the 𝑀𝑀 start and the 
descent property of Proposition S2(i) of the Supplementary Materials, are given there.

Theorem 1 (Consistency and asymptotic normality). Under Assumption 1 and Condition S5 of 
the Supplementary Materials, with (𝑐0, 𝑞) fixed and any selected ˆ𝑘 taking values in the fixed grid 𝒦 ,

√𝑛( ˆ𝛽𝑘̂ − 𝛽) →𝑑 𝒩(0, 𝜎2𝑀−1
0 𝑄𝑀−1

0 ), (19)

with 𝑀0 = E[𝜓′
𝑐(𝐱),𝑞∗(𝜀/𝜎)𝐱𝐱⊤] and 𝑄 = E[𝜓2

𝑐(𝐱),𝑞∗(𝜀/𝜎)𝐱𝐱⊤], estimated consistently by the 
sandwich formula

Ĉov( ˆ𝛽𝑘̂) = 𝜎̂2(𝐗⊤𝐷̂𝐗 + ˆ𝑘𝐈𝑝)
−1

(∑
𝑖

𝜓2
𝑐𝑖, ˆ𝑞( ˆ𝑡𝑖)𝐱𝑖𝐱⊤

𝑖 )(𝐗⊤𝐷̂𝐗 + ˆ𝑘𝐈𝑝)
−1

, (20)

where ̂𝐷 = diag(𝜓′
𝑐𝑖, ˆ𝑞( ˆ𝑡𝑖)). The requirement ˆ𝑘/√𝑛 → 0 needs no separate argument: 𝒦  is a fixed 

finite subset of [0, 104] that does not depend on 𝑛, so ˆ𝑘 ≤ 104 with probability one whatever the 
selection rule.

Theorem 1 holds with the tuning quantities other than ˆ𝑘 treated as fixed and known. 
Theorem 2 removes the last of these. The effect of estimating 𝜎̂  and (𝜇̂, Σ̂) is not covered by 
either result; Remark S6 of the Supplementary Materials sets out the division.

https://doi.org/10.3390/stats9060124

https://doi.org/10.3390/stats9060124


Stats 2026, 9, 124 10 of 26

Theorem 2 (Adaptation). Under Assumption 1, whose symmetry requirement is essential, and 
Condition S5 of the Supplementary Materials, if ˆ𝛼 →𝑝 𝛼0, the maps in Equations (7)–(9) are contin-
uous at 𝛼0, and the empirical process indexed by the loss parameters over their compact admissible set 
is asymptotically equicontinuous, then ( ˆ𝑐0, ˆ𝑞) →𝑝 (𝑐∗

0 , 𝑞∗) and √𝑛{ ˆ𝛽𝑘̂( ˆ𝑐0, ˆ𝑞) − ˆ𝛽𝑘̂(𝑐∗
0 , 𝑞∗)} →𝑝 0, 

so the limiting distribution in Equation (19) is unaffected by plug-in estimation of the loss.

Remark 1 (Scope of Theorem 2). Theorem 2 concerns the loss parameters (𝑐0, 𝑞) alone. The 
remaining tuning quantities are held fixed and common to both terms of the comparison. The 
theorem states that replacing (𝑐∗

0 , 𝑞∗) by ( ˆ𝑐0, ˆ𝑞) leaves the first-order behavior unchanged; it says 
nothing about the effect of estimating the remaining components, and in particular nothing about 
the variability introduced by selecting ˆ𝑘 through Equation (16). It is also an equivalence between 
two estimators rather than a statement about the distance of either from 𝛽, which is the content
of Theorem 1.

Consistency of  ˆ𝛼 and continuity of the calibration maps are not by themselves sufficient for the 
conclusion. They deliver ( ˆ𝑐0, ˆ𝑞) →𝑝 (𝑐∗

0 , 𝑞∗), and two further ingredients turn that into the stated 
√𝑛-equivalence. The first is that the population score vanishes at 𝛽 for every admissible pair (𝑐0, 𝑞), 
which is where the symmetry required in Assumption 1 enters, so that substituting the estimated 
pair introduces no drift of order √𝑛. The second is asymptotic equicontinuity of the empirical 
process indexed jointly by the coefficient vector and the loss parameters over a compact neighborhood, 
which holds here because the score is Lipschitz in those arguments with a square-integrable envelope 
under the fourth-moment condition of Assumption 1. Both steps are carried out in the proof of the 
corresponding theorem in the Supplementary Materials.

The argument rests on the symmetry of the central error distribution assumed in Assumption 1. 
Under asymmetric contamination the population score is no longer zero for every admissible (𝑐0, 𝑞), 
the orthogonality property that underlies the proof fails, and the loss tuning enters at first order. 
The conclusion would then require ˆ𝜃 − 𝜃∗ = 𝑜𝑝(𝑛−1/2), which the trimmed tail-index estimator 
of Equation (6) does not provide: it is based on 𝑚 = ⌊(𝑛∗)0.6⌋ order statistics and its rate is 
𝑂𝑝(𝑚−1/2) = 𝑂𝑝(𝑛−0.3). Under asymmetric contamination the target of estimation also moves away 
from 𝛽, so Theorem 1 does not apply in that case either. Remark S8 of the Supplementary Materials 
gives the detail.

Theorem 2 is asymptotic. It does not describe the finite-sample variability of the tuning pipeline 
itself, and Section 6 reports empirical evidence that this variability is not negligible at moderate 
sample sizes. The simulation study does not isolate this effect: its sample-size levels aggregate 
configuration sets of unequal composition, as Section 5.4 explains, and therefore cannot be read 
as describing how the estimator behaves as 𝑛 grows. Characterizing that behavior would require a 
design in which the error distribution and the error variance are held fixed across sample sizes.

