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Abstract

Joint models have become the standard framework for simultaneously analyzing longitu-
dinal biomarkers and time-to-event outcomes because they account for their underlying
association. However, most existing joint models are restricted to a single longitudinal
outcome and assume multivariate normal random errors. These assumptions are often
unrealistic in chronic disease studies where multiple correlated biomarkers are measured
repeatedly and exhibit asymmetric distributions. Ignoring these features may lead to biased
estimation and reduced efficiency. A Bayesian multivariate joint model is proposed that
simultaneously accommodates multiple correlated longitudinal outcomes and survival
data by incorporating a skewed multivariate normal distribution for random errors. The
methodology is motivated by chronic disease fasting blood sugar (FBS), systolic blood
pressure (SBP), and time to chronic complications among individuals with type 2 diabetes
(T2D) and hypertension, and its performance is assessed via a simulation study. Bayesian
inference is conducted using Markov chain Monte Carlo (MCMC) algorithms implemented
in Just Another Gibbs Sampler (JAGS). The limited simulation comparison suggests dif-
ferences in estimation performance between the models but does not establish uniform
superiority. In the application dataset, the proposed model captured dependence and
asymmetry in the longitudinal biomarkers. The estimated association between the SBP
random-slope component and the hazard of chronic complications was positive, although
the 95% credible interval included zero, indicating substantial uncertainty regarding the
direction and magnitude of the association.

Keywords: Bayesian inference; joint modeling; multivariate longitudinal data; multivariate
skew-normal random error; survival analysis; MCMC; chronic complications

1. Introduction

Joint modeling of time-to-event and longitudinal data has become an important statis-
tical method for simultaneously analyzing repeated biomarker measurements and survival
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outcomes, as it explicitly accounts for their underlying association through shared random
effects [1-4]. Compared with separate analyses of longitudinal and survival processes,
joint models improve estimation efficiency, appropriately account for informative dropout,
reduce bias in parameter estimation, and provide more accurate dynamic prediction of
clinical outcomes [4-6]. Consequently, Bayesian joint modeling has become an increasingly
important analytical framework for investigating disease progression, evaluating treatment
response, and identifying prognostic biomarkers in chronic diseases such as diabetes, hu-
man immunodeficiency virus (HIV), cancer, chronic kidney disease, and cardiovascular
disease [1,6,7]. Previous epidemiological research has also demonstrated the utility of
frailty and mixed-effects models for analyzing clustered health outcomes. For example, [8]
used a shared frailty survival model to account for village-level heterogeneity in malaria
incidence and a mixed-effects Poisson model to examine mosquito abundance.

Many longitudinal clinical studies routinely collect multiple correlated biomarkers
together with one or more clinically meaningful time-to-event outcomes. For example,
in studies of T2D and hypertension, FBS and SBP are repeatedly measured to monitor
disease progression, while the occurrence of chronic complications is recorded through
follow-up. These biomarkers are biologically interdependent and jointly reflect metabolic
and cardiovascular dysfunction. Modeling them simultaneously can account for their
shared temporal evolution and provide information about their association with disease
progression [6]. Despite substantial methodological developments, several important
statistical challenges remain unresolved.

First, most existing joint modeling approaches have been developed for a single longi-
tudinal outcome linked to a single survival endpoint [1,4,6]. Although this framework is
appropriate when only one longitudinal biomarker is available, many biomedical studies
routinely collect multiple correlated longitudinal outcomes whose joint evolution pro-
vides substantially more prognostic information than any individual biomarker. Analyzing
these outcomes separately, without accounting for the underlying correlation structure,
reduces statistical efficiency and can produce biased effect estimates and misleading conclu-
sions [9,10].

Second, most Bayesian joint models assume that both random effects and random
errors follow multivariate normal distributions because these distributions are mathemati-
cally tractable and computationally convenient [4,11]. However, longitudinal biomarkers
frequently depart from the Gaussian assumption and exhibit asymmetric (skewed) distribu-
tions due to biological heterogeneity, disease severity, treatment-response heterogeneity, and
measurement variability. Under such circumstances, Gaussian joint models may produce
biased parameter estimates and underestimate uncertainty [10,12,13].

Third, methodological developments addressing multivariate longitudinal outcomes,
flexible distributional assumptions, and joint modeling have largely evolved independently.
Multivariate mixed-effects models have been proposed to accommodate correlated repeated
outcomes [9,10], whereas skew-normal and skew-t mixed-effects models have focused
primarily on modeling asymmetric longitudinal responses [12-14]. More recently, flexible
Bayesian semiparametric mixed-effects models have demonstrated improved performance
for correlated longitudinal data exhibiting nonlinearity and skewness [10,14]. Similarly,
Bayesian joint models have been successfully developed to link survival and longitudinal
outcomes [1,6,7]. Related methodological work by [15] established the likelihood equiva-
lence between frailty-based survival models and mixed Poisson regression models under
specific assumptions, highlighting the importance of accounting for unobserved heterogene-
ity in clustered time-to-event data. However, these methodological developments generally
address only one statistical challenge at a time. Existing multivariate joint models largely
retain the multivariate Gaussian assumption, whereas skew-normal mixed-effects models
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rarely incorporate survival outcomes within a unified Bayesian joint modeling framework.
Consequently, a Bayesian framework that simultaneously accommodates multiple corre-
lated longitudinal outcomes, multivariate skew-normal random errors, and time-to-event
data remains largely unexplored.

This methodological limitation is particularly important in chronic disease research,
where multiple biomarkers evolve jointly over time and are intrinsically associated with
disease progression. In T2D and hypertension, FBS and SBP are repeatedly measured
throughout follow-up and jointly determine the risk of chronic complications. Modeling
these biomarkers independently ignores their shared temporal evolution and may underes-
timate their combined contribution to disease progression. A unified Bayesian framework
capable of simultaneously modeling correlated longitudinal biomarkers and survival out-
comes while relaxing the restrictive Gaussian assumption may improve estimation and
clinical interpretation under suitable model assumptions.

