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Abstract: Structural equation models (SEM), or confirmatory factor analysis as a special case, contain
model parameters at the measurement part and the structural part. In most social-science SEM
applications, all parameters are simultaneously estimated in a one-step approach (e.g., with maximum
likelihood estimation). In a recent article, Rosseel and Loh (2022, Psychol. Methods) proposed a two-
step structural after measurement (SAM) approach to SEM that estimates the parameters of the
measurement model in the first step and the parameters of the structural model in the second
step. Rosseel and Loh claimed that SAM is more robust to local model misspecifications (i.e., cross
loadings and residual correlations) than one-step maximum likelihood estimation. In this article, it
is demonstrated with analytical derivations and simulation studies that SAM is generally not more
robust to misspecifications than one-step estimation approaches. Alternative estimation methods
are proposed that provide more robustness to misspecifications. SAM suffers from finite-sample
bias that depends on the size of factor reliability and factor correlations. A bootstrap-bias-corrected
LSAM estimate provides less biased estimates in finite samples. Nevertheless, we argue in the
discussion section that applied researchers should nevertheless adopt SAM because robustness to local
misspecifications is an irrelevant property when applying SAM. Parameter estimates in a structural
model are of interest because intentionally misspecified SEMs frequently offer clearly interpretable
factors. In contrast, SEMs with some empirically driven model modifications will result in biased
estimates of the structural parameters because the meaning of factors is unintentionally changed.

Keywords: structural equation modeling; model misspecification; structural after measurement
approach; robust loss function

1. Introduction

Confirmatory factor analysis (CFA) and structural equation models (SEM) are one
of the most important statistical tools for analyzing multivariate data (i.e., items) in the
social sciences [1-10]. These models relate a multivariate vector X = (Xy,..., Xg) of
observed variables to a vector of latent variables (i.e., factors) F of lower dimension using a
linear model

X=pu+AF+E, @)

where y is the vector of expected values of X, A is a loading matrix, and E is a vector
of residual variables. We assume E(F) = 0 and ® = Var(F) is the covariance matrix of
the factor variables. Moreover, ¥ = Var(E) denotes the matrix of residual covariances. If
L = Var(X) denotes the observed covariance matrix of the vector X, Equation (1) can be
written as
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L=A®PA' +V¥. )

Some identification constraints must be imposed to estimate the covariance structure
model (2). Frequently, the factor loading matrix A follows a simple structure; that is, every
item X; only loads on one factor, while all other loadings equal zero. Moreover, ¥ is often
assumed to be a diagonal matrix. Maximum likelihood (ML) and unweighted least squares
(ULS) are most frequently used for estimating factor model (2) (see [3,6]).

In SEMs, relationships between latent variables and constraints in the covariance can
be modeled. Hence, the covariance matrix ® = ®(¢) is a function of a parameter ¢ that
contains regression coefficients and residual variances and covariances of latent variables.
Of particular interest are non-saturated models that genuinely constrain the covariance
matrix. The model ®(¢) is also referred to as the structural model, while (1) refers to the
measurement model for all observed variables X.

In this article, we assume that all random variables F, E (and, hence, X) in Equation (1)
are multivariate normally distributed. ML and ULS estimation methods will typically
remain consistent for non-normally distributed variables [11,12]. There is literature in-
vestigating the robustness of SEM estimation to non-normal distributions [13-15]. This
kind of robustness that relies on contaminated distributions [16-19] is not the target of this
article. Instead, we rely on the concept of model robustness; that is, how robust is an SEM
estimation method in the presence of local model misspecifications.

In SEMs, parameters of the measurement models (i.e., A and ¥) and the structural
model (i.e., ®(¢)) are most often simultaneously estimated with ML or ULS. It has been
argued in the literature that local model misspecifications can impact the estimates of the
structural model. In this article, we focus on unmodelled cross loadings (i.e., elements
in A that are fixed to zero but are nonzero in the data-generating model) and unmod-
elled residual correlations (i.e., elements in ¥ that are fixed to zero but are nonzero in the
data-generating model). In a recently published article by Rosseel and Loh (2022, Psychol.
Methods, forthcoming, [20]; see the OSF page https:/ /osf.io/pekbm/ for preprint versions,
accessed on 22 June 2022), a two-step estimation method, structural after measurement
(SAM), was proposed whose “estimates are more robust against local model misspecifi-
cations” [20] compared to ML or ULS estimation. The main idea is that parameters in the
measurement model are estimated in the first step. The measurement models are typically
estimated for each of the factors. SAM can be used if cross loadings and residual correla-
tions are intentionally omitted in the first step of fitting single measurement models. The
second step of the SAM approach consists of estimating the structural model. Global SAM
(GSAM) uses the estimated parameters of the measurement model and fixes them in the
second step when estimating ®(&). In contrast, local SEM (LSAM) constructs an estimate
& 5a\ based on the measurement model parameters from the first step and computes the
parameter ¢ by modeling ®(¢) to the input data ®;gan.

In this article, we compare the two-step SAM estimation approach with the one-step
estimation methods ML and ULS. In particular, whether SAM is really more robust to
local model misspecifications compared to ML and ULS. Moreover, we also compare these
approaches with estimation methods that rely on robust loss functions. The rest of the article
is structured as follows. In Section 2, the estimation of SEMs and the two-dimensional CFA
model under local model misspecifications is analytically treated. Section 3 introduces
alternative model-robust estimation methods that will provide additional robustness to
misspecifications. Section 4 includes six simulation studies that compare the performance
of different estimators in the CFA model under local misspecifications. Finally, Section 5
closes with a discussion.

2. Estimation under Local Model Misspecification

In this section, the consequences of local model misspecifications in a CFA model [21-28]
are discussed. In more detail, consequences of unmodelled cross loadings and residual
correlations are investigated. The treatment mainly focuses on ULS estimation. However,
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due to the similarity of ULS and ML estimation, it is likely that our findings also generalize
to ML.

SEMs, and CFA models as a particular case, parametrize an observed covariance matrix
S as a model-implied covariance matrix X with fewer model parameters. Let s include the
vectorized elements of S and < be the vector of model parameters. The vectorized elements
of the model-implied covariance matrix £ = X () are denoted by ¢. The model parameters
7 are estimated using an estimating function H that implicitly defines a function ¢y = g(s)
by solving the following equation with respect to -:

H(s,7)=0. 3)

Note that the estimating Equation (3) can refer to ULS, ML, or any other estimation ap-
proach. The estimation approach in Equation (3) is also referred to as M estimation [29-33]
or quasi-likelihood estimation [34,35]. In contrast to ML estimation, the estimating func-
tion (3) does correspond to a correctly specified model. In contrast, by choosing an estimat-
ing function H, a functional of the distribution (i.e., the data) and its sufficient statistic s in
the case of the multivariate normal distribution is defined as the target estimand of interest.
In this sense, the estimation approach can be regarded as model-agnostic [36].

Assume that there exists a true parameter without local model misspecifications. That
is, there exists a 7y such that o9 = o (79). In this case, the model-implied covariance
matrix of model parameters g exactly reproduces the observed covariance matrix S at
the population level because there is no model error. Formally, in the absence of model
misspecifications, it holds that

H(co,70) = 0. )

We now apply a Taylor expansion to (3) (see [23,37,38]) and arrive at

oH oH
OZH(UI’Y):H(FOI%%L(M)(U—UO)JF(M)(’Y—'YO)- ()
By taking (4) into account, we obtain from (5)
oH\ ' /oH
’Y—'Yo——<a,y> (80)(5—00)- (6)

Equation (6) is well-known as the implicit function theorem for obtaining a derivative
of an implicitly defined function g. It characterizes the bias of the estimate -y if observed
covariances s deviate from a true covariance matrix oy in the ideal situation in the absence
of model misspecifications.

2.1. Numerical Analysis of Sensitivity to Model Misspecifications

The stability of an estimate can also be numerically studied. The main idea is to
obtai insight into the consequences of Equation (6). Suppose that model error (i.e., model
misspecification) is introduced by some parameter J, and the implied covariance matrix
is given by s = o (7, d). It is of interest how the bias ¢ — v is affected by the presence
of model misspecification. If an explicit estimating function ¢ would be known such that
v = g(s) = g(v0, §), one can approximate this function by

_ (%
1=0=(5)s. 7)

If e; denotes the i-th unit vector, one can determine the estimate ; by computing
g(v0, Aje;) (see [39]). This operation means that only the i-th component of the misspecifi-
cation vector is modified. The parameter change can then be computed as

Yi — Y0 _ g(’YO/ Aiei) — g(’YO/ 0) (8)
A; A; '
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Ay
Ay,
Ay,

The vector of difference quotients in (8) approximate partial derivatives (dg/9J) in
Equation (7). They also provide insights into how parameters would change by introducing
model misspecifications. Note that this approach assumes a linearization of the estimation
function. Moreover, the increment A; must be carefully chosen to obtain generalizable
results.

2.2. Two-Factor CEA Model with Local Model Misspecifications

In the rest of the paper, we focus on the two-dimensional CFA. It is assumed that three
items X; measure a factor Fx and three items Y; measure a factor Fy (i = 1,2,3). The model
matrices of the estimated CFA model are given by

0
0 Vx,
0

Px,
0y, : ©)
0 0 lPYz
0 0 0 Py,

The correlation ¢ between the two latent factors is of primary interest. However, we
study the estimation of the two-dimensional CFA model (9) under local model misspecifica-
tions. In this case, we denote by Ax ¢ and Ay the factor loadings of X and Y in (9) without
any misspecification. Moreover, ¢ is the true factor correlation, ®, the corresponding
correlation matrix, Ag the factor loading matrix with simple structure and ¥y the diagonal
matrix of variances of residual errors. The analysis model (9) is graphically displayed in
Figure 1.
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Figure 1. Two-factor CFA model: analysis model.

We induce model misspecification (9) by cross loadings dx = (Jx,,x,,dx,) and
dy = (dy,,dy,,dy,) as well as residual error correlations wxiy],. However, we assume that
there are no residual error correlations between items in the same measurement model (i.e.,
Px,x; = 0and Py, =0 for i # j). All residual error correlations Pxy, are collected in the
vector . The data-generating model under local model misspecification can be generally
written as

IPX1

0

/10 B 0 Px,
'q)( o 1 )andT vxivn Py ¥xivs Py ' (10

xv Pxv, Pxovs 0 ¥y,
lPX3Y1 ¢X3Y2 lPXSYS 0 0 lIJY3

The data-generating model (10) is graphically displayed in Figure 2.
In the following sections, we discuss the impact of local model misspecifications (i.e.,
cross loadings and residual error correlations) on parameter estimates.

lez
0
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Figure 2. Two-factor CFA model: Data-generating model with local model misspecifications. Residual
correlations are displayed with curved dashed red double arrows. Cross loadings are displayed with
dashed red arrows.

2.3. Nonrobustness of the LSAM Approach

We now study the estimated factor correlation matrix in the LSAM approach at the
population level. The factor loadings and measurement error variances are independently
estimated for the two factors. Note that measurement model parameters are identified
with only three items. A simple-structure loading matrix Ajgay and the diagonal matrix
of estimated error variances ¥say are defined, which contain the parameters of the two
measurement models.

The LSAM approach employs a mapping matrix Mjsan [20] that fulfills the property
MisamAisam = I, where I is the identity matrix. Rosseel and Loh [20] proposed

Misam = (AlsamVArsam) 'AlgamV (11)

with a positive definite matrix V. LSAM-ULS estimation results with the choice V = I. In
the following, we only study the case V = I for ease of presentation.
The factor correlation matrix @ gapn in LSAM is estimated by

®rsam = Misam (S — Fsam)Msay - (12)
If we assume data at the population level, the covariance matrix is given by
S=APA +¥ (13)

with model matrices defined in (10).
We can now derive the estimated factor correction in LSAM at the population level:

Misam(A®AT + ¥ — Fsam) Mg an

Misam(Arsam®oA[san — ALsam®PoA[san + APoAT + ¥ — Fsam) Mg

(14)

@) + Misam(B1 + Bo) Mis o

It can be seen that (14) contains two bias components. The matrix Myganm serves
as a scaling matrix of the two bias terms. The first bias component B; = A®yA ' —
IA\LSAMCI)OIA\{S Am quantifies the discrepancy between the true loading matrix A under
misspecification and the estimated simple-structure loading matrix Aisam. The second
bias component B, =¥ — ¥sam assesses unmodelled residual error correlations. Hence,
Equation (14) illustrates that LSAM is not immune to unmodelled cross loadings and
unmodelled residual error correlations. In the following, Section 2.4, we compare ULS and
GSAM estimation under the locally misspecified two-dimensional CFA model.
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2.4. Comparison of ULS and GSAM in a Congeneric Measurement Model

In this subsection, we compare ULS and GSAM estimation of the two-dimensional
CFA model under local model misspecifications. The two parameter estimates of the factor
correlation are compared. It is shown that the different estimation approaches will be
typically different.

