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Abstract: A smoothed M-estimator is derived from Hampel’s three-part redescending esti-
mator for location and scale. The estimator is shown to be weakly continuous and Fréchet
differentiable in the neighbourhood of the normal distribution. Asymptotic assessment
is conducted at asymmetric contaminating distributions, where smoothing is shown to
improve variance and change-of-variance sensitivity. Other robust metrics compared are
largely unchanged, and therefore, the smoothed functions represent an improvement for
asymmetric contamination near the rejection point with little downside.
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1. Introduction

In this paper, we describe a refinement of the Hampel three-part redescenders [1] that
smooths sharp corners in the spirit of [2,3]. In doing so, all the asymptotic theories of weak
continuity and Fréchet differentiability apply to the introduced M-estimators. The central
parametric family studied here is assumed to be

F={Fuoy ) = 0(*51 ) o< <o, >0},

where ®(x) is the standard cumulative normal distribution on the real line. Without loss of
generality estimators including M-estimators described in [4-6], it can be studied at the
standard normal distribution where (1, ) " = (0,1) ". This paper differs from many in that
the asymptotics and the performance of estimators are discussed in a neighbourhood of
underlying distributions. The main distribution is standard normal, with a contamination
parameterised by p; and «, as follows:

Go(x) = (1 — €)d(x) +e<1><"_““2>, (1)

where 0 < € < 1/2 is considered small, yi; € R (the real line), and « € R*. The distribution
is symmetric when pi; = 0 and asymmetric otherwise. Contamination processes themselves
may be subject to the central limit theorem, whence the mixture model is apt. Moreover,
regarding alternative heavy-tailed contamination, this may be represented by choosing y,
to be arbitrarily large. Since there is no restriction placed on i, and &, very large outliers
can be represented using the mixture.

In a sense [1], following the publication of [7], contaminated populations with the
description of a rejection point are predicated, beyond which observations are to have zero
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weight on the estimation procedure. This came accompanying the introduction of the first
yp-function in robust estimation to continuously redescend to zero, as follows:

x for0 < |x| <a
a sign(x) fora <|x| <b
Prabe(x) = o—|x| , 2)
a—— sign(x) forb < x| <c
0 for ¢ < |x|

where 0 < a < b < c. The tuning constant a defines a region about which the estimator is
equivalent to the maximum likelihood estimate at 7 = ®, ¢(x) = x. The value of b can be
used to “Winsorise” the observations between a and b standard deviations from the true
location. The rejection point is set by the tuning constant c. Figure 1 plots 1y, 1, .. Setting
b = ¢ = oo yields Huber’s ¢-function. See [8].

The study of the Hampel three-part redescender considered estimating location only
and made use of an auxiliary estimator of scale. The work in [1,8-10] addresses the question
of the scale of the central distribution by suggesting using either a robust estimator of scale
such as the median of the absolute deviations (MAD) estimator or its consistent version,
that is,

MADN = median{|X; — median(Xy, X, ..., X,)|}/0.6745,

where the value 0.6745 is to make the scale estimator consistent for the scale when the under-
lying distribution is indeed normal. See [11] for a recent synthesis of MADN. The estimator
of location is then solved via a scaled location equation. Given the sample Xj, X, ... X,
from a hypothesised distribution in F and an estimate of the standard deviation ¢, say, 7,
the estimating equation for location is then of the form

n Xi _ I’l
Z l/’l;a,b,c ( ~ =0.
i=1 v

Alternatively, the estimator of both location and scale can be solved through the use of

the solution of the simultaneous equations

Kn(11, ) = i;‘f()?) _ /‘I’(x;;l)dlfn(x) 0. 3)

Here, F,(x) is the empirical distribution of the sample, and ¥ = (¥1,¥) " is a vector
function used in the estimation for location and scale. In this work, we propose estimators
for both location and scale and, as such, focus on joint estimation. A three-part redescending
M-estimator of scale may be constructed in the following form:

x2—-1-P for0 < |x| <a
v %) a2—1-p fora < |x| <b @
2:a,b,c\X) = _ 7
e (a2—1—P)CC_|‘;‘ forb < |x| <c
0 for ¢ < |x|

where P is defined implicitly from the equation [ 5, (x)d®(x) = 0. See, for
example, [12]. Setting b = ¢ = oo yields Huber’s Proposal 2 estimator for scale, defined
in [8]. Equation (4) is illustrated in Figure 1. Then to obtain the estimator, one solves (3)
withY = ¥, = (Yraper #)Z;a,b,c)—r‘ Note that these functions are continuous but not
smooth at 4, b, and c.
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Important robustness properties are a result of Fréchet differentiability, including
uniform asymptotic consistency of the estimate’s variability assessment based on the
influence function. See [2]. Proofs of Fréchet differentiability in the neighbourhood of
a central distribution are challenging for non-smooth @ functions; hence, smoothing to
achieve a proof of Fréchet differentiability is desirable.

wi(x) wa(x)

-C -b -a a b c

(a) Y1ah,c (b) W20 b,
Figure 1. Plots of the three-part redescenders.

