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Abstract: Coopetition means that in economic interactions, both competition and cooperation are
presented in the same time. We built and investigated analytically and numerically game theoretic
models of coopetition in normal form and in the form of characteristic function. The basic model
in normal form reflects competition between firms in Cournot oligopoly and their cooperation in
mutually profitable activities such as marketing, R&D, and environmental protection. Each firm
divides its resource between competition and cooperation. In the model in normal form we study
Nash and Stackelberg settings and compare the results. In cooperative setting we consider Neumann-—
Morgenstern, Petrosyan—Zaccour, and Gromova—-Petrosyan versions of characteristic functions and
calculate the respective Shapley values. The payoffs in all cases are compared, and the respective
conclusions about the relative efficiency of different ways of organization for separate agents and the
whole society are made.

Keywords: coopetition; Cournot oligopoly; games in normal form; games in the form of characteristic
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1. Introduction

A notion of coopetition was proposed in the monograph by Brandenburger and
Nalebuff [1]. Its idea consists in that almost all economic interactions contain both elements
of competition and cooperation. For example, two firms may compete for their clients
but join their efforts in marketing or R&D. Moreover, temporary price cartels may be
advantageous for all participants. Firms can share the accounts of their clients. In general,
coopetition is well combimed with modern ESG-trends.

A connection between coopetition and game theory was established by Okura and
Carfi [2]. Carfi and his coauthors published many papers on game theoretic models of
coopetition; for example, Carfi and Donato have investigated coopetitive games for sus-
tainability of global feeding and climate change [3].Very interesting analysis of cooperation
in games in normal form is presented by Kalai and Kalai [4].

Strategies of coopetition are also analyzed in Cygler et al. [5], Gnyawali et al. [6],
Ritala [7], Shvindina [8], and Walley [9]. Different applications are considered in Czakon
and Dana [10], Rodrigues et al. [11], and Sharma, M. G. and Singh [12]. Game theoretic
aspects of coopetition are studied in Heiets et al. [13], Le Roy et al. [14,15], and Ozkan-
Canbolat et al. [16].

Another important idea is that there are different ways of economic and social organi-
zation (competition, cooperation, hierarchy), and they differ essentially from the point of
view of the whole society and individuals. A very convenient model for the comparative
analysis of different methods of organization of the economic and other active agents
is Cournot oligopoly (see Maskin and Tirole [17]; Geras’kin [18,19]; Algazin and Algaz-
ina [20,21]). Xiao et al. [22,23] studied a Cournot duopoly with bounded rationality and
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investigated the respective equilibria. Raoufinia et al. [24] analyzed open-loop and closed-
loop solutions in a Cournot duopoly game with advertizing. Al-Khedhairi [25] considered
a non-trivial Cournot duopoly model based on fractal differential equations. Julien [26]
investigated a Cournot oligopoly with several Stackelberg leaders and followers. Zouhar
and Zouharova [27] have compared Cournot and Stackelberg equilibria.

Several classes of games may be used for the analysis of coopetition. Games in normal
form are very well known [28,29]. Games in the form of characteristic function (cooperative
games) are also well known [30]. However, it should be noticed that different characteristic
functions may be used in them. The most known model is a superadditiveNeumann-—
Morgenstern characteristic function where a coalition plays a zero-sum game with its anti-
coalition [31]. However, this assumption is not natural in many economic contexts. That is
why Petrosyan and Zaccour proposed another characteristic function [32]. Unfortunately,
this function may not be superadditive. Thus, Gromova and Petrosyan proposed the third
characteristic function and proved its superadditivity [33]. Certainly, other characteristic
functions can exist.

Korolev and Ougolnitsky analyzed cooperative game theoretic models of Cournot
oligopoly [34]. Korolev et al. investigated dynamic models of Cournot oligopoly [35].
Ougontitsky and Usov studied differential game-theoretic models of Cournot oligopoly
with consideration of the green effect [36]. In all those papers a comparative analysis of the
ways of organization of economic agents is made.

The main idea of the paper consists in comparison of the different ways of organization
of economic agents such as competition, cooperation, and hierarchical control for the
original coopetition models of Cournot oligopoly. The contribution of this paper and its
novelty is the following:

- Game theoretic models of coopetition on the base of Cournot oligopoly are built and
investigated analytically and numerically;

- A comparative analysis of selfish agents behavior (respectively, a game in normal
form), their hierarchical organization (respectively, Stackelberg games), and coopera-
tion (respectively, optimization problem) is conducted;

- We made the same analysis for the game theoretic models in the form of characteristic
functions proposed by von Neumann and Morgenstern, Petrosyan and Zaccour, and
Gromova and Petrosyan.

In Section 2, we build and investigate coopetition models in games in normal form
of Cournot oligopoly for selfish behavior of players, their hierarchical organization, and
cooperation. In Section 3, a similar work is carried outfor game theoretic modelsin the
form of characteristic function in different versions. In Section 4 we consider a Stackelberg
oligopoly when the first firm becomes a leader. In Section 5 we compare the results.
Section 6 concludes.