Two comparisons with existing estimators follow from these results. Plug-in robust 
ridge estimators with a fixed loss bound the influence of an outlying response, but not that 
of an outlying regressor vector, because the score is not attenuated in the design direction; 
Proposition 1 bounds both, which is what the attenuation of Section 3.4 supplies. Theorem 2 
states that estimating the loss parameters is first-order equivalent to holding them fixed, 
so the adaptive calibration carries no asymptotic cost relative to a correctly specified fixed 
loss. Neither result claims uniformly smaller asymptotic variance than every competing 
estimator, and none is established here; the comparisons reported in Sections 5 and 6 are 
finite-sample and empirical.
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Complete proofs of Propositions S1 and S2 and of Theorems S1 and S2, together with 
the regularity conditions under which they hold, are given in the Supplementary Materials. 
That document also records the orthogonality property that underlies Theorem 2 and a 
proposition comparing the limiting values of a criterion that re-evaluates the redescend-
ing weights along the shrinkage path with those of the reference-weighted criterion of
Equation (16), which shows that the former assigns the null fit a value bounded indepen-
dently of the responses.

5. Monte Carlo Study
5.1. Design

Regressors are generated by the McDonald and Galarneau scheme [11],

𝑥𝑖𝑗 = (1 − 𝜌2)1/2𝑧𝑖𝑗 + 𝜌𝑧𝑖,𝑝+1, 𝑧𝑖𝑗 ∼ 𝒩(0, 1), (21)

which induces pairwise correlation 𝜌2 among the regressors. The regression coefficient vec-
tor is taken as the normalized eigenvector of 𝐗⊤𝐗 associated with the largest eigenvalue, 
corresponding to the direction of the maximum variance in the design matrix [4,12]. This 
orientation is the most favorable one for a penalized estimator, since the shrinkage then falls 
on directions that carry no signal. Section S8 of the Supplementary Materials reports the 
same comparison with the coefficient vector placed on the smallest eigenvector and on an 
equal mixture of the eigendirections. Responses are generated according to Equation (1). 
Vertical outliers are created by adding 10𝜎  to the response. Good-leverage points are placed 
at ten times the data range along the first principal component while remaining on the true 
regression plane, whereas bad-leverage points are placed at the same locations with responses 
generated independently of the regression plane, following the configuration of [57].

Table 3 summarizes the simulation factors, their levels, and the notation used for 
each. The sample size 𝑛, the dimension 𝑝, the collinearity 𝜌, and the error variance 𝜎2

carry the notation already in use; the error law is written 𝐹𝜀 and the contamination scheme 
𝒞 . These six symbols label the panels of Table 4. All combinations of the collinearity 
level, error distribution, error variance, and contamination type are evaluated at the ref-
erence configuration (𝑛, 𝑝) = (100, 8), while all combinations of 𝑛, 𝑝, and 𝜌 are evaluated 
at each contamination type with the error distribution restricted to 𝒩(0, 1) and 𝑡3; con-
figurations violating 𝑛 ≥ 5𝑝 are excluded. This yields 1408 configurations, each repli-
cated 1000 times. Estimation accuracy is evaluated using the mean squared error criterion
𝑀𝑆𝐸( ˆ𝛽) = 𝑁−1 ∑𝑠 ‖ ˆ𝛽(𝑠) − 𝛽‖2

2, where 𝑁 denotes the number of replications and ˆ𝛽(𝑠) the 
estimate obtained in replication 𝑠.

Table 3. Factors and levels of the simulation design.

Factor Symbol Levels

Sample size 𝑛 50, 100, 200, 500
Predictors 𝑝 4, 8, 12, 20
Collinearity 𝜌 0.80, 0.90, 0.95, 0.99
Error distribution 𝐹𝜀 Normal, 𝑡5, 𝑡3, Laplace, contaminated normal, log-normal
Error variance 𝜎2 1, 5, 10
Contamination 𝒞 none; vertical 5/10/20%; good leverage 10%; bad leverage 5/10/20%

Note. Configurations violating 𝑛 ≥ 5𝑝 are excluded.
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Table 4. Median mean squared error of each estimator by level of each design factor.

Factor Level OLS Ridge 
(HK)

Ridge 
(GCV)

𝑴
(Hub.)

𝑴
(bisq.) 𝑴𝑴 RRM 

(Hub.)
RRM 

(bisq.) RRMM GM-Ridge ATLAS-Ridge

𝒞

Clean 0.865 0.385 0.130 0.690 0.700 0.816 0.351 0.347 0.389 0.349 0.178
Good leverage 10% 0.894 0.389 0.081 0.757 0.766 0.868 0.369 0.363 0.401 0.377 0.253
Vertical 5% 4.699 1.433 0.521 0.823 0.725 0.823 0.409 0.336 0.351 0.405 0.175
Vertical 10% 8.803 2.672 0.884 1.030 0.759 0.818 0.507 0.330 0.312 0.501 0.183
Vertical 20% 16.841 4.912 1.654 2.041 0.914 0.899 0.941 0.304 0.241 0.894 0.220
Bad leverage 5% 2.179 0.977 0.954 2.480 2.586 0.810 1.022 1.051 0.346 0.351 0.220
Bad leverage 10% 2.753 1.068 0.980 3.036 3.188 0.811 1.173 1.234 0.309 0.363 0.217
Bad leverage 20% 3.785 1.268 0.995 4.209 4.546 0.986 1.534 1.749 0.325 0.360 0.252

𝑛

𝑛 = 50 4.774 1.358 0.992 2.204 2.042 0.784 1.118 1.061 0.302 0.497 0.298
𝑛 = 100 9.379 2.266 1.053 3.795 3.362 1.903 1.425 1.217 0.566 0.882 0.464
𝑛 = 200 2.340 1.031 0.940 1.318 1.241 0.390 0.967 0.956 0.176 0.236 0.105
𝑛 = 500 1.335 0.972 0.913 1.050 1.036 0.135 0.929 0.813 0.097 0.109 0.047

𝑝

𝑝 = 4 1.401 1.002 0.977 1.075 1.038 0.186 0.981 0.979 0.116 0.145 0.090
𝑝 = 8 7.821 2.031 1.043 3.346 2.882 1.705 1.315 1.157 0.484 0.764 0.417
𝑝 = 12 3.369 1.053 0.941 1.642 1.465 0.445 0.979 0.956 0.208 0.277 0.125
𝑝 = 20 6.255 1.274 0.908 2.844 2.514 0.949 1.054 1.000 0.356 0.465 0.174