The remainder of this paper is structured as follows: In Section 2.1, we describe
the smoothed M-estimator. Section 2.2 describes Fréchet differentiability and introduces
theorems necessary to prove weak continuity and Fréchet differentiability of the introduced
estimator. Additional robustness measures are introduced in Section 2.3, before comparing
the smoothed and non-smoothed variants against these measures and considering their
asymptotic behaviour at Gy in Section 3.

2. Materials and Methods
2.1. A Smoothed Three-Part Redescender

The Hampel three-part redescending ip-functions are continuous but not continuously
differentiable at x = i € {£a, £b, ==c}. To rectify this, one may insert smoothing functions
in the 26 neighbourhood of each i, where § < min §{a,b —a,c —b}. As the three-part
redescender is defined in terms of piecewise polynomials with heuristic tuning constants, it
is desirable to retain the same properties while attaining twice differentiable functions such
that higher-order asymptotics could be explored in later works. Interpolation methods,
such as that outlined by ([13] p. 319), may be extended to fifth-degree polynomials, gj;(x),
with the following constraints to ensure the resultant ¢ functions are twice differentiable:

8ji(i —0) = Pjap,c(i—9)
gji(i +6) = Pjap,c(i+6)
8ji(i—=0) = p,c(i =)
i(i+0) = (i +9)
8ji(i—=0) = i pc(i —9)
&ji(i +06) = iy p (i +0)

where ;5 for j € {1,2} denotes Hampel’s location and Clarke and Milne’s scale func-
tions for the three-part redescender with 4, b, and ¢ as given in [12]. From these boundary
conditions, it is simple to formulate and solve a system of linear equations, as follows:

Ajixji = bj; (5)

to identify the polynomial coefficients x;; for each g;;(x). Here, Aj;x;; represents the left side
of the aforementioned constraints, and b ji the right side. For example, the coefficients for
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G1a(x) = a150° + ag ax? + a1 3% + 1037 + a1 + a1
81a(x) = By 5x* + dag 42 + 30y 337 + 201 5% + 11
gllla (x> = 200(1,5.763 + 12“1[4X2 + 6061,3X + 2061,2

are the solution of (5), where

[(@a=0)°  (a—-6)* (a—0° (a—0? (a—0) 1
(a+6)°  (a+6)*r (a+6)° (a+6)? (a+6) 1
A — 5a—06)* 4(a—6)> 3(a—06)? 2(a—9) 1 0
W 5(a46)4 4(a+6)® 3(a+06)? 2a+s) 1 o
20(a—6)% 12(a—06)> 6(a—9) 2 0 0
120(a+6)* 12(a+6)* 6(a+0) 2 0 0]
r T
X1g = |X15 Q14 Q13 K12 Q11 061,0} ’

and
_lpl;a,b,c(a - 5)_ _(11 - 5)-
lpl;a,b,c(a + 5) a
by, = lpé;a'b'C(a %) = !
Vlape(@+0) 0
lpil;a,b,c(a 5) 0
lpil;a,b,cm + 5)_ L 0 |

2.1.1. Smoothed Three-Part Redescender for Location

Inserting polynomial smoothing functions in the 26 regions around 4, b, and ¢ yields
the following ¢ function for location:

x x| < (a—9)

81a(%) (a—0) <|x[ < (a+9)

asign(x) (a+9) <|x| < (b—9)
Piabes = | &1(x) (b—=0) <[x] < (b+9)

a - ‘x|s1gn( ) (b+5)§| | < (c—9)

81c(x) (c=0) <[x[ < (c+9)

0 otherw1se

where
81a (JC) = (061,49(4 + 061,29(2 -+ 061]0) sign(x) + 0(1/3)(3 +aq,1x

Si(x) = (ﬁ1,4x4 + B1ax* + ﬁl,o) sign(x) + B1,sx° + Br1x

Sic(x) = (71,4964 +Y12%% + ’h,o) sign(x) + 71,3x%° + 71,1%
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and

a14=7¢

K13 = —4af
K1p = 6(112 — (52>C
K11 = —4(a3 — 336 — 253) 4

tg = (a4 — 64262 + 8a8° — 354) 4

Pra=—

B1,5 = 4abg

Bro = —6a(b* —6%)§

Bi1 = 4a (b3 —3b° + 253) g

Bro = —a(b* — 66762 — 8b6® — 35* 4 16¢6)¢&

1,4 = ag

71,3 = —4acg

V1,0 = 6 (Cz - (52)@‘

Y11 = —4a(c® — 3¢6* — 26%)¢

Y,0 =4 (c4 — 6207 — 8c° — 3(54) ¢
for { = (16(53)71, and ¢ = (165°(b — c))il. Figure 2 plots the smoothed three-part re-
descender for location. In this general form, the functional may appear to suffer from too
many parameters; however, the coefficients a1 ., 1., 71,. are wholly dependent upon 4, b, c,
and ¢. The resultant i-function is piecewise polynomial.

w1(x)

Figure 2. Plot of the smoothed 1., - 5 redescender for location.

