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Abstract

Statistical depth provides a center–outward ordering of multivariate observations and
is widely used in nonparametric inference. We study depth-based tests for multivariate
two-sample problems and examine the behaviour of different depth notions using the DD
plot (data-depth plot) across a variety of distributional space. The DD plot illustrates that
depth functions differ in their sensitivity to distributional differences, emphasizing the
importance of depth selection in two-sample testing. We propose a new two-sample test
statistic, log DDR, constructed from ratios of numerical depth values rather than depth-
induced ranks. Simulation studies under multiple scenarios and for three representative
depth functions indicate that log DDR achieves improved power relative to several compet-
ing depth-based nonparametric tests. The results further demonstrate that the performance
of log DDR and existing methods depends strongly on the chosen depth function, consistent
with insights from the DD plot. These findings support a two-stage testing approach in
which the DD plot is used to guide the choice of depth notion before applying log DDR for
homogeneity testing.

Keywords: multivariate hypothesis testing; two-sample test; data depth

1. Introduction
Multivariate data analysis plays a central role in modern scientific research, where

observations are often high-dimensional and structurally complex. Two fundamental
problems frequently arise in this setting: assessing whether a multivariate dataset follows a
specified distribution and conducting two-sample tests to identify whether two multivariate
samples originate from the same underlying distribution.

Classical parametric inference procedures depend on the assumptions about the un-
derlying probability distributions. When such assumptions are misspecified or fail to hold
in practice, the resulting parameter estimates and associated inferential statements may
suffer from bias and loss of efficiency. This has motivated the development of nonpara-
metric methods. The nonparametric methods were well-studied for univariate cases [1–3].
However, extending these procedures to multivariate settings remains challenging, mainly
because data in higher dimensions lack a natural ordering.

Whereas univariate ranks order observations along a line, statistical depth extends
this idea to multivariate data by measuring how deeply a point lies within a data cloud.
By providing a meaningful notion of centrality relative to a given distribution or sample,
data depth offers a powerful framework for handling multivariate problems. Observations
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with larger depth values are viewed as more central, while those with smaller depth val-
ues are considered more outlying, thereby enabling a natural center–outward ordering
in high-dimensional spaces. Importantly, depth-based methods do not require distribu-
tional assumptions and retain their effectiveness across different dimensions, making them
well-suited for nonparametric inference tasks such as goodness-of-fit assessment, outlier
detection, and multivariate two-sample homogeneity testing [4].

Niyogi and Dhar [5] introduced Data-Depth Discrepancy (DDD), founded on Tukey’s
half-space depth, which can be efficiently computed using software such as R. They pro-
posed unified, distribution-free, and computationally efficient tests for both goodness-of-fit
and two-sample problems, applicable to data of any dimension. These tests were shown to
be consistent with asymptotic properties established under contiguous alternatives. Their
work is the first work to employ the numerical depth values in the test statistic instead of
the rank-based approach. However, they focused exclusively on half-space depth and did
not evaluate the performance of the proposed DDD statistic when using alternative depth
functions such as Mahalanobis, projection, or spatial depth. In this paper, one of our aims
is to explore whether the DDD framework can be extended to incorporate these alternative
depth functions and assess the performance of the DDD-based tests under various scenarios
involving different depth measures. In addition, we propose a bootstrap-based approach
to enhance the performance of the DDD statistic. Specifically, we compare the efficiency of
bootstrap methods with permutation methods.

Unlike the DDD statistic, which is based on depth differences, we propose two alter-
native test statistics that rely on relative depth comparisons: the data depth ratio (DDR)
and its logarithmic transformation (log DDR). The testing procedure incorporates both
nonparametric bootstrap and permutation methods to assess robustness and reliability. We
compare the performance of the DDD and DDR-based statistics under various alternative
hypotheses and evaluate their effectiveness using three distinct depth functions: Maha-
lanobis, projection, and spatial depth. Simulation results indicate that the log DDR statistic
consistently outperforms the others, demonstrating greater stability and power. The choice
of depth function has a substantial impact on test performance. While the Mahalanobis
depth consistently delivers superior results across most scenarios, its effectiveness dimin-
ishes when comparing mixture normal distributions, where projection depth functions
perform better. When both distributions are mixtures, the projection depth demonstrates
exceptional performance, achieving near-perfect power for both the DDD and log DDR
statistics. This result highlights its effectiveness and reliability in detecting differences
between complex or multimodal distributions. In contrast, the DDD statistic performs
poorly with spatial depth as it loses power when dealing with non-normal distributions.
However, the log DDR statistic maintains both stability and power even when spatial depth
is used.

The paper is structured as follows: Section 2 reviews several well-known notions of
data depth, including half-space depth, Mahalanobis depth, projection depth, and spatial
depth, and uses the DD plot (data-depth plot) [6] to visualize distributional differences
and demonstrate the impact of the depth notions in hypothesis testing. Subsequently,
we present our proposed two-sample testing methodology, formally defining the DDR
and constructing two DDR-based multivariate test statistics. Section 3 presents a compre-
hensive simulation study that compares our proposed method with existing approaches
and confirms that the results are consistent with the patterns observed in the DD plots.
Section 4 illustrates the methodology using real data examples, highlighting its practical
applicability. Finally, Section 5 discusses the results, provides final remarks and outlines
potential directions for future research.

https://doi.org/10.3390/stats9020039

https://doi.org/10.3390/stats9020039


Stats 2026, 9, 39 3 of 22

2. Test Statistics Based on Data Depth Ratios
2.1. Common Notions of Data Depth

Let x ∈ Rd be an observation from a d-dimensional distribution F. We consider
four commonly used measures of data depth.