𝜌

𝜌 = 0.80 1.929 1.005 0.968 1.212 1.130 0.232 0.978 0.945 0.139 0.183 0.115
𝜌 = 0.90 3.276 1.111 0.972 1.636 1.500 0.441 0.995 0.973 0.214 0.297 0.147
𝜌 = 0.95 5.634 1.439 0.972 2.481 2.313 0.842 1.064 1.028 0.330 0.475 0.214
𝜌 = 0.99 23.892 4.810 1.317 9.862 8.371 4.141 2.327 1.744 1.036 1.730 0.698

𝐹𝜀

Normal 3.359 1.103 0.967 1.800 1.663 0.796 1.015 0.998 0.291 0.383 0.195
𝑡5 10.280 2.455 1.081 4.410 3.728 3.601 1.592 1.278 0.765 1.254 0.666
𝑡3 3.450 1.117 0.967 1.504 1.356 0.405 0.995 0.978 0.192 0.263 0.114
Laplace 10.158 2.421 1.085 4.407 3.451 3.221 1.574 1.269 0.764 1.270 0.613
Contaminated normal 18.432 4.941 1.977 7.209 5.627 5.828 2.405 1.712 1.381 1.989 0.959
Log-normal 9.875 2.566 1.179 2.474 2.258 1.402 1.165 1.084 0.378 0.548 0.313

𝜎2
𝜎2 = 1 2.796 1.058 0.958 1.460 1.349 0.431 0.991 0.979 0.202 0.270 0.133
𝜎2 = 5 20.502 3.801 1.334 4.680 3.771 2.810 1.661 1.385 0.775 1.180 0.628
𝜎2 = 10 39.489 7.954 2.392 8.061 6.420 5.781 2.583 1.940 1.462 2.225 0.989

Note. Factor symbols are defined in Table 3. Smallest value in each row in bold. The 𝒞  panel covers 
all 1408 configurations, the others the 1056 contaminated ones; they are unbalanced, as Section 5.4 
explains.

5.2. Competing Estimators and Software
Eleven estimators are included in the comparison: OLS; ridge with the Hoerl and 

Kennard constant [10]; ridge with a generalized cross-validation constant [13]; the Huber 
and bisquare 𝑀-estimators [19,20]; the 𝑀𝑀-estimator [24]; three plug-in robust ridge 𝑀-
estimators built on Huber, bisquare, and 𝑀𝑀 weights in the manner of [28,30]; a Mallows-
type generalized 𝑀 ridge estimator [25,58]; and ATLAS-Ridge. All computations were 
carried out in R [59]. The robustbase package [60] was used to compute the deterministic 
minimum covariance determinant and 𝑀𝑀 estimators, and the MASS package [61] was 
used for the 𝑀-estimators. All remaining procedures were implemented directly from the 
methodology developed in Sections 3 and 4.

5.3. Computational Cost
The estimator adds three preparatory stages to a penalized 𝑀-fit, each executed once. 

The deterministic minimum covariance determinant estimate costs order 𝑛𝑝2 + 𝑝3; the MM 
preliminary fit costs 𝑁𝑆(𝑝3 + 𝑛𝑝) for the 𝑆-stage over 𝑁𝑆 subsamples plus 𝑇(𝑛𝑝2 + 𝑝3) for 
the reweighting; and the trimmed statistic of Equation (6) costs 𝑛 log 𝑛, the calibration of 
Equations (7)–(9) being scalar root-finding independent of 𝑛 and 𝑝. The shrinkage search 
then evaluates Equation (16) at the 40 points of 𝒦 , each an iteratively reweighted loop 
at order 𝑛𝑝2 + 𝑝3, giving |𝒦| 𝑇(𝑛𝑝2 + 𝑝3) in total; the reference weights are fixed across 
the grid, by the construction of Section 4.3, so they are formed once rather than 40 times. 
The estimator therefore retains the same asymptotic order in 𝑛 and 𝑝 as the robust ridge 
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procedures it builds on. Its additional stages multiply the time per fit by a bounded constant 
rather than altering the rate at which that time grows with 𝑛 and 𝑝.

Table 5 reports elapsed time per fit at three combinations of sample size and dimension 
under 10% bad leverage with 𝜌 = 0.95 and 𝑡3 errors, each entry the median of ten batched 
measurements, obtained single-threaded on an Intel Core i5-6600 at 3.30 GHz under R 4.6.0 
for Windows. The proposed estimator is the slowest of the eleven at every size, costing
1.7 to 2.3 times an MM-based robust ridge estimator and 1.6 to 2.1 times the MM estimator 
it uses for initialization. Growth is no worse than that of the estimators it is built on: from 
(𝑛, 𝑝) = (100, 8) to (500, 20) the time rises by a factor of 10.4, against 12.5 for MM and
14.4 for the MM-based robust ridge estimator.

Table 5. Median elapsed time per fit in milliseconds for each estimator at three combinations of 
sample size and dimension.

𝒏 𝒑 OLS Ridge 
(HK)

Ridge 
(GCV)

M 
(Hub.)

M 
(Bisq.) MM RRM 

(Hub.)
RRM 

(Bisq.) RRMM GM-Ridge ATLAS-Ridge

100 8 0.09 0.13 1.29 1.56 1.78 77.5 1.84 1.95 63.4 25.9 147.5
200 12 0.17 0.25 1.84 2.07 2.19 168.8 2.23 2.68 191.3 64.7 360.0
500 20 0.55 0.83 4.00 5.31 5.55 970.0 5.39 6.02 915.0 287.5 1530.0

Note. Median of ten batched measurements per cell.

The stage decomposition locates that cost, and it does not fall where the number of 
tuning steps might suggest. At (𝑛, 𝑝) = (200, 12) the median shares are approximately 
16.7% for the robust scatter estimate, 52.8% for the MM initialization, and 30.6% for 
the shrinkage search, while the trimmed statistic of Equation (6) and the calibration of
Equations (7)–(9) together account for less than 0.1%. The adaptive calibration is therefore 
free in computational terms; what the estimator pays for is the high-breakdown initializa-
tion, a cost it shares with every MM-based competitor. The same shares were obtained to 
within two percentage points on a second machine under a different operating system and 
version of R 4.6.1.