The ULS fitting function in the CFA model can be written as

H(Ax, Ay, ¢,s) = Hxx(Ax,s) + Hyy(Ay,s) + Hxy(Ax, Ay, ¢, s) , (15)
where we define s
Hxx(Ax,s) = ) (sx,x; — /\X,ftxj)2 (16)
ijli#]
3
Hyy(Ay, S) = Z (Sy].y]. — )\y]./\yj)z and (17)
i,jli#]
3 3 ,
Hxy(Ax, Ay, ¢,8) =) Z(Sxiyj = AxAy9)” (18)
i=1j=1

The ULS parameter estimates are obtained in a one-step estimation approach:
(Axuts, Av,uts, furs) = argmin H(Ax, Ay, ¢,s) - (19)
(AXr/\Y/(p)

In contrast, GSAM is a two-step approach. It first determines factor loadings A X,SAM
and Ay gayv in separate measurement models:

Ax sam = argmin Hxx(Ax, s) and (20)
Ax
XY,SAM = arg min Hyy(Ay,S) . (21)
Ay

In a second step, the factor correlation is estimated while fixing the factor loadings to
the estimates obtained in (20) and (21):

Pasam = argmin Hxy (Axuts, Av,uis, ¢, s) - (22)
¢
We can take the derivative of (15) to obtain estimating equations for the ULS approach

for the model parameters Ax, Ay and ¢. We arrive at

oH oH JoH
H/\X(Ax,s) = <a/\X) =0 , HAY(A)(,S) = <a/\X> =0and H¢(Ax,Ay,(P,S) = (M) =0. (23)

For example, the estimating equation for Ax can be written as

Hy(Ax,s) = Hxx Ay (Ax,8) + Hxyay (Ax, Ay, ¢,8) =0, (24)
where Hxx 1, denotes the vector of partial derivatives of Hxx with respect to Ax. The
other quantities are defined similarly. The estimating equations for Ay and ¢ are given by

Hy, (Ay,s) = Hyya, (Ay,s) + Hxya, (Ax, Ay, ¢,s) = 0 and (25)
H¢(/\X/ AY/(P/ S) = HXY,(I)(AX/ AY/ 4)/ S) =0. (26)

In order to study the impact of model misspecification, we derive the estimates A X ULS,
Ay uLs and Purs as a function of true model parameters Ax o, Ay and ¢p, and the param-
eters indicating model misspecifications; that is, cross loadings dx and dy and residual
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correlations 3. We use a linear Taylor expansion of (24)—(26) around true parameters. For
the estimate ¢ys of ¢, we rely on the Taylor expansion

0 = Hxy¢(Ax,Av,¢,8) = Hxy,p(Ax0,Avo 0, 00) + Hxy,pg0(Purs — o)
+Hxy,pay0(Ax,urs — Ax0) + Hxy,pa,0(Av,uis — Avo) (27)
+Hxy pox,00x + Hxy,psy,00y + Hxv,pyp, 0

Note that H Xy/q)(/\xl(), Ay, ¢o,00) = 0 because oy is the model-implied covariance
matrix for the correctly specified model that fixes the misspecification parameters to zero
(i.e., 0x =0, 6y = 0, and ¢ = 0). Hence, we can rewrite (27) as

Hxypg0(durs —¢0) = —Hxypaxo(Axuis —Ax0) — Hxvery,0(Ay,us — Avo) 28)

—Hxy psx,00x — Hxy psy,00y — Hxv gy, 09

All appearing second-order derivatives are evaluated at the true parameters (hence,
the usage of the subscript “0”). Equation (28) describes asymptotic biases in ¢yr s due to
biased estimates of loadings A x,ULs and /A\leLs and the presence of model misspecifications
dx, 0y and 9. The idea of SAM would be that the first two terms in (28) vanish because
loadings of the measurement model could be estimated with the least bias.

We now derive a general expression of HXY,¢¢,0(43ULS — ¢p) for ULS estimating in
order to compare it to the SAM approach. By simultaneously applying a Taylor expansion
to estimated parameters, we obtain

Ax,uLs — Ax0 ox
Al Ayus—AMyvo | =B Oy (29)
PuLs — ¢o 4
The matrices A and B can be computed as
Hxx axAx0 T Hxy AxAx,0 HxyaxAy,0 Hxy Axp0
A= Hxy AyAx,0 Hyyayay0 T Hxyayay0 Hxyaypo | and  (30)
Hxy prx,0 Hxy pay,0 Hxy ,p¢,0
Hxx Ax0x,0 T Hxy,Ax0x,0 Hxy Ax6y,0 HxyAxp,0
B = Hxy Ay65,0 Hyyayoy0 T Hxyavoy0 Hxyayvgo | - (31)
Hxy 55,0 Hxy goy,0 Hxvy,pyp,0

The matrices can be easily computed in the two-factor model involving three indicators
for both factors. We obtain, for the derivatives of the functions Hxx 1, and Hyy ,,,

2 2
A0 T A%50 ?xl,o/\xzz,o Ax,0A%5,0
HxxaxAx0 = —|  A%0Ax0 Ak 0+ A%, 0 ;\Xz,oflxsio (32)
/\X3,0)\X1,O )\Xg,O/\Xz,O /\leo + /\Xa,o
Hxx x50 = —P0HxxAxA5,0 (33)
2 2
M, 0+ M0 ?Yl,o)\yzéo Ay,,0M 3,0
Hyyayay0 = —|  Anodvo Ay oty sz,o?wséo (34)
/\Y3,0)\Y1,0 AY3,O)\Y2,O /\yz,o + AY3,0
Hyyay8,,0 = —PoHyy Ay 2y,0 (35)

The partial derivatives for the functions involving the Hxy terms are given by (using
the notation ||x||3 = x? + x3 + x3 for a vector x = (x1, x2, x3)):
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1 0 0

Hxy a0 = —|[Ax0l3¢0* 0 1 0 |, (36)
0 0 O

Ax0M 0 Ax0Av0  Axp0Mvs0
Hxyaxay,0 = P0(1=2¢0) | Axp0rvi0 Ax0Av0 AX0Avso | s (37)
Ax,0M 0 AX30A0 Ay 0Mvs0

, AX,,0
Hxyaxp0 = [[Avoll2(1—=2¢0) | Axyo | - (38)
AX3,0
Hxyagox,0 = —HxyaxAx,0 - (39)
Hxyayxsy,0 = —Hxy,axay,0 and (40)

Mo Ao Ao 0 0 0 0 0 0

Hxy axp0 = ¢o 0 0 0 Ay0 Avo Ayso O 0 0 , (41)
0 0 0 0 0 0 Ay Avo Ano

where ¥ = (¥x, v, VX, Yy - - - PX3,Y, ¥UX5,v;)- The partial derivatives of Hxy,, can be
obtained by swapping X and Y in Equations (32) to (41).
Finally, the derivatives of Hxy y can be computed as

Hxvpag0 = [Avol3(1=2¢0) ( Axj0 Ax0 Axso ) (42)
Hxy,pry0 = IAx013(1=2¢0) ( Avpo Avyo Avgo ) s (43)
Hxy,pg0 = —lIAx0l3/1Av.0ll3 , (44)

Hxypox0 = [Av0l3( Ax0 Ax0 Axzo ) (45)
Hxvpoy0 = IAx0ll5( Avpo Avpo Avso ) and (46)
Hxygp0 = ( Ax,0Mvi0 Ax0Mn0 0 Ax0dvo ) - (47)

The ULS and the SAM approaches can be compared based on the derivation in
Equation (28). In both SAM approaches (i.e., LSAM and GSAM), the terms involving the
model misspecifications dx, dy, and ¢ do not vanish. However, it could be argued that the
SAM approaches would be more robust if the estimates }AKX,S AM and )A\yls AM Were close to
the true loadings Ax o and Ay g, respectively.

At first, we study the estimates A x,UuLs and ;\Y,ULS. We use the estimating Equation (29)
and solve them for the loadings. The determining equations can be written in a general
form as follows

BiX,ULSrAX <AX'ULS o AX'()) - _B;\X,ULS/‘SX ox — B;\X/ULSI‘SY oy — BXX,ULS/IPIIJ (48)
Avuis Ay (AY'ULS o AY,O) = _BiY,ULSr‘sY oy — BiY,ULS/le oy — Biy,ULsﬂI’lp (49)

The matrix By is,dx 18 given by

-1
Axuisdx Hxx axox,0 T Hxy Axsx,0 = Hxy,axp,0Hxy ¢, 0HxY,05x,0
-1
- (HXY,AXAY,O - HXY,AX¢,0ny,¢¢,oHXY,¢Ay,o)

(50)

1
-1
X (HYY,/\yAy,O + Hxyayy,0 — ny,Ay¢,oHXy,¢4,,0HXY,¢Ay,o)

-1
X (HXY,AyziX,O - HXY,Ay(p,oHXYW,OHXY,@X,O)
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The symbol “x” in (50) denotes the matrix multiplication. The matrices B AxuLs Ay’

and By are given as

B
Ax,uLs. Sy X,ULS/ P

_ 1
By, isAx = (HXX,/\XAX,O + Hxy axax,0 — HXY,AX¢,0HXY,¢¢,0HXY,4>AX,O)

- (HXY,/\XAy,O - HXY,AX4>,0H;}%/W,OHXY,MWO) -

-1
-1
X (HYY,AyAy,O + Hxyayry0 — HXY,AW,OHXY,M,,OHXY,¢Ay,0>

-1
X (HXY,AyAX,O — Hxyayp0H Xy,q,(p,oHXY,cpr,o)

_ 1
Biusdy = (HXY,/\X(Sy,O - HXY,AX4>,0HXy,¢¢,0HXY,¢5y,o>
- (HXY,/\XAy,O - HXY,AX¢,OH;(%/,¢¢,0HXY,(pAy,O) )
52
-1
X (HYY,AyAy,O + Hxyayry0 = HXY,Ayzp,OH;(%/,(pq;,oHXY,(pAy,O)

-1
X (HYY,Aydy,O + Hxy Ays,,0 — HXY,Ay(p,oHXy,W,oHxv,qu,o)

_ -1
B;\X,ULSJI’ - (HXY'AX P00~ HXY,AX47,0HXY,¢¢,0HXY,¢‘I)/0>
- (HXY,AX/\y,O - HXY,AX¢,OH);i/,(pq),oHXngAy,O) )
-1
X (Hw,/\w\y,o + Hxyayry0 — HXY,)\ytp,OH)})l(,(p(p,()HXY,zp/\y,O)

X (HXY,/\ytp,O - HXY,/\y(p,OH;(%/,tp(p,oHXY,qbtp,O)

The matrices Bj; , B; , B; , and B;
Ayurs Ay’ T Ayursdx” T Ay,ursdy Ay uLs ¥
At appropriate places, the symbols “X” and “Y” in (50)—(53) must be swapped.

Now, we derive the estimating equations in the SAM approach. Only the Hxx function

is used to compute the loadings Ax sanm- By again relying on a Taylor expansion, we obtain

can be similarly obtained.

Hxx axax0(AxsaM — Ax0) = —Hxx Ay 85,00% (54)
Using (32) and (33), we obtain, from (54),

Axsam — Axo = Pdx (55)

For the joint ULS estimation approach, we can write

Axuis — Axo = —B;! dx — B; ! Sy — B!

B; B; B; .
AxursAx AxuLsdx AxursAx Axusdy Y AxuisAx AX,ULS/’PIIJ

(56)

It could be argued that the SAM approach is more robust than the ULS estimation
because SAM depends on neither dy nor . However, it will become evident in the rest of
this article that this belief is unjustified in holding generally. In the following, Section 2.5,
we demonstrate that the SAM approach coincides with the ULS estimation approach.
Hence, SAM possesses the same robustness property to local model misspecifications
such as ULS. As ULS is not robust to misspecifications, SAM also suffers from the lack of
model robustness.