2. Coopetition in Games in Normal Form

The model of coopetition has the following form:

_ 1 )
8i(x) = (a i = M)xi+ 0 ) o by(rj — ) — max, M
a a .
0<x, <, <—,c;<—,1€N. 2)
n n

HereN = {1,2,...,n}—a set of agents (firms); r;—an amount of resource of the i-th
agent; x;—a share of the i-th agent resource allocated to the production as in standard
Cournot oligopoly (output volume); c;—production unit cost; -—demand parameter;
r; — x;—a share of the i-th agent resource invested in cooperation (for example, marketing,
R&D, or environmental protection) profitable for all agents; 0 < a; < 1, b; > 0—coefficients
of efficiency of cooperation; x = (x1,X2,...,Xs); X = X1 + X2 + ... + Xp.
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Thus, the first term in (1) reflects firms’ competition, and the second term describes
their payoffs from cooperation. The problem is that the firms should divide their resources
between competition and cooperation, and the optimal ratio is to be determined [37].

The interests of the grand coalition are given by the criterion

g(x) =

-

n n
gi(x)=(@—%)x— ) cixi+ ), bi(rj — x]-)af — max (3)
i—1 =1

i=1

subject to (2).

In the case of centralized control a special agent (Principal) is introduced. The Principal
can exert an administrative influence (compulsion) or economic influence (impulsion) on
other agents. The Principal’s interests are described by the cooperative criterion

n

go(x) = Y bi(ri — x;)" — max (4)
i=1

In the case of administrative control (compulsion) the Principal bounds from above
production investments of the agents. Namely, restrictions (2) take the form

0<x <gq; 5)

This incurs Principal’s administrative costs reflecting by a convex function decreasing
with each argument C(41,492,---,91), C(41,92, - --,qn) = 0. Then Principal’s optimization
problem is (4) with constraints

C(qlqu//qH) SR (6)

where R is Principal’s resource, C(41,42,-.-,q9n) = DY BYTEE
i=1"1

In the case of economic control (impulsion) the Principal reports to each agent a control

mechanism r;(x) that stimulates cooperation. Then Principal’s optimization problem is (4)

with constraints
n
Zi:l ri < R. (7)
In other words, we consider three ways of organization of the agents’ interaction.

1. A selfish behavior of the agents without the Principal: a game in normal form (1)—(2).
2. A cooperative behavior of the agents: an optimization problems (2)-(3).
3. A hierarchical control with Principal: a Stackelberg game (4)—(6), (1)—(2),or (4), (7),
D).
In the cooperative setup we can identify cooperation and centralized control. Wekeep
this logic in Section 3 for games in the form of characteristic function.
First, consider a selfish behavior of the firms without Principal’s influence. Noticethat

dg;(x) a;b; -1
=a—c—2x;— ) Xj— ri—x;)"
ox; i i ]; j n ( i z)
9%g.(x) a;(a; —1)b; 2
a;lz :_2_|_ 1 Zn l(ri_xi)ﬂéz
The first order condition is
dg;(x) a;b;

i—1 _
e :a—ci—2xi—2j7éixj—%(ri—xi)“ =0. (8)
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If the following condition holds

a;b;

1—a; < n(a - Ci) 9)
r

then the Equation (8) has in the segment [0,7;] the unique solution denoted by x7(x_;,7;).
In this point a maximum of the payoff function g;(x) is attained, and 0 < x7(r) < 7;.
Notice that x7 (x_;,7;) increases with r; and decreases with each xj, j # i, i.e., with each
xj € x_;. Really,

; 1
(xi)xj - _2+( )lx ( )“i*z < 0/ (10)
v (g—1)" "(n—x) -
(xi)r, = 24 (o — 1) % (ry — )% 2 =0

Now consider a case of administrative control (compulsion) by the Principal thatsolves
the problem (4) with constraint

n n n

Yori—Y gi<R) g
i=1 i=1 i=1

In the point of extremum this constraint becomes a strict equality, i.e.,

n

- i= 1r1_
; R+1 & (1)

where the right hand side is denoted by Q for convenience.
Notice that an output volume x; chosen by the i-th firm is equal to

xj(x_gri) ifx;(x 1) < qi,
= : 12
g { qiif xj(x_i,7i) > q;. (12)

Consider first a case of a small enough Q such that a solution of the problem
bi(r1 —q1)" +ba(ra — g2) + ...+ bu(rn — gn)™ — max,q1 + g2 + ...+ qn
satisfies the condition

Qi S x?(q—i/ri)/ 1: 1,2,...,7’1

Evidently, in this case it solves Principal’s problems (4) and (11).
The Lagrange multipliers method implies that

wbi(r; — )" = A, (13)

Then




Stats 2023, 6 580
foy =ap =... =ay, =a,bp =by =... =b, =b then an explicit form of the
solution is: ., .
Y17 1
Y -5 = Zrl—Z)\‘“ (b)) ——.
= R+1 R+1 = I —a
1
A )al RY i R 1
— == /qi:ri_izrir
(ocb n(R+1) n(R+1) =
14

ib RZ] 17 —nb RYjoa7j
80— R+Dn) "\ R+ )

Now consider a case when Q is as big as for one firm the inequality in the first
alternative in (12) holds as the strict equality:

x5 (x_iy/ Tig) = Giy- (14)

Then Principal increases g;,(because the firm iy cannot use it all the same), and
decreases in the same time by the equal amount the sum of all other values g; (equal to x;):

Y. g (15)

j=Lj#io

If the output volume Xj, j # io decreases then x; (x_l-o, T’io) increases according to (10).
Is it possible that the 1nequahty in the second alternative in (12) be satisfied for another
non-optimal distribution of terms in Q? No, it is impossible. According to (10), when g;,
increases on a small amount dg;,, and a summary value (14) decreases on the same amount
then the optimal value of the output of i-th firm iy will increase on a smaller value:

dxl-o

2+ (1 - “io) %% (rio - xio)“i072

n

dxi*o (x*io/ rio) =

Thus, in this case Principal’s optimal strategy is the following: to assign the whole
output volume Q to the firm g;, while all other firms can participate only in cooperative
activity: g; = 0, j # ip.