5.4. Simulation Findings
Figure 1 reports the percentage of simulation configurations in which ATLAS-Ridge 

attains the smallest mean squared error, by contamination type, both among the robust 
estimators and among the full set of eleven estimators. The corresponding median mean 
squared errors and median ratios to the best competing estimator are reported in Table 6.

Across the 1056 contaminated configurations, ATLAS-Ridge attains the smallest mean 
squared error in 79.5% of cases among all estimators and in 84.5% among the robust 
estimators, with a median performance ratio of 0.791 relative to the best competitor. The 
advantage is largest under vertical contamination, where the proposed estimator attains the 
smallest median mean squared error in 100.0% of configurations at the 5% level and 98.9%
at the 10% level. The figure falls as the contamination level rises, to 53.4% under 20% vertical 
contamination and 61.4% under 20% bad leverage, reflecting the increasing difficulty of 
estimation near the breakdown region. In contrast, under 10% good-leverage contamination, 
the win rate among all estimators was 5.1%, indicating that when leverage observations 
remain consistent with the underlying regression model, conventional non-robust estimators 
may retain superior efficiency. This behavior is consistent with the theoretical properties 
established in Proposition 1.

Good leverage is the setting in which the estimator performs least favorably. The 
median ratio in Table 6 is 2.800 there, almost three times the best competitor, against
0.650 to 0.964 under genuine contamination. Table 4 locates it: ridge with a generalized 
cross-validation constant attains 0.081 against 0.253 for ATLAS-Ridge. The winner is not a 
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robust estimator; among the seven robust competitors, the proposal still has the smallest 
median, 0.253 against 0.363. The deficit is therefore against lightly penalized least squares, 
which is as expected: when no observation departs from the model, attenuating high-
leverage points discards the most informative ones for nothing in return. This loss is 
intrinsic to the design, and the estimator should not be used where leverage points are 
believed sound.

Figure 1. Percentage of simulation configurations in which ATLAS-Ridge attains the smallest mean 
squared error, by contamination type, among the robust estimators and among all eleven.

Table 6. Mean squared error of ATLAS-Ridge relative to the competing estimators, by contamination type.

Contamination Cfg. Median MSE Lowest (%) Median Ratio

Clean 176 0.178 35.2 1.263
Good leverage 10% 176 0.253 5.1 2.800
Vertical 5% 176 0.175 100.0 0.650
Vertical 10% 176 0.183 98.9 0.729
Vertical 20% 176 0.220 53.4 0.964
Bad leverage 5% 176 0.220 79.5 0.792
Bad leverage 10% 176 0.217 83.5 0.815
Bad leverage 20% 176 0.252 61.4 0.911

 

Note. Median mean squared error of ATLAS-Ridge relative to the best competing estimator. Percent-
ages are against all eleven.

Figure 2 compares the distribution of log10 𝑀𝑆𝐸 for all estimators, under contaminated 
and uncontaminated configurations, while Table 7 summarizes their median mean squared 
error and mean rank. Under contaminated configurations, ATLAS-Ridge achieves the lowest 
median mean squared error (0.213) and the best overall mean rank (1.25), compared with 
0.310 and 2.29, respectively, for the strongest competing estimator. These results indicate 
that the proposed method provides consistently superior estimation accuracy across a wide 
range of contaminated scenarios. The criterion throughout this section is the estimation 
error ‖ ˆ𝛽 − 𝛽‖2

2 of Section 5.1. No predictive criterion is evaluated in the simulation study, 
and the conclusions drawn here therefore concern the recovery of 𝛽 and not out-of-sample 
prediction, which is examined separately in Section 6.
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Figure 2. Distribution of the mean squared error of each estimator across the simulation configurations.

Table 7. Mean squared error and mean rank of each estimator over the simulation configurations.

Estimator
Median MSE Ratio to

Mean Rank
Contam. All ATLAS-Ridge

OLS 4.520 3.538 21.22 10.19
Ridge (HK) 1.353 1.147 6.35 7.81
Ridge (GCV) 0.979 0.954 4.60 5.79
𝑀 (Huber) 2.245 1.774 10.54 9.15
𝑀 (bisquare) 1.944 1.618 9.13 8.30
𝑀𝑀 0.863 0.856 4.05 6.22
RRM (Huber) 1.064 0.998 5.00 5.96
RRM (bisquare) 1.014 0.962 4.76 5.07
RRMM 0.310 0.328 1.46 2.29
GM-Ridge 0.447 0.411 2.10 3.97
ATLAS-Ridge 0.213 0.212 1.00 1.25

 

Note. Ratios and ranks refer to contaminated configurations.

Table 4 reports the median mean squared error of each estimator across the levels 
of the simulation factors. The first panel summarizes results by contamination type over 
all configurations, while the remaining five panels report results by sample size, number 
of predictors, collinearity level, error distribution, and error variance over the contami-
nated configurations.

Four observations emerge from Table 4. First, the ranking of the estimators is stable 
across levels of every factor: across contaminated configurations, ATLAS-Ridge attains the 
smallest median mean squared error at every sample size, dimension, collinearity level, error 
distribution, and error variance. Second, under uncontaminated conditions, shown in the 
first two rows of the first panel of Table 4, ridge regression with a generalized cross-validation 
constant attains the smallest median mean squared error. This is the expected outcome 
when no observation departs from the model, and it is consistent with the boundedness 
property established in Proposition 1. Third, the proposed estimator improves on the best 
plug-in robust ridge estimator at every error law, by a factor ranging from 1.15 under 𝑡5
errors to 1.68 under 𝑡3, with no monotone relation to tail weight. Fourth, the median mean 
squared error increases with collinearity and, subject to the qualification below, with error 
variance, consistently across the estimators. It does not decline monotonically with the 
sample size. For all eleven estimators the median is higher at 𝑛 = 100 than at 𝑛 = 50, 
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before declining at 𝑛 = 200 and 𝑛 = 500. This is an artifact of the aggregation rather than a 
property of the estimators. The next paragraph gives the reason.