2.5. Equivalence of ULS and SAM for the Tau-Equivalent Measurement Model

We now compare ULS estimation and the two SAM approaches LSAM and GSAM in
a tau-equivalent measurement model that has equal loadings. The data-generating model
is given by
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Ax 0 ¥x
Ax 0 0 ¥x,
. Ax 0 . 1.0 0 0 ¥x,
A= 0 Ay | P = ( o 1 ) and ¥ = 0 0 0y, . (57)
0 Ay 0 0 0 0 1y,
0 Ay 0 0 0 0 0 vy,

The unique variances ¥x; and ¢y, (i = 1,2,3) can be uniquely identified from the
sample (or population) variances sy, x, and sy,y,. The ULS fitting function is given by

H(Ax, Ay, ¢) = ) (sx.x; — A+ Z(Syiyj — A7)+ Z SX,Y; — PAxAY)* . (58)
i#j i#j ij

The model parameters Ax, Ay and ¢ can be determined by taking the corresponding
partial derivatives of H defined in (58). The following estimating equations are obtained:

ZXX,ULS(SXin — A& uis) + PuLsiy,uis Z(SX,-Y]- — pusixuisAy,uis) =0, 59)
7 %
Y. XY,ULS(SXGYj — A} uis) + PusAx,uis Z(Sxiyj — pursAxursAyuis) = 0and  (60)
i#j i
AxULsAy,uLs Y (sx,v, — pursixuisiy.urs) =0 . (61)

ij
Using (61), we obtain from (59) and (60)

E XX,ULS(SXI-X]' — X%(,ULS) =(0and (62)
=
ZXY,ULS(SYin ~ A3 us) =0. (63)
i7

Interestingly, the estimating equations (62) and (63) for Ax and Ay coincide with the
SAM approach because they only rely on the observed covariances sx;x; and sy,y; that refer

to the separate measurement models of the two factors. Hence, we obtain A X SAM = /\X ULS

and Ay sam = Ay,uLs.
If GSAM is employed, the following estimating equation is solved with respect to ¢

Ax SAMAY SAM Y (5x; — PcsamAxsamAysam) = 0. (64)
ij

As the estimated loadings coincide for the ULS and the SAM approach, we infer
that ¢GS AM = <PULS due to Equations (61) and (64). More concretely, <PULS and ¢GS AM are
obtained by

1
- stiyj

PuLs = Posam = =———=—— (65)
Ax, ULs)\y Uls

If LSAM is employed, the mapping matrix Mysan = (ALS AMALS AM) ! AES AM s used,
where
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ZtX,SAM 0
Axsam 0
Arsam = Axsam O . (66)
0 Aysam
0 Aysam
0 Ay sam
We further compute
N N _ /3 0
(AfsamArsam) " = ( xsau ~_5 ) and (67)
0 Aysam/3
~_q ~
MLSAM — ( )\X,SAM/?) /\XSAM/3 /\X SAM/3 ~_1 0 ~_1 0 ~q 0 ) . (68)
0 0 0 Aysam/3 Aysam/3 Aysam/3
Finally, the estimated correlation matrix ®; 5\ is obtained as
Drsam = Misam(S — Fsam)Misan - (69)

where ¥5p contains the estimated measurement error variances. The estimated correlation
4>L5 AM is the entry in <I>L5 AM in the second row and the first column. A direct computa-
tion of (69) shows that <PLS AM in LSAM equals <PULS and <PGSAM in Equation (65). As a
consequence, ULS, GSAM, and LSAM result in identical estimates for the tau-equivalent
measurement model. Hence, two-step SAM cannot be more robust to local model mis-
specifications compared to one-step ULS estimation. We are aware of the fact that the
tau-equivalent measurement model constitutes a very special CFA model. In general, the
different estimates must not be identical. However, the fact that robustness is not fulfilled
in a very simple model causes doubts about the general claim that SAM is more robust
than ML or ULS estimation. In Section 4, we illustrate our analytical findings through six
simulation studies.

3. Alternative Model-Robust Estimation Approaches

In this section, we discuss alternative estimation approaches that can handle local
misspecified factor models. In Section 3.1, we introduce robust moment estimation (RME),
which allows discrepancies between observed and model-implied covariances by treating
large discrepancies as outliers. In Section 3.2, RME is applied in the GSAM approach by
replacing the ML or ULS fitting function with a robust loss function. Finally, Section 3.3
discusses factor rotation methods with thresholding the error correlation matrix that simul-
taneously addresses the presence of cross loadings and residual error correlations.

3.1. Robust Moment Estimation (RME)

In the previous, Section 2, we showed that ULS and SAM estimation are not robust to
model misspecifications. For K observed variables, the ULS fitting function minimizes the
squared loss between observed covariances s;; and model-implied covariances ¢;;(y) of a
model parameter v [40]:

K K

Z Z sij — aii(7))* - (70)

i=1j=1
By taking the derivative with respect to < in (70), one obtains the estimating equations
_oH & & ooy

Hy(y) = E = 7221 1@(51] O'ij(')’)) =0. (71)
i=1j=
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Model errors ¢;; = s;; — 0j;(7y) vanish using a particularly defined weighted average
in which weights are determined by (do;j;/dy). Typically, all covariances s;; enter the
computation of . However, if some model errors can be regarded as outliers, the least-
squares loss function (70) can be replaced by a more model-robust loss function p [41]
resulting in the fitting function

=
ngks

H(y) = p(sij — 0ij (7)) - (72)

T
Il
—

1j

The fitting function (72) is referred to as robust moment estimation (RME) because
the second-order moments (i.e., covariances) are used as the input in a robust nonlinear
regression with model parameter 7. Siemsen and Bollen [42] proposed p(e) = |e| (see
also [43]). If model errors follow an asymmetric distribution (e.g., there are some positive
errors, while all other errors are zero), the family of L, loss functions p(x) = |x|V with
p € [0,1) is even more robust to model misspecifications [37]. The power p = 0.5 has been
used in invariance alignment [44] and is a good trade off between model robustness and
estimation stability [45]. For CFA models, it can be suspected that a robust loss function is
robust to the presence of a few unmodeled residual correlations. This property has also
been demonstrated for robust estimation in the violation of measurement invariance [46].

In Equation (72), the input data are observed covariances s;;, and model-implied
covariances ¢j;(y) are modeled. Hence, (72) can be viewed as fitting a nonlinear regression
on covariances using a particular robust loss function p [40]. Again, the function H defines
an M-estimation problem [29,31], and its use is justified by the hope that model errors
sij — 0jj(7y) are treated as outliers by utilizing the robust loss function p [19,47]. Hence, the
model errors should not impact the estimate of the parameter vector .

In numerical optimization, one can substitute the nondifferentiable function p by a
differentiable approximation g, (x) = (x2 + €)P/2 using a sufficiently small positive e such
ase =10"* (see [44,46,48,49] for examples). In practice, it is advisable to use reasonable
starting values and to minimize (72) using a sequence of differentiable approximations
with decreasing ¢ values (i.e., subsequently fitting g withe = 1071,1072,1073,10~* and
using the previously obtained result as the initial value for the subsequent minimization
problem).

3.2. GSAM with Robust Moment Estimation (GSAM-RME)

The RME fitting function is a one-step estimation approach like ULS or ML estimation.
GSAM determines the factor loadings and the measurement error variances in the first step
and fixes them in the second step for estimating the structural parameters. In Section 2, we
used ULS estimation in the second step. However, a robust loss function p could also be
applied in GSAM. For the two-dimensional CFA model, the estimated correlation in the
robust variant of GSAM (referred to as GSAM-RME) is defined as

PesamRrME = argmin)_ o(sx,y; — PAx, saMAy, sam) - (73)
L]

The advantage of GSAM-RME is that it still estimates measurement models separately,
while it allows for a few outlying model errors s X;Y; — (/)/A\Xi,s AMij,S AM- 1f some model
errors should be intentionally removed from the estimation of ¢, GSAM-RME might be the
method of choice.

Notably, Equation (73) can be generalized to CFA models without assuming a simple
structure for the loading matrix. For example, the loading matrix can be determined by
exploratory factor analysis (EFA) in the first step (see next, Section 3.3). In the second step,
the loadings are fixed when applying RME estimation. In this scenario, cross loadings are
allowed while acknowledging the possibility of unmodelled residual error correlations by
using a robust loss function. To our knowledge, the application of RME to SAM is a unique
contribution of this paper.
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3.3. Factor Rotation with Thresholding the Error Correlation Matrix

In the last two sections, we introduced RME and GSAM-RME estimation approaches
that are aimed at treating unmodelled residual correlations as outliers. Hence, it can be
suspected that these estimation alternatives are robust to this kind of local misspecification.
However, there could also be cross loadings as another source of model misspecifications.
In this case, assuming a simple structure for the loading matrix will lead to erroneous
conclusions. There is a large literature on EFA [50] that discusses the estimation of loading
matrices without a presumed simple structure.

For an observed covariance matrix S, EFA typically starts with a decomposition

S=LL" +0O, (74)

where L is an initial loading matrix of prespecified rank D (i.e., the number of dimensions
for factor variables) and © is a diagonal matrix. In the next step, an oblique factor rotation
is applied that estimates a D x D rotation matrix A with diag(AA") = (1,...,1) such that

S=A®PAT + 0O (75)

with A = LA™ and ® = AA". The rotation matrix A is obtained by minimizing a simplic-
ity function Q = Q(A). The function Q penalizes the presence of many substantial cross
loadings. In this article, we focus on two simplicity functions. First, Geomin rotation [51,52]
uses the criterion

1/D
(76)

—il]‘[ A2 +e)

using a small e > 0 (e.g., ¢ = 0.01). Recently, L, (p € (0,1]) rotation for sparse loading
matrices has been proposed by [53]

=

D
=) Z idl” . 77)
i=1d=1

The case p = 1 was previously investigated by [54]. Again, the nondifferentiable
optimization function can be replaced by a differentiable function in numerical optimization.
In this article, we use p = 0.5.

There are two alternatives to proceeding with the rotation factor solution (75). First,
the estimated correlation matrix @ in (75) can be directly used as an estimate of the factor
correlation. Second, the final correlation estimate is obtained in a two-step procedure.
The loading matrix A is used to specify an extracted loading structure that retains all
entries in the loading matrix whose absolute values exceed a certain cutoff. Typically, this
operation only applies to detected cross loadings. In a second step, all loadings of the
reduced structure and factor correlations are estimated in a CFA. To ensure robustness
against unmodelled residual correlations, this CFA model is estimated using RME (see
Section 3.1).

The critical aspect of the EFA approach described above in Equation (75) is that
the error covariance matrix @ is assumed to be diagonal. Hence, biased results could be
obtained in the presence of residual correlations. This possibility is tackled by a thresholding
approach. Assume that, in an initial iteration f = 0, we obtain

S—1OLO" g0 (78)

in an unrotated EFA and a diagonal residual covariance matrix 00 Ina thresholding step,
large non-diagonal elements (in absolute value) are detected by computing

&1 = Thresh(s — L=Vt "y (79)
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The function Thresh is a thresholding operator that replaces all small values in a
matrix and the diagonal elements to zero. Hard and soft thresholding appear in practical
implementations ([53,55]; see also [56,57]). In this article, we use a modified thresholding
function that behaves like the soft thresholding for |x| < ¢ and like the hard thresholding
approach for |x| > ac for a cutoff value c and a factor a > 1. The values in the interval
[c, ac] are obtained by linear interpolation. This thresholding function is also known as the
smoothly clipped absolute deviation (SCAD) penalty ([58]; see also [59]). The thresholding
step resembles a corresponding step in regularized EFA estimation [60]. Then, in the
t-th step of the algorithm, the unrotated EFA is applied to an adjusted covariance matrix
S — 01, resulting in

s—et-)=rOr0 L e, (80)

The estimation of the EFA solution and the thresholding of the residual covariance ma-
trix cycles until convergence. The thresholding step depends on a cutoff value that defines
the extent of ignored residual correlations in our modified CFA approach. At convergence,
one applies the oblique rotation method to the loading matrix L) and one obtains rotated
loadings A and a factor correlation matrix ®. Like in the EFA approach without thresh-
olding factor covariances, the estimate ® can be directly used, or a subsequent CFA step
with extracted loading structure and a robust loss function can be employed. In large
samples, the simultaneous application of oblique factor rotation and residual covariance
matrix thresholding can potentially be robust to the presence of cross loadings and residual
correlations.

4. Simulation Studies

In this section, we present findings from six simulation studies in CFA models with two,
three, and five factors. In Section 4.1 (Simulation Study 1), we study the impact of residual
error correlations as one kind of local model misspecification. In Section 4.2 (Simulation
Study 2), we study the impact of cross loadings as another kind of model misspecification.
In Section 4.3 (Simulation Study 3), we study the simultaneous presence of residual error
correlations and cross loadings as local model misspecifications. In Section 4.4 (Simulation
Study 4), we study a five-factor model that is very close to the original simulation in
Rosseel and Loh [20]. Sections 4.5 and 4.6 (Simulation Study 5) compare SAM and SEM in
a three-factor model with cross loadings and residual correlations, respectively.