Let us describe Principal’s optimal strategy of compulsion in general.

1. Suppose that Q is big enough, i.e., in the set of firms N = {1,2,...,n} exists
a non-empty subset I C N such as for any firm i € I holds Q > x/(x_;,7;), where
x_; = (0,0,...,0). In other words, x}(x_;,7;) is a solution of the Equation (8) for the case
when all firms except the i-th one participate only in cooperative activity:

w;b; -
(i —x)™ '=0

a—c;—2x; —

Then the Principal chooses in the set I such a firm i* that maximizes a value

bi(”i — xf(x_i,ri))'xf + 2 bji’jaj/

jeLj#i

of the total payoff when only one firm can invest in the individual production, i.e.,

i — arg m,ax{bl-m —x ) Y bfrf“’}

! jelj£i
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The Principal should permit to the firm i* a right to invest to the individual production
any amount of resource up to Q while for all other firms the individual production is
forbidden at all:

ql*:Q/q]:O/]#l*

2. Now suppose that the set I mentioned above is empty, i.e., Q is not as big as
before. Then optimal values g; are determined from the system of Equation (13), 7 € N.
Particularly, if a1 = ap = ... = &, = a then

R n
i Y i=12,..,
qi =T n(R+l)i:21r’l "

Example 1. Consideracaseof administrative control (compulsion). Assumethat

a=10, n=3, c1=3, o =2,5, c3=2, rn=r=r3=3,3

v =ar=w03=0,5b=by,=b3=6;R=5, Q=1,65

Then the values xj(x_1,71),x5(x_2,72),x3(x_3,73) are determined from the system
of Equation (8) that takes the form:

1
7—2x1—x2—x3—\/ﬁ:()’

7,5—x1—2x2—x3—7ﬁ:0,
8*X1*X2*2X3*\/ﬁ:0.

Solving this system of equations numerically we receive

x7 (x_1, 1) = 1.270759,

x5 (x_p,72) = 1.685694

x3(x_3,13) = 2.070793

The values of 41, g2, g3 are equal to

_ R
n(R+1) :

5

n
qi =r1i — Z 3——99—0551_123

Since gq; < x7(x_;,1;),i = 1,2,3, this is the solution (see (12)):
x1 = 0.55,x, = 0.55,x3 = 0.55

Now consider a case of economic control (impulsion). The Principal solves the prob-
lems (4) and (7). It is evident that in a point of maximum the inequality (7) is satisfied as a
strict equality. The Lagrange multipliers method gives

Ixib,‘(f’i — X;k (X,l', Ti))ai_l =A (16)

where x}(x_;,7;) is the unique solution of (8) for the chosen 7;:

b _
a—c;—2x;(x_;,1i) Zx (x_j,r —“;'(ri—x;‘(x,i,ri))“' -0
j#i
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From (16) we receive

A
ri —X; (x—l/rl) = (Dcibi> (17)
A rxil—l.
x;(x_j 1) =1 — (lxlbl> (18)
Then
n n n )L ailfl
3= Yot = 1 ()
i=1 i=1 i=1 ¥
or
"/ ail,l n
R-— Z(wb-) =Y xf(x_iri). (19)
i=1 [ i=1
From (19) we can determine A, and from (17) and (18) we find r; and x}(x_;,7;),
i=1,2,...,n Particularly, if ¥y =ap =... = a, = a then from (19) we receive

n

a—1
R—) xi(x 7’1’)]

i=1

" 1—a
A=a (Z b1111’4>

If, besides, by = by = ... = b, = b then the expression takes the form

R—_7% a—1 B i}
A:ab< - ) TV ()
Substitution of (16) to (8) implies

_ A
a—ci—xi—x:;. (20)

Inthecase a1 =ar = ... =a, =a,by =by = ... = b, = b we can simply find ¥,
adding term by term the Equation (20) for i =1,2,...,n that gives the equation

=\ a—1
nu—c—x—nx:/\:ab(Rnx) , (21)
wherec =37, c;.

Example 2. Consider a case of impulsion. Assume that

a=10,n=3,0c1=3,00=25,c3=2;,1r1 =1rp =13 =33;

a1:a2:a3:0.5,' b1:b2:b3:6;R:9.9.

A value of R has changed because in the case of impulsion its sense differs from the
case ofcompulsion.The Equation (21) takes the form:

3v/3
V99 —%x

Solving it numerically we find x = 5.035987. Then

R—x\*! 9—5. AN
/\—ab( x) —0.5~6<99503598> — 2356050

22.5 —4x — =0

n 3
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According to (20),
_ A
X;=a—X;— o c;, — x1 = 1.178663, x, = 1.678663, x3 = 2.178663,

and, according to (17),

1
A\ =T
ri=Xx;+ (ocb) ,— 11 =28, =233, r3=238.

3. Coopetition in Games in the Form of Characteristic Function

Remind that in a cooperative game with a set of players N = {1,...,n} the charac-
teristic function is a map v : 2N — R, and its value v(K) is called a characteristic of the
coalition K C N. It is assumed as a rule that a characteristic function is superadditive:

v(KUL) > v(K)+v(L), KNL = @. Moreover, v(&) = 0.