Motivated by these methodological challenges and a clinical case, we propose a
Bayesian joint model for time-to-event data and multivariate longitudinal measurements,
in which the random errors follow a multivariate skew-normal distribution. The proposed
framework simultaneously models multiple correlated longitudinal biomarkers and sur-
vival outcomes through shared random effects while relaxing the conventional Gaussian
assumption. Bayesian inference is conducted using MCMC algorithms implemented in
JAGS. The proposed methodology is evaluated through simulation studies and illustrated
with longitudinal FBS, SBP, and time to chronic complications among individuals with T2D
and hypertension.

The methodological contribution of this study is threefold. First, it extends Bayesian
joint models by simultaneously accommodating multiple correlated longitudinal outcomes
within a unified survival modeling framework. Second, it introduces multivariate skew-
normal random errors, thereby relaxing the restrictive multivariate normality assumption
commonly adopted in existing joint models. Third, it illustrates the proposed methodology
through a limited simulation study and a biomedical application, while acknowledging
that a broader evaluation is required to establish its general performance.

2. Joint Modeling for Multivariate Longitudinal and Time-to-Event Data

Joint modeling of survival and longitudinal data is an advanced statistical approach that
simultaneously analyzes time-to-event and longitudinal outcomes. It extends the univariate
joint model by incorporating multiple longitudinal exposures. It consists of two submodels:
a time-to-event submodel and a longitudinal submodel. This study uses a multivariate
linear mixed-effects model to analyze FBS and SBP (longitudinal submodel) and a Cox
proportional hazards model to analyze time to chronic complications (survival submodel).
These two submodels are connected through shared random effects that represent the
association between the time-to-event and longitudinal outcomes.

2.1. The Longitudinal Outcome Submodel
Let vk denote outcome k € {1,2} for subject i at visit j = 1,...,n;. Define Vi =
Wikr -+ Yinx)| € Riandy, = (y],y,)7 € R¥. For each outcome, the longitudinal
mixed-effects model is
Vi = XiuBy + Zibic + €. (1)

Here, X, € R"”"k is the fixed-effects design matrix, B, € RP* is the corresponding fixed-
effects coefficient vector, Z; € R">? is the random-effects design matrix, b;, € R? contains
the random intercept and random slope for outcome k, and e;; € R" is the longitudi-
nal residual vector. The stacked random-effects vector b, = (b;11,b,21,b112,bi20) T follows
N, (0, X;) with a symmetric positive-definite 4 x 4 covariance matrix ;. For the two longitu-
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dinal outcomes measured at the same visits, let ¥, = (7! 72 ) denote the 2 x 2 within-visit
residual scale matrix, where the diagonal elements describe outcome-specific variability and
the off-diagonal element represents cross-outcome dependence in the Gaussian component
of the errors. The complete residual vector for subject i is e; = (e], e),)T € R*". Under the
skew-normal specification, the conditional Gaussian covariance must be distinguished from
the marginal residual covariance, which also depends on the skewness parameters. This

distinction is made explicit in the Bayesian latent-variable formulation presented below.

2.2. The Time-to-Event Submodel

The survival model is used to describe the time until chronic complications occur. Let
C; be the censoring time and let T} be the true event time. The observed event time for
subject i is defined as
T; = min(T7, C;)

Define the event indicator by 7; = I(T} < C;), where 7; = 1 denotes an observed event and
7; = 0 denotes right censoring. We assume that the distribution of the underlying event
time T} depends on the subject-specific random-effects vector b; and the baseline covariate
vector X;. The corresponding conditional hazard function at time ¢ is specified as follows:

AEIb, X)) = Ag(t) exp(y™b; + &7X;), (2)

where A((t) denotes the baseline hazard function, v is the vector of association parameters
corresponding to the subject-specific random-effects vector b;, and « is the vector of regres-
sion coefficients for the baseline covariates X;. The parameter vector 4 links the longitudinal
and survival submodels by characterizing the associations between the subject-specific
longitudinal random effects and the hazard of chronic complications. The corresponding
cumulative hazard is

t
Hz(t | bi,xl‘) = fO )L(S | bilxi) ds
= eXp('yTbl’ + aTXj)HO(t)r

where ,
Hy(t) = fo Ao(s) ds

denotes the baseline cumulative hazard.

In this study, the survival outcomes are subject to right censoring. Assuming nonin-
formative right censoring conditional on the modeled covariates and random effects, the
individual contribution to the survival likelihood is

Lg; = [A(t |bi/xi)]71 exp{—H;(t; | b;, X;)}.

When an event is observed (t; = 1), the contribution includes the hazard at the observed
event time and the probability of surviving up to that time. If the event is not observed
during the study period or the subject leaves the study without a known event status (a
right-censored observation), that is, if 7; = 0, the hazard term equals 1, leaving only the
probability of surviving through the observed follow-up time.

2.3. Bayesian Inference

Joint statistical inference on all parameters across both the survival and longitudinal
models is essential for describing the underlying relationships between the longitudinal
process and the time-to-event process. The frequentist approach to parameter estimation
is a well-established method for estimating all unknown parameters using the joint like-
lihood function. However, this approach can be computationally demanding and may
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encounter convergence issues, particularly when the joint likelihood is applied to a model
that assumes a multivariate skew-normal distribution for the random errors in the lon-
gitudinal component [16,17]. The Bayesian inference approach reduces computational
complexity and allows the incorporation of prior information for unknown parameters.
Therefore, the Bayesian method of parameter estimation was used to estimate all parameters
in Equations (1) and (2) simultaneously. We introduce a positive-half-normal latent vector
w; € R¥ with independent components and mean ¢ = 2/7. Let 1,,, be a vector of ones.
Under the componentwise latent specification, the centered skewness term is A;(w; — c1,,,),
where A, is 2n; x 2n;. The latent-variable dimension and dependence structure must match
those implemented in JAGS.
Y b, w;, QO ~ Ny, (XB+Zb; + A(W; — 1y, ), R;),
b, 1 Q ~ N,(0,%,),
W, ~ Ny, (0,L,) | (w; > 0),
Ls; = AM(T; | b;, X;) " exp{—H;(T; | b;, X;)}.

(3)

Here R; is the conditional Gaussian covariance, not automatically the marginal covariance of
the skew-normal errors. In particular, the marginal residual covariance is R; + (1 —2/m)AA]
under this independent componentwise latent specification.