4.1. Simulation Study 1: Correlated Residual Errors in the Two-Factor Model

In the first three Simulation Studies, 1, 2, and 3, we restrict ourselves to a CFA model
with two factors. Each factor is measured by three items. The factor correlation of the two
factors is the target parameter of interest. In all simulation simulation studies, it is assumed
that observed variables X are multivariate normally distributed. Samples of size N were
drawn independently of samples units.

4.1.1. Method
The data-generating parameters in the two-dimensional CFA model were
0.6975
0 0.6975
1.0 0 0 0.6975
@ ( 0.6 1 > and¥=1 ey 0 0 07975 - @6

0 ¥x,Yv, 0 0 0.7975

0 0 0 0 0 0.7975

McDonald’s Omega [61] for the two factors referring to the loadings 0.55 and 0.45 was
determined as 0.57, and 0.43, respectively. Two residual correlations ¥ x,y, and ¢x,y, are
allowed in the data-generating model ¥ in (81). In the analysis model, we estimate a CFA
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model that allocates the items X; (i = 1,2, 3) to factor Fx and Y; (i = 1,2,3) to factor Fy
and specifies a diagonal error covariance matrix. Hence, a misspecified model results. The
data-generating model (81) is graphically displayed in Figure 3.

YX1Y, Y Xo Yy

- = -

s s ~ ~

Xq| | X2 | X3] Y1) | Y2l |Y5

Figure 3. Simulation Study 1: Data-generating model. Residual correlations are displayed with
curved dashed red double arrows.

Three data-generating scenarios were simulated. First, no residual correlations were
present in the data (i.e., ¥x,v, = ¥x,v, = 0). Second, only ¥x,y, was different from zero
and was set to 0.12 or —0.12. Third, both residual correlations ¥x,y, and ¥x,y, were set to
0.12 or —0.12.

We simulated sample sizes N = 100,250, 500,1000, 2500, and 10°. The situation
N = 10° indicates the case in which almost no sampling error in the observed covariance
matrix is obtained. This condition allows the investigation of the asymptotic bias of the
competing estimation approaches.

We compared the estimated factor correlations using 15 different estimation ap-
proaches. First, we utilized one-step estimation approaches ULS, ML, and RME using
the power p = 0.5. Second, the four different SAM implementations LSAM, GSAM-ML,
GSAM-ULS, and GSAM-RME were employed. The two GSAM approaches, GSAM-ML and
GSAM-ULS, use ML and ULS in the second estimation step while fixing the measurement
model parameters to those obtained from two single CFA models in the first step, GSAM is
applied with RME using the power p = 0.5 in GSAM-RME. Third, we used Geomin and Lp
rotation with p = 0.5 [53] as EFA factor rotation methods. In the methods Geomin and Lp,
we directly obtained the estimated factor correlation from the EFA model with thresholding
the residual covariance matrix. A thresholding approach for the residual covariance matrix
with a cutoff ¢ = 0.03 and a = 1.5 (see Section 3.3) was applied in the factor rotation
methods Geomin(THR) and Lp(THR). Finally, these four rotation methods were followed
by a second step in which RME for an extracted CFA model was used. Cross loadings for
at most one of the three items in a scale were allowed if they exceeded 0.15 (in absolute
value). Note that more cross loadings cannot be identified in a two-dimensional CFA with
only three items per factor. The four resulting approaches are referred to as Geomin(RME),
Lp(RME), Geomin(THR,RME), and Lp(THR,RME).

CFA estimation was conducted by applying constrained estimation for target load-
ings (that is, primary factor loadings) and measurement error variances. The inequality
constraint par > 0.01 was used where par was a loading or variance parameter. Previous
research has shown that constrained (ML) estimation is preferable to unconstrained (ML)
estimation in small samples because it solves convergence issues and substantially reduces
variability in estimates [62,63].

We also studied the impact of local misspecifications at the population level by apply-
ing Equation (8) in Section 2.1 for the methods ML, ULS, LSAM, GSAM-ML and RME. A
value of 0.05 was applied for one of the misspecification parameters, and the impact on the
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estimated factor correlation was assessed. The estimate of the derivative in (8) is referred to
as parameter sensitivity due to misspecification.

In each simulation condition, 1500 replications were conducted. We computed the
bias, the standard deviation (SD), and the root mean square error (RMSE) for the estimated
correlation. All analyses were carried out in the statistical software R [64]. ULS, ML
and LSAM were computed using the most recent lavaan version [65]. Geomin rotation
was conducted using the GPArotation package [66]. All other estimation functions were
written by the author in R. RME also appears in the experimental mgsem() function in the
sirt package [67]. The lavaan syntax for estimating ULS, ML and LSAM can be found in
Appendix B. R code for Simulation Study 1 can be found at https:/ /github.com/alexander
robitzsch/supplement_sam/tree/main/Studyl (accessed on 22 June 2022).

4.1.2. Results

First, we studied the parameter sensitivity of model misspecification parameters ¢x, v,
and vx,y,. They were 0.48 (ML), 0.47 (ULS), 0.45 (LSAM), 0.45 (GSAM-ML) and 0.01 (RME).
The same values were obtained for the two misspecification parameters. The parameter
sensitivity allows the prediction of asymptotic biases for the misspecification ¢x,y, = 0.12.
For the ML approach, we obtain 0.12 x 0.48 = 0.06 as a bias estimate if a positive residual
error correlation was assumed. For the case of two positive residual error correlations,
we would expect a bias of 2 x 0.06 = 0.12. As suspected, RME is robust to unmodelled
error correlations.

In Table 1, we present the bias and the RMSE of the estimated factor correlation as a
function of no, one positive or two positive residual error correlations.

As expected, ML, ULS and RME result in unbiased estimates if there is no model
misspecifications (i.e., no residual error correlations in the data-generating model). RME
has some efficiency loss for a correctly specified model. Notably, all SAM approaches
are negatively biased for smaller samples (N = 100,250). This causes doubts about the
recommendation that SAM should be particularly appropriate in small samples. In addition,
note that the EFA approaches that directly use the estimated factor correlation result in
biased estimates even in large samples. The subsequent RME step tends to be more robust
in the EFA approaches, but it still contains bias.

As predicted, ML, ULS, and the non-robust SAM approach resulted in biased estimates
with one or two unmodelled residual correlations. It seems that the SAM approaches
provided less biased estimates in smaller samples. However, this result is only due to
the general negative bias of SAM without misspecification in small samples. In addition,
note that the approaches RME and GSAM-RME are robust to the presence of residual
error correlations. If EFA methods are applied, it is important that one uses it as a two-
step method with a simplified loading structure in combination with RME. However, the
application of EFA in the first step always includes additional variability in the estimated
correlation. The Geomin rotation had slightly superior performance than Lp rotation in
terms of RMSE.

In Table 2, the SD of the estimated factor correlation is presented as a function of
sample size in the data-generating model with no residual correlation. In the small sample
size N = 100, LSAM (SD = 0.194) had a reduction in the SD of 6.6% compared to ML
(SD = 0.211). However, ULS estimation (SD = 0.198) was very close to LSAM. In all larger
sample sizes (N > 250), there was no advantage for favoring the two-step LSAM approach
over the one-step methods ML or ULS. As expected, using RME estimation comes at the
price of increased variability in estimates.


https://github.com/alexanderrobitzsch/supplement_sam/tree/main/Study1
https://github.com/alexanderrobitzsch/supplement_sam/tree/main/Study1
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Table 1. Simulation Study 1 (two factors and residual correlations): bias and root mean square error

(RMSE) of estimated factor correlation as a function of sample size with no, one positive, and two

positive residual correlations in the data-generating model.

Bias RMSE
N N
Method 100 250 500 1000 2500 10° 100 250 500 1000 2500 10°
No residual correlations
ML —0.01 0.00 0.00 0.00 0.00 0.00 0.21 0.12 0.09 0.06 0.04 0.01
ULS 0.01 0.01 0.01 0.00 0.00 0.00 0.20 0.12 0.08 0.06 0.04 0.01
RME 0.01 0.01 0.01 0.00 0.00 0.00 0.22 0.14 0.10 0.07 0.04 0.01
LSAM -0.16 -0.07 -0.03 -0.01 -—0.01 0.00 0.25 0.14 0.09 0.06 0.04 0.01
GSAM-ML —-016 —0.07 -0.03 -0.01 -—0.01 0.00 0.25 0.14 0.09 0.06 0.04 0.01
GSAM-ULS -011 -0.05 -0.02 -0.01 0.00 0.00 0.25 0.13 0.09 0.06 0.04 0.01
GSAM-RME -0.12 —-0.05 —-0.02 -0.01 0.00 0.00 0.26 0.15 0.11 0.07 0.04 0.01
Geomin -033 -024 -016 —-010 —0.06 —0.03 0.35 0.27 0.19 0.12 0.07 0.03
Lp -0.34 —-0.27 -0.20 -0.14 -0.07 0.00 0.37 0.29 0.22 0.16 0.09 0.01
Geomin(THR) -032 -024 -016 —-010 —0.06 —0.03 0.34 0.26 0.19 0.12 0.07 0.03
Lp(THR) -033 —-026 —-020 -—-0.14 -—0.07 0.00 0.36 0.28 0.22 0.16 0.09 0.01
Geomin(RME) —-0.11 -0.07 -0.04 -0.01 0.00 0.00 0.26 0.17 0.11 0.07 0.04 0.01
Lp(RME) —0.01 0.06 0.08 0.06 0.03 0.00 0.27 0.19 0.16 0.14 0.09 0.01
Geomin(THR,RME) —-0.10 —0.07 -0.05 —0.02 0.00 0.00 0.27 0.17 0.11 0.07 0.04 0.01
Lp(THR,RME) 0.01 0.06 0.08 0.06 0.03 0.00 0.26 0.19 0.16 0.13 0.09 0.01
One positive residual correlation
ML 0.05 0.06 0.07 0.07 0.07 0.07 0.21 0.14 0.11 0.09 0.08 0.07
ULS 0.07 0.06 0.06 0.06 0.06 0.06 0.20 0.13 0.10 0.08 0.07 0.06
RME 0.06 0.05 0.04 0.02 0.01 0.00 0.22 0.15 0.11 0.07 0.04 0.01
LSAM —-0.12 —-0.02 0.02 0.04 0.05 0.05 0.23 0.13 0.09 0.07 0.06 0.05
GSAM-ML —-0.12 —0.02 0.02 0.04 0.05 0.05 0.23 0.13 0.09 0.07 0.06 0.05
GSAM-ULS —0.06 0.00 0.03 0.04 0.05 0.05 0.38 0.12 0.09 0.07 0.06 0.05
GSAM-RME —-0.07 -0.02 0.01 0.01 0.01 0.00 0.39 0.15 0.11 0.07 0.04 0.01
Geomin -032 -026 —-020 —-0.15 —0.10 —0.02 0.34 0.28 0.22 0.18 0.13 0.03
Lp -033 —-028 —-024 -019 —-0.14 —0.02 0.36 0.30 0.26 0.22 0.17 0.04
Geomin(THR) -031 -0.23 -0.18 -0.12 —0.07 —0.03 0.33 0.26 0.20 0.14 0.09 0.03
Lp(THR) -0.32 —-026 —-0.22 —-0.16 —0.09 0.00 0.35 0.29 0.24 0.18 0.12 0.01
Geomin(RME) —-0.09 -0.05 -0.04 -0.03 -0.02 0.00 0.25 0.18 0.13 0.09 0.06 0.01
Lp(RME) —0.01 0.04 0.05 0.05 0.03 0.00 0.25 0.19 0.15 0.12 0.07 0.02
Geomin(THR,RME) —0.08 —-0.04 —-0.03 —0.01 0.01 0.00 0.25 0.17 0.12 0.08 0.05 0.01
Lp(THR,RME) 0.02 0.06 0.07 0.05 0.03 0.00 0.25 0.19 0.15 0.12 0.07 0.01
Two positive residual correlations