The cause is that the design of Section 5.1 is the union of two arms rather than a full 
factorial. One arm varies the error law over all six and the error variance over 𝜎2 ∈ {1, 5, 10}, 
but only at the reference configuration (𝑛, 𝑝) = (100, 8); the other varies 𝑛, 𝑝, and 𝜌 with 
𝜎2 = 1 and only the normal and 𝑡3 laws. The first arm lies entirely at 𝑛 = 100. Of the 576
contaminated configurations there, half have 𝜎2 ∈ {5, 10}, whereas all 96 at 𝑛 = 50 and all 
192 at each of 𝑛 = 200 and 𝑛 = 500 have 𝜎2 = 1. Since the mean squared error scales with 
𝜎2, the median at 𝑛 = 100 is raised by the composition of its set. The restriction 𝑛 ≥ 5𝑝 adds 
a second imbalance, leaving only 𝑝 ∈ {4, 8} at 𝑛 = 50. Two of the six panels are balanced: 
contamination, at 176 configurations per level, and collinearity, at 264, both with identical 
composition across levels. The other four are not, because the extra error laws and variances 
occur only at (𝑛, 𝑝) = (100, 8).

What every panel does support, balanced or not, is comparison between estimators 
within a row, since all eleven are evaluated on the same configurations at each level. The 
four observations above are of that kind, and so is the first claim in this section. Comparison 
down a column is reliable only in the contamination and collinearity panels. The aggregate 
statements that do not depend on the balance of any panel are those of Figure 2 and Table 7, 
where the estimators are compared on the whole contaminated set at once.

Figure 3 presents performance profiles [62], which report the fraction of configurations 
in which an estimator is within a factor 𝜏 of the best estimator. ATLAS-Ridge is within a 
factor of two of the best estimator in more than 90% of contaminated configurations, a level 
reached by no competing estimator below 𝜏 = 4.

Figure 3. Performance profiles of the estimators over the simulation configurations.

6. Application to Real Data
6.1. Entry Criteria and Data Sources

Datasets were selected using the following criteria: continuous predictors and response; 
𝑛 ≥ 8𝑝; a condition number of at least 30 or at least two variance inflation factors exceeding 
ten; at least four bad-leverage observations identified jointly in the design and residual 
spaces; and a total flagged fraction below the 25% breakdown point of the robust scatter 
estimator. An absolute count is used rather than a proportion because contamination in 
curated datasets is low, the largest bad-leverage fraction among the three observational 
datasets being 3.4%.

The Air Quality data [63] contain hourly measurements from a gas multisensor device, 
with carbon monoxide concentration as the response; cross-sensitivity among the sensors 
induces substantial multicollinearity. The Concrete Compressive Strength data [64] relate 
compressive strength to mixture composition and curing age. The Boston Housing data [65] 
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relate median home value in 506 census tracts to nine predictors. The first two are obtained 
from the UCI Machine Learning Repository [66], and the third is distributed with the MASS 
package [61]. The Hawkins, Bradu, and Kass data [57] are a constructed benchmark that 
includes a planted bad-leverage cluster.

The Boston Housing data deviate from the criteria in that the flagged fraction is 31.6% 
and the bad-leverage fraction 3.4%. The excess arises from the good-leverage class, since 
three predictors are recorded at the town rather than the census-tract level [67], so the 
resulting high-leverage observations reflect measurement resolution rather than contam-
ination. The data are retained because they contain 17 bad-leverage observations in ten 
distinct clusters.

Observations are classified as regular, vertical outliers, good leverage, or bad leverage 
using the robust distance in Equation (10) and standardized 𝑀𝑀 residuals, against the 
thresholds 𝜒2

𝑝,0.975 and 2.5 [68]. Table 8 reports the resulting diagnostics.

Table 8. Characteristics of the datasets used in the application study.

Characteristic Air Quality Concrete Boston HBK

Observations 𝑛 3500 1030 506 75
Predictors 𝑝 10 8 9 3
Condition number 261.3 75.9 30.3 154.2
VIFs exceeding ten 4 0 0 3
Regular 2687 853 346 61
Vertical outliers 130 8 9 0
Good leverage 577 150 134 10
Bad leverage 106 19 17 4
Flagged fraction (%) 23.2 17.2 31.6 18.7

 

Note. The air quality data were analyzed on a random subsample.

6.2. Evaluation Criteria
Since 𝛽 is unknown for real data, the mean squared error of ˆ𝛽 cannot be evaluated. 

Three computable criteria are therefore used. The first is the change in the coefficient vector 
when the observations classified as bad leverage are deleted,

Δ = 100 × ‖ ˆ𝛽full − ˆ𝛽deleted‖/‖ ˆ𝛽𝑀𝑀
deleted‖, (22)

which is a finite-sample diagnostic motivated by the property bounded in Proposition 1, 
computed both with the tuning held at its full-sample values and with the tuning deter-
mined on the reduced sample. The denominator is the norm of the 𝑀𝑀 fit on the reduced 
sample and is the same for every estimator, so that displacements are comparable across 
estimators; normalizing each by its own coefficient norm would favor an estimator that 
shrinks more. The two regimes correspond to the distinction drawn in Section 4.4. Holding 
the tuning fixed corresponds to the regime of the conditional bound of Proposition 1, in 
which the tuning quantities are held fixed; determining the tuning on the reduced sam-
ple measures the displacement of the fully adaptive estimator, for which no influence 
function is derived. The gap between the two is therefore an empirical measure of how 
much the adaptive tuning contributes to the coefficient displacement. The second is the 
ten-fold cross-validated prediction error with 10% symmetric trimming. The third com-
prises the bootstrap variance tr(V̂ar)/‖ ˆ𝛽‖2 and the split-half stability ‖ ˆ𝛽1 − ˆ𝛽2‖/‖ ˆ𝛽‖, based on
200 resamples and 100 random half-splits.