To carry out Bayesian inference, prior distributions are specified for the unknown
model parameters. Let () = (B, 7, &, %, 2, §) denote the population-level parameters of the
longitudinal and survival submodels. Multivariate normal prior distributions are assigned
to the fixed-effect coefficients B, the survival regression coefficients &, the association param-
eters 7, and the skewness parameters §. Inverse-Wishart prior distributions are assigned to
the covariance matrices of the random effects and the conditional Gaussian residual errors.
These priors are specified as follows:

,B ~ N(,BOr‘F‘B)r Y~ N(’)/O,‘If,y), o~ N(DCOr‘Ya)/
5k ~ N(5k0,‘F1), ZeK ~ IW(\Pz, wl), Zbk ~ IW(T3, (,()2).

(4)

For the convenience of implementation, we assume that the hyperparameter ma-
trices ¥g, ¥, ¥,, ¥1, ¥5, and ¥; are diagonal. Furthermore, we assume that all pa-
rameters in the parameter space ((2) are independent of each other, that is 7(Q}) =
7T(B) 7T (y) t(a) T(Ey) 7T(Zy) (6y). Let D, = {y, T;7;,X; : i =1,...,n} denote the ob-
served data, and let Q) collect the population parameters. Conditional on subject-level
random effects and skewness variables, assume the longitudinal and survival contribu-
tions factor as specified above. The observed-data likelihood integrates over both unob-
served vectors:

LD, = [T [, L. f, 1B, w, Q)f b, 10)
i=1 +

xf(w; | Q)Lg ;dw; db;.

The marginal posterior is 77 () | D)) o L({); D,,)7t(Q}). In contrast, the augmented posterior

(5)

used by a latent-variable MCMC algorithm retains the unobserved vectors:

m(Q,b,w | D,) o« () [ [f(y, | b, w;, Q)f (b; | Q) ©
i=1

Xf(wi | Q)Ls/i.

n

Bayesian estimates obtained by directly using the joint posterior density in Equation (6) are
not practically achievable. Nevertheless, the JAGS syntax provides tools to conduct Bayesian
analyses of complex statistical models using MCMC techniques. We obtained samples
from the full conditional posterior distributions of the parameters through the Metropolis—
Hastings algorithm combined with the Gibbs sampler, as specified in Equation (6).
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2.4. Application of Type 2 Diabetes and Hypertension Data

This study is motivated by longitudinal and time-to-event data obtained from individ-
uals with T2D and hypertension. It is a retrospective cohort analysis of subjects for five
years, specifically from January 2018 to December 2022. The cohort includes all individuals
diagnosed with T2D and hypertension who started T2D and hypertension treatment in
2018, had at least two measurements of FBS and SBP, and did not have any prior history of
chronic complications (such as retinopathy, nephropathy, heart disease, or stroke) at the
start of treatment.

To illustrate the proposed methods, we selected 220 subjects according to the specified
inclusion and exclusion criteria. From each study subject, the clinical, demographic, and
biochemical data were extracted from their medical chart. The onset of complications, the
censoring time, and the repeated measurements of FBS and SBP were extracted from the
patients’ medical records. Chronic complications, including retinopathy, nephropathy, heart
disease, stroke, and neuropathy, were assessed and, if present, recorded by physicians at
each follow-up visit.

The following table and figure represent the details of the motivating data set. Table 1
presents the baseline demographic, clinical, and biochemical characteristics of the study
subjects by event status (non-event, free from chronic complications; Event, developing
chronic complications during the study period). During the five-year follow-up period,
73 (33.20%) individuals experienced chronic complications. Among the 220 people with
hypertension and T2D, 132 (60%) were male. The average SBP and FBS were 142 mmHg
and 200.90 mg/dL, respectively. The mean age of people with hypertension and T2D was
53.75 years, with a standard deviation of 11.09 years.

Table 1. Descriptive statistics of baseline characteristics by event status. Categorical variables are pre-
sented as frequency (percentage), with percentages calculated using the total sample size (N = 220)
as the denominator, including the Non-Event and Event columns. Continuous variables are reported
as mean (standard deviation). All values are unstandardized.

Variables Total Non-Event Event
Number of patients 220 147 (66.80%) 73 (33.20%)
Gender

Male 132 (60.00%) 87 (39.55%) 45 (20.45%)

Female

88 (40.00%)

60 (27.27%)

28 (12.72%)

Marital status
Single
Married

72 (32.72%)
148 (67.27%)

52 (23.63%)
95 (43.18%)

20 (9.09%)
53 (24.09%)

Residence
Urban
Rural

143 (65.00%)
77 (35.00%)

95 (43.18%)
52 (23.63%)

48 (21.81%)
25 (11.36%)

Type of treatment
Others
Metformin

76 (34.55%)
144 (65.45%)

49 (22.27%)
98 (44.54%)

27 (12.27%)
46 (20.90%)

https://doi.org/10.3390/stats9060123


https://doi.org/10.3390/stats9060123

Stats 2026, 9, 123 7 of 21

Table 1. Cont.

Variables Total Non-Event Event
Family history

Yes 99 (45.00%) 67 (30.45%) 32 (14.54%)
No 121 (55.00%) 80 (36.36%) 41 (18.63%)
Baseline continuous variables

Age (years) 53.75 (11.09) 52.31 (11.08) 56.61 (10.61)
BMI (kg/m?) 22.46 (3.78) 20.64 (2.85) 26.11 (2.67)
HDL (mg/dL) 45.36 (15.25) 49.81 (15.63) 36.39 (9.50)
LDL (mg/dL) 113.12 (37.94) 97.12 (32.04) 145.00 (26.91)
Triglycerides (mg/dL) 191.15 (59.53) 166.13 (51.60) 241.52 (39.10)
Total cholesterol (mg/dL) 190.27 (63.38) 165.76 (57.48) 239.64 (42.67)
FBS (mg/dL) 200.90 (62.27) 205.14 (66.33) 192.35 (79.15)
DBP (mmHg) 92.00 (5.40) 91.00 (5.45) 93.43 (7.15)
SBP (mmHg) 142.15 (14.21) 146.19 (13.19) 133.91 (12.58)

Figure 1A,B present histograms of FBS and SBP. As shown in these graphs, the distribu-
tions of SBP and FBS deviate from normality and are positively skewed. Figure 1C,D display
SBP and FBS trajectories for five randomly selected patients, and these trajectories clearly
demonstrate fluctuations over time. The survival and cumulative incidence functions depict
the progression of time to the onset of chronic complications. It indicates that the cumu-
lative incidence of chronic complications among individuals with T2D and hypertension
is 28 individuals at 24 months, 44 individuals at 32 months, 60 individuals at 48 months,
and 73 individuals at 60 months. As shown in the figure, the cumulative incidence is rising
sharply at each follow-up time. We are mainly focused on how the cumulative incidence of
chronic complications presented in Figure 1E is influenced by the trajectories of FBS and
SBP (Figure 1C,D).