2.1.2. Smoothed Three-Part Redescender for Scale

The smoothing procedure for the scale ¢ function yields the following definition:

x> ~1—-P |x| < (a—9)

82a(x) (a—0) < |x[ < (a+9)

] (a+0) < |x[ < (b—9)
V2abes = § §2(X) (b=29) <|x| < (b+9)

15 0+ <kl < (c-9)

g2c(x) (c—0) < x| < (c+9)

0 otherwise



Stats 2025, 8, 33 60f 17

where
Qa(x) = (042,53(5 + ap3x® + oczrlx) sign(x)
+ 0(2]43(4 + 0(2,2)(2 +anp
(%) = Boax* + Bopx® + <52,3x3 + [32,196) sign(x) + B
92c(x) = Yoax + 7202 + (’Yz,sx3 + 72,196) sign(x) + 72,0
and
a5 =70
062,4 = —3€l€

w3 = 2(a% —36%)C

app = 2(a° +3a6* +40°)

ap1 = —3(a* — 24262 4 5*)¢

120 = —(16P8 + 3a0* — a® +166° — 826% + 6232 )

Bra = —1G

B2s = 4bng

Bap = —6(b* — 6°)5g

Bo1 = 4(b% +25° — 3b6%) 5

P20 = (6b252 +8b5% — 16¢6° + 36% — b4)'7€

Y24 =1

Y23 = —4eng

Yo = 6(c* = 8*)y¢

Vo1 = 4(20° — ¢ +3¢6%) 5

Ya0 = —(30* — c* + 6262 + 8c6%) ¢

for{ = (1653)_l and ¢ = (166%(b — c))_l, as before, and 77 = a®> — 1 — P. Once again, the
coefficients a3 ., B2,., 72, are not free variables; they are dependent upon 4, b, ¢, and J.

As for the non-smoothed three-part redescender, P may be found as the root of the
implicit equation [ 9, (x)¢(x)dx = 0, or can be expanded to an explicit form in terms of
the standard normal distribution pdf and cdf (as shown in the Supplementary Materials).
Figure 3 plots the above smoothed function for scale.

v2(x)

—-C —b -a a b C

Figure 3. Plot of the smoothed ., - s redescender for scale.
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2.2. The Influence Function and Fréchet Derivative

To compare robustness and the behaviour of estimators, one requires appropriate
measures and tools. The estimator, which is a solution of Equation (3), is related here in its
implicit functional form. Quoting from [6] (p. 29), where now F is any suitable parametric
family, “A single functional root of Equation (3) may be written T[Y¥, F,] where F, is the
empirical distribution function. More generally T[¥, G| can be defined as a functional root
of equations

Ke(t) = /H%‘I’(x, 2)dG(x) = 0. ©)

T[¥, G] = +o0 if no root exists. In the event of several roots of (6), a distance criterion p, is
employed to select the estimator from them. Classically, the roots correspond to extremes
of the distance, but this is not assumed here. Specifically, the general functional T[‘I’, Qo, ]
is defined as the solution to

TG.%?‘I[i,G) 00(G,T) = po(G, T[¥,po,G]), )
where
S(¥,G) = {r e T’/R‘I’(x, 7)dG(x) = 0 } 8)

if a solution exists. Otherwise T[¥, p,, G| = +o0. Conditions on both ¥ and p, determine
consistency, the very minimum requirement being Fisher consistency, which means that
T[Y¥,po, Fr] = T for all T € 7. That is if you have the whole population you must get
the corresponding true parameter. This implicitly also assumes the parametric model
for the population is identifiable. A parametric family F is identifiable if and only if
Fr, = F, implies Ty = 1, for all T4, 2 € 7. That is, two different parameters cannot give
the same distribution”.

An easily afforded selection functional p, at the location and scale parametric model is

00(G,T) = ||T — [Gl(;)MADN(G)}T 9)

Here, || - || is the Euclidean norm. The functional form of MADN and the influence function
of MAD are discussed in [10] Section 5.2 and also [11,14].

First introduced by [1,15], the Influence Function (IF) is a heuristic tool that indicates
the infinitesimal influence of contamination at a given point, x = zg, on the asymptotic
value T[¢, Go|. In our discussion, 19 = T[¥,0,, Go]. For the estimating functional T at a
distribution Gy, the IF is defined as

IF(zp; Go, T) = lim T[(1 — ¢)Go + €Az | — T[Go]

e—0t £

(10)

where A, puts mass 1 at the point zg. In [5,16], the authors write an equivalent definition,
as follows:
IF(zo; Go, T) = —M(70, Go) ¥ (20, T0). (11)

The matrix
dGo(x) (12)

M(zo, Go) = /ﬂ%{ai‘l’(x, r)}

is assumed to be nonsingular. In this form, we see that the Influence Function is proportional

T=T0

to ¥, and indeed, the Fréchet derivative in Theorem 2 to be expressed below is exactly

T'6,(G — Go) = /R IF(x; Go, T)d(G — Go) (x).
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See [17] for an earlier chronological account of the development of the Fréchet derivative
in statistics.