• Half-space depth [7] at x ∈ Rd is the minimum probability attached to any half-space
containing x:

HD(x; F) = inf{P(H) : H is a closed half-space, x ∈ H}.

Tukey’s half-space depth performs optimally for elliptical or symmetric distributions,
where its depth contours naturally coincide with the underlying shape of the data.
However, it also maintains robustness and interpretability in non-normal or heavy-
tailed distributions, offering a reliable measure of centrality and dispersion even in
the presence of outliers.

• Mahalanobis depth [8]:

MD(x; F) =
1

1 + (x− µ)TΣ−1(x− µ)

where µ and Σ are the mean and covariance matrix of the random vector X. Ma-
halanobis depth measures how far a data point is from the center of a distribution,
taking into account the spread and correlation of the data. It performs particularly
well when data follow elliptically symmetric distributions such as the multivariate
normal distribution, where its assumptions align closely with the true structure of the
data. However, it may perform poorly for non-elliptical or multimodal distributions.

• Spatial depth [9–12]:

SD(x; F) = 1−
∥∥∥∥E[ x− X
∥x− X∥

]∥∥∥∥
where X ∼ F, ∥ · ∥ denotes the Euclidean norm, and x−X

∥x−X∥ is the spatial sign vector.
Spatial depth offers robustness, broad applicability, and simplicity without requir-
ing strong distributional assumptions. It is well-suited for skewed, multimodal, or
irregularly shaped data distributions.

• Projection depth [13,14]:

PD(x; F) =
1

1 + O(x; F)

where O(x; F) is defined as

O(x; F) = sup
∥ν∥=1

|νTx−Med(νTX)|
Med|νTX−Med(νTX)|

with Med denotes the median function and X ∼ F. Projection depth is highly robust
to outliers, as it considers the worst-case deviation of a point from the center of the
distribution across all projections. It also adapts well to non-elliptical, skewed, or
multimodal distributions.

The above four measures of data depth are implemented in the R package ddal-
pha [8–10,13–15].

2.2. Review of Depth-Based Rank Statistics

A unifying treatment of depth functions was provided in [13], which proposed general
structural frameworks for their construction. Within this framework, four fundamental
properties were identified. These four properties are affine invariance, maximality at the
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center, monotonicity relative to the deepest point and vanishing at infinity. These properties
are now standard criteria for evaluating depth notions. Extending these ideas beyond
multivariate data, Nieto-Reyes and Battey [16] proposed an axiomatic definition of depth
for functional data based on six properties, offering a principled framework for selecting
appropriate depth functions in infinite-dimensional settings.

Using statistical depth as a ranking mechanism, Liu and Singh [8] introduced a depth-
based multivariate rank-sum test motivated by applications in quality control and experi-
mental studies. Let F denote a reference population and G a future “check” population.
They defined the quality index

Q(F, G) = P{D(X; F) ≤ D(Y; F) | X ∼ F, Y ∼ G},

which measures the overall outlyingness of G relative to F. When F and G are unknown,
the index is estimated by

Q(Fm, Gn) =
1
n

n

∑
i=1

R(yi; Fm),

where Fm and Gn are the empirical distributions and R(yi; Fm) is the proportion of observa-
tions xj such that

D(xj; Fm) ≤ D(yi; Fm).

This construction yielded a natural multivariate extension of the Wilcoxon rank-sum statistic.
Liu and Singh [17] proposed nonparametric, depth-based rank tests for detecting

multivariate scale differences by using data depth to induce a center-outward ordering
of observations. The resulting tests are affine invariant, distribution-free under the null
hypothesis, and consistent against a wide range of scale alternatives, providing a robust
and effective extension of classical univariate scale tests to multivariate data.

Zuo and He [18] established the asymptotic theory for the Liu–Singh statistic under
general regularity conditions. The quality index is generally asymmetric due to the choice
of the reference distribution

Q(Fm, Gn) ̸= Q(Gn, Fm).

However, under the null hypothesis of identical distributions, this asymmetry disappears
asymptotically. Specifically,[

1
12

(
1
m

+
1
n

)]−1[
Q(Fm, Gn)−

1
2

]2
d−→ χ2(1),

with an analogous result holding for Q(Gn, Fm). Moreover, under H0,

Q(Fm, Gn)− 1
2 ≈

1
2 −Q(Gn, Fm),

which provides the basis for a two-sample test. Their results further showed that the
depth-based rank-sum test can be more powerful than several commonly used multivariate
rank tests.

Building on the asymptotic behavior of the Liu–Singh quality index Q, Shi et al. [19]
proposed test statistics that utilize the two directional measures Q(Fm, Gn) and Q(Gn, Fm).
The maximum statistic is defined as

Mm,n =

[
1
12

(
1
m

+
1
n

)]−1
max

{(
Q(Fm, Gn)− 1

2

)2
,
(

Q(Gn, Fm)− 1
2

)2
}

.