2.5. Model Implementation

The study presents a multivariate joint modeling approach that incorporates FBS
and SBP as correlated longitudinal outcomes, with time to chronic complications as the
event outcome. The multivariate linear mixed-effects model incorporates covariates such
as measurement time (time), age, residence (0 = urban, 1 = rural), and sex (0 = male,
1 = female). As shown in Equation (1), the multivariate linear mixed-effects model is

specified as follows:
Yije = (Bix + bix1) + (Box + bixo) timey + B3 age, + Py sex; + Py residence; + e (7)

where, k = 1 and 2 represent FBS (mg/dL) and SBP (mmHg), respectively, for the ith
subject, measured at time tij, wherei=1,2,...,220 and j = 0,6,12, ...,54. The fixed-effect
parameter vector is 87 = (Bi1, Ba1, Ba1, Bar, Bs1, Bros Baa Bro, Baos Bs2) T, denoting the intercept
and the effects of time, age, sex, and residence on FBS and SBP. The random-effect vector is
b; = (i1, bi1, bi12, binp) T, denoting the random intercepts and random slopes. The e;j are
the random errors for FBS and SBP, respectively.
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Figure 1. Exploratory plots of longitudinal and survival data in people with T2D and hypertension.
Plots (A,B) are histograms of FBS and SBP with a normal curve that shows an asymmetric (right-
skewed) distribution. Plots (C,D) display the longitudinal trajectories of fasting blood sugar and
systolic blood pressure for five randomly selected subjects, while Plot (E) presents the Kaplan-Meier
survival curve and the corresponding estimated cumulative incidence of chronic complications.

Chronic complications are the events of interest for the time-to-event outcomes. A
study subject may either be under follow-up at the end of the study period or lose follow-up
during the study period, which is considered right censoring (C;). Alternatively, during the
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study period, the subject may develop chronic complications at any time T;. Then, for each
study subject, the observed event time (T;) would be a min(T}, C;). Body mass index (BMI),
age, triglycerides, low-density lipoprotein (LDL), and high-density lipoprotein (HDL) were
included as predictors of the time to occurrence of chronic complications. The time to onset
of chronic complications can be modeled using a Cox regression model as follows:

At X, b)) = Ag(t) exp (’Ylbin + Y2bio1 + Y3bing + Yabinn
+ jage; + 4, BMI; + azHDL,; (8)
+a4LDL,; + a5Triglyceridei).

where A(t | X;,b;) denotes the conditional hazard of chronic complications at time ¢, and
Ag(t) is the baseline hazard function corresponding to zero values of the covariates and
random effects. The parameter vector ¢ = (71,72, 73, 74) ' represents the associations
between the subject-specific random intercepts and slopes of FBS and SBP and the hazard
of chronic complications, whereas & = (&, &y, &3, &y, as)’ represents the associations of age,
BMI, HDL, LDL, and triglycerides with the hazard of chronic complications.

The longitudinal outcome variables of FBS and SBP exhibit a skewed multivariate
normal distribution, as shown in Figure 1A,B. Consequently, multivariate linear mixed-
effects models that assume a multivariate normal distribution for the random error could
result in inaccurate parameter estimates [6,18]. Thus, we examine how skewness in the
distribution of model errors affects the precision of parameter estimation by comparing
two models.

Model- Normal: Model with a multivariate normal distribution for both random errors
and random effects.

Model- skew Normal: Model with a multivariate skew-normal distribution for the
random errors and a multivariate normal distribution for the random effects.

To carry out the Bayesian inference process, we must assign specific values to the hyper-
parameters in the prior distribution’s Equation (4). Vague priors with large variances were
specified for all parameters in both the longitudinal and survival models. The fixed-effects
vectors 8, 7y, and «, as well as the skewness parameter A, follows independent normal distri-
bution with mean zero and variance 100, i.e., N(0,100). The variance—covariance matrices
of the random effects, ;, and random errors, £, follow inverse Wishart distribution with
Oy, = diag(0.01,0.01,0.01,0.01) and 5 degrees of freedom, and Qp, = diag(0.01,0.01)
and 3 degrees of freedom, respectively.

Statistical analyses were conducted using the R software (version 4.6.0), with Bayesian
estimation performed in JAGS through the bugs () function of the R2jags package. Conver-
gence of the MCMC chains was assessed using graphical diagnostics, including trace plots
and posterior density plots, as well as the Gelman-Rubin convergence diagnostic [19].

We ran three MCMC chains, each with 40,000 iterations, using the default randomly
generated initial values. We discarded the first 10,000 iterations as burn-in and retained
every 20th sample thereafter. Thus, we obtained 4500 posterior samples, which we used to
draw statistical inferences. Figure 2 displays trace plots for selected regression coefficients.
The trace plots show that the lines from the three chains are well mixed, indicating that the
algorithm has converged.

MCMC convergence was assessed using the Gelman-Rubin diagnostic (R), effective
sample size (ESS), and Monte Carlo standard error (MCSE), as summarized in Table 2.
The reported R values ranged from approximately 1.001 to 1.035, suggesting no major
convergence problems according to this diagnostic. However, several parameters had
relatively low effective sample sizes, with the smallest ESS being 240, indicating that the
Monte Carlo precision may be limited for some parameter estimates. Therefore, although
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the convergence diagnostics provide reasonable support for the stability of the MCMC
results, the posterior estimates should be interpreted with appropriate caution.
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Figure 2. Trace plots for selected parameters under the skew-normal model.