So long as we have a compact set D that excludes the solution for scale 7» = 0 in which
we search for the roots, the conditions set out below are easy to check and are sufficient to
provide weak continuity and Fréchet differentiability.

Conditions W
Wo: T[¥, po, Go] = To.

Wi: Yisa2 x 1vector function on R x ® and has continuous partial derivativeson R x D,
where D C © is some non-degenerate compact interval containing o = (Tp1, T02) |
in its interior and for which the scale 1y, is bounded away from zero.

Wy: {¥(x, T)|T € D}, {%‘I’(x, T)|T € D} are bounded above in Euclidean norm |A| =
{trace(ATA) }1/2 by a constant.

Ws3: The matrix M( 7y, Gp), given by (12), is nonsingular.

The innovation in the conditions made here is to describe the Conditions at Gy, rather
than an assumed F. Note that we discuss the behaviour of the estimating functional at
a solution T[Y¥, po, Go] = 7o different from T[¥, po, Fr] = T. The restriction to a compact
set D is for convenience rather than necessity, since it is easier to check the conditions.
Since Gy is chosen to be from the mixture distribution (1) which has for any given Gy a
bounded density and is an absolutely continuous distribution, the Conditions W imply
Conditions A analogous to those defined in [6] (pp. 31,32) for the neighbourhoods gen-
erated by any one of the metric distances, these being Kolmogorov (also known as the
Kolmogorov-Smirnov), Lévy, or Prohorov metrics. For example, the Kolmogorov-Smirnov
metric or supremum norm between the two distributions F and G defined on the real
line is dgs(F, G) = sup, |F(x) — G(x)|. At an absolutely continuous distribution Gy with a
density that is bounded by a constant C > 0, it is noted, compare [6] problem 2.3, as follows:

sz(G, Go) < (C + 1)dL(G, Go) < (C + 1)dp(G, Go),

where d} is the Lévy metric and dp is the Prohorov metric. The Prohorov metric governs
the weak topology, as discussed in [18], and it is known that the empirical distribution
generated by Gy converges weakly to Gy on a set of probability one. Hence, for a weakly
continuous estimator, that is, an estimator that is continuous with respect to the Prohorov
metric, we have automatic consistency, as explained further below. Moreover, the smoothed
M-estimators discussed in this paper will be robust at Gy in the sense of Theorem 2 of [18],
as demonstrated in Theorem 2.5 and Corollary 2.3 in [6].

However, for ¥ choices with continuous partial derivatives, as is the case of
Y = (Yrapcs ¢2;a,b,c,(5)T/ and noting that the functions are of total bounded variation,
we can claim the existence of a weakly continuous and Fréchet differentiable root as a corol-
lary to [6] [Theorem 2.3, Theorem 2.6] and [6] [Theorem 2.5] using the auxiliary selection
functional p(G, T) = |T — To|-

Theorem 1 (Adapting Theorem 2.5 of [6]). Assume Conditions W. Then for € small and
non-negative, there exists a Prohorov neighbourhood U (Gy) of Gg such that the functional defined
via T[Y¥, p, -] is weakly continuous at each G € U(Gy).

See Appendix A for the proof of Theorem 1. In addition, we can write
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Theorem 2 (Adapting Theorem 2.6 of [6]). Assume Conditions VW and assume for all G € G,
the space of distributions on the real line, that

/R‘I’(x, 70)d(G — Go)(x) = O(dxs(G, Go)) (13)
as sz(G, Go) — 0. Then
I T[¥, 0, G] — T[¥,p, Go] — T, (G — Go)| = 0(dks(G, Go)),

where
T(, (G — Go) = —M(70,Go) ™! /R‘Y(x, 70)d(G — Go)(x)

That is, T[¥, p, -] is Fréchet differentiable at Gy with respect to the Kolmogorov—Smirnov
metric.

See the proof of Theorem 2 in Appendix B.

As argued in [10] (pp. 38-39) and [6], Corollary 2.5, with F replaced by Gy, it is possible
to state that there exists a unique consistent root of equations T[¥, p, F,] to T[¥, p, G| for
which the asymptotic distribution

Va(T[¥,p,F)] — T[¥, o, Go])

is multivariate normal with mean zero and asymptotic variance X(T, Gy), which is given
below in (14).

For example, the estimator is Fréchet differentiable at Gy with respect to the supre-
mum norm, essentially using the Kolmogorov-Smirnov metric distance to measure the
distance between distributions. This can therefore give the asymptotic distribution of
Vn(T[¥, E,] — T[¥, Go|) as multivariate normal with a mean zero and variance-covariance
matrix, given by Z(T, Gy), which is

M (10, Gp) * /R ¥(x, 70)¥(x, T0) ' dGo(x){M(70,Go) '} ', (14)

where we interpret ¥ (x, T) to be ¥ (%) when (11, 2) | = 7. See [6] (p. 46), Corollary 2.4
and Corollary 2.5.