The maximum statistic resolves the asymmetry inherent in the quality index Q, ensuring that
the resulting two-sample test is no longer affected by the choice of reference distribution.
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2.3. Review of Data-Depth Discrepancy

The Q statistic-based approach and the data depth–based approach offer two different
ways of using depth information in two-sample testing. The Q statistic-based approach is
attractive because its asymptotic null distribution is well understood and it tends to show
similar power across different depth notions. However, since it is fundamentally based on
rank-sum principles, it mainly reflects relative ordering and does not fully account for how
large the depth differences are. In contrast, data depth–based approaches work directly with
numerical depth discrepancies, which allows them to capture more subtle distributional
differences in certain settings. This flexibility comes at a cost: their performance can depend
strongly on the choice of depth function, and a general asymptotic theory under the null
for some statistics is not well-studied. As a result, selecting an appropriate depth notion
becomes an important practical consideration when aiming for good power and accuracy.

By explicitly incorporating numerical values of data depth, Niyogi and Dhar [5]
proposed the data-depth discrepancy (DDD) statistic to quantify differences between
two distributions. The DDD between the two distributions at a point x ∈ Rd is defined as

DDD(x; F, G) = D(x; F)− D(x; G),

where the D(·; ·) function is a measure of data depth. Their work represented the first to
leverage numerical depth values, rather than depth ranks, for multivariate two-sample
homogeneity testing, although it is restricted to Tukey’s half-space depth. The two-sample
homogeneity test based on the DDD framework is carried out using a bootstrap procedure.
The empirical p-value is obtained by bootstrap from the pooled sample Fm ∪ Gn. At each
bootstrap iteration, m + n observations are drawn with replacement, with the first m
observations assigned to the first group and the remaining n observations assigned to the
second group, thereby mimicking the null hypothesis of identical distributions. For each
resampled dataset, the DDD test statistic is computed as the sum of squared differences
between depth values evaluated with respect to the two empirical distributions,

Sm,n =
m+n

∑
i=1
{D(zi; Fm)− D(zi; Gn)}2, zi ∈ Fm ∪ Gn.

The observed value of Sm,n is then compared with its bootstrap distribution, and the
p-value is computed as the proportion of bootstrap statistics that exceed the observed test
statistic from the original data. The DDD statistic demonstrates strong power relative to
the competing test statistics. In addition, the theoretical properties of the DDD statistic,
such as consistency and its behavior under local alternatives, were thoroughly investigated
and well-established.

Bootstrap and permutation methods are widely used resampling techniques, each
with different properties in two-sample testing [20–24]. Bootstrap methods are primarily
used to estimate variability, construct confidence intervals, and assess uncertainty. While
it can be applied to hypothesis testing, its sensitivity to subtle distributional differences
may sometimes be limited, and bootstrap tests are generally not exact under the null
hypothesis. Permutation tests, which resample without replacement, provide exact infer-
ence under the assumption of exchangeability and can be considered as an alternative
resampling strategy [25,26]. They may offer advantages in certain scenarios, although their
computational cost can be higher for large datasets. Motivated by these considerations,
we investigate the proposed test statistics across alternative depth functions beyond half-
space depth and explore whether incorporating a permutation-based approach could help
improve the detection of distributional differences while maintaining robustness across
different depth notions.
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2.4. Data Depth Ratio-Based Statistics

The DDD statistic measures the discrepancy in data depth between two distributions,
with larger deviations from zero indicating greater dissimilarity. Inspired by this concept,
we introduce a new approach to quantify differences between distributions based on their
depth values. The underlying idea is that similar distributions yield comparable depth
measurements, while substantial variations in depth reflect divergence in key characteristics
such as location, scale, or shape. This approach provides a more intuitive and flexible
framework for assessing distributional differences.

Instead of comparing two distributions through the difference of the data depth
measure, we consider two related depth-based quantities:

(i) Data depth ratio (DDR), which is defined as

DDR(x; F, G) =
D(x; F)
D(x; G)

.

(ii) Logarithmic Data Depth Ratio (log DDR), defined as

log(DDR(x; F, G)) = log
(

D(x; F)
D(x; G)

)
= log(D(x; F))− log(D(x; G)).

The log DDR can be viewed as a logarithmic-scale analogue of the DDD statistic, in which
relative depth information is expressed additively rather than multiplicatively.

Using ratios to quantify differences offers a relative and unit-independent way to com-
pare data. Unlike absolute differences, ratios reflect proportional changes, making results
more interpretable and comparable. This normalization improves robustness and ensures
that conclusions remain valid under transformations or variations in data magnitude. As a
result, ratio-based measures such as the F-ratio or likelihood ratio are commonly employed
to highlight meaningful discrepancies between groups and enhance interpretability in
hypothesis testing and statistical analysis.