Additionally, the posterior density plots in Figure 3 offer valuable insights: the density
plots from each chain closely overlap and have the same shape, indicating that the algorithm
has converged.
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Figure 3. Posterior density plots for selected parameters under the skew-normal model.
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Table 2. Results of the Gelman-Rubin convergence diagnostic (R), effective sample size (ESS), and
Monte Carlo standard error (MCSE) for each parameter.

a

Parameter R ESS MCSE
Bu 1.035 240 0.0030
B 1.031 690 0.0010
B 1.017 270 0.0019
Bu 1.005 2000 0.0013
Bs) 1.007 530 0.0028
B 1.009 510 0.0025
B 1.035 3300 0.0005
B3 1.009 4400 0.0005
Ba 1.008 270 0.0046
Bs2 1.006 340 0.0041
o 1.001 4500 0.0016
, 1.002 860 0.0055
a, 1.006 4500 0.0019
pc4 1.002 2200 0.0031
o 1.002 3300 0.0024
7 1.016 600 0.0220
% 1.011 4500 0.0110
Vs 1.001 590 0.0129
Vs 1.003 760 0.0260
oy 1.003 340 0.0016
Uy 1.004 580 0.0005
o 1.0042 820 0.0011
on 1.003 1000 0.0006
V1 1.004 680 0.0005
V13 1.010 460 0.0009
V14 1.003 460 0.0007
o 1.005 660 0.0005
o 1.005 710 0.0007
5 1.002 680 0.0011
5 1.002 600 0.0018

3. Data Analysis and Results

To reduce variability from measurement errors and improve the efficiency of the esti-
mation algorithm, the longitudinal data for SBP and FBS are standardized. The quantitative
covariates are also standardized to avoid unstable estimates. Consequently, the results are
expressed in standard units rather than in the original measurement units.

In the multivariate linear mixed-effects model, the estimated random-effect covariance
parameters provide information about the variability and dependence structure of the
longitudinal FBS and SBP trajectories, as presented in Table 3. Under the skew-normal model,
the estimated covariance between the FBS random intercept and the SBP random intercept
was 0.074, while the covariance between their random slopes was 0.040. Both estimates
were positive, and their corresponding 95% credible intervals excluded zero, suggesting
positive posterior associations between the corresponding subject-specific random effects.
The estimated within-outcome covariances between random intercepts and slopes were also
positive for FBS (0.071) and SBP (0.060). These findings indicate a positive dependence
structure among the modeled random effects. However, because these parameters represent
covariances rather than correlations, their magnitudes should not be interpreted directly as
measures of correlation strength without appropriate standardization.

Table 4 presents the posterior means, standard deviations (SD), and 95% credible
intervals for all parameters from the multivariate joint model, accounting for the distribution
of random errors.
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In the multivariate linear mixed-effects submodel, the parameter estimates () under
the model normal are slightly higher than those under the model skew normal. There are
some differences in the magnitude of the coefficient («) between the two models, and there
is substantial variation in the estimates of the association parameter (7). This is particularly
evident for the random intercept and slope for FBS. These results indicate substantial
variation in the estimated association parameter for longitudinal and time-to-event data
under different distributional assumptions for the random errors.

The Deviance Information Criterion (DIC), as proposed by [20], is used to select the
model that best fits the data. Like other model selection criteria, it is important to note that
DIC is not intended to identify the “correct” model but rather to facilitate comparisons
among models that provide a reasonable fit to the data. Table 4 summarizes the DIC
values for the two models. The model skew normal provides a better fit to the data, as
its DIC value is smaller than that of the other model. Therefore, the multivariate joint
model with multivariate skew-normal random errors is used for subsequent interpretation
and discussion.

Under the skew-normal model, the estimated skewness parameters were positive for
both FBS (6; = 1.285; 95% credible interval: 1.266-1.342) and SBP (6, = 0.423; 95% credible
interval: 0.393-0.509), as shown in Table 4. These results provide evidence of positive
asymmetry in the modeled longitudinal error distributions. The skew-normal model also
yielded a lower DIC than the normal model, suggesting a better relative fit, provided that
the DIC values were computed using comparable likelihood definitions. Regarding the
longitudinal fixed effects, the estimated effects of measurement time and age on SBP were
positive, with 95% credible intervals excluding zero. For FBS, the corresponding posterior
mean estimates were also positive, but their 95% credible intervals included zero. Although
the estimated residence and sex effects varied in direction and magnitude, their 95% credible
intervals included zero under the skew-normal model. Therefore, the data do not provide
conclusive evidence of differences in longitudinal FBS or SBP trajectories by residence or
sex after accounting for the other modeled variables.

Table 3. Summary of the estimated posterior mean (PM) of variance-covariance matrix parameters
for random errors and random effects, standard deviation (SD), and 95% credible intervals (CI) for
each model.

Model-Normal Model-Skew Normal
Parameter
PM SD 95% CI PM SD 95% CI

o2 0.603 0.023 0.559, 0.649 0.034 0.006 0.029, 0.049
03 0.652 0.025 0.606, 0.702 0.592 0.027 0.549, 0.653
0% 0.206 0.017 0.173,0.241 0.021 0.015 0.011, 0.051
13 0.288 0.040 0.218,0.372 0.167 0.023 0.151,0.215
Uy 0.144 0.023 0.104, 0.194 0.075 0.013 0.065, 0.104
V33 0.239 0.036 0.214, 0.315 0.219 0.031 0.198, 0.286
Vyy 0.126 0.020 0.112, 0.169 0.110 0.018 0.097, 0.149
V1p 0.108 0.022 0.093, 0.155 0.071 0.013 0.061, 0.099
V13 0.121 0.020 0.091, 0.169 0.074 0.019 0.061,0.115
V1 0.107 0.022 0.091, 0.152 0.079 0.015 0.068,0.111
U3 0.058 0.021 0.044, 0.101 0.035 0.014 0.026, 0.064
(9 0.073 0.019 0.059, 0.112 0.060 0.018 0.048, 0.097
Vyy 0.075 0.019 0.037, 0.086 0.040 0.019 0.034, 0.109

The estimated parameters « and <y in the results of the survival sub-model indicate how
longitudinal measurements, clinical and biochemical variables, influence the time to onset of
chronic complications. The SBP random-intercept and random-slope association parameters
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are 3 and 7, respectively. The posterior mean for 1, is 0.520, corresponding to a conditional
hazard ratio exp(0.520) = 1.682 for a one-unit increase in the SBP random-slope component,
holding the other modeled quantities fixed. The reported 95% credible interval for 7,,
(—0.978,1.882), transforms to an approximate hazard-ratio interval of (0.376, 6.567), which
includes 1. Therefore, these data do not establish a positive SBP slope-hazard association.
This effect should not be described as a one-unit increase in measured SBP or as a causal
effect. Other covariate associations should likewise be interpreted in light of their credible
intervals. Figure 4 illustrates the hazard ratio (HR), longitudinal effects of FBS and SBP,
and covariates related to the risk of chronic complications.