The most well-known characteristic function was proposed by von Neumann and
Morgenstern [31] in the form

NM _ _sup inf ‘
vV (K) = val(K, N \K) = xii € Kx;j € N\Kiezll(ul(xl,...,xn)

Here u;(x1,...,x,) is a payoff function of the player i in a normal form game between
the agents from the set N = {1,...,n}, val(K, N \ K) is a value of the coalition K in a
zero-sum game with the anti-coalition N \ K. It is proved that this characteristic function
is superadditive.

Petrosyan and Zaccour [32] proposed the following form of characteristic function:

4 __ Sup ) NE
viE(K) = Xii € Ki& i (xK’ xN\K)

Here xg is a set of strategies of the players from a coalition K, x% is a set of strategies

E
\K
of the players from the anti-coalition that belong to a Nash equilibrium in a normal form
game between the agents from the set N = {1,...,n}.

However, this function may be not superadditive. So, Gromova and Petrosyan [33]

proposed the following characteristic function

PG inf c
v (K) = Zui<x1<rxN K)/
xjj € N\K; €K )
where x§ is a set of strategies of the players from a coalition K that belong to the cooperative
solution of a normal form game between the agents from the set N = {1, ...,n}, and proved
that this characteristic function is superadditive. Notice that for all three characteristic

functions
VWM(NY) = vP2(N) = vPO(N) = Sup Y ui(x1,. .., xn)
X1,---,Xn ieN
There are different optimality principles that define the solutions for cooperative
games [30]. In this paper we consider only Shapley value because it always exists and is
unique. The Shapley value can be calculated by the formula received by Shapley:

®(v) = ¥ 1u(Hv(K) — v(K\{i})],i € N,

iekK

where ®;(v) is the i-th component of the Shapley value, v, (k) = w, k= |K].

n:
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Allpayofffunctions in this section are continuous on a closed n-dimensional paral-
lelepiped. Therefore, they attend their maximum in a point of this parellelepiped. It is clear
that all these functions are strictly concave. It is also clear that a point of maximum can not
belong to a face of that parallelepiped where x; = r; for some i. However, the maximum
point is not necessarily an inner one. The maximum may be attained on a face where
x; = 0 for some i. For example, it holds when «; = 1 for any i and in the same time
¢i +b; #cj+bj forsome i and j. Then the solution coincides with the solution received
in [34,35] with substitution of ¢; by ¢; + b;. In this section we will assume that 0 < a; <1
for any i. The fact that the system of equations received from the first order conditions has
no solutions or the solution contains negative values for some x; will indicate situations
when the maximum is attained on a face of the parallelepiped.

The first order conditions for (3) have the form:

a—c;—2% —abi(ri—x) 1 =0,i=1,2,...,n. (22)

Denote for convenience
Yi=T1i— X

Then (22) takes the form
a—c;—2R+25 —a;biy 1 =0,i=1,2,...,n, (23)
where R =71y + 1y + -+ 4 ry, and from (23) we receive
Ci +0cib,-yi“"_1 =¢j +ucjbjyj”‘f_1, i=12...,nj=12...,n

and

1
¢i— ¢ aibi a-l)ajl
v = 4 Ay - 4)
: ( wbj b

Substituting (24) in (22) we receive an equation for finding y;:

n Ci—¢C wab; 4 =T w1
22 i\ ps T i — by —c¢;=2R —a. (25)
iV i

Example 3. Seta = 25, n = 3,¢c1 = 6,¢cp = 7,c3 = 8,11 = 8,1rp = 7,13 = 6,R= 21,
N = 0.7,0(2 = 0.6, N3 = 0.5, bl =15, bz =14, b3 =13.

Solving the Equation (25) for i = 1, we find the value y; = 7.327059 and, respectively,
x1 = 0.6729411. Given y; we find from (24) the values of y; and y3, and then
xp = 2.899981, x3 = 3.038524. Substitution of the found values to (3) gives the pay-
off of grand coalition, or cooperative payoff: v6C = 188.4149. The payoffs of separate
players in the case of cooperation and uniform distribution of the total payoff are the
following:

uSC = 62.80495, u$C = 62.80495, uS§C = 62.80495.

3.1. VonNeumann—Morgenstern Characteristic Function

Let us calculate a value of Neumann-Morgenstern characteristic function for a coalition
of two players {i,j}. The third player’s strategy is then x; = r. Remind that we consider
three-players games. The problem of the considered coalition is

g(xi, %)) = g;(x) +g;(x) = (a — %) (xi +x;) — (cix; +¢jx;)

, , _ 26
+%(bi(7’i —x;)" 4 b;(rj — x]-)”‘f) — max, X = x; + Xj + 1y (26)
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. s . . a . . a .. a .. a
with constraints 0 < x; <r; < 40 < X; < rj < g6 < cj <y

n’
The first order conditions for the problem (26) are:

2u;b; —
a—ci—Z(xi—l—x]-)—rk—%(;’i—xi)“‘ T—o, (27)
2u;b; -1
a—cj—2(xi+x;) =1 — é Liri—x)% " =0 (28)
Denote for convenience y; = r; — x;.
Condition (27) takes the form
20;b;
a—ci—Zri—er—l—Z(yi—i-yj)—rk——"; fyei=l =, (29)
and (28) takes a similar form. Their comparison gives
20ibi 4.1 2uibj 4
Cl + 3 yllx = C] + 3 y].‘xj
and we receive an expression
G i
3(ci — Cj w;b; a~1> 4
=\ "ap tap¥" : (30)
( 20(]‘b] Dé]b]'