Depth-based measures can have large variances, especially in high-dimensional data,
and applying the logarithm helps to compress large values while expanding smaller
ones, making differences between distributions more discernible. The logarithmic trans-
formation also stabilizes the variance and reduces the influence of extreme values or
outliers, improving the sensitivity of DDR to detect distributional differences. Apply-
ing a logarithmic transformation to the DDR yields a more stable and interpretable
test statistic, especially under skewed or heavy-tailed distributions. For a depth ra-
tio DDR(x; F, G) = D(x; F)/D(x; G), variability can be unstable, particularly when
the denominator is small. This brings an issue of how to choose the denominator as
D(x; F)/D(x; G) ̸= D(x; G)/D(x; F). Applying a logarithmic transformation preserves the
symmetry of the statistic, as taking the absolute value or square of the log-transformed
ratio ensures that the measure remains consistent regardless of which distribution is used
as the reference (i.e., |log(DDR(x; F, G))| = |log(DDR(x; G, F))|. This property makes the
statistic invariant to the ordering of the distributions, thereby enabling a fair and balanced
comparison. The logarithmic transformation also helps mitigate computational issues
that arise when the depth ratio approaches 1. In such cases, numerical precision can be
lost because standard computing software may truncate or round off decimal values once
they exceed the maximum number of representable digits. By applying the logarithmic
transformation, ratios near 1 are mapped to values near zero, preserving small differences
and reducing the risk of numerical instability during computation. Therefore, we apply
a logarithmic transformation to the DDR to enhance its interpretability and improve the
stability of the resulting test statistics.
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Since ratio calculations are undefined for zero depth values, half-space depth cannot
be applied in the DDR-based statistic. In finite samples, this depth often yields zero values
for observations near the data boundary because it depends on the smallest probability
mass contained within any half-space. To avoid this limitation and achieve more stable
ratio computations, the log DDR statistic incorporates alternative depth functions such as
Mahalanobis, projection, and spatial depths.

2.5. Data-Depth Plot

The DD plot, introduced by Liu, Parelius and Singh [6], is a visualization tool for
comparing two multivariate distributions using data depth. Given a depth function D(·; ·),
each observation x is represented in a two-dimensional space by the pair(

D(x; F), D(x; G)
)
,

where F and G denote the two distributions. This representation enables a robust, nonpara-
metric assessment of relative centrality: observations with larger depth with respect to one
distribution are closer to that population, while points near the origin indicate outlying or
atypical observations.

Our goal is to study the behavior of various depth functions and assess their sensitivity
to distributional differences using data depth ratio–based statistics, thereby enabling a com-
parison of their effectiveness and improving test performance when an appropriate depth
notion is employed. We consider each sample consists of 100 independent and identically
distributed observations, and the two samples are from the following distributions:

• Model 1: Standard bivariate normal distribution vs. standard bivariate normal distribution.
• Model 2: Standard bivariate normal distribution vs. standard bivariate Cauchy distribution.
• Model 3: Standard bivariate normal distribution vs. standard bivariate t6.
• Model 4: F = 0.8N(( 0

0 ), I) + 0.2N(( 15
15 ), I) vs. G = 0.8N(( 7

7 ), I) + 0.2N(( −8
−8 ), I).

Each DD plot contains 200 points, each representing a pair of data depth values. To
clearly distinguish observations from the two samples, different colours are used to
indicate sample membership. The blue points correspond to observations from distri-
bution F, while the red points correspond to those from distribution G. When the two
distributions are identical, the points tend to lie close to the 45-degree line. A noticeable
deviation from this diagonal line indicates differences between the distributions F and
G. Liu, Parelius and Singh [6] identified several characteristic patterns in DD plots that
correspond to specific types of distributional differences. The DD plot, with its clear
departure from the diagonal and absence of a common maximum depth point, indicates
a location shift between the two distributions. The half-moon pattern, oriented toward
the distribution with a larger scale, reflects greater variability. Slight asymmetry around
the diagonal suggests differences in higher-order moments, such as skewness or kurtosis,
indicating that the distributions differ beyond location and scale. Figure 1 illustrates that
all four depth functions exhibit similar behavior when both samples are from the same
distribution, as the points are largely concentrated around the diagonal line. Among
them, projection depth shows the smallest deviation, with points lying very close to the
diagonal, while spatial and Mahalanobis depths produce a more elliptical pattern. To
quantify these observations, the total distances of all points from the diagonal line are
computed and reported in Table 1. Under the null hypothesis, the degree of departure
is greatest when using half-space depth, whereas projection depth yields the smallest
total distance. Figure 2 indicates that all four depth functions successfully distinguish
the standard normal and standard bivariate Cauchy distributions, since all points are
far from the diagonal line. In particular, the Mahalanobis depth displays the strongest
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discrepancy, with points lying far from the diagonal. Table 1 also shows that the Ma-
halanobis depth produces the largest total distance, whereas the smallest one belongs
to the projection depth. Figure 3 exposes a limitation of the projection and half-space
depth, since most points align closely with the diagonal, suggesting that these two
depth functions are less sensitive to distributional differences in this setting, whereas
the remaining depth functions continue to capture the discrepancy. Table 1 indicates
that projection depth results in the smallest total distance, whereas Mahalanobis depth
exhibits the largest. Figure 4 further demonstrates the weakness of the Mahalanobis
depth for multimodal data, where it fails to detect differences between two normal mix-
ture distributions, while the projection depth shows superior performance in identifying
such discrepancies. The results in Table 1 highlight the relative weakness of Mahalanobis
depth and the superior performance of projection depth, as the total distance is largest
for Mahalanobis depth and smallest for projection depth. The patterns observed in DD
plots can indicate specific types of distributional discrepancies. As a visualization tool,
DD plots, together with quantitative measures such as the distance of points from the
diagonal, provide informative assessments of the behavior of depth functions. These
findings guide the selection of appropriate depth functions for specific scenarios to
enhance the performance of the two-sample tests. They also suggest a practical pathway
for visualizing data depth and identifying which depth notion should be employed
to achieve the most effective testing performance. The simulation results in Section 3
demonstrate that different depth functions reflect different features of the underlying
distribution, thereby influencing the performance of the associated test statistics.