Table 4. Posterior mean, standard deviation (SD), and 95% credible intervals (CI) for parameters
under model normal and model skew-normal.

Model Normal Model Skew Normal

Parameter

Posterior Mean

SD 95% CI Posterior Mean SD 95% CI

Multivariate linear mixed-effects model parameters estimates

B 0.008 0.058 (—0.104, 0.121) 0.022 0.046 (—0.073,0.112)
B 0.071 0.033 (0.006, 0.138) 0.041 0.027 (—0.012, 0.095)
Bai 0.045 0.037 (—0.026, 0.117) 0.028 0.031 (—0.021, 0.116)
B —0.078 0.075 (—0.224, 0.072) 0.011 0.056 (—0.100, 0.116)
Bs1 0.120 0.079 (—0.032, 0.275) 0.018 0.064 (—0.062, 0.131)
Bir 0.030 0.057 (—0.083, 0.145) 0.028 0.056 (—0.095, 0.121)
B 0.067 0.032 (0.006, 0.131) 0.055 0.031 (0.003, 0.125)
B 0.112 0.037 (0.043, 0.185) 0.107 0.035 (0.042, 0.182)
B —0.078 0.076 (—0.226, 0.066) —0.042 0.076 (—0.197,0.095)
Bs2 0.045 0.077 (—0.107,0.191) 0.012 0.076 (—0.115, 0.176)
0 1.285 0.029 (1.266, 1.342)
5, 0.423 0.044 (0.393, 0.509)
Survival model parameters estimates

m 0.239 0.425 (—0.603, 1.083) —0.620 0.540 (-1.217,0.912)
T —0.510 0.609 (—1.781, 0.622) —0.027 0.740 (—1.834,1.047)
7 0.283 0.320 (—0.362,0.917) 0.234 0.314 (—0.348, 0.886)
Y4 0.312 0.709 (—1.054,1.731) 0.520 0.717 (—0.978,1.882)
oy 0.038 0.109 (—0.178, 0.246) 0.026 0.107 (—0.181, 0.236)
oy 0.159 0.162 (—0.162, 0.474) 0.220 0.161 (—0.112,0.502)
oy 0.042 0.130 (—0.215,0.299) 0.007 0.129 (—0.232,0.272)
N —0.121 0.146 (—0.402,0.171) —0.081 0.147 (—0.383, 0.193)
A5 —0.066 0.140 (—0.347,0.212) —0.029 0.139 (—0.145, 0.100)
DIC 9105.747 3738.161

Association Parameters

Random intercept of FBES 7 1

Random effect of FES = 2 |

Random intercept of SBP e

Random effect of SBP7 | {

1 ¥ 3 4 5 [ 7
Hazard Ratio (HR)

Figure 4. Cont.
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Figure 4. Hazard ratio of the survival submodel based on the model skew-normal; longitudinal effects
of FBS, SBP, and covariates on the risk of chronic complications.

3.1. Simulation Studies

We conducted limited simulation studies to compare the proposed multivariate
joint model under different random error distributions and to assess how asymmetry
in the longitudinal biomarker affects the results. The design of the simulated dataset
was similar to the application using T2D and hypertension data. We generated two
longitudinal outcomes, one time-to-event outcome, and covariates. Longitudinal mea-
surements were taken twice per year, with a maximum follow-up of 5 years, and visit
intervals were identical for all subjects. The multivariate, correlated longitudinal out-
comes were generated using the multivariate linear mixed-effects submodel described
in Equation (1). We set the true values of the model parameters to those obtained
from the real data analysis for the model skew-normal, which are presented in Table 4.
Br = (Bu B, Bars Bar, Bs1) = (0.022,0.041,0.028,0.011,0.018), By = (12, P22, B3 Bazs B52) =
(0.028,0.055,0.107, —0.042,0.012), ¥ = (71,72, 73, 7a) = (—0.620, —0.027,0.234,0.520), and
a = (aq, 0y, 03,04,05) = (0.026,0.220,0.007, —0.081, —0.029). The random-effects vector was
simulated from a multivariate normal distribution with mean zero and a specified variance-
covariance matrix; its values are shown in Table 3. For the longitudinal data, random errors
for SBP and FBS were generated from a Gamma distribution with shape and scale parame-
ters both equal to 1. The generated values were centered by subtracting their theoretical
mean of 1, yielding zero-mean, positively skewed errors. Thus, the simulated errors fol-
lowed a centered Gamma distribution rather than a skew-normal distribution. This design
allowed us to assess the performance of the proposed skew-normal joint model under a
non-normal, asymmetric data-generating mechanism. We simulated the time-to-event data
using the proportional hazards model described in Equation (2). For each subject, survival
time was simulated from an exponential distribution with a constant baseline hazard rate
of 0.1. Censoring times were generated from an exponential distribution, independently
of the simulated event times. The numerical censoring parameter is not specified here be-
cause its rate-versus-mean convention cannot be established from the available simulation
description; the empirical censoring proportion is likewise unavailable. Event times were
generated from an exponential distribution with a subject-specific rate that depends on
the random-effects process for the longitudinal outcomes and the covariates. In contrast,
the random censoring times was generated independently of the event times. We assume
that censoring is noninformative, meaning that the censoring event does not depend on
either the random-effects process for the longitudinal outcomes or the covariates. Let C; be
the censoring time and let T} be the true event time. Thus, the observed survival time of

https://doi.org/10.3390/stats9060123


https://doi.org/10.3390/stats9060123

Stats 2026, 9, 123

15 0f 21

the ith subject was computed as T; = min(T}, C;). The event status for the ith subject was
denoted by

Ti:

1, ifT; <C,
0, otherwise.