These criteria measure two different things and are not expected to be optimized 
together. The displacement of Equation (22), the bootstrap variance, and the split-half 
stability all concern the coefficient vector; the cross-validated prediction error concerns the 
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fitted response and is evaluated on the observed data, contamination included. An estimator 
that downweights high-leverage observations forfeits the fit at the points contributing most 
to the predictive sum of squares, so a gain on the first group is bought at a cost on the 
second. The two groups are therefore reported separately rather than combined into one 
ranking. Note also that Equation (16) minimizes a reference-weighted estimate of prediction 
risk, with outliers and high-leverage points downweighted, while the error reported here 
is computed over the full sample; selecting ˆ𝑘 by a predictive criterion therefore implies 
nothing about unweighted prediction error.

6.3. Results and Discussion
Figure 4 compares the estimators in terms of the quantity defined in Equation (22), 

namely the change in the estimated coefficient vector when the bad-leverage observations 
are deleted, expressed as a percentage of the coefficient norm. A small value indicates that 
an estimator is little affected by those observations. ATLAS-Ridge attains the smallest value 
on all four datasets. Each comparison below is made against the estimator that attains the 
second smallest value on that dataset. On the air quality data, the coefficients of ATLAS-
Ridge change by 0.487%, against 1.628% for the robust ridge 𝑀-estimator with bisquare 
loss. On the concrete data they change by 0.175%, against 0.667% for the Mallows-type 
generalized 𝑀 ridge estimator. On the Boston data, the change is below 0.001%, against 
2.341% for the same estimator. The corresponding reductions are by factors of 3.3, 3.8, and 
more than two orders of magnitude. On the benchmark the change is 0.000%, since the 
planted observations receive zero weight, whereas the coefficients of OLS change by 142% 
and one of them reverses sign.

Figure 4. Relative change in the estimated coefficients after deletion of the bad-leverage observations, 
by estimator and dataset.

Table 9 summarizes the performance of the eleven estimators across the four evaluation 
criteria and datasets. ATLAS-Ridge achieves the smallest coefficient displacement across 
all four datasets when the tuning is held at its full-sample value, while its rankings for 
prediction error, bootstrap variance, and split-half stability vary by dataset. The prediction 
ranking varies most, and it does not favor the proposed estimator. On the air quality data, it 
ties for first with two bisquare 𝑀-estimators at 0.251; on HBK and Boston it places seventh 
and eighth of eleven, exceeding the best competitor by 11.5% and 2.8%; and on the concrete 
data it places last, at 8.220 against 7.492 for GM-Ridge, a shortfall of 9.7%. Across the four 
datasets, it matches the best competitor on one and records higher prediction error on the 
other three. The shortfall does not track contamination: it is largest on HBK and concrete, at 
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flagged fractions of 18.7% and 17.2%, and smallest, among the three datasets on which one 
arises at all, on Boston, whose flagged fraction is the largest at 31.6%. It reflects instead the 
mechanism noted with Figure 5, that design-direction attenuation acts on all high-leverage 
observations, not only the harmful ones. The variability of those rankings is consistent with 
Remark 1 of Section 4.4, since the adaptive tuning estimates several quantities from the data 
and is therefore more variable with moderate sample sizes.

Table 9. Coefficient robustness and predictive accuracy of each estimator on the four real datasets.

Estimator
Displacement (%) Prediction Error Bootstrap Variance (×10−3) Split-Half Stability (%)

Air Air Air Air
Quality Concrete Boston HBK Quality Concrete Boston HBK Quality Concrete Boston HBK Quality Concrete Boston HBK

OLS 13.23 12.92 56.53 142.3 0.260 8.066 3.254 1.056 10.6 18.2 42.2 514 20.7 22.0 45.9 128.2
Ridge (HK) 13.15 12.71 54.11 112.4 0.259 8.079 3.229 1.032 10.3 18.9 45.9 648 20.2 22.1 40.3 136.6
Ridge (GCV) 13.21 12.87 52.70 130.8 0.260 8.071 3.215 1.049 10.5 19.5 40.8 630 20.6 23.0 38.9 134.6
𝑀 (Huber) 3.93 11.56 25.28 76.5 0.252 7.905 2.942 0.865 4.3 17.1 42.0 513 13.2 22.1 41.2 127.4
𝑀 (bisquare) 0.95 1.02 4.69 0.198 0.251 7.843 2.933 0.842 4.5 30.4 35.2 871 12.7 29.7 36.8 113.7
𝑀𝑀 1.64 9.94 7.42 0.001 0.252 7.882 2.935 0.842 4.3 21.8 36.1 239 12.6 24.5 38.2 82.9
RRM (Huber) 3.92 11.39 24.23 63.6 0.252 7.916 2.934 0.843 4.3 17.8 40.8 656 13.0 22.4 38.0 137.3
RRM (bisquare) 0.94 1.03 5.00 1.550 0.251 7.850 2.922 0.843 4.4 30.9 28.4 899 12.5 29.7 32.4 93.7
RRMM 1.64 9.79 5.42 0.004 0.252 7.893 2.924 0.843 4.3 22.6 34.8 176 12.5 24.6 35.1 60.6
GM-Ridge 1.62 1.02 12.61 0.074 0.252 7.492 2.980 0.954 3.6 9.2 30.8 146 11.9 17.0 31.6 57.1
ATLAS-Ridge 0.36 0.18 1.53 0.000 0.251 8.220 3.005 0.939 3.8 24.7 15.5 230 12.2 25.5 22.8 84.1

Note. Displacement, bootstrap variance and split-half stability measure coefficient robustness; the pre-
diction error measures predictive accuracy. Displacement is defined in Equation (22); the prediction 
error is the ten-fold cross-validated trimmed root mean squared error. Bold marks the columns in 
which ATLAS-Ridge attains the smallest value.

The Boston Housing data provide the strongest evidence for the estimator, which 
attains the best performance on three of the four criteria: coefficient displacement below 
0.001% against 2.341%, normalized bootstrap variance 15.5 × 10−3 against 28.4 × 10−3, and 
split-half stability 22.8% against 31.6%, while its prediction error exceeds that of the best 
competitor by 2.8%. The selected shrinkage constant is ˆ𝑘 = 18.33, so the penalty acts on the 
poorly determined directions while leaving the leading ones essentially unshrunk, and the 
observed stability reflects the adaptive loss and the penalty together.