When the functions ¥ have sharp corners, as for the three-part redescender, the weak
continuity and asymptotic robustness arguments are only at Gy and not at all distributions
in a neighbourhood of Gy. Essentially, only Theorem 1 and not Theorem 2 of [18] can be
established. Asymptotic normality at Gy does follow if one uses Conditions A’ in [19],
again for € small and again replacing the parametric distribution by Gy and noting that the
aforesaid ¥ functions are Lipschitz.

On the other hand, with the suggested smoothed three-part redescending ip-functions
described in Section 2.1, all the asymptotic theory, including both Theorem 1 and Theorem 2
of [18], is covered as Conditions W are satisfied.

It remains to show that, for small €, the auxiliary selection functional p can be replaced
by the practical selection functional pg in the above results. It can be noted that, in every
open neighbourhood N of (1,0) " for F, v = ®(*5"),

[

inf po(P(y,U)T,T> - po(F(H,U)T,(,u,(T)T) >0 (15)
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and since both the median and MADN are weakly continuous at absolutely continu-
ous distributions, then it follows that, for every # > 0, there exists an ¢ > 0 such that

Gen (e, F(;W)T) implies that py(G, T) is continuous in T € T and satisfies

su 0(G,T) —pol F ST <. (16)
Tegp( ) p(w)r )] 1

Here, the neighbourhoods # (s, FUW)T) are defined in [6] (p. 31) and can be defined by the
metric distance between distributions or, for example, an epsilon contaminated neighbour-
hood, as we deal with here. Since (15) and (16) are the equivalent of [6] Equations (2.12)
and (2.13), where, here, pg is defined in (9), it follows that this is a valid selection functional.
Moreover, according to [10] both the Median and MADN estimators are weakly continuous
at the normal and mixed normal distributions considered in this paper, since they are both
absolutely continuous distributions. The consequent continuity of the function pg in both
its arguments assures a weakly continuous functional T[¥, py, -]. By [20], the empirical
distribution function F, generated by Gy converges weakly to the distribution Gy on a set
of probability one, and a result of [21] gives that d,,(F,, Gg) — 0 almost surely. Thus, we
have almost sure consistency in the sense that T[¥, po, Fx] —as. T[¥, po, Go]-

2.3. Quantifiable Measures of Robustness

Gross-error sensitivity quantifies the worst possible influence an infinitesimal gross
error may have on the estimator, and is defined for a one-dimensional estimate by

Y*(T, Go) = sup|IF(x; G, T)|. (17)
xeR

A bounded IF has a finite gross-error sensitivity, and the estimator is then said to be
bias robust, or B-Robust [22]. There exists a trade-off between B-Robustness and efficiency.
For example, the sample mean is the most efficient estimator at ® but is not robust, as
v = oo.

Several methods exist for multi-dimensional *; however, for simplicity, we consider
7*(T,®) for location and scale estimation separately, as does [5] in the discussion of the
tanh estimator.

Local-shift sensitivity measures local fluctuations, such as that which might arise from
rounding, grouping, or observational inaccuracies, and compliments the global worst-case
measure provided by gross-error sensitivity. It is defined by the standardised, worst-case
slope, as follows:

— sup [TF(y; Go, T) — IF(x; GO,T)|.

A = (18)

x#y |y - x|
The change of variance function (CVF) introduced by [22,23] provides insight into the
robustness of the estimator’s asymptotic variance, providing complimentary assessment of

asymptotic value robustness provided by the IF. For continuous y-functions at Gy, under
conditions outlined in [5] (pp. 125-126), the CVF is defined as

CVEF(z0; 9, Go) = % [v(lp, (1—€)Go+ g(AZO n A,ZO))] ) (19)

where V (¢, Gy) is the asymptotic variance of the ¢ estimator at Gg. All estimators under
consideration in this study adhere to the aforementioned conditions. A more complete
introduction to the CVF may be found in [5], Chapter 2.5.

Similar to the IF, the CVF indicates the influence of contamination at zg upon the
asymptotic variance of the estimator. Unlike the IF, where all large deviations from zero are
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indicative of potential bias, positive and negative, CVF values are interpreted differently;
negative CVF values indicate a decrease in asymptotic variance, so one is more concerned
with positive CVF values.
The standardised change of variance sensitivity for continuous @-functions is de-
fined by
K*(IIJ, G()) — sup CVF(X} P, Go)
reR V(¢/ GO)

In [5], the authors provide a more complete definition, including for the case of

(20)

piecewise -functions with jump discontinuities. A finite x* is said to be variance robust,
or V-Robust.

3. Results

We compute asymptotic efficiency, 7*, A*, and x* at ®, and asymptotic variance (14)
at asymmetric distributions Gy for each estimator. T[¥, Go] and X(T, Gy) for polynomial-
defined y-functions can be computed more efficiently via simple-but-elaborate calculus,
which we provide in the Supplementary Materials.

3.1. Smoothed and Non-Smoothed Estimator Comparison

In Table 1, the asymptotic variance of the smoothed and non-smoothed three-part
estimator at ® is tabulated with a4, b, and c values as used in [12]. § was chosen to be the
highest value in % min{a,b —a,c—b}. v11 and vy, represent the asymptotic variance, which
are the diagonals of (14). While vy; is by and large equivalent for the smoothed estimator,
Vp2 is consistently improved.