The covariates included in both sub-models are mimicked from the real dataset and
simulated based on variable types. For example, the qualitative covariates sex (with male as
the reference) and residence (with urban as the reference) were simulated from Bernoulli
distributions with success probabilities of 0.40 and 0.32, respectively. The continuous covari-
ates were generated from a normal distribution, with parameter values chosen according to
the application dataset.

Because of the extensive computation required, we simulated only 50 data sets, each
with 150 subjects, to keep the study feasible. Although a larger number of replications and
subjects is recommended for a more robust simulation study, in our case this would have
required substantially more computation time, as analyzing each data set took over 2 h.
Then each dataset is fitted with the model normal and model skew-normal to determine
which model fits the data well and to identify which model provides a relatively unbiased
parameter estimate. The Bayesian inference used to estimate the parameters of each model,
including the specification of prior distributions and the convergence diagnostic tools, was
similar to that used for the applied data set. To compare the performance of parameter
estimates under the two models, we computed

RMSE(6) = %EX@—%ﬁ
i=1

1 &
mm:E;@—%

and the DIC, where 91’ is the estimate of the true parameter 61 from the it simulation, O is
the true parameter value obtained from the application data set, and m is the total number
of replications.

Table 5 summarizes the simulation results for the two models, including the true
parameter (TP) values, bias, and root-mean-square error (RMSE) for the fixed-effect param-
eters. Positive bias indicates overestimation of the corresponding true parameter, whereas
negative bias indicates underestimation. The direction and magnitude of the reported
biases vary across parameters and between the two models. Smaller absolute bias and
RMSE values generally indicate more accurate estimation under the simulated conditions.
However, the relative performance of the models should be evaluated across all parameters
rather than on the basis of individual estimates alone.

The simulation results showed differences in estimation performance between the
normal and skew-normal models. The skew-normal model produced smaller absolute
biases and RMSE values for several parameters, particularly some of the survival association
parameters. However, these improvements were not uniform across all parameters. The
lower DIC obtained for the skew-normal model suggests a better relative fit under the
simulated conditions, provided that the DIC values were computed on a comparable basis.
Overall, these findings provide preliminary evidence that accommodating asymmetric
random errors may improve model performance in certain settings, although broader
simulation studies are needed to establish the generality of these results.
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Table 5. Summary of true parameter (TP) values, bias, and RMSE for the Model normal and model
skew-normal.

Model Normal Model Skew-Normal

Parameter TP
Bias RMSE Bias RMSE

B 0.022 —1.490 1.494 —1.490 1.494
B 0.041 —0.006 0.087 —-0.001 0.086
Ba1 0.028 -0.020 0.089 -0.014 0.087
Ba 0.011 —0.031 0.180 -0.039 0.186
Bs1 0.018 —0.030 0.214 -0.020 0.218
Bz 0.028 —1.242 1.429 —1.286 1.293
B 0.055 —0.009 0.094 —0.001 0.104
Ba 0.107 -0.023 0.093 -0.026 0.100
B —0.042 0.043 0.195 0.021 0.197
Bs 0.012 0.024 0.236 0.020 0.236
" —0.620 0.001 0.298 0.000 0.296
Y -0.027 -0.039 0.257 -0.034 0.265
Y3 0.234 0.066 0.342 0.012 0.252
Y 0.520 —-0.522 0.820 —0.068 0.314
@, 0.026 0.070 0.274 0.069 0.276
@, 0.220 0.062 0.282 0.062 0.273
a 0.007 0.033 0.275 0.030 0.266
@y —0.081 —0.046 0.224 —0.038 0.224
@ -0.029 0.015 0.234 0.014 0.232
DIC 7369 6600

3.2. Discussion

As more studies are conducted, collecting repeated measurements over time becomes
increasingly important for evaluating human health with joint models for longitudinal and
time-to-event data. However, most existing joint modeling analyses rely on a univariate
framework with a single time-to-event outcome and a single longitudinal outcome, and they
assume that the random errors follow a normal distribution. Motivated by hypertension
and diabetes, this study extends univariate joint models to multivariate joint models by
accounting for the skewness of the longitudinal outcomes SBP and FBS. The two submodels
are linked through shared random effects to assess the relationship between the longitudinal
and time-to-event processes.

We compared two multivariate joint models with different distributional assump-
tions for the longitudinal random errors. The first model assumed multivariate normal
distributions for both the random effects and random errors, whereas the second model
incorporated multivariate skew-normal random errors while retaining normally distributed
random effects. Under the skew-normal model, the estimated skewness parameters for FBS
and SBP were positive, providing evidence of asymmetry in the modeled longitudinal error
distributions. The skew-normal model yielded a lower DIC in the application, suggesting
improved relative fit if the DIC values were computed on a comparable basis. The simula-
tion results also indicated smaller absolute biases and RMSE values for some parameters
under the skew-normal model, although these improvements were not consistent across all
parameters. Overall, these findings suggest that accommodating asymmetric longitudinal
errors may be beneficial in multivariate joint modeling. However, the limited simulation
design does not establish uniform superiority of the skew-normal model across different
data-generating mechanisms. Previous studies [21,22] have also investigated flexible distri-
butional assumptions in joint modeling, providing relevant methodological context for the
present findings.

When we consider the clinical implications, the overall incidence of chronic compli-
cations in people with T2D and hypertension was 33.20% over the five-year study period.
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These findings are similar to previous research in Bahir Dar, Ethiopia (32.4% over seven
years) [23], Gondar, Ethiopia (28% during a follow-up of 6 years) [24] and Wollega, Ethiopia
(31.2%) [25]. There is a strong association between changes in FBS and SBP in individuals
with T2D and hypertension. Although previous studies have linked elevated FBS and
SBP to adverse clinical outcomes, the estimated associations between the subject-specific
biomarker trajectories and the hazard of chronic complications in our analysis were subject
to substantial posterior uncertainty. Previous studies have reported associations between
blood pressure variability and adverse clinical outcomes [26,27]. Although our findings do
not establish a statistically conclusive association between the longitudinal biomarker trajec-
tories and the hazard of chronic complications, they support the importance of investigating
FBS and SBP jointly in future studies.