Figure 5 displays the coefficient displacement and prediction error jointly. ATLAS-
Ridge occupies the lower region of every panel, while its prediction error varies across 
datasets. Bounded influence in the design direction requires the attenuation of all high-
leverage observations, including informative ones; since these outnumber bad-leverage 
observations by between two and a half and eight to one, the loss in predictive efficiency is 
incurred more broadly than the robustness benefit is realized.

Table 10 reports the tuning selected for each dataset and the change in the coefficients 
when the tuning is determined on the reduced sample rather than on the full sample. 
Table 11 gives both quantities for all eleven estimators on all four datasets, with the tuning 
of every estimator held at its full-sample value in one column and determined on the 
reduced sample in the other, so that the two regimes are compared on the same footing. 
The estimated tail index ranges from 3.01 to 4.40 and the shrinkage constant ˆ𝑘 from 0 to 
127.4, so the procedure adapts to each dataset. Determining the tuning on the reduced 
sample increases the displacement for the air quality and concrete data, most markedly for 
the latter, where it rises from 0.175% to 11.558%.
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Figure 5. Relative change in the estimated coefficients after deletion of the bad-leverage observations 
against cross-validated prediction error, by estimator and dataset.

Table 10. Selected tuning constants and coefficient displacement under full-sample and reduced-
sample tuning.

Quantity Air 
Quality Concrete Boston HBK

Tail index ˆ𝛼 3.31 4.25 2.88 4.40
Shape ˆ𝑞 2.19 2.59 2.00 2.64
Scale ˆ𝑐0 2.29 2.39 2.23 2.40
Implied 𝛼 = 2/ ˆ𝑐2

0 – – 0.402 –
Shrinkage ˆ𝑘 4.281 127.4 18.33 0.000
Displacement, full-sample tuning (%) 0.487 0.175 0.000 0.000
Displacement, reduced-sample tuning (%) 0.737 11.558 7.434 0.001

 

Note. Displacement is defined in Equation (22). The implied constant is reported only where ˆ𝑞 is 
close to 2.

That sixty-six-fold increase is the largest instability in the application study. Two 
observations bear on it, neither conclusive. The concrete fit is the only one with a materially 
active penalty, ˆ𝑘 = 127.4 against 2.637 and 0.000; and the absolute movement of its coefficient 
vector, 2.359 on the standardized scale, is of the same size as that of the 𝑀- and 𝑀𝑀-
based estimators, whose displacements are similar once the common normalizer is applied. 
Whether the first is causal is not established: a simulated experiment varying ˆ𝑘 through 
the collinearity level found no positive association between its size and the increase under 
reduced-sample tuning, the rank correlation being negative. The result is therefore reported 
as an instability whose mechanism is not identified. That experiment did show re-selection 
to be common, the search on the reduced sample returning a different constant in half of 
the replications, which locates the instability in the selection step.
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Table 11. Coefficient displacement of each estimator under full-sample and reduced-sample tuning, 
by dataset. Displacement is defined in Equation (22).

Air Quality Concrete Boston HBK

Estimator Full Reduced Full Reduced Full Reduced Full Reduced

OLS 21.44 21.44 12.92 12.92 58.14 58.14 142.25 142.25
Ridge (HK) 20.90 21.18 12.80 12.71 54.77 55.33 116.29 112.45
Ridge (GCV) 20.71 21.51 12.87 12.87 54.00 54.00 122.61 130.82
𝑀 (Huber) 6.07 8.48 7.36 11.56 18.95 26.54 74.02 76.53
𝑀 (bisquare) 1.66 2.12 0.70 1.02 3.59 5.41 0.00 0.20
𝑀𝑀 2.87 3.66 5.70 9.94 6.39 8.95 0.00 0.00
RRM (Huber) 6.00 8.42 7.31 11.39 18.04 25.52 60.04 63.63
RRM (bisquare) 1.63 2.12 0.70 1.03 3.41 5.26 0.00 1.55
RRMM 2.82 3.65 5.65 9.79 6.05 8.70 0.00 0.00
GM-Ridge 2.19 3.49 0.67 1.02 2.34 28.24 0.00 0.07
ATLAS-Ridge 0.49 0.74 0.18 11.56 0.00 7.43 0.00 0.00

Note. Full denotes the tuning of every estimator held at its full-sample value; Reduced denotes the 
tuning of every estimator determined by its own rules on the reduced sample. Values are percentages. 
The smallest value in each column is in bold. On the concrete data, the absolute movement of 
ATLAS-Ridge is 2.359 against 0.208 for GM-Ridge, on a coefficient norm of 13.21 against 21.65.

Two qualifications follow. The displacement under full-sample tuning, 0.175%, is a 
finite-deletion diagnostic computed in the regime to which Proposition 1 applies, the tuning 
quantities being held fixed. The proposition bounds infinitesimal influence and does not 
bound this finite percentage, so the figure is empirical evidence consistent with bounded 
influence rather than an instance of the bound. It remains the smallest among the eleven 
estimators on this dataset; the figure under reduced-sample tuning measures something 
the theory does not cover, namely the composite functional in which the scale, the scatter, 
the loss parameters, and the shrinkage constant are all determined from the data. The gap 
between the two is the empirical cost of adaptivity, and on the concrete data that cost is high. 
Since the procedure is presented as adaptive, this is a limitation of the proposal and not an 
artifact of the displacement measure: a user who determines the whole pipeline anew after 
removing suspect observations should allow for the coefficients moving appreciably, and 
the present evidence does not identify in advance the datasets on which that will happen. 
Stabilizing the selection of 𝑘 under resampling, for instance by averaging the criterion over 
subsamples rather than minimizing it once, is the natural remedy and is not attempted here.

The Boston fit gives a direct check on the correspondence of Section 3.1. There ˆ𝑞 = 2.00, 
so the loss coincides with the Welsch score and the implied density power divergence 
constant is 𝛼 = 2/ ˆ𝑐2

0 = 0.402. Substituting that value into the asymptotic efficiency expression 
of Riani et al. [44] returns 0.879, against the target 0.879 set by Equation (8) at ˆ𝛼 = 2.88. 
The calibration of Equation (7) therefore reproduces, on real data, the efficiency that those 
authors tabulate for the fixed-tuning density power divergence estimator, which locates 
the fitted loss inside an established family. The air quality, concrete, and HBK fits select 

ˆ𝑞 = 2.19, 2.59, and 2.64 and so fall outside it; for these the shape itself, rather than the scale 
alone, carries the adaptation.