Its substitution in (29) gives

1

3(Ci - C]) w;b; 1 &1 2u;b;
2 i + ( + Zilyi"‘i_ _ iai_l —C = 2R — e — a. (31)

Solving the Equation (31) numerically, we find the value of y; and, respectively, x;.
From (30) we determine y;, and, respectively, x;. For Example 3, choosing different pairs
of integer numbers from 1 to 3 as i and j, we find optimal strategies of the players x; and
x;j and the value of Neumann-Morgenstern function for possible coalitions of two players:

xNMI2(1) — 1934159, xNM12(2) = 2 527858, xNM12(3) = ¢,

xNM13(1) = 2.132335, xNM13(2) =7, xNM13(3) = 1.80927,
xNM23(1) = 8, xNM23(2) = 2.219906, xNM23(3) = 1.282537,

vNM(1,2) = 93.81595, vNM(1,3) = 80.39471,vVM(2,3) = 64.16009.

Let us calculate a value of Neumann—Morgenstern characteristic function for a single-
ton {i}. The strategies of two other players in this case are: x; = rj,x; = ry. The problem of
a singleton coalition is

_ 1 . _
g(xi) = g;(x) = (a—X)x; — cix; + gbi(r,» —x;)" — max,x = x; + itk (32)

with constraints 0 < x; <r; < %,¢; < 1.
Using the first order conditions for the problem (32), we receive an equation

le'bl'
3

2x; + (7’1' — xi)txi_l =a—c;— (I’] + I”k). (33)
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Solving the Equation (33) numerically, we find the optimal value of x;. For the
Example 3, choosing different integer numbers from 1 to 3 as i, we find optimal strategies
of the player x; and the value of Neumann-Morgenstern function for possible singleton
coalitions:

xNML(1) = 197875, xNML(2) = 7,xNML(3) — ¢,

xNM2(1) = 8, xNM2(2) = 1.302025, xNM2(3) = 6,
xNM3(1) = 8, xNM3(2) = 7,xNM3(3) = 0.5365237,

vNM(1) = 255262, VM (2) = 16.76964, v M (3) = 10.91396
Let us calculate the components of Shapley value for this characteristic function:

D, (VNM> = 1

svMM) + 1 (vNM(1,2) - vNM(2)) +

6
+% (vNM(1,3) — vNM(3) ) + %(UNM(1,2,3) —vNM(2,3),

@, (vVM) = %VNM(Q.) + % (vNM(1,2) = vNM(1)) +

D3 (VNM> = %VNM(?)) + % (VNM(1,3) - VNM(l))—I—

L ) (25 02)

Thus, we receive

@, (I/NM> — 74.34816, D, (uNM) — 61.85258, d3 (uNM) — 52.21411.

Consider an independent behavior of the players when each of them solves the
problems (1)—(2). The first order conditions give the system of equations

9 aqb ap—1

B =a—c =20 —x—x3— Y —x)" T =0,

9 arb ay—1

T% _—Q*CZ*X1*2X2*X3*7232(7’2*3('2) 2 =0, (34)
9 asb az—1

sz :61—63—X1—JC2—23C3—7333(1’3—X3)3 =0

Solving the system of Equation (34) numerically, we find equlibrium strategies and
payoffs of the players

xNE = 4.497760, )’ = 4.077521, x)'F = 3.523900,

ulVE = 58.76089, ul't = 51.78338, ulE = 44.99266.

3.2. Petrosyan—ZaccourCharacteristic Function

Let us calculate a value of Petrosyan—Zaccour characteristic function for a coalition of

two players {i,j}. The third player’s strategy is then: x; = x]NE.
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The problem of the considered coalition is

g(xi, xj) = gi(x) + gj(x)
= (a—ci—xi—xj—xllc\]E)x,'—i—(a—ci—x,'—xj—ax,](\’E)xj (35)
. "
+3bi(ri — x;)" + 3b;(rj — ;)" + 3 (re — xNE)™ — max

with constraints 0 < x; <7; < 2,0 < xj <1 < 4,0 < g, ¢j < 2.
The first order conditions for the problem (35) are

) 2u;b; _
a—i:a—ci—Z(xi—l—xj)—x}(VE— él(ri—xi)“l 1 _, (36)
og NE _ 2%b) aj—1
a—xj:a—cj—Z(xi—kxj)—xk - (ri—x)7 " =0. (37)
Denote again for convenience
yi=r—X
Condition (36) takes the form
NE _ 2aibi 41
a—ci—2(ri+r) +2(yi+y;) —x " — W) =0 (38)

and (37) has a similar form. Comparison of the conditions gives

_1_
3(ci—¢j) a1\

Substituting (39) in (38), we receive an equation for y;:

1
3 Ci—Cj ibi L— chil 2 ibi ,‘71
2(%‘ + < (2a4bv]) + apyit 1) ) -y (40)

Solving the Equation (40) numerically, we find the value of y; and, respectively, x;.
From (39) we determine y; , and therefore x;. For the Example 3, choosing different pairs
of integer numbers from 1 to 3 as i and j, we find optimal strategies of the players x; and
x; and the value of Petrosyan—Zaccour function for possible coalitions of two players:

xP212(1) = 2.607805, xP#12(2) = 3.019001, xP#12(3) = 3.5239,

xP213(1) = 2.891508, x"#13(2) = 4.077521, xP#13(3) = 2.423976,
xPZ23(1) = 4.49776, x%%3(2) = 2.98485, x%%3(3) = 2.160523,

vP2(1,2) = 119.9462,v74(1,3) = 111.6875,v7%(2,3) = 103.3577.