ML 0.10 0.12 0.12 0.12 0.12 0.12 0.22 0.17 0.14 0.13 0.12 0.12
ULS 0.12 0.12 0.12 0.11 0.11 0.11 0.21 0.16 0.14 0.13 0.12 0.11
RME 0.09 0.08 0.05 0.03 0.01 0.00 0.22 0.16 0.12 0.08 0.04 0.01
LSAM —0.08 0.03 0.07 0.09 0.10 0.11 0.22 0.13 0.11 0.11 0.11 0.11
GSAM-ML —0.08 0.03 0.07 0.09 0.10 0.11 0.22 0.13 0.11 0.11 0.11 0.11
GSAM-ULS —0.03 0.05 0.09 0.10 0.10 0.11 0.19 0.13 0.12 0.11 0.11 0.11
GSAM-RME —0.04 0.03 0.04 0.03 0.01 0.00 0.24 0.16 0.12 0.08 0.05 0.01
Geomin -0.32 —-027 -024 -024 —023 —0.27 0.34 0.29 0.26 0.25 0.25 0.28
Lp -033 —-0.29 -0.27 —-0.27 —-0.27 —0.30 0.36 0.31 0.29 0.29 0.28 0.31
Geomin(THR) -030 -023 -019 -0.16 —0.13 —0.12 0.33 0.25 0.21 0.19 0.17 0.18
Lp(THR) -032 -026 -—-023 -021 —0.18 —0.16 0.35 0.29 0.25 0.23 0.21 0.22
Geomin(RME) —-0.09 -0.05 -0.04 -0.03 -0.02 0.00 0.25 0.18 0.14 0.10 0.06 0.01
Lp(RME) —0.01 0.04 0.05 0.04 0.03 0.01 0.24 0.19 0.16 0.12 0.07 0.01
Geomin(THR,RME) —0.07 -0.03 —0.02 —0.01 0.00 0.00 0.25 0.18 0.13 0.10 0.06 0.01
Lp(THR,RME) 0.02 0.07 0.07 0.06 0.03 0.02 0.24 0.19 0.16 0.12 0.07 0.07

Note. N = sample size; Method = estimation method; ML = maximum likelihood ; ULS = unweighted least

squares; RME = robust moment estimation with p = 0.5; SAM = stuctural after measurement; LSAM = local SAM;
GSAM = global SAM; Geomin = Geomin factor rotation; Lp = L, factor rotation with p = 0.5; THR = thresholding
error covariance matrix; Geomin(RME) = Geomin factor rotation with subsequent RME; Lp(RME) = Lp factor

rotation with subsequent RME; absolute biases larger than 0.05 are printed in bold.
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Table 2. Simulation Study 1 (two factors and residual correlations): standard deviation of estimated
factor correlation as a function of sample size with no residual correlations in the data-generating

model.
N

Method 100 250 500 1000 2500 10°

ML 0.211 0.123 0.085 0.059 0.037 0.006
ULS 0.198 0.119 0.084 0.058 0.037 0.006
RME 0.220 0.143 0.101 0.068 0.043 0.006
LSAM 0.194 0.125 0.086 0.058 0.037 0.006
GSAM-ML 0.194 0.125 0.086 0.058 0.037 0.006
GSAM-ULS 0.225 0.119 0.084 0.058 0.037 0.006
GSAM-RME 0.228 0.146 0.103 0.069 0.042 0.006
Geomin 0.122 0.107 0.092 0.063 0.038 0.006
Lp 0.133 0.111 0.095 0.077 0.056 0.006
Geomin(THR) 0.124 0.104 0.088 0.064 0.039 0.006
Lp(THR) 0.134 0.109 0.093 0.078 0.057 0.006
Geomin(RME) 0.241 0.156 0.101 0.065 0.040 0.006
Lp(RME) 0.266 0.182 0.144 0.121 0.081 0.007
Geomin(THR,RME) 0.245 0.154 0.101 0.065 0.040 0.006
Lp(THR,RME) 0.263 0.182 0.143 0.120 0.081 0.007

Note. N = sample size; Method = estimation method; ML = maximum likelihood ; ULS = unweighted least
squares; RME = robust moment estimation with p = 0.5; SAM = stuctural after measurement; LSAM = local SAM;
GSAM = global SAM; Geomin = Geomin factor rotation; Lp = L, factor rotation with p = 0.5; THR = thresholding
error covariance matrix; Geomin(RME) = Geomin factor rotation with subsequent RME; Lp(RME) = Lp factor
rotation with subsequent RME.

In Table Al in Appendix A, the bias and the RMSE of the estimated factor correlation
as a function of one negative or two negative residual correlations are presented. In contrast
to the situation of positive residual correlations, LSAM is more biased than ML or ULS
estimation. Ignoring a negative residual correlation resulted in a negatively biased factor
correlation. However, LSAM was generally biased in small samples. Hence, the negative
bias must, consequently, be larger in magnitude than for the SEM estimation methods
ML and ULS. For positive residual correlations, the negative small-sample bias of LSAM
compensated for the general positive bias when ignoring error correlations. This gave the
impression that LSAM had general advantages compared to ML or ULS but was only a
consequence as a positive and negative bias can cancel each other for LSAM in particular
data constellations.

Overall, using robust loss functions provided model-robust estimation in the presence
of residual error correlations. As predicted by our analytical derivations, SAM is generally
not more robust than ML or ULS estimation. To investigate whether our observations
were generalizable across different conditions and to further study the small-sample bias
of the LSAM method, we conducted three additional focused simulation studies in the
data-generating model with residual correlations. These focused simulation studies are
presented in the following Sections 4.1.3-4.1.5.

4.1.3. Focused Simulation Study 1A: Choice of Model Identification

In the first focused simulation study 1A, we compared two different model identifica-
tion strategies for estimating factor models and investigated whether the performance of
LSAM would improve when using a different strategy. In Simulation Study 1, we used the
unit latent variance identification (UVI) strategy that estimates all factor loadings and fixes
the variance in the latent variable to one. A popular alternative identification strategy (unit
loading identification, ULI) fixes one factor loading to one and estimates the variance of the
latent variable. In this simulation, we compared UVI and ULI using the data-generating
model from Simulation Study 1 (see Section 4.1.1). UVI and ULI were implemented as
constrained estimation approaches. We only focused on the comparison of ML, ULS and
LSAM and compared all methods with bias and RMSE. The lavaan syntax for the ULI
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strategy can be found in Appendix C. The lavaan syntax for estimating the UVI strategy
can be found in Appendix B.

Table 3 compares the estimated factor correlation in the two different identification
methods. LSAM slightly improved for the sample size N = 100 when using ULI instead of
UVL In larger sample sizes, differences practically disappeared. Hence, we can conclude
that the small-sample bias of LSAM persists when using a different identification strategy.
Consequently, LSAM is also not more robust when utilizing ULI instead of UVL

Table 3. Focused Simulation Study 1A (two factors and residual correlations): bias and root mean
square error (RMSE) of estimated factor correlation as a function of sample size with one positive
and two positive residual correlations in the data-generating model. for the unit latent variance (UVI)
and unit loading identification (ULI).

Bias RMSE
N N
Method 100 250 500 1000 2500 10° 100 250 500 1000 2500 10°
No residual correlations
ML (UVI) —0.01 0.00 0.00 0.00 0.00 0.00 0.21 0.12 0.08 0.06 0.04 0.01
ML (ULI) —0.01 0.00 0.00 0.00 0.00 0.00 0.20 0.12 0.08 0.06 0.04 0.01
ULS (UVI) 0.01 0.00 0.00 0.00 0.00 0.00 0.19 0.12 0.08 0.06 0.04 0.01
ULS (ULI) 0.00 0.00 0.00 0.00 0.00 0.00 0.19 0.12 0.08 0.06 0.04 0.01
LSAM (UVl) —-0.16 —0.07 —0.03 —0.02 —0.01 0.00 0.25 0.15 0.09 0.06 0.04 0.01
LSAM (ULI) —-0.14 —0.07 —0.03 —0.02 —0.01 0.00 0.23 0.14 0.09 0.06 0.04 0.01
One positive residual correlation
ML (UVI) 0.06 0.06 0.07 0.07 0.07 0.07 0.20 0.14 0.11 0.09 0.08 0.07
ML (ULI) 0.06 0.06 0.07 0.07 0.07 0.07 0.20 0.14 0.11 0.09 0.08 0.07
ULS (UVI) 0.07 0.07 0.07 0.06 0.06 0.06 0.19 0.14 0.11 0.09 0.07 0.06
ULS (ULI) 0.07 0.07 0.07 0.06 0.06 0.06 0.19 0.14 0.11 0.09 0.07 0.06
LSAM (UVI) -012 —0.02 0.03 0.04 0.05 0.05 0.23 0.14 0.09 0.07 0.06 0.05
LSAM (ULI) —0.09 —0.02 0.03 0.04 0.05 0.05 0.21 0.13 0.09 0.07 0.06 0.05
Two positive residual correlations

ML (UVI) 0.12 0.12 0.12 0.12 0.11 0.12 0.22 0.17 0.14 0.13 0.12 0.12
ML (ULI) 0.12 0.12 0.12 0.12 0.11 0.12 0.22 0.17 0.14 0.13 0.12 0.12
ULS (UVI) 0.13 0.12 0.11 0.12 0.11 0.11 0.22 0.16 0.14 0.13 0.12 0.11
ULS (ULI) 0.13 0.12 0.11 0.12 0.11 0.11 0.22 0.16 0.14 0.13 0.12 0.11
LSAM (UVI) —0.08 0.02 0.07 0.09 0.10 0.11 0.22 0.13 0.11 0.11 0.10 0.11
LSAM (ULI) —0.05 0.03 0.07 0.09 0.10 0.11 0.20 0.13 0.11 0.11 0.10 0.11

Note. N = sample size; Method = estimation method; ML = maximum likelihood; ULS = unweighted least
squares; SAM = stuctural after measurement; LSAM = local SAM; absolute biases larger than 0.05 are printed
in bold.

4.1.4. Focused Simulation Study 1B: Investigating the Small-Sample Bias of LSAM

In the second focused simulation study, 1B, we study the small-sample bias of the
LSAM estimation method in more detail. We rely on the two-factor model (81) with
two residual correlations. In contrast to the main Simulation Study 1, we used the same
factor loading A for all six manifest variables in the data-generating model. We varied
the factor loadings as 0.4, 0.5, 0.6, 0.7, and 0.8. McDonald’s Omega [61] for these loadings
was determined as 0.36, 0.50, 0.63, 0.74, and 0.84, respectively. We also varied the factor
correlation ¢ as 0.0, 0.2, 0.4, 0.6, and 0.8. In this focused simulation study, we assumed a
correctly specified model for studying the small-sample bias of LSAM. We report the bias
of the estimated factor correlation for the sample size N = 100.

In Table 4, the estimated factor correlation estimated by LSAM is displayed as a
function of the common loading A and the true factor correlation ¢. It can be seen that
LSAM is generally negatively biased. The bias is larger in magnitude for lower loadings (i.e.,
less reliably measured factors) and higher true factor correlations. From Simulation Study
1, it can be inferred that the bias of the LSAM estimate decreases in larger sample sizes.
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Table 4. Focused Simulation Study 1B (two factors and residual correlations): bias for the LSAM
estimation approach of estimated factor correlation with a sample size N = 100 and no residual
correlations in the data-generating model as a function of the factor loading A and the true factor
correlation ¢.

¢
A 0.0 0.2 0.4 0.6 0.8
0.4 0.00 —0.09 —0.20 —0.29 —0.39
0.5 0.01 —0.05 —0.10 —0.16 —0.20
0.6 0.00 —0.02 —0.04 —0.07 —0.09
0.7 0.00 0.00 —0.02 —0.03 —0.04
0.8 0.00 0.00 —0.01 —0.02 —0.02

Note. absolute biases larger than 0.05 are printed in bold.

4.1.5. Focused Simulation Study 1C: Bootstrap Bias Correction of the LSAM Method

In the third focused simulation study, 1C, we investigate whether the small-sample bias
of the LSAM method can be reduced with bootstra-bias-correction (BBC) methods [68,69]. We
use BBC with nonparametric bootstrap. For a sample size N, nonparametric bootstrap
is defined as a sampling of units with replacement from the original sample. We use
100 bootstrap samples to determine the bias corrected estimate. If ¢ is the original estimate

and ¢y, the average of the bootstrap estimates of the same sample size, we define the
bootstrap bias corrected estimate ¢3BBC as

(i)BBC = 4\) - ((f)boot - 43) . (82)

In this focused simulation study, we compare ML and LSAM estimation with and
without the BBC method. We used no, one positive, and two positive residual correlations
in the data-generating model.

In Table 5, the results for the four different estimation methods ML, ML (BBC), LSAM,
and LSAM (BBC) are presented. For ML estimation, the results with and without BBC
were quite similar in terms of bias for N > 250. However, there is a noticeably increased
variability in BBC estimates (i.e., ML (BBC)) compared to ML estimates. For the LSAM
estimates, it turned out that the bias was reduced with BBC. However, the bias was still
—0.08 for N = 100. The LSAM bias vanished when applying BBC for sample sizes N > 250.
Interestingly, there was a substantial increase in the variability of LSAM estimates due to
BBC (i.e., the SD increased from 0.19 to 0.27). However, the BBC bias reduction for LSAM
does not outweigh the increased variability in terms of RMSE. Nevertheless, if LSAM were
the researcher’s method of choice, we would recommend applying the small-sample bias
correction method.