Figure 1. DD plot of X ∼ N(( 0
0 ), I) vs. Y ∼ N(( 0

0 ), I).

https://doi.org/10.3390/stats9020039
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Figure 2. DD plot of X ∼ N(( 0
0 ), I) vs. Y ∼ Standard bivariate Cauchy.

Figure 3. DD plot of X ∼ N(( 0
0 ), I) vs. Y ∼ t(( 0

0 ), I, 6).
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Figure 4. DD plot of X ∼ 0.8N(( 0
0 ), I) + 0.2N(( 15

15 ), I) vs. Y ∼ 0.8N(( 7
7 ), I) + 0.2N((−8

−8 ), I).

Table 1. Approximate total distances of the points on DD plot to the diagonal line for four depth
functions for sample sizes m = n = 1000 and 1000 replications.

Model Mahalanobis Projection Spatial Half-Space

1 11.22 8.64 11.50 12.54
2 97.19 16.06 34.75 32.12
3 17.53 8.87 12.98 14.18
4 15.12 51.74 24.70 23.22

Note: The maximum values are written in bold font.

2.6. Testing the Homogeneity of Two Multivariate Samples

In this section, we present a significance test for the two-sample problem. Specifically,
to test H0 : F = G against H1 : F ̸= G, we define the log DDR statistic, denoted by Tm,n,
as follows

Tm,n =
m+n

∑
i=1

[log(DDR(zi; Fm, Gn))]
2 for zi ∈ Fm ∪ Gn,

where Fm, Gn are the empirical distributions of X and Y , respectively. Note that the pro-
posed test statistic Tm,n involves empirical depth functionals combined with nonlinear
ratio transformations, which induce complex dependence structures and render a complete
asymptotic analysis technically challenging. A full derivation of the asymptotic null distri-
bution would require substantial additional development and is beyond the scope of the
present work.

In modern nonparametric two-sample methodology, it is common for new procedures
to combine structural motivation with permutation calibration and extensive empirical
evaluation. Within this framework, simulation studies play an important role in examining
power, robustness, and stability across a variety of alternatives. We provide an algorithm
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to compute an empirical p-value for the proposed test statistic Tm,n using a bootstrap
procedure with a sufficiently large number of replications B.

The procedure begins by computing the data depth of the observations with respect
to the samples X and Y , and evaluating the test statistic Tm,n. The two samples are then
combined to form a pooled sample Z = X ∪ Y . For each of the B bootstrap replicates, a
sample of size (m + n) is drawn from Z with replacement, where the first m observations
are assigned to X ∗ and the remaining n observations to Y∗. Using these resampled datasets,
the data depth values are recomputed and the corresponding test statistic T∗m,n is obtained.
The empirical p-value is computed as the proportion of bootstrap replicates for which the
resampled test statistic T∗m,n exceeds the observed test statistic Tm,n. An alternative version
of this procedure is based on a permutation strategy, in which, at each replicate, a sample
of size (m + n) is drawn from Z without replacement. The first m observations are taken as
X ∗ and the remaining n observations as Y∗, and the test statistic is computed in the same
manner. The pseudo-code for this procedure is given below (Algorithm 1).

Algorithm 1 Empirical p-value computation.

Input: Samples X ,Y ; number of replicates B
Output: p̂

1: Compute Tm,n ← T(X ,Y)
2: Z ← X ∪ Y
3: for b = 1 to B do

• Sample Z∗(b) of size m + n from Z
• Partition Z∗(b) =

(
X ∗(b),Y∗(b)

)
with sizes m and n

• Compute T∗(b)m,n ← T
(
X ∗(b),Y∗(b)

)
4: end for
5: p̂← 1

B ∑B
b=1 1

(
T∗(b)m,n > Tm,n

)
6: return p̂

3. Simulation Studies
We consider power comparisons among the DDD statistics Sm,n, the log DDR statis-

tics Tm,n, the maximum statistics Mm,n, the Hotelling’s T2 test (denoted by T2) and the
Energy test for the two-sample test. Two random samples X = {X1, X2, . . . , Xm} and
Y = {Y1, Y2, . . . , Yn} are randomly drawn from the distributions F and G, respectively. For
the sample sizes, we consider m = n and m = 2n where m = 100, 200, 300, . . . , 1000. We
assume F is the standard bivariate normal distribution. The distribution G is taken to be
either a standard bivariate normal distribution, a standard bivariate Cauchy distribution, or
a standard bivariate t6 distribution. The inclusion of these alternatives allows us to assess
test performance under varying tail behaviors and distributional deviations from normality.
In particular, the multivariate t6 distribution is commonly used to model small-sample
multivariate data, as its heavier tails account for increased variability and potential outliers.
This makes it particularly useful in simulations and methodological studies for evaluating
the robustness of statistical procedures, including tests of means, covariances [27]. With
six degrees of freedom, the distribution provides a realistic balance between capturing
small-sample behaviour, maintaining robustness against extreme values, and remaining
computationally manageable, making it a practical choice in both theoretical and applied
multivariate analyses.