Table 2 lists measures of robustness for a smaller set of the three-part functional
parameters. Estimator efficiency and local-shift sensitivity are seen to be equivalent for
the smoothed and non-smoothed estimators. Smoothing greatly improves the change-of-
variance sensitivity, at a much smaller expense of increased gross-error sensitivity. This
improvement may be visualised by plots of the CVF, as shown in Figure 4 for location and
scale, where smoothing blunts the sharp corners of the maxima. The smoothed CVFs for
all parameter values in Table 2, for location and scale, are compared in Figure 5. Note that
more efficient parameter choices yield higher change-of-variance peaks (which are lower
than what would appear for the non-smoothed estimator).

Table 1. Asymptotic variance, rounded to four decimal places, at the standard normal distribution
for location and scale, comparing the smoothed and non-smoothed three-part redescender, under the
same parameters as [12]. Lower variance for equal 4, b, c parameters is highlighted in bold.

Smoothed Non-Smoothed

a b C P ) 11 V22 P V11 V22

1.285 1.96 2575 —035516 03075 12164 1.1292 —0.34505 1.2182  1.1493
1.31 2039 2575  —0.33817 0.268 1.1998 1.0862 —0.33063 1.2013  1.1000

1.31 2039 4 —0.32757 03645 1.0958 0.8542 —0.31500 1.0966  0.8747
1.31 2575 35 —-0.33002 0.4625 1.0795 0.8104 —0.31035 1.0802  0.8381
1.5 2.5 3.5 —0.24814 0.5 1.0645 0.7367 —0.22728  1.0637  0.7513
1.645 o o) —0.1748 0.3 1.0259  0.6352 —0.16868 1.0262  0.6402
1.645 2 3.3 —-0.19578 01775 1.0942 0.7822  —0.19312 1.0943  0.7841
1.645 224 3.3 —0.19083 0.2975 1.0754 0.7426 —0.18377 1.0751  0.7461
1.645 24 4 —0.18557 03775 1.0470 0.6818 —0.17506  1.0466  0.6874
1.96 00 [ —0.09117 0.3 1.0115 0.5692 —0.08702 1.0116  0.5710
1.96 24 3.3 —0.1069 0.22 1.0501  0.6537 —0.10399  1.0500  0.6542
1.96 2575 4 —0.09846 03075 1.0263  0.6042 —0.09352  1.0259  0.6050

00 00 00 - - - - 0 1.000 0.500
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Table 2. Measures of robustness for the smoothed (6 > 0) and non-smoothed (6 = 0) three-part
redescending M-estimators at ®, where e is efficiency, ¢* is gross-error sensitivity, A* is local-shift
sensitivity, and «* is change-of-variance sensitivity.

Location Scale

a b ¢ P é e 7" A* K* e 7" A* K*

1.645 2 33 —0.1931 0 0914 1950 1265 7474 0.638 1.960 3.290 11.931
1.645 2 33 —0.1957 0.175 0914 1954 1265 6.699 0.639 1973 2940 11.350
196 24 33 -0.1040 O 0952 2139 2178 10.110 0.764 2255 3.920 20.794
196 24 33 -0.1064 0.2 0952 2143 2178 8588 0.765 2270 3.520 18.960
2 26 32 —-0.0926 0 0959 2155 3333 12.636 0.786 2.271 4.000 28.793
2 26 32 -—0.0976 0.3 0958 2164 3333 9.651 0.786 2304 3.400 25.417

Parameters (a, b, c, §)

— (1.96,24,33,0)
— - (1.96,2.4,33,02)

Parameters (a, b, c, §)

— (1.96,2.4,33,0)
— - (1.96,2.4,3.3,02)

CVF(x; yq, @)
CVF(x; v @)
5
1

o N\

-4 -2 0 2 4 -4 4
(a) Location (b) Scale

Figure 4. The CVE(x; i, @) of the three-part -function, with a = 1.96, b = 2.4, ¢ = 3.3, shown with
and without § = 0.2 smoothing.

It is worth noting that the rejection point for the three-part redescender is 4-c, and at
+(c + 0) for the smoothed variant. In practise, the value for the latter of ¥, .(c) ~ 0 and §
is small, so this change has little impact on the estimator’s robustness, as can be seen in
Tables 1 and 2.

o .. Parameters (a, b, c, §) - - Parameters (a, b, c, §) .
Sy | = (1645,2,33,0175) | - 2 - — (1.645,2,3.3,0.175) o
W] = - (1.96,24,33,02) ',"', . — - (1.96,2.4,33,02) -
@® Sl e (2,26,32,03) - <2 . (2,2.6,3.2,03) L
. S - N\
K LoV o | oo o
~ © i \ - i
) . N\ ) ) :
= ] ) &
ES . > A
% e : { %, . :
— " I/ T R .
> = . )
[&] A ] 8] 1 N
7 ' P !
4 ; - £
S 1 7 ~
© W ]!
v
w
T T T T T ! T T T T T
-4 -2 0 2 4 -4 -2 0 2 4
X X
(a) Location (b) Scale

Figure 5. The smoothed three-part CVF (x; ¢, @) with smoothed functional parameters, as described
in Table 2.