Let us calculate a value of Petrosyan—Zaccour characteristic function for a singleton
{i}. The strategies of two other players in this case are: x; = x]N E, x; = x]E. The problem

of a singleton coalitionis

g(xi) = (a — X — x]NE - x}c\’E)x,‘ — cixi + 3bi(r — x;)" + 3bj (rj — xNE) ™

N (41)
+3be (r — xNE)™ — max
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with constraints 0 < x; <r; < 4,¢; < 2.
The first order conditions for the problem (41) give the equation

a;b;

2x:
x1—|—3

(1’1' — xl')aiil =a—C; — (X]NE + X,IC\IE.) (42)

Solving the Equation (42) numerically, we find the optimal value of x;. For the
Example 3, choosing different integer numbers from 1 to 3 as i, we find optimal strategies of
the player x; and the value of Petrosyan-Zaccour function for possible singleton coalitions:

xP2L(1) = 4.49776, xP41(2) = 4.077521, xP#1(3) = 3.5239,

xP22(1) = 4.49776,x72(2) = 4.077521, x"#%(3) = 3.5239,
xP23(1) = 4.49776,x%3(2) = 4.077521, x7%3(3) = 3.5239,

vPZ(1) = 58.76089, v7% (2) = 51.78338,v"%(3) = 44.99266.
Let us calculate the components of Shapley value in this game:

P, (VPZ) - %vpz(l) + é (VPZ(I,Z) - uPZ(z))+

41 (v"*2,3) - v"%(2)) +

- (uPZ(1,2,3) - VPZ(l,Z)).

Then

@, (uPZ) — 70.41563, , (uPZ) — 6276197, d3 (uPZ) — 55.23725.

3.3. Gromova—Petrosyan Characteristic Function

Let us calculate the value of Gromova-Petrosyan characteristic function for a coalition
of two players {i,}. Strategies of both players are the same as in the grand coalition, and
the strategy of the third player is: x; = r¢.The coalitional payoff is

Coxs) = _ . — GC _ ,GC _ GC _ . _GC _ ,.GC _ GC
g(xi,xj) = (a ¢ — X! X rk)xi + (a 2] x| X rk>xj
2 GC\% | 2 Ge\Y
+5bi(ri —x7C)" + 5b; (r]- — X ) — max.

For the Example 3, choosing different pairs of integer numbers from 1to 3 as i and j,

we find the values of Gromova-Petrosyan function for possible coalitions of two players:

vPC(1,2) = 92.85824,v7¢(1,3) = 79.9135,v7C(2,3) = 57.75757.
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Let us calculate the value of Gromova—-Petrosyan characteristic function for a singleton
coalition {i}. Its strategy is the same as it was in the grand coalition. The strategies of two
other players are: x; = rj, x; = ry. The payoff of a singleton coalition is

1 &;
g(xi) = (“ —ci—x{C - rj— Tk> xFC + §bi (1’1- — xiGC) — max.

For the Example 3, choosing different integer numbers from 1 to 3 as i, we find the
values of Gromova-Petrosyan function for possible singleton coalitions:

vPC(1) = 23.74156,v7C (2) = 14.07127,v7¢ (3) = 4.301626.

Calculate the components of Shapley value in this game:

@ (V70) = 3070(1) + 5 (v°(1,2) —vP0(2))
+31(vPC(1,3) —vPC(3)) + 3 (vPC(1,2,3) — vPC(2,3)),
D, (vPC) = WP6(2) + 1 (vPC(1,2) — vPC(1))
+3(vPe(2,3) —vPC(3)) + 1 (vPC(1,2,3) — vPC(1,3)),
D5 (vPC) = évPG(S) + %(VPG(L?)) —vPC(1))
+31(vPe(2,3) —vPC(2)) + 3 (vPC(1,2,3) — vPC(1,2))

We receive

@, (UPG) — 77.19942, d, (VPG> — 61.28631, ®3 (UPG) — 49.92912.

Example 4. Seta =45,n =3,c1 =10,cp =11,c3 = 12,11 = 14,1, = 12,13 =12,
R=238,00 =08,a6p =0.7,a3 = 0.7,b; = 15,b, = 14,b3 = 13.

The same actions as before give:

x$C =1.04,x5€ = 7.37,25C = 5.49,u°C = 480.57,

u§c =160.19, uS< = 160.19, u$¢ = 160.19,
ANMI2(1) = 2 56, ¥NM12(2) — 6,48, xNM12(3) = 12,
NMB (1) = 536, xNM13(2) = 12, xNM13(3) = 3,54,
ANM23(1) = 14, xNM23(2) = 6.76, xNM23(3) = 1.25,

vNM(1,2) = 220.84,vNM(1,3) = 213.18,vNM(2,3) = 170.24,
xNML(T) = 424, xNML(2) = 12, xNML(3) = 12,
ANM2 (1) = 14, xNM2(2) = 3.15,xNM2(3) = 12,
xNM3(1) = 8, xNM3(2) = 7,xNM3(3) = 3225,