4.2. Simulation Study 2: Cross Loadings in the Two-Factor Model
4.2.1. Method

In this simulation study, cross loadings were simulated as local model misspecifica-
tions. The data-generating parameters were defined as

0.6975
0 0.6975
1.0 0 0 0.6975
o= ( 0.6 1 > and ¥ = 0 0 0 07975 ®3)
0 0 0 0 07975
0 0 0 0 0 07975

The data-generating model (83) for Simulation Study 2 is graphically displayed in
Figure 4.
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Table 5. Focused Simulation Study 1C (two factors and residual correlations): bias, standard deviation
(SD), and root mean square error (RMSE) of estimated factor correlation as a function of sample size
with no, one positive and two positive residual correlations in the data-generating model.

Bias SD RMSE
N N N
Method 100 250 500 1000 2500 100 250 500 1000 2500 100 250 500 1000 2500
No residual correlations

ML -002 -001 000 000 000 021 013 008 006 004 021 013 008 0.06 0.04
ML (BBC) 0.00 000 000 000 000 025 013 008 006 004 025 013 008 006 0.04
LSAM -0.16 —0.07 —0.03 —0.01 000 019 012 008 006 004 025 014 0.09 0.06 0.04
LSAM (BBC) —0.08 0.00 0.1 000 000 027 015 009 006 004 028 015 0.09 0.06 0.04

One positive residual correlation
ML 0.06 006 0.07 007 007 021 013 008 006 004 022 014 011 009 0.08
ML (BBC) 009 007 006 007 007 025 014 009 006 004 027 015 011 009 0.08
LSAM -0.11 -003 002 004 005 020 013 009 006 004 023 014 009 007 0.06
LSAM (BBC) —-0.03 0.04 006 0.06 006 029 016 010 006 004 029 017 011 0.08 0.07

Two positive residual correlations
ML 010 o011 012 o011 012 020 013 008 006 004 022 017 014 013 012
ML (BBC) 014 012 012 011 012 024 013 008 0.06 004 027 018 014 013 012
LSAM -0.09 002 0.7 009 010 021 014 009 006 004 023 014 011 010 011
LSAM (BBC) 001 o010 011 o011 011 030 017 010 0.06 004 030 020 014 012 0.11

Note. N = sample size; Method = estimation method; ML = maximum likelihood; SAM = stuctural after
measurement; LSAM = local SAM; BBC = bootstrap bias correction; absolute biases larger than 0.05 are printed
in bold.

Figure 4. Simulation Study 2: Data-generating model. Cross loadings are displayed with dashed
red arrows.

The cross loadings éx1 and Jdy; were both set to 0.3 or —0.3 in the condition with two
positive or negative cross loadings, respectively. In the condition with one cross loading,
dy1 was set to zero.

The analysis procedure exactly follows those described for Simulation Study 1 (see
“Method” Section 4.1.1). Again, 1500 replications were used for studying bias and RMSE of
the estimated factor correlation.

4.2.2. Results

First, we studied the sensitivity of the two misspecification parameters dx, and dy,. It
turned out that all estimation approaches that were not based on EFA resulted in expected
asymptotic biases (dx,: ML: 0.40, ULS: 0.39, LSAM: 0.39, GSAM-ML: 0.39, RME: 0.52; dy, :
ML: 0.49, ULS: 0.48, LSAM: 0.48, GSAM-ML: 0.48, RME: 0.63). Interestingly, RME even
produced more sensitivity to misspecifications than ULS, ML, and all SAM approaches.

In Table 6, the bias and RMSE for the estimated factor correlation are presented for
one and two cross loadings. As predicted, all non-EFA-based approaches resulted in biased
estimates. Importantly, the SAM approaches had no superior performance regarding bias
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or RMSE than ML, ULS or RME. Overall, the two-step EFA approach with Geomin rotation
was the frontrunner among the different methods.

Table 6. Simulation Study 2 (two factors and cross loadings): bias and root mean square error (RMSE)
of estimated factor correlation as a function of sample size with one and two positive cross loadings
in the data-generating model.

Bias RMSE
N N
Method 100 250 500 1000 2500 10° 100 250 500 1000 2500 10°
One positive cross-loading
ML 0.12 0.13 0.13 0.12 0.13 0.12 0.21 0.17 0.15 0.13 0.13 0.12
ULS 0.13 0.13 0.12 0.12 0.12 0.12 0.21 0.17 0.14 0.13 0.12 0.12
RME 0.13 0.13 0.13 0.12 0.12 0.12 0.22 0.18 0.16 0.14 0.13 0.12
LSAM —0.07 0.05 0.09 0.10 0.11 0.12 0.21 0.14 0.12 0.11 0.12 0.12
GSAM-ML —0.07 0.05 0.09 0.10 0.11 0.12 0.21 0.14 0.12 0.11 0.12 0.12
GSAM-ULS —0.01 0.08 0.10 0.11 0.12 0.12 0.19 0.14 0.13 0.12 0.12 0.12
GSAM-RME —0.03 0.06 0.08 0.08 0.05 0.01 0.22 0.16 0.13 0.11 0.08 0.01
Geomin -026 —0.18 —0.11 —0.05 —0.02 0.00 0.29 0.21 0.14 0.08 0.04 0.01
Lp -030 —-022 —-016 —0.12 —0.07 0.00 0.33 0.25 0.19 0.14 0.09 0.01
Geomin(THR) -026 —0.18 —0.11 —0.06 —0.02 0.00 0.29 0.21 0.14 0.09 0.04 0.01
Lp(THR) -029 -023 —0.17 —0.13 —0.07 0.00 0.32 0.26 0.20 0.15 0.09 0.01
Geomin(RME) —0.03 0.00 0.00 0.00 0.00 0.00 0.21 0.16 0.13 0.09 0.05 0.01
Lp(RME) 0.06 0.10 0.10 0.10 0.09 0.08 0.24 0.20 0.17 0.14 0.12 0.10
Geomin(THR,RME)  —0.03 0.01 0.01 0.00 0.00 0.00 0.22 0.17 0.13 0.09 0.05 0.01
Lp(THR,RME) 0.07 0.10 0.10 0.10 0.09 0.08 0.23 0.20 0.17 0.15 0.12 0.10
Two positive cross-loadings

ML 0.22 0.24 0.24 0.24 0.24 0.24 0.25 0.25 0.24 0.24 0.24 0.24
ULS 0.22 0.23 0.23 0.23 0.23 0.23 0.25 0.25 0.24 0.23 0.23 0.23
RME 0.22 0.23 0.24 0.24 0.25 0.22 0.26 0.26 0.25 0.25 0.25 0.22
LSAM 0.07 0.17 0.21 0.23 0.24 0.25 0.19 0.20 0.22 0.24 0.24 0.25
GSAM-ML 0.07 0.17 0.21 0.23 0.24 0.25 0.19 0.20 0.22 0.24 0.24 0.25
GSAM-ULS 0.14 0.21 0.23 0.25 0.25 0.26 0.21 0.23 0.24 0.25 0.26 0.26
GSAM-RME 0.11 0.18 0.20 0.21 0.24 0.27 0.24 0.22 0.23 0.23 0.25 0.27
Geomin -021 -0.14 —0.07 —0.02 0.02 0.03 0.24 0.18 0.13 0.09 0.05 0.03
Lp -025 018 —0.13 —0.10 —0.07 0.00 0.28 0.22 0.17 0.13 0.09 0.01
Geomin(THR) -021 —-0.14 —0.08 —0.02 0.02 0.03 0.25 0.18 0.13 0.09 0.05 0.03
Lp(THR) -025 -019 —0.14 —010 —0.07 0.00 0.29 0.22 0.18 0.13 0.09 0.01
Geomin(RME) 0.04 0.08 0.08 0.06 0.02 0.00 0.22 0.18 0.16 0.13 0.08 0.01
Lp(RME) 0.12 0.17 0.18 0.19 0.19 0.18 0.22 0.22 0.21 0.21 0.20 0.20
Geomin(THR,RME) 0.04 0.09 0.09 0.06 0.02 0.00 0.22 0.19 0.16 0.13 0.08 0.01
Lp(THR,RME) 0.13 0.17 0.17 0.19 0.18 0.18 0.23 0.23 0.21 0.21 0.20 0.20

Note. N = sample size; Method = estimation method; ML = maximum likelihood ; ULS = unweighted least
squares; RME = robust moment estimation with p = 0.5; SAM = stuctural after measurement; LSAM = local SAM;
GSAM = global SAM; Geomin = Geomin factor rotation; Lp = L, factor rotation with p = 0.5; THR = thresholding
error covariance matrix; Geomin(RME) = Geomin factor rotation with subsequent RME; Lp(RME) = Lp factor
rotation with subsequent RME; absolute biases larger than 0.05 are printed in bold.

Table A2 in Appendix A displays the bias and the RMSE of the estimated factor
correlation for one negative or two negative cross loadings as a function of sample size for
Simulation Study 2. It can be seen that LSAM was more biased than the SEM methods ML
and ULS if the cross loadings were negative instead of positive. Positive cross loadings in
the data-generating model make LSAM look better than SEM methods in small samples.
However, like for residual error correlations in Simulation Study 1, this property is just a
consequence of whether two biases cancel each other or amplify depended on the data-
generating parameters.
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4.3. Simulation Study 3: Correlated Residual Errors and Cross Loadings in the Two-Factor Model
4.3.1. Method

In Simulation Study 3, one positive cross loading dx, and one positive residual corre-
lation ¢x,y, were defined in the data-generating model:

0.6975
0 06975
1.0 0 0 06975
= ( 0.6 1 ) and ¥ = 0 0 0 07975 (®4)
0 ¢¥xy, O 0 07975
0 0 0 0 0 07975

The data-generating model (84) of Simulation Study 3 is graphically displayed in
Figure 5.

YXoYy

Figure 5. Simulation Study 3: Data-generating model. Residual correlations are displayed with
curved dashed red double arrows. Cross loadings are displayed with dashed red arrows.

The analysis procedure follows those of the two previous simulation studies (see
“Method”, Section 4.1.1).

4.3.2. Results

The parameter sensitivity for the two misspecification parameters was already re-
ported in Section 4.1.2 (for ¥x,y,) and Section 4.2.2 (for éx, ). ML, ULS, and RME are not
robust to both misspecifications. RME is robust with respect to the residual correlation
¥x,Y,, but not robust with respect to the cross loading d; .

In Table 7, the bias and RMSE for the estimated factor correlation are presented. The
one-step approaches and SAM resulted in positively biased estimates. The two-step EFA-
based RME with Geomin rotation had satisfactory performance. Overall, the findings
demonstrate that SAM should not be generally preferred over ML or ULS because it does
not result in less biased or more stable estimates.
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Table 7. Simulation Study 3 (two factors and one residual correlation and one cross loading): bias
and root mean square error (RMSE) of estimated factor correlation as a function of sample size with
one positive residual correlation and one positive cross loading in the data-generating model.

Bias RMSE
N N

Method 100 250 500 1000 2500 10° 100 250 500 1000 2500 10°

ML 0.16 0.17 0.17 0.17 0.17 0.17 0.23 0.20 0.19 0.18 0.17 0.17
ULS 0.17 0.16 0.17 0.16 0.17 0.16 0.23 0.19 0.18 0.17 0.17 0.16
RME 0.16 0.15 0.15 0.14 0.13 0.12 0.24 0.20 0.18 0.15 0.14 0.12
LSAM —0.02 0.09 0.13 0.14 0.16 0.16 0.20 0.15 0.15 0.16 0.16 0.16
GSAM-ML —0.02 0.09 0.13 0.14 0.16 0.16 0.20 0.15 0.15 0.16 0.16 0.16
GSAM-ULS 0.03 0.11 0.14 0.15 0.16 0.17 0.19 0.16 0.16 0.16 0.17 0.17
GSAM-RME 0.02 0.10 0.13 0.12 0.12 0.06 0.22 0.18 0.17 0.15 0.14 0.11
Geomin -026 —-019 -0.15 -0.11 —0.06 0.03 0.29 0.22 0.18 0.14 0.09 0.03
Lp -029 -024 -020 -017 -0.12 —0.05 0.32 0.26 0.22 0.19 0.14 0.05
Geomin(THR) -0.25 —-019 —-0.14 —-0.08 —0.04 0.00 0.28 0.21 0.16 0.11 0.07 0.01
Lp(THR) -0.29 -023 -019 -0.15 -0.10 0.00 0.32 0.26 0.21 0.17 0.12 0.01
Geomin(RME) —0.03 0.01 0.03 0.04 0.03 0.00 0.22 0.17 0.14 0.12 0.09 0.01
Lp(RME) 0.08 0.13 0.13 0.12 0.13 0.16 0.23 0.20 0.18 0.16 0.16 0.17
Geomin(THR,RME) —0.01 0.03 0.04 0.04 0.03 0.00 0.22 0.17 0.14 0.11 0.08 0.01
Lp(THR,RME) 0.09 0.13 0.13 0.11 0.11 0.10 0.24 0.21 0.19 0.16 0.15 0.13

Note. N = sample size; Method = estimation method; ML = maximum likelihood ; ULS = unweighted least
squares; RME = robust moment estimation with p = 0.5; SAM = stuctural after measurement; LSAM = local SAM;
GSAM = global SAM; Geomin = Geomin factor rotation; Lp = L, factor rotation with p = 0.5; THR = thresholding
error covariance matrix; Geomin(RME) = Geomin factor rotation with subsequent RME; Lp(RME) = Lp factor
rotation with subsequent RME; absolute biases larger than 0.05 are printed in bold.