The empirical power is studied with 1000 repetitions, 500 bootstrap replications,
and examined with Mahalanobis depth, projection depth, spatial depth for all three test
statistics and half-space depth for Sm,n. Power is computed as the proportion of the
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empirical p-values that is less than the lower 5% quantile of the simulated p-values under
the null hypothesis.

We first assess the Type I error of all test statistics at the nominal significance level
α = 0.05. As shown in Figure 5, all statistics reject the null hypothesis at close to the expected
5% rate across 1000 simulation replications. However, the speed at which the Type I error
approaches the nominal level depends on the chosen depth function. The maximum statistic
shows pronounced fluctuations in Type I error for sample sizes below 1000, especially under
Mahalanobis and spatial depths, while the other statistics exhibit relatively minor variation
regardless of the depth notion. The log DDR statistic with the permutation strategy displays
particularly stable performance, converging consistently to the nominal level at a sample size
of 1000 across all depth functions. By comparison, the remaining statistics are slightly more
sensitive to the choice of depth and exhibit less stable convergence behavior.

(a)

(b)

Figure 5. Simulated Type I error for m = 100, 200, · · · , 1000 with (a) m = n, (b) m = 2n.
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We assess the performance of the log DDR statistic under non-normal alternatives
using the standard bivariate Cauchy distribution. As illustrated in Figure 6, the log
DDR test exhibits a rapid gain in power as the sample size increases from 100 to 200
and maintains stable performance even when the sample sizes are unequal. Overall,
all test statistics achieve their highest power when Mahalanobis depth is employed. In
contrast, the DDD statistic is generally less powerful than log DDR and shows particularly
poor performance when spatial depth is used. The maximum statistic displays relatively
consistent performance across different depth notions, whereas both log DDR and DDD
are strongly influenced by the choice of depth function. This behavior is consistent with
the patterns observed in the DD plots presented in the previous section. Consequently,
we recommend using DD plots as a practical tool to guide the selection of an appropriate
depth notion. In this setting, the Energy test demonstrates essentially perfect power, while
Hotelling’s T2 test is unable to identify the distributional difference.

Similarly, for the t6 distribution, Figure 7 shows that log DDR quickly approaches
full power as the sample size increases. However, the performance of both DDD and log
DDR strongly depends on the depth function: projection depth and half-space depth tend
to underperform, whereas Mahalanobis and spatial depths consistently provide higher
power. This result is consistent with the findings in the DD plot, where the projection
depth illustrates its drawback in dealing with a heavy-tailed distribution such as standard
bivariate t6. Log DDR drastically outperforms DDD when using the spatial depth function.
Figure 7 shows the poor performance of DDD statistics when the spatial depth function
is used. The power of DDD statistics tests using spatial depth in these two cases does
not reach 1.0 even when the sample sizes are 1000. Again, bootstrap with replacement
is generally less powerful than the permutation strategy. In this scenario, the maximum
statistic, the Energy test, and Hotelling’s T2 test fail to detect the distributional discrepancy,
with the power of all three tests remaining below 1.0.

We also investigate the performance of all statistics when comparing

F = 0.8N(( 0
0 ), I) + 0.2N(( 15

15 ), I) vs. G = 0.8N(( 7
7 ), I) + 0.2N(( −8

−8 ), I).

As shown in Figure 8, both the DDD and log DDR statistics exhibit reduced power when
the Mahalanobis depth is used, whereas the projection depth demonstrates outstanding
performance, achieving a test power of 1.0 even for the smallest sample sizes. The statistics
also perform well when paired with spatial depth, highlighting the substantial impact of
depth function choice on the ability to distinguish between distributions. In particular,
projection depth is especially effective for multimodal distributions, such as mixture models,
while Mahalanobis depth is less suitable in these scenarios. These simulation results confirm
the usefulness of the DD plot as a diagnostic tool for identifying the most appropriate
depth function to employ in the test statistics. While the Energy test performs exceptionally
well alongside other statistics with projection depth, Hotelling’s T2 test shows reduced
power in the mixture Gaussian scenario.

The performance of all statistics is also investigated when comparing

F ∼ N(010, I) vs. G = N(0.3 110, I).

All test statistics demonstrate a strong ability to detect distributional discrepancies as
the dimensionality increases. Figure 9 shows that both the DDD and log DDR statistics
achieve performance comparable to the Energy test and Hotelling’s T2 test when the sample
size exceeds 200 for balanced samples and 300 for unbalanced samples. In this setting,
the choice of depth function has minimal impact on the performance of Sm,n and Tm,n

statistics. In contrast, the maximum statistic combined with projection depth exhibits
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weaker performance, requiring larger sample sizes to achieve full power. Moreover, the
permutation strategy further enhances the ability of the test to distinguish between the two
distributions in this scenario.