3.2. Contaminated Distribution Asymptotics

We now consider the asymptotic value and variance of T[¢, Gy, the multivariate
location and scale solution of (6) under the contaminated model (1). Setting € = 0.05, we
simulate the case where around 5% of the data pollutes our otherwise standard normal
distribution. We hold « € {1,2,3} and allow pu, to vary. Figures 6 and 7 show the
asymptotic values for location and scale, respectively, for the smoothed three-part with
parameters as tabulated in Table 2.
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Estimator Estimator Estimator
© — (2,2.6,3.2,0.3) © — (2,26,32,03) © — (2,2.6,3.2,0.3)
g* - = (1.96,2.4,3.3,0.2) g* - = (1.96,2.4,3.3,0.2) g* - = (1.96,2.4,3.3,0.2)
© (1.645,2,3.3,0.175) -+ (1.645,2,3.3,0.175) <+ (1.645,2,3.3,0.175)
< < <
=z = -
v o P o v o
o o o
o o o
: : . /\¥
o o o ) -
S+ S+ 24
o T T T T o T T T T o T T T T
0 5 10 15 0 5 10 15 0 5 10 15
M2 M2 H2
@a=1 (b)a =2 (c)a=3

Figure 6. Plots of the asymptotic location solution of (6), 7y, for the estimators at (1) on py € [0,15].
€ = 0.05, representing an increasing scatter for the contaminating process. Smoothed ¢-function
parameters are as described for Table 2.

8 Estimator g Estimator 8 Estimator
=] — (2,26,3.2,0.3) = — (2,26,3.2,0.3) = — (2,26,3.2,0.3)
= - (1.96,2.4,3.3,0.2) i = - (1.96,24,3.3,0.2) i = - (1.96,2.4,3.3,0.2)
- (1.645,2,3.3,0.175) - (1.645, 2,3.3,0.175) - (1.645,2,3.3,0.175)
87 < <
= > >
L |
[aY
Q,

M2
@a=1 (b)a =2 (c)a=3

Figure 7. Plots of the asymptotic scale solution of (6), 1, for the estimators at (1) on p, € [0,15].
€ = 0.05, representing an increasing scatter for the contaminating process. Smoothed ¢-function
parameters are as described for Table 2.

Note that if « ~ 0, Figures 6 and 7 would resemble the IF and Figures 8 and 9 would
resemble the CVF for the respective estimators. Instead, we are interested in the effect of
scattered contamination in the vicinity of yj.

Clearly, if pp is non-zero and € > 0, the estimator, which is a solution of Equation (3),
will be consistent to something other than (y, o) T = (0,1)". This leads to the asymptotic
bias, as given by T[¢, Go] — T[¢, ®]. One can see that as scattered contamination moves
beyond the (¢ + ¢)c rejection point, the estimates tend towards the true y and o.

9 | Estimator 9 Estimator 9 Estimator
- — (2,26,3.2,03) - — (2,26,32,0.3) - — (2,256,3.2,0.3)

_ — - (1.96,2.4,3.3,0.2) 4 — - (1.96,2.4,3.3,0.2) 4 — - (1.96,2.4,3.3,0.2)
I’ « (1.645,2,3.3,0.175) ™ < -+ (1.645,2,3.3,0.175) ™ < -+ (1.645,2,3.3,0.175)
N

M2 U2 M2
@a=1 b)a=2 (cga=3
Figure 8. Plots of asymptotic variance for the location solution of (6), labelled v71, for the estimators

at (1) on pp € [0,15]. € = 0.05, representing an increasing scatter for the contaminating process.
Smoothed y-function parameters are as described for Table 2.
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S . Estimator S Estimator R Estimator
I\ | — (2,26,32,03) — (2,256,3.2,03) — (2,256,3.2,03)
o | R - - (1.96,2.4,33,0.2) o - - (1.96,2.4,3.3,0.2) o - - (1.96,2.4,3.3,0.2)
- . - (1.645,2,3.3,0.175) - - (1.645,2,3.3,0.175) s .- (1.645,2,3.3,0.175)
(2] (2] (2]
8o N §o ]
> > >
ol ] Ve © | w| e
© ———
| ] ~ NS~
e e - ] [
T T T T T T T T T T T T
0 5 10 15 0 5 10 15 0 5 10 15
M2 Ha Ha
@a=1 (b)a=2 (c)a=3

Figure 9. Plots” asymptotic variance for the scale solution of (6), labelled vy, for the estimators at (1)
on jy € [0,15]. € = 0.05, representing an increasing scatter for the contaminating process. Smoothed
y-function parameters are as described for Table 2.

Figure 10 illustrates the benefits of smoothing for higher levels of contamination. The
smoothed three-part estimator witha = 2, b = 2.6, ¢ = 3.3 is compared with § € {0,0.3}.
Clearly, asymptotic variance rises sharply around pyy = 3.6; however, with smoothing, the
peak is ~75% lower, indicating that smoothing is particularly useful when a higher level of
contamination may be present in the vicinity of the rejection point.