4.4. Simulation Study 4: A Five-Factor Model Very Close to the Rosseel-Loh Simulation Study

In this Simulation Study, we investigated why we came to different conclusions than
Rosseel and Loh (RL; [20]) in the previous three simulation studies. We used their simu-
lation study that included five factors as a starting point and specified a data-generating
model that closely mimics the original specification in RL. However, we did not con-
duct a full replication study (although RL provided a detailed replication code at OSF
https://osf.io/pekbm/; accessed on 22 June 2022) due to two reasons. First, RL only
investigated bias and RMSE for unstandardized regression coefficients for determining
relationships among factor variables. Hence, conditional associations are investigated
instead of marginal factor correlations. Second, RL used the average relative bias across
the different regression coefficient estimates as the criterion for determining bias in their
simulation study. In such an approach, positive and negative biases can cancel each other
out. In our simulation, we prefer the average absolute bias over the average bias because it
better quantifies a summary of bias in model parameters.

4.4.1. Method

As in RL, we specified three data-generating models involving five factors. Each of
the five factors has three items with primary loadings on these factors.

In Figure 6, the data-generating model of the correctly specified model (DGM1) is
displayed. In this model, no residual correlations or cross loadings exists. The loadings of
the items were chosen to fulfill a reliability of 0.70 according to McDonald’s Omega. The
first factor loading of an item for a factor was larger than the second and third one. Hence,
in contrast to Simulation Studies 1, 2, and 3, the data was not simulated based on equal
factor loadings. The model parameters and resulting population-level covariance matrices
of the data-generating mode can be found at https://github.com/alexanderrobitzsch/su
pplement_sam/tree/main/Study4 (accessed on 22 June 2022).


https://osf.io/pekbm/
https://github.com/alexanderrobitzsch/supplement_sam/tree/main/Study4
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Figure 6. Simulation Study 4: Data-generating model without cross loadings or residual correlations
(DGM1).

RL [20] defined a non-saturated covariance structure for the factors. The covariance
structure for factor variables F = (Fy, F,, F3, Fy, F5) is defined as a sequence of regression
models that depend on a common regression coefficient . This path model is given as

R 00000 F &
F 0 00 0O F )
B =8 B0 B0 B |+ & (85)
F, BB OO0 O F, &
Fs p 0 B B O ks g5

The vector of residual factor variables ¢; (d = 1,...,5) is assumed to be independently
and normally distributed. The variances are chosen such that Var(F;) = 1 for all factor
variables F; (d = 1,...,5). Note that the model-implied covariance matrix Var(F) = ® =
®(p) is a function of the regression parameter 8. The structural model for the factor
variables F is graphically displayed in Figure 7.

Figure 7. Simulation Study 4: Definition of the structural model. A common regression coefficient 8
is assumed for all paths.

The second data-generating model (DGM?2) included three cross loadings. Each of
cross loadings is defined as 0.9 - Ao, where A is the value of the primary loading. In Figure §,
the data-generating model with cross loadings (DGM2) is displayed. The same structural
model ®(B) for the covariance matrix of factor variables is assumed DGM2.

The third data-generating model (DGM3) included 20 residual correlations. Figure 9
displays DGM3.
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Figure 8. Simulation Study 4: Data-generating model with cross loadings (DGM2). Cross loadings

are displayed with dashed red arrows.
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Figure 9. Simulation Study 4: Data-generating model with residual correlations (DGM3). Residual
correlations are displayed with curved dashed red double arrows.

We used the same sample sizes N = 100, 250, 1000, 2500, 5000, 10° as in the first three
simulation studies. As in RL, we chose f = 0.1 which resulted in factor correlations
¢1 = 0.00, ¢33 = 0.11, ¢3p = 0.11, ¢pg3 = 0.10, pgo = 0.10, P43 = 0.12, ¢5;7 = 0.12,
¢s52 = 0.02, ¢53 = 0.12, ¢54 = 0.12. Hence, the factor correlations were quite low and,
according to Simulation Study 1B (see Section 4.1.4), the small-sample bias of LSAM was
expected to be negligible.

We applied the four estimation methods ML, ULS, LSAM and RME, and we computed
the average absolute bias and the average RMSE of the factor correlations. The R code used
for Simulation Study 4 can be found at https://github.com/alexanderrobitzsch/suppleme
nt_sam/tree/main/Study4 (accessed on 22 June 2022).

4.4.2. Results

In Table 8, the average absolute bias and the average RMSE are presented as a function
of sample size. In the correctly specified model (DGM1), all four estimation approaches
were unbiased. The average RMSE was similar, but LSAM had slight efficiency gains
compared to ML and ULS, while RME had efficiency losses compared to ML and ULS.

In the data-generating model with cross loadings (DGM2), LSAM performed best.
Interestingly, we observed noticeable differences between ML and ULS estimation. Note
that the variances in the manifest variables differed from each other, which could explain
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the different performance between methods. RME outperformed LSAM at the population
level (or for very large sample sizes), but was similar to LSAM in finite sample sizes.

Table 8. Simulation Study 4 (five factors): Average absolute bias and average root mean square error
(RMSE) of estimated factor correlation as a function of sample size for the three data-generating
models DGM1, DGM2, and DGM3

Bias RMSE
N N
Method 100 250 500 1000 2500 105 100 250 500 1000 2500 105
Correctly specified model (DGM1)
ML 0.00 0.00 0.00 0.00 0.00 0.00 0.15 0.09 0.06 0.05 0.03 0.00
ULS 0.00 0.00 0.00 0.00 0.00 0.00 0.15 0.09 0.07 0.05 0.03 0.00
LSAM 0.01 0.00 0.00 0.00 0.00 0.00 0.14 0.09 0.06 0.04 0.03 0.00
RME 0.00 0.00 0.00 0.00 0.00 0.00 0.16 0.10 0.07 0.05 0.03 0.00
Cross-Loadings (DGM2)
ML 0.08 0.09 0.09 0.09 0.09 0.09 0.20 0.16 0.13 0.12 0.10 0.09
ULS 0.11 0.12 0.12 0.12 0.12 0.12 0.22 0.17 0.15 0.14 0.13 0.12
LSAM 0.05 0.05 0.06 0.06 0.06 0.06 0.16 0.12 0.10 0.08 0.07 0.06
RME 0.08 0.06 0.06 0.05 0.05 0.03 0.21 0.15 0.12 0.10 0.08 0.04
Residual correlations (DGM3)
ML 0.25 0.27 0.27 0.27 0.26 0.21 0.29 0.28 0.28 0.27 0.27 0.21
ULS 0.14 0.14 0.14 0.14 0.14 0.14 0.21 0.17 0.15 0.15 0.14 0.14
LSAM 0.15 0.16 0.17 0.17 0.17 0.17 0.21 0.19 0.18 0.17 0.17 0.17
RME 0.06 0.02 0.01 0.01 0.01 0.00 0.18 0.11 0.07 0.05 0.03 0.01

Note. N = sample size; Method = estimation method; ML = maximum likelihood; ULS = unweighted least
squares; SAM = stuctural after measurement; LSAM = local SAM; RME = robust moment estimation; absolute
biases larger than 0.05 are printed in bold.

LSAM also outperformed ML estimation for the data-generating model with residual
correlations (DGM3). However, in this scenario, ULS performed better than LSAM. As
expected from the simulation studies involving two factors, RME can efficiently handle the
presence of residual correlations and results in practically unbiased estimates for sufficiently
large sample sizes (i.e., N > 500). Notably, RME was even the frontrunner in terms of
RMSE for all sample sizes.

In future research, the different performances of ML, ULS and LSAM should be
investigated in more detail. There is evidence from the literature that ULS could have
advantages over ML for misspecified factor models [26], although these findings certainly
depend on the data-generating scenarios.

4.4.3. Focused Simulation Study 4A: Varying the Size of Factor Correlations

Simulation Study 4 used relatively low factor correlations in the data-generating
model. In this focused simulation study, 4A, we study the performance of the ML, ULS,
LSAM and RME approaches for the three data-generating models of Simulation Study 4 at
the population level (i.e., using the true covariance matrix as the input data). Moreover, we
varied the size of factor correlations ® () by specifying the factor levels g = 0.1,0.2,0.3,0.4.
For example, the resulting factor correlations for § = 0.4 were ¢p; = 0.00, ¢31 = 0.44,
Pz = 044, ¢4y = 037, ¢pap = 0.37, P43 = 0.58, ¢51 = 0.55, ¢5p = 0.27, ¢53 = 0.66,
P54 = 0.62.

In Table 9, the average absolute bias of factor correlations is presented for the four
estimation approaches and the three data-generating models as the function of the common
regression coefficient . In the case of the correctly specified model (DGM1), all methods
performed satisfactorily. The biases of ML, ULS and LSAM increase with increasing f3
values in the data-generating model with cross loadings (DGM2). Notably, RME was
strongly biased for § > 0.2 and cannot adequately handle cross loadings if the factor
correlations are not excessively small. Across all four conditions in DGM2, LSAM would
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be preferred over ML. In the data-generating model with residual correlations (DGM3),
RME was unbiased. ULS had some advantages compared to LSAM and ML.

Table 9. Focused Simulation Study 4A (five factors): Average absolute bias of estimated factor
correlation as a function of the common regression parameter  and the three data-generating models
DGM1, DGM2, and DGM3 at the population level

B
Method 0.1 0.2 0.3 0.4
Correctly specified model (DGM1)
ML 0.00 0.00 0.00 0.00
ULS 0.00 0.00 0.00 0.00
LSAM 0.00 0.00 0.00 0.00
RME 0.00 0.00 0.00 0.00
Cross-Loadings (DGM2)
ML 0.09 0.11 0.13 0.13
ULS 0.12 0.13 0.14 0.15
LSAM 0.06 0.07 0.08 0.08
RME 0.02 0.09 0.12 0.15
Residual correlations (DGM3)
ML 0.20 0.20 0.18 0.16
ULS 0.14 0.13 0.12 0.10
LSAM 0.17 0.16 0.15 0.13
RME 0.00 0.00 0.00 0.00

Note. N = sample size; Method = estimation method; ML = maximum likelihood; ULS = unweighted least
squares; SAM = stuctural after measurement; LSAM = local SAM; RME = robust moment estimation; absolute
biases larger than 0.05 are printed in bold.

Overall, we can state that the conclusion in RL that LSAM is more robust to SEM (ML
or ULS) does not hold in data constellations close to their conditions. LSAM has advantages
over ML, but this does not generally hold if it is compared with ULS. Moreover, although
LSAM could potentially improve ML estimation (DGM2 for § = 0.4: 38.5% bias reduction
from 0.13 to 0.08; DGM3 for B = 0.4: 18.8% bias reduction from 0.16 to 0.13), it is not robust
(i.e., unbiased) to local model misspecifications.

4.5. Simulation Study 5: Comparing SAM and SEM in a Three-Factor Model with Cross Loadings

The first three Simulation Studies 1, 2 and 3 involving two factors came to slightly
different findings than Simulation Study 4, which involved five factors. In Simulation Study
5, we investigate whether the property of a larger degree of model robustness depends on
the choice of data-generating parameters. To do so, we chose a three-factor model with
cross loadings as the data-generating model (see Figure 10). All factor loadings referring to
the same factor were equal. The factor loadings were chosen as A1 = 0.6, A, = 0.65, and
Az = 0.55 for the three factors, respectively. The cross loading J; was fixed to 0.4.

In order to study a wide range of scenarios, we varied the size of cross loadings
Jy and d3 and the size of factor correlations ¢1, ¢31 and ¢s3p. As the variances of the
manifest variables were quite similar and close to the variances chosen in the two-factor
model simulations, we only compared ULS with LSAM because we expected that ML
would perform very similarly to ULS (see results of Simulation Studies 1, 2, and 3). In the
data-generating model, The two cross loadings 4, or d3 can be either 0 or 0.4. The three
factor correlations can vary with levels 0.0, 0.1, 0.2, 0.3, 0.4, 0.5, and 0.6. In total, there are
2(01) X 2 (62) X 7 (¢21) X 7 (¢31) X 7 (¢32) = 1372 combinations for three correlations.
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Figure 10. Simulation Study 5: Data-generating model. Cross loadings are displayed with dashed
red arrows.