(a)

(b)

Figure 6. Power comparison under alternative hypothesis H1 : F ∼ N(( 0
0 ), I) vs.

G ∼ standard bivariate Cauchy for m = 100, 200, · · · , 1000 with (a) m = n, (b) m = 2n.

The observed reduction in power across all settings under unbalanced sample sizes
(m = 2n) suggests that most configurations present increased difficulty for all test statistics
in detecting distributional differences. This decline in performance may arise from the un-
equal contribution of the samples, where the larger sample tends to dominate the estimation
process, potentially masking subtle discrepancies between the underlying distributions.
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(a)

(b)

Figure 7. Power comparison under alternative hypothesis H1 : F ∼ N(( 0
0 ), I) vs. G ∼ t(( 0

0 ), I, 6) for
m = 100, 200, · · · , 1000 with (a) m = n, (b) m = 2n.

More generally, the simulation study provides evidence that the log DDR statistic
outperforms the DDD statistic across a wide range of settings. Bootstrap method exhibits
lower power compared with the permutation approach. The strongest performance of
both statistics is observed when Mahalanobis depth is applied to elliptical distributions.
Although projection depth shows limitations for comparisons involving non-normal distri-
butions, it outperforms other depth functions when analyzing multimodal distributions
such as mixtures of normal distributions. In addition, the DDD statistic exhibits insta-
bility when used with spatial depth and half-space depth, whereas the log DDR statistic
maintains stable and strong performance across all cases when paired with spatial depth.
Overall, these findings emphasize that the choice of depth function plays a critical role in
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test performance, as different depth notions vary in their ability to capture distributional
discrepancies. The DD plot thus provides valuable guidance for selecting the most effective
depth function in practice.

(a)

(b)

Figure 8. Power comparison under alternative hypothesis H1 : F = 0.8N(( 0
0 ), I) + 0.2N(( 15

15 ), I) vs.
G = 0.8N(( 7

7 ), I) + 0.2N((−8
−8 ), I) for m = 100, 200, · · · , 1000 with (a) m = n, (b) m = 2n.

Half-space depth can be very slow to compute, resulting in high computational
costs. Using alternative depth functions solves this problem, dramatically speeding up the
calculations. In our study, all three alternative depths reduce the computation time by at
least threefold. Table 2 shows the approximate computational times for two samples of
dimension d = 2 for different sizes and four depth functions with 500 bootstrap replications.
The difference is particularly noticeable for larger datasets when the sample size exceeds
500 observations.
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(a)

(b)

Figure 9. Power comparison under alternative hypothesis H1 : F ∼ N(010, I) vs. G ∼ N(0.3 110, I)
for m = 100, 200, · · · , 1000 with (a) m = n, (b) m = 2n.

Table 2. Computational times (in seconds) for bivariate sample sizes m = n = 100, 200, · · · , 1000 for
four depth functions (500 bootstrap replications).

m = n Mahalanobis Projection Spatial Half-Space

100 2.38 3.16 3.46 3.86
200 2.48 3.99 5.05 8.47
500 2.78 6.91 13.07 83.51

1000 3.30 11.84 38.47 454.60
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4. Real Data Analysis
In this section, we illustrate the use of the log DDR statistic in a two-sample test for

real data applications and compare it with the DDD statistic.

4.1. Heart Failure Data

Heart failure is a significant health concern impacting millions globally. This complex
condition arises when the heart struggles to pump blood efficiently, leading to a range of
complications and a reduced quality of life for those affected. Despite significant advances
in medical treatments and understanding of the disease, heart failure continues to rank as
one of the leading causes of illness and death. Key risk factors were identified, such as high
blood pressure, obesity, and diabetes. These factors play a critical role in early detection
and treatment. By checking these health conditions, we can predict heart failure and
provide early treatment. High blood pressure, obesity, and diabetes can be confirmed by
conventional tests such as blood tests, body mass index (BMI), and usual check-ups. These
variables are more likely to be unbiased and easily accessible. We want to explore whether
the proposed test can differentiate healthy people and patients. The Statlog data [28]
consists of 528 healthy people and 520 patients diagnosed with heart failure. The features
to be used are resting blood pressure, cholesterol and maximum heart rate. The dataset
was first partitioned into two subsets (healthy versus patients). Categorical variables and
observations with missing values in the variables of interest were then removed. The
selection of variables of interest was based on two main criteria. First, only numerical
variables were retained, as the computation of depth functions is designed for continuous
distributions. Second, the selected variables are clinically meaningful, considering their
accessibility, reliability, and relevance for diagnosis or prognosis of the health condition.
Mahalanobis depth, projection depth and spatial depth are used to compute the p-value
of each statistics. We consider the permutation test versions of both DDD and log DDR
statistics, as it has been shown that the permutation approach is more powerful in detecting
distributional differences. The p-values are estimated under 10,000 repititions.