vNM(1) = 14,0NM(2) = 12,vNM(3) = 2.72.
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@, (VNM) — 184.15,d, (vNM) — 151.25, 5 (VNM) — 145.17,
xNE =839, xE = 8.06,x)'F = 7.32,
ulVE = 139.04, ud't = 127.25,ul’F = 112.33,
xPA12(1) = 4.17,xP%12(2) = 7.14,xP%12(3) = 7.32,
xP213(1) = 6.29, xP413(2) = 8.06, xP413(3) = 4.52,
xPZB(1) = 8.39,xP%5(2) = 7.50,x7%23(3) = 3.22,
vPZ(1,2) = 294.08,v74(1,3) = 276.36,v7%(2,3) = 262.48,
xPZ1(1) = 8.39, x7%1(2) = 8.06,x41(3) = 7.32,
xP?22(1) = 8.39, x7%2(2) = 8.06, x7%2(3) = 7.32,
xP23(1) = 8.39, xP%3(2) = 8.06,x7%3(3) = 7.32,
vPZ(1) = 139.04,v74(2) = 127.25,vP%(3) = 112.33,
@, (VPZ) — 17418, (uPZ) — 161.34, 3 (VPZ) — 145.05,
vPC(1,2) = 220.26,v°¢(1,3) = 206.39,1°°(2,3) = 145.71,
vPC(1) = 49.17,076(2) = 18.27,v7C(3) = 24.34,

@, (UPG) = 192.02, ®, (vPG) — 146.23, 5 (VPG) — 142.33.

4. Hierarchical Model (Stackelberg Oligopoly)

In this model each i-th firm solves the problems (1)-(2). The first firm is a Stackelberg
leader, and all other firms are followers. In other words, all firms except the first one take
its strategy as given and maximize their payoffs as functions of the first firm'’s strategy. The
first firm anticipates it and substitute the received functions in its payoff function, and then
maximizes its payoff by the strategy as a function of best responses of other firms. Atlast,
we can calculate the final values of the best responses and obtain a Stackelberg equilibrium.
From the first order conditions for the second and the third firms we receive:

ax

J _
ﬁ:a—C3—x1—x2—2x3——“%b3(r3—x3)“3 L

0 _
{ 82 =g —cy—x1 -2 — x5 — H2(r, — ) =0,
aX3
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We cannot express analytically x, and x3 by x; but we can express their derivatives
on xj as derivatives of an implicit function. We have

gﬁ ?
— X2 X3
A Jg; 983

ox;  0x3

B ( i, “3(“3—1)173%73—353)“372 1 )
- a0y (g —1)by (rp—x7)*2 2
71 72 + 2\02 23 2 2

where a determinannt of the matrix A is equal to

A=3-3 ["‘2(“2 —D)by(rz — x2) % + a3 (a3 — 1)b(r3 — x3)a3_2] + (43)
ap(ap—1)az(az—1)bobs (972*952)“272(73*963)“372 )
Therefore,
Al 1 <2+ “3(“3*1)b3§73*x3)“372 ( 1) ( - 2)
A ap(ap—1)by(ra—xp)"2"
1 —0 4 falm 23 2—X2
and
% 1 063(063*1)173?3*363)“372 1 “
Zﬁ T A\ (Do) ) 44)
X1 3
Then
d. d d
B =0 -1 —2xm —xp(;) — ¥a(xy) — WLy, — PGy
— M (ry —xp) T = 22 (ry — xp) 212
_063’;73 (r3 _ x3)&3—1%
where dxéifl) and dxjy(:l) are expressed by (44). We receive a system of three equations:
@ —c1 = 20 —xp(x) —x() — FEEa — TR — ()t

- b —-1d

dx1 3 T
to—
a—cy—x1—2X3— X3 — ~5* (rp —x2)27 " =0,

2oby (45)
a—c3— X3 — Xy —2Xx3 — “33&(@ — x3)“371 =0,

Where dx;ifl) and dng:” are determined by (44), and A is determined by (43).

Alternatively, we can take different values of x as given, find the respective values of
xp and x3 that satisfy the second and the third equations of the system (45), and by means
of Newton method, chord method, or a hybrid method calculate the value of x; that satisfy
the first equation in (45). In any case, for the input data from Example 3 we find:

x5t =1736,x5 =3.18,x§ = 2.64,uf" = 64.87,u8' =37.40,u§ = 32.14.
Similarly, for the data from Example 4 we receive:
xf =14.00, 65" = 6.29, x5 = 5.49, uf = 160.99, u§} = 83.57,u = 71.55.

5. Comparative Analysis

Let us compare two situations: when there is a combination of the competitive and
cooperative behavior, and when there is only a competition. In other words, there are
two questions.
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1.  What does change cooperation in the production of a public good in comparison with
a standard competitive behavior of oligopolists?

2. What is a difference between a cooperative non-market activity in comparison with
a standard homogeneous Stackelberg oligopoly in the conditions of quantitative
competition and strategic substituability?

In our previous paper [34] in the latter situation we have introduced an indicator of
the average sensibility of demand in relation to the marginal costs

A = ¢, where a is a demand parameter, c—marginal costs. In our consideration ¢ < 5,
and because in the examples n = 3 then A < 9. We considered three firms: the first one
is the most efficient (a Stackelberg leader in the case of hierarchy), the second one is less
effifcient, and the third one is the least efficient. In the case of hierarchy the second and the
third firms were the followers. We received the following preference system.

1. For the most efficient firm (a Stackelberg leader):
ujt > @ (VNM) > P (VPG) > u1GC

TF9 < A < 3120 o 11 24 then uf! > @, (vNM) > @y (0PC) = ulE = 4GC,
IfA = 734‘“6/@ then u§! > &1 (0MM) > @4 (0FC) = ulE = ufC.
IfA> w then u§! > &1 (™M) > @4 (0FC) > ufC > ulNE.