& Estimator Estimator
-_ (2,2.6,3.2,0) o —_— (2,2.6,3.2,0)
B - = (2,2.6,3.3,0.3) 07 - = (2,2.6,3.3,0.3)
o |
[e6]
— ol 8 -
- O _| N =
> © >
o |
< o |
e}
o |
L L
O o
I I I I I I I I
0 5 10 15 0 5 10 15
U2 Mo
(@) vi1 on pp (b) v on iy

Figure 10. Asymptotic variance on yp € [0,15] with € = 0.15 and & = 1. The functional parameters
area=2,b=2.6,c=23.2,and 6 = 0 versus § = 0.3.

4. Conclusions

A smoothed three-part redescender is introduced, as a refinement of Hampel’s three-
part estimators, with definitions based entirely upon piecewise polynomials. Smoothing
is shown to yield a significant improvement in both change of variance sensitivity and
asymptotic variance near the rejection point when the distribution has higher levels of
asymmetric contamination. Additionally, the resultant functional is shown to be both
weakly continuous and Fréchet differentiable in the neighbourhood of the normal distri-
bution. Other robustness measures, including efficiency and asymptotic bias, are largely
unchanged from the non-smoothed functions, indicating little-to-no downside to using
the smoothed -functions in place of the traditional non-smoothed variants. Anywhere an
M-estimator for location and/or scale has been employed for statistical applications may
be enhanced by using our approach.

Supplementary Materials: The following supporting information can be downloaded at: https://
www.mdpi.com/article/10.3390/stats8020033 /s1. Calculus for a Smoothed Three Part Redescending
M-Estimator.
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The following abbreviations are used in this manuscript:

MAD median of absolute deviations
MADN normalised median of absolute deviations

Appendix A. Proof of Theorem 1

The only difference in Conditions W in [6] (p. 43) and Conditions W in this paper
is condition W, and Condition W3, but the argument is exactly the same, resulting in
Theorem 1 in this paper. Note that, in W), Fj is replaced by Gy and 6 is replaced by
To. In W3, the matrix M(0) is replaced with M(7, Gy) (see (12)), which is assumed to
be nonsingular.

Appendix B. Description of Proof of Theorem 2

We illustrate the Proof of Theorem 2 in this paper for the assumed choice of

.
X—T X—T
Yopeo(x,T) = [ lP1;a,b,c,5< )flpz;a,b,c,é( ) ] ,

(%] (%]

being the smoothed Hampel three-part redescender for location and scale, when 6 > 0.

Note that formula (13) of this paper is satisfied since the component functionsin ¥, ;, . 5
are polynomials of degree at most five in their arguments with coefficients that are bounded.
The next step is to integrate by parts each component power of x*, for 1 < k < 5. Note that,
for any partition on which xk is evaluated, call it P; for the ith partition, evaluating at the
limits of integration, which are, say, D,;;;p, and D,yy;p,, which, as the assumed parameter
set is compact with a scale ¢ that is bounded away from zero, are both less than infinity
in absolute value. It follows, for example, integrating by parts, that for A = D,;;,,,p. and
B = Dmax;P,vr

7RG~ Go) = BH(G(B) - Go(B)) ~ 44(G(A) ~ Go(4))
— /AB(G(x) — Go(x))kx*dx
Noting also

[(G(B) = Go(B)| < dks(G, Go)
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and similarly

[(G(A) — Go(A))] < dks(G, Go)

and seeing also

/ ?(G(x) = Go(x))krk~1dx

B
| g/A sz(c,co)]kxkfl\dK Const x dys(G, Go),

it follows from the above integration that

B
‘/ x*d(G — Gy)| < const x dgs(G, Go)
A

whence it is seen that combining the integrals over all the finite number of partitions
gives that

/R‘Ya,b,c,zs(x/ 70)d(G — Go)(x) = O(dks(G, Go))

as sz(G, Go) — 0.

Now, consider Gy € n(e,®) C ny(e, P). According to [6] Theorem 2.5 and
Corollary 2.3, there exists a Prohorov neighbourhood, U(Fy), such that T[¥,p, -] exists
and is weakly continuous at each G € U(Fy). Note that the arguments needed for a vector
0 = [0,1]T, for example, are the same as in [6]. Assuming Conditions W, there exists a
qualitatively robust M-functional estimator T, which is robust and consistent with T[G]
for all G € U(Fy). This includes Gy for small €.

Finally, it can be remarked that Huber’s monograph [10] establishes the weak con-
tinuity of the MAD estimating functional at an absolutely continuous distribution and,
combined with the weak continuity of the median, suggests that the selection functional
0o (F(W,)T, T) (9) is also weakly continuous at an absolutely continuous distribution such
as Gy in the main paper. Using arguments equivalent to [6] Theorem 2.4, it can be noted
that T[Y, 45, 0,-] = T[¥ap,c0,p0, ] for all G in a small-enough Prohorov neighbourhood
of ®(x), which includes the distribution Gy for small-enough €.
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