One entry of Table 10 requires comment. The shrinkage selected on the HBK data is 
reported as ˆ𝑘 = 0.000, which is the smallest value the grid admits at the reported precision. 
Proposition 2 is stated for 𝑘 > 0 and for a selected ˆ𝑘 lying in 𝒦 ∖ {0}, so if the criterion has in 
fact chosen the unpenalized member of the grid on this dataset, the breakdown statement 
does not cover that particular fit; the bound of Equation (18), which also requires 𝑘 > 0, 
likewise does not. The displacement of 0.000% recorded for HBK is therefore an empirical 
observation about the leverage-weighted 𝑀-fit on these data and is not an instance of the 
proposition. The planted observations in this dataset lie far enough from the bulk in the 
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design space that the attenuation of Section 3.4 reduces their weights to numerical zero, 
which accounts for the result without appeal to the penalty.

The evidence supports a specific rather than a universal claim. Under simultane-
ous contamination and severe multicollinearity, ATLAS-Ridge attains the smallest mean 
squared error in most simulated configurations and the smallest coefficient displacement 
on every real dataset under full-sample tuning. Two qualifications belong with that claim. 
Good leverage is the one simulated setting in which it is reversed, and determining the 
whole pipeline anew rather than holding the tuning fixed raises the displacement on the 
concrete data by a factor of sixty-six, so the stability of the estimator is established for 
the conditional quantity of Proposition 1 and not for the adaptive procedure taken as a 
whole. In cross-validated prediction error, it matches the best competitor on one dataset 
and records higher error on the other three, and on one of the four it is the least accurate 
predictor of the eleven estimators compared. The two findings concern different quan-
tities and both are retained here: the estimator is recommended where the coefficients 
are the object of inference, and it is not recommended where out-of-sample prediction is 
the objective, for which the bisquare 𝑀-estimators and GM-Ridge are preferable on these 
datasets. Its advantage therefore lies in estimation robustness rather than in uniformly
superior prediction.

Three limitations should be acknowledged. First, bounded influence in the design 
direction necessarily attenuates all high-leverage observations, including informative ones, 
so the resulting loss of predictive efficiency is intrinsic to the estimator rather than a con-
sequence of implementation. The simulation study quantifies this trade-off. Under 10%
good-leverage contamination, the proposed estimator has the smallest mean squared error 
in only 5.1% of configurations and a median ratio of 2.800 to the best competitor, both the 
worst values it records anywhere in the study. Good leverage is the one setting in which the 
design is deliberately informative and nothing is wrong with the data, and it is precisely 
there that attenuation costs most. Second, the adaptive tuning introduces finite-sample 
variability, since the loss parameters and the shrinkage constant are estimated from the data, 
and this variability can affect stability in moderate samples. The asymptotic results cover 
part of it: the bounded grid makes the penalty contribution negligible in Theorem 1, and 
Theorem 2 concerns the loss parameters under the symmetry conditions of Assumption 1. 
Neither establishes that estimating the scale and the scatter has no first-order effect. The 
boundedness result of Proposition 1 is likewise conditional on the tuning, and the influence 
function of the composite functional, in which the scale, the scatter, the loss parameters, and 
the shrinkage constant are all estimated, is not derived here. Third, the real-data evaluation 
is constrained by the low prevalence of bad-leverage observations in observational data, so 
the applications illustrate robustness under mild contamination but provide no evidence at 
the more severe levels examined in the simulation study. It is also constrained in design. 
Stability is assessed by deleting the observations that the diagnostics of Section 6.1 classify 
as bad leverage, and those diagnostics use the same robust distance and the same MM 
residuals that the estimator itself uses. An estimator built on a given notion of outlyingness 
will tend to look stable when judged against that notion. Evidence from a perturbation 
scheme that does not share the diagnostic, such as random case resampling, coordinatewise 
contamination of a fixed fraction of cells [69,70], or small displacements applied to obser-
vations the diagnostics regard as regular, would be complementary and is not reported 
here. The advantage reported in Section 5 is also specific to the orientation of the coefficient 
vector used there: with the signal on the smallest eigenvector or spread equally over the 
eigendirections, the Mallows-type generalized 𝑀 ridge estimator attains the smaller median 
mean squared error in every contamination scheme, as Section S8 of the Supplementary 
Materials reports. The comparison under reduced-sample tuning in Table 10 does not 
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escape this dependence: the same diagnostics determine which observations are deleted, 
and reduced-sample tuning changes the treatment of the tuning rather than the selection of 
the deleted cases. The concrete result in that table is the reason the issue is raised.

7. Conclusions
This paper proposed ATLAS-Ridge, a penalized generalized 𝑀-estimator for linear re-

gression under multicollinearity and data contamination. The method combines an adaptive 
redescending loss function, robust-distance-based observation weights, and ridge parameter 
selection through a reference-weighted generalized cross-validation criterion. Simulation 
studies and real-data applications demonstrate competitive estimation performance and 
improved coefficient stability under bad-leverage contamination when tuning parameters 
are fixed at their full-sample values. However, this stability advantage weakens when the 
tuning is determined on the reduced sample, particularly for the concrete dataset. The esti-
mator also performs least favorably under good-leverage contamination, while its predictive 
accuracy ranges from best to worst among the eleven methods considered. The simulation 
advantage is specific to the orientation of the coefficient vector adopted in the design and 
does not persist when the signal lies in the poorly identified directions. These findings 
highlight the trade-off between estimation robustness and predictive performance. Future 
research will focus on improving the finite-sample stability of adaptive tuning, extending 
the method to generalized linear models, and accommodating cellwise contamination.
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GCV Generalized cross-validation
GM Generalized 𝑀
HBK Hawkins, Bradu, and Kass
HK Hoerl and Kennard
MSE Mean squared error
OLS Ordinary least squares
RMSE Root mean squared error
RRM Robust ridge 𝑀
VIF Variance inflation factor
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