2. For aless efficient firm (one of the followers):
TF9 < A < VI & 11,24 then u§C > dy(0PC) > dy(0NM) > ulE > ug.
IfA = 734“6/@ then uSC > @, (vFC) = Oy (NM) > ulNE > ust.
IfA > w then uSC > @, (vNM) > @ (0FC) > ullE > ust.

3. For the least efficient firm (another follower):

@3(07¢) > u§C > @3(vNM) > ud'E > uf

4. For the whole society:

3
o"M(N) = oPC(N) =5 > Y ulNE > Yot (46)

i
i=1 i=1

In this paper in the two examples of combination of the competitive and coopera-
tive behavior we received the following results (in each column the payoffs are given in
descending order).

Example 3:
®; (v1€) = 77.20 u§ = 62.80 u§C = 62.80

0 (M) = 7435 @3 (177 = 6276 @3 (177 = 55.4
@1 (177) = 704205 (™) = 61.85 05 (VM) = 5221
il = 6487 05 (179) = 6129 05 (17°) = 993
uSC — 62.80 ulE — 51.78 1) — 44.99

ulVE = 58.76 us! = 37.40 u = 32.14
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Example 4:
@, (UPG> —192.02 &, (UPZ) = 161.34 u§C = 160.19

@, (vNM) = 184.15 u$€ = 160.19 ®; (VNM) —145.17
P, (VPZ) — 17418 ®, (VNM> — 151.25 ®3 (UPZ) — 145.05
s = 160.99 @, (VPG) — 146.23 5 (UPG) — 14233
u§c =160.19 udt = 127.25 ullt = 112.33
ulE =139.04 us! = 83.57 u§ = 71.55

Now let us return to the first question. A difference between the cases of coopetition
and pure competition is quite small.

In the case of pure competition the components of Shapley value (for different charac-
teristic functions) for the most efficient firm are greater than its cooperative payoff. In other
words, in the case of cooperation the most efficient firm has a payoff which is objectively
smaller than it deserves by its role in the cooperation. A less efficient firm has a greater
payoff than its reward according to Shapley value (for different characteristic functions). At
last, the least efficient firm has a payoff approximately equal to its components of Shapley
value. The payoffs of non-efficient firms in the case competition are smaller than their
cooperative payoffs. As for the most efficient firm, its payoff for the big values of indicator
A is also smaller than its cooperative payoff. If A is small then the competitive payoff of the
most efficient firm exceeds its cooperative payoff.

In the case of coopetition the cooperative payoff of the most efficient firm is also smaller
than its components of Shapley value for any characteristic function. Thus; in the case of
coopetition the cooperative contribution of the most efficient firm is also underestimated.
The cooperative payoffs of less efficient firms are approximately equal (for the mean efficient
firms) or strictly less (for the least efficient firms) than the respective components of Shapley
value. In the case of coopetition a competitive payoff of a firm is always smaller than its
cooperative payoff independently of its efficiency.

Now let us discuss the second question (Stackelberg oligopoly). Evidently, for the
whole society the best way of organization is cooperation because inequality (46) holds
both for competition and for coopetition. A pure competition for the whole society is not
the worst but also not at all the best way of economic organization. The worst variant for
the society is a hierarchy.

However, for the most efficient firm (a Stackelberg leader) its hierarchical payoff is
the greatest one in comparison with any other way of organization independently of the
parameter A. For less efficient firms which are Stackelberg followers their payoffs are less
than their cooperative payoffs, much less than the respective components of Shapley value,
and even less than their payoffs in the case of pure competition.

In the case of coopetition the payoff of the most efficient firm (a Stackelberg leader)
is only slightly (in one example on 3.3%, in another on 0.5%) greater than its cooperative
payoff. However, it is always less than the respective components of Shapley value (for
any characteristic function). For less efficient firms which are Stackelberg followers their
payoffs, as in the case of pure competition, are less than their cooperative payoffs, less than
the respective components of Shapley value, and even less than their payoffs in the case of
pure competition.
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Thus, in the case of transition from a pure competition to the coopetition (combination
of competition and cooperation) not only roles of Stackelberg followers but also the role of
Stackelberg leader become non-attractive for the firms.

6. Conclusions

Let us briefly summarize again the results of comparative analysis.

A share of the most efficient firm in the case of cooperation and uniform distribution
of the cooperative payoff is greater than its selfish payoff. However, it is a bit smaller
than its payoff in a hierarchical game when this firm is a Stackelberg leader. For all three
characteristic functions, a component of Shapley value responding to the most efficient
firm is always greater than its selfish payoff, its payoff when it is a Stackelberg leader or
its payoff in the case of cooperation and uniform distribution of the cooperative payoff
between all players.

As for a less efficient firm, its cooperative payoff is greater than its selfish payoff, and
almost two times greater than its payoff in the role of a follower on the Stackelberg game. A
component of Shapley value for such firm is almost equal (abitless as a rule, and a bit greater
in some cases) than its cooperative payoff but much greater than its selfish payoff, and
almost two times greater than its payoff in the role of a follower on the Stackelberg game.

As for the least efficient firm, its cooperative payoff is much greater than its selfish
payoff that in turn is much greater than its payoff in the role of a follower on the Stackelberg
game. A component of Shapley value for such firm for any characteristic function is less
than its cooperative payoff but much greater than its selfish payoff that in turn is much
greater than its payoff in the role of a follower on the Stackelberg game.

In the future, we plan to study dynamic game theoretic models of coopetition in
Cournot oligopoly. Moreover, the models with network structure both in normal form and
in the form of characteristic function will be considered.
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