Figure 10 shows that all four depth functions are capable of revealing differences between
the two samples, as most points are located far from the 45-degree line. However, the half-
space depth appears to be less sensitive, since the points are more tightly clustered, which may
reduce its ability to detect discrepancies in depth values. The total distances from points to
the diagonal line in the DD plots are 44.58, 31.03, 43.84 and 39.90 for Mahalanobis, projection,
spatial and half-space depth, respectively. This result indicates that the Mahalanobis depth
and spatial depth can be more suitable than the others in distinguishing the distributions
of the two groups. Table 3 presents the empirical p-values for the log DDR statistic and the
DDD statistic computed using three depth functions over 10,000 repetitions. All p-values are
extremely small, indicating very strong evidence against the null hypothesis. The Mahalanobis
depth produces the smallest p-values, suggesting it is the most sensitive among the three
depth measures in detecting differences. Notably, the log DDR statistic yields consistent
p-values across all depth functions and remains significant even at stricter significance levels,
highlighting its robustness in practical applications. The DDD statistic based on half-space
depth yields substantially larger p-values, indicating reduced sensitivity.

Table 3. Empirical p-values of log DDR statistic, DDD statistic for heart failure data, under different
depth functions (10,000 repetitions).

Depth Function Tm,n Sm,n

Mahalanobis 0.0000 0.0001
Projection 0.0007 0.0010

Spatial 0.0000 0.0001
Half-space 0.0112
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Figure 10. DD plot of healthy people vs. patients with heart failure.

4.2. Breast Cancer Data

Early detection is vital in breast cancer screening, as it substantially enhances the
effectiveness of treatment and improves survival rates. In the study by Patrício et al.,
data from routine blood analyses including Glucose, Insulin, HOMA, Leptin, Adiponectin,
Resistin, MCP-1, Age, and BMI were used to predict breast cancer occurrence [29]. This
dataset provides a valuable basis for evaluating the capability of the proposed test to
differentiate between healthy controls and patients with breast cancer.

Blood samples [29] were collected from 64 breast cancer patients and 52 healthy
controls after overnight fasting. Nine clinical variables were measured, including BMI
(kg/m2), Serum Glucose (mg/dL), Resistin (ng/mL), MCP-1 (pg/dL), Leptin (ng/mL),
Adiponectin (µg/mL), and Plasma Insulin (µU/mL). Glucose was measured using an
automatic analyzer, while the other biomarkers were quantified using ELISA kits. Insulin
resistance was calculated using the HOMA index:

HOMA = log
( I f × G f

22.5

)
,

are fasting insulin and glucose levels, respectively. The data were divided into two sub-
groups corresponding to healthy controls and breast cancer patients. Only the variables of
interest were retained, and the dataset contains no missing values.

Figure 11 illustrates that all four depth notions effectively capture distributional
differences, with points widely dispersed and clearly deviating from the 45 degree line. In
addition, most observations display distinct sample membership as the points consistently
shift toward the distribution from which they originate. The total distances from all points
to the diagonal line are 9.09, 4.78, 13.15 and 8.14 for Mahalanobis, projection, spatial and
half-space depth. The largest total distance yields to the spatial depth function. Table 4
reports empirical p-values for the log DDR and DDD statistics across three depth functions
over 10,000 repetitions. All results are highly significant. The DDD statistic shows greater
variation in p-values when the projection depth is used, whereas the log DDR statistic
exhibits only slight changes across the three depth functions. These results highlight the
robustness and reliability of the log DDR statistic for practical data analysis.
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Figure 11. DD plot of blood samples of healthy people vs. cancer patients.

Table 4. Empirical p-values of log DDR statistic and DDD statistic for breast cancer data, under
different depth functions (10,000 repetitions).

Depth Function Tm,n Sm,n

Mahalanobis 0.0008 0.0002
Projection 0.0018 0.0026

Spatial 0.0014 0.0001
Half-space 0.0005

5. Conclusions
In this paper, we investigate depth-based approaches for multivariate two-sample

homogeneity testing and propose the log DDR statistic. The log DDR statistic consistently
yields significant results across all considered depth functions, highlighting its robustness
and reliability, whereas the DDD statistic shows some instability in terms of power. In
addition, permutation testing is found to improve test performance relative to the bootstrap
approach. Extensive simulation studies across different depth notions confirm that the log
DDR statistic effectively captures distributional discrepancies. The results also indicate
that test performance depends critically on the choice of depth function. Using alternative
depth notions, rather than half-space depth, substantially reduces computational time
and improves computational efficiency. Based on these findings, we propose a two-step
procedure. First, the DD plot is used as a visualization tool, together with a numerical
summary such as the total distance of points from the diagonal, to guide the selection
of an appropriate depth function; second, the chosen depth notion is used to construct
the test statistic. While the proposed method demonstrates strong empirical performance,
it has some limitations. The permutation approach used for inference, while generally
more powerful than bootstrap, can be computationally intensive for large sample sizes.
In such cases, approximate permutation methods such as using a reduced number of
random permutations or employing sequential stopping rules can be adopted to improve
computational efficiency without substantial loss of accuracy. Exploring more scalable
resampling strategies warrants further investigation [30,31]. Other important directions
for future research include establishing the asymptotic null distributions of the log DDR
statistic and developing additional tests formulated directly from numerical depth values.
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