Among the covariates included in the proportional hazards submodel, the posterior
mean estimates for age, BMI, and HDL were positive, whereas those for triglycerides and
LDL were negative. However, the corresponding 95% credible intervals included zero for
all five covariates, indicating substantial posterior uncertainty regarding the direction and
magnitude of these associations. Consequently, our findings do not provide conclusive
evidence of an association between these individual covariates and the hazard of chronic
complications after accounting for the other variables in the joint model. Previous stud-
ies [28,29] have investigated the relationships between clinical and lipid-related factors
and diabetes-related complications. Although these studies provide relevant clinical con-
text, differences in study populations, outcomes, and statistical methodologies limit direct
comparisons with our findings.

Our results illustrate the potential clinical relevance of jointly examining SBP and FBS
trajectories in relation to the risk of chronic complications among individuals with T2D
and hypertension. Although the estimated association between the SBP random-slope
component and the hazard of chronic complications was positive, its 95% credible interval
included zero, indicating substantial uncertainty regarding the direction and magnitude of
this association. Therefore, these findings should not be interpreted as conclusive evidence
that increasing SBP trajectories are associated with a higher risk of chronic complications.
The estimated associations involving FBS should likewise be interpreted in light of their
posterior uncertainty. Nevertheless, the proposed joint modeling framework provides a
unified approach for examining the relationships between multiple correlated longitudinal
biomarkers and time-to-event outcomes while accounting for their underlying dependence
structure. This framework allows the simultaneous assessment of repeated biomarker
measurements and their potential associations with the timing of chronic complications.

Our findings regarding SBP can be considered in the context of previous studies
examining associations between blood pressure and cardiovascular or diabetes-related
complications. Li et al. [30] reported a 1.70-fold increase in the risk of heart failure for
each standardized unit increase in SBP. Similarly, Ceriello et al. [31] found that patients
with high variability in both body weight and blood pressure had an elevated risk of
cardiovascular disease (HR = 1.81; 95% confidence interval: 1.61-2.05) compared with
patients with low variability in both body weight and total cholesterol. Furthermore,
Dorajoo et al. [32] investigated the association between HbAlc variability and new-onset
albuminuria among patients with type 2 diabetes. Although these studies provide evidence
of associations between longitudinal biomarker measures and adverse clinical outcomes,
direct comparisons with our findings are limited by differences in predictors, endpoints,
and statistical models. In our analysis, the estimated association between the SBP random-
slope component and the hazard of chronic complications was positive, although its 95%
credible interval included zero, indicating substantial uncertainty regarding the direction
and magnitude of the association. Therefore, our results do not provide conclusive evidence
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of a positive association. Moreover, because these estimates are based on observational data,
they should not be interpreted as establishing a causal relationship between SBP trajectories
and the risk of chronic complications.

This study has limitations that should be acknowledged. First, the survival submodel
considers a single event type, whereas individuals with T2D and hypertension may ex-
perience different types of chronic complications. Future extensions could incorporate
competing-risks survival models to account for multiple event types [1,7,30]. Second, the
longitudinal submodel assumes linear trajectories over time for FBS and SBP. Although this
assumption provides a parsimonious representation of the longitudinal processes, the un-
derlying biomarker trajectories may exhibit nonlinear patterns that cannot be fully captured
by a linear mixed-effects model [10]. If such nonlinearity is present, the assumed linear
trajectories may lead to model misspecification and affect the estimated associations between
the longitudinal biomarkers and the hazard of chronic complications. A possible extension
would be to incorporate flexible semiparametric mixed-effects models with nonparametric
smoothing functions of time. Third, the application was based on a relatively small sample
of 220 individuals, with 73 observed events, which may limit the precision and stability of
the parameter estimates. Furthermore, sensitivity analyses were not conducted to evaluate
the effects of sample size, number of observed events, alternative association structures, or
varying degrees of skewness on model performance. Future research should address these
limitations through more extensive simulation studies and applications to larger datasets,
while exploring flexible longitudinal trajectories and competing-risks extensions of the
proposed joint modeling framework.

4. Conclusions

We proposed a Bayesian joint model for multivariate longitudinal and time-to-event
data that simultaneously accommodates multiple correlated longitudinal biomarkers and
survival outcomes while relaxing the multivariate normality assumption by using a mul-
tivariate skew normal distribution for the random errors. By jointly modeling multiple
longitudinal processes with shared random effects, the proposed framework effectively
addresses within-subject correlation, between-outcome dependence, and asymmetric longi-
tudinal measurements within a unified inferential structure.

The limited simulation study revealed differences in estimation performance between
the normal and skew-normal models. Although the skew-normal model yielded smaller
absolute biases and RMSE values for some parameters, these improvements were not
uniform across all parameters, and the limited simulation design does not establish general
superiority. In the motivating application involving individuals with T2D and hypertension,
the proposed framework jointly modeled the longitudinal trajectories of FBS and SBP and
their associations with the time to chronic complications. The estimated association between
the SBP random-slope component and the hazard of chronic complications was positive.
However, its 95% credible interval included zero, indicating substantial posterior uncertainty
regarding the direction and magnitude of this association. Thus, the application illustrates
the utility of the proposed framework without establishing a definitive association between
increasing SBP trajectories and the risk of chronic complications.

Although motivated by a diabetes and hypertension study, the proposed methodol-
ogy is broadly applicable to biomedical and epidemiological research involving multiple
correlated longitudinal biomarkers and time-to-event outcomes. The framework provides
a flexible extension of existing Bayesian joint models for settings in which the Gaussian
assumption is unrealistic. Future research may extend the proposed model to accommodate
multiple survival outcomes, competing risks, recurrent events, high-dimensional biomark-
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BMI Body mass index

DIC Deviance information criterion
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HDL High-density lipoprotein

HIV Human immunodeficiency virus

JAGS Just Another Gibbs Sampler
LDL Low-density lipoprotein
MCMC Markov chain Monte Carlo
mg/dL  Milligrams per deciliter
mmHg  Millimeters of mercury

SBP Systolic blood pressure
T2D Type 2 diabetes
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