We conducted the analysis at the population level (i.e., we used the true covariance
matrix as the input). We then assessed whether SAM was superior to SEM (i.e., ULS) in
terms of bias. We define that a factor correlation estimate has “No bias” if both estimates
(ULS and LSAM) had absolute biases smaller than 0.05. We declared SAM superior to
SEM (“SAM better”) if ULS was biased and SAM had a minimum percentage error of 20%
compared to ULS. We declared SEM superior to SAM (“SEM better”) if LSAM was biased
and ULs had a minimum percentage error of 20% compared to LSAM. In all other cases,
we say that both estimates are biased (“Both biased”). We assessed the percentage values
of data constellations in which each of the four events occurred. R code for Simulation
Study 5 can be found at https:/ /github.com/alexanderrobitzsch/supplement_sam/tree/
main/Studyb (accessed on 22 June 2022).

In Table 10, the percentage values for the four events are displayed. Across all condi-
tions (“all factor correlations”), the chance of unbiased estimation of both estimates was
higher if both cross loadings &, and 3 were zero. SAM was only superior to SEM if the
second and third factor loading were zero. As an additional analysis, we only investigated
data constellations in which all factor correlations were at most 0.20 (i.e., small correlations)
or at least 0.30 (i.e., large correlations). For small correlations, a noticeable percentage of
data constellations was detected in which SAM was preferred over SEM. In fact, in the case
of small correlations, SEM was never better than SAM. The situation changed for large
factor correlations. In this situation, SEM (i.e., ULS) was preferred over SAM in some of the
data constellations. Hence, we think that these findings demonstrate that one cannot state
that SAM is generally more robust than SEM.

Table 10. Simulation Study 5 (three factors and cross loadings): percentages of factor correlation
estimates in data constellations in which SAM and SEM are unbiased (“no bias”), SAM is preferred
over SEM (“SAM better”), SEM is preferred over SAM (“SEM better”), and both methods are biased
(“both biased”)

All Factor Correlations All Factor Correlations < 0.20 All Factor Correlations > 0.30

I3 0 0 0.4 0.4 0 0 0.4 0.4 0 0 04 0.4

9o 0 0.4 0 0.4 0 0.4 0 0.4 0 0.4 0 0.4
No bias 47.4 14.5 13.3 0.0 63.0 29.6 29.6 0.0 474 14.1 11.5 0.0
SAM better 94 6.7 7.0 1.7 14.8 13.6 12.3 49 0.0 0.0 0.0 0.0
SEM better 49 5.8 11.9 3.2 0.0 0.0 0.0 0.0 13.0 13.0 24.5 3.1
Both biased 38.3 73.0 67.8 95.0 22.2 56.8 58.0 95.1 39.6 729 64.1 96.9

Note. SEM was estimated using unweighted least squares (ULS). SAM was estimated using LSAM.
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4.6. Simulation Study 6: Comparing SAM and SEM in a Three-Factor Model with
Residual Correlations

In the last Simulation Study, 6, we again rely on a three-factor model with factor
loading specifications as in Simulation Study 5 (see Section 4.5), but specify three common
residual correlations instead of cross loadings. The data-generating model is graphically
displayed in Figure 11.

Figure 11. Simulation Study 6: Data-generating model. Residual correlations are displayed with
curved dashed red double arrows.

We chose the common residual correlation ¢ as 0.2 or 0.4. As in Simulation Study 5,
seven levels of factor correlations (i.e., 0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6) were chosen for ¢»1, P31
and ¢3. In total, there are 2 (&) X 7 (¢21) X 7 (¢31) X 7 (¢p32) = 686 combinations for three
correlations. We used the same four events as in Simulation Study 5 to assess whether
SAM is preferred over SEM or the other way around. Like in Simulation Study 5, we only
compared ULS (SEM) with LSAM (SAM).

In Table 11, the percentages of the four events are presented. Across all sizes of
factor correlations, we did not observe noticeable differences between SAM and SEM. This
situation remains unchanged when focusing only on data constellations with small or large
factor correlations, respectively. Hence, the findings from this simulation involving three
factors was very similar to Simulation Study 1 involving two factors because we did not
observe differences between SEM and SAM in both studies at the population level.

Table 11. Simulation Study 6 (three factors and residual correlations): percentages of factor correlation
estimates in data constellations in which SAM and SEM are unbiased (“no bias”), SAM is preferred
over SEM (“SAM better”), SEM is preferred over SAM (“SEM better”), and both methods are biased
(“both biased”)

All Factor Correlations All Factor Correlations < 0.20 All Factor Correlations > 0.30
P 0.2 0.4 0.2 0.4 0.2 0.4
No bias 33.3 33.3 33.3 33.3 33.3 33.3
SAM better 0.0 3.1 0.0 49 0.0 0.0
SEM better 0.0 0.0 0.0 0.0 0.0 0.0
Both biased 66.7 63.6 66.7 61.7 66.7 66.7

Note. SEM was estimated using unweighted least squares (ULS). SAM was estimated using LSAM.

5. Discussion

In this article, we compared the recently proposed two-step SAM approach with
alternative estimation approaches. It turned out that SAM is not more robust than the
frequently employed ML and ULS estimation methods to local model misspecifications in
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cross loadings or residual error correlations. The only situation in which SAM is expected
to be more robust compared to ML and ULS is the estimation of a non-saturated structural
model. In this case, misspecifications in the structural model enter the estimation of
measurement models in one-step estimation approaches.

As an alternative to SAM, ML and ULS, we studied RME with the robust L, loss
functions p(x) = |x|? for p € (0,1]. It was demonstrated that RME is robust to unmodelled
residual correlations but did not possess such a robustness property in the presence of
unmodelled cross loadings. Moreover, RME can also be applied in two-step estimation
approaches in GSAM. In addition, RME can be applied in multiple-group estimation in
violation of measurement invariance, and it mimics the estimation of model parameters
under partial invariance [37].

We also studied EFA-based estimation approaches that aimed at exploring the factor
loading structure in the presence of cross loadings. These methods work well in large
samples but introduce bias for smaller sample sizes at the same time. It would be an
interesting topic of future research to investigate whether the bias could be reduced by
resampling-based bias correction methods such as bootstrap or jackknife [69].

Rosseel and Loh [20] emphasize that separating the estimation of measurement and
structural parts in the SAM approach offers three advantages over one-step estimation
like ML or ULS. They note that “First, estimates are more robust against local model
misspecifications. Second, estimation routines are less vulnerable to convergence issues
in small samples. Third, estimates exhibit smaller finite sample biases under correctly
specified models”. We are afraid to say that we disagree with all of the arguments. First,
we demonstrated with analytical and numerical illustration that SAM is not generally more
robust than ML and ULS if the local model misspecifications pertain cross loadings and
residual correlations. However, it was shown that SAM slightly outperformed SEM in
factor models with small factor correlations. The statement of a larger degree of robustness
only applies to misspecifications in the structural model, which was not clearly mentioned
in [20]. Second, it was claimed that SAM has fewer convergence issues than ML or ULS.
This is undoubtedly true for unconstrained ML estimation. However, convergence issues
disappear with constrained ML estimation that only allows positive loadings and positive
variances. As shown in our simulation studies, constrained ML estimation also has lower
variability in terms of RMSE. Importantly, the variability in parameter estimates also
depends on the chosen parametrization of the CFA model. Third, the reported finite sample
bias in ML is an artifact of only using unconstrained ML. With constrained ML, we did
not observe notable biases in small samples. In contrast, SAM showed substantial biases
in small sample sizes and should be particularly avoided in this situation. Unfortunately,
this property was not mentioned in [20]. However, we have shown that bootstrap bias
correction partially removes the small-sample bias of LSAM estimation.

Our discussion could be read as a harsh critique against using SAM for SEM in applied
research. However, we believe the opposite is true, which will be explained below. Our
motivation for writing this article was to point out that SAM should not be advertised
for the wrong reasons. As SAM is implemented in the wide-spread R package lavaan,
we expect that it will reach a wide audience of applied researchers, and it is essential to
understand the limitations of SAM.

5.1. Regularized Estimation and Misspecified Models

Regularized estimation of SEMs might be a more direct approach for modeling mis-
specifications in cross loadings and residual correlations [60,70-75]. As argued in [53], in
regularized estimation, the search for an optimal regularization parameter might even be
avoided because choosing a prespecified sufficiently small parameter still ensures identified
models, reduces bias and only introduces additional variability in estimates. However,
regularized estimation almost always relies on sparsity assumptions in cross loadings and
residual correlations that might not be plausible in practical applications.
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As an alternative to the sparsity assumption for model misspecifications, ridge penal-
ties on residual correlations [76,77] or cross loadings [78,79] might be specified. Note
that regularized estimation with ridge penalties corresponds to Bayesian estimation with
normal prior distributions.

5.2. Why the SAM Approach Should Generally Be Preferred Over SEM

In this section, we argue why researchers should follow the SAM approach or a
two-step approach to SEM [80-84], in general. We are convinced of the idea that the
definition of latent variables (i.e., factors) should be defined using a prespecified set of
indicators (i.e., items). Items referring to other factors should not influence the meaning
of the factor of interest. In this sense, it is clear that we prefer the specification of separate
measurement models, and items should be allocated to factors solely based on substantive
theory. Ideally, each item should be apriori assigned to only one factor. SAM shares
the advantage with other two-step estimation methods that it separates the definition of
measurement models from the estimation of structural models [85-88]. In contrast, one-
step SEM estimation methods confound the definition and estimation of the measurement
model and the structural model.

In our perspective, the meaning of factors remains entirely unclear if they are extracted
from EFA. If measurement models are separately specified, it is likely that local model
misspecifications arise in the SAM approach. Note that model misspecifications (i.e., model
misfit) become visible in the GSAM approach but are hidden in the LSAM approach.
Typically, cross loadings or residual correlations could be empirically detected. However,
if they were included in the model, the meaning of the latent factors would change. It is
unclear why an estimated correlation between two factors in a modified model, including
cross loadings with an acceptable model fit, should be less biased (i.e., the target estimand
of interest) than in a model without cross loading with a poor model fit (see [89] for a
prototypical example). We want to point out that we believe that the concept of bias in
empirical applications should not be related to a correct model specification. In contrast, a
misspecified SEM is purposely fitted in practical applications, and the allocation of items to
factors can allow unbiased estimation of relationships between factors. Hence, in contrast
to what is frequently found in the psychometric literature, we believe that a modified SEM
with an improved model fit but included cross loadings and residual errors will result
in biased estimates because it redefines latent variables. More critically, why should a
statistical (or psychometric) model redefine the meaning of a variable in a model [90]?
Should we believe that psychometrics could replace the difficult question of defining how
to measure a construct [91]?

We argued above that it is adequate to use a factor correlation in a misspecified SEM
without cross loadings or residual correlations instead of using factor correlations from a
well-fitting model with empirically derived cross loadings and residual correlations. This
means that we declared the parameter of interest from the misspecified model. Using the
factor correlations from the well-fitting model would result in a biased estimate because
we would choose the wrong parameter of interest. We expect that researchers will typically
disagree on which parameter should define truth, although we observe that model fit plays
an important role in defining parameters of interest in applied and psychometric research.
A similar situation arises if one applies factor models to questionnaire items on a Likert
scale (say, with item scores 1, 2, 3, and 4). In this situation, we can apply an ordinal factor
model that relies on polychoric correlations or uses Pearson correlations that does not
change the metric of the items. Whether one of the two methods is biased depends on what
researchers define as the true model. In psychometrics, factor models based on polychoric
correlations seem to be preferred over those relying on Pearson correlations [92-94]. We
argued that it is equally defensible to define the factor model parameters based on Pearson
correlations as those of interest [95,96]. In this situation, different researchers will disagree
with what is termed as bias in factor models because they rely on different definitions of
the truth. Note that these bias considerations are mainly relevant for population-level data.



Stats 2022, 5

663

This kind of bias might be labeled as estimation error or transformation error, while the
bias of an estimator in finite samples is labeled as sampling error [93].

If a structural model is fitted in the presence of model misspecifications, researchers
intentionally weigh model errors e;; = s;; — 0j;(7y) of variables i and j when modeling
covariances by choosing a particular loss function. ML estimation only achieves the most
efficient estimates if the model is correctly specified. As this will almost always not be true,
and it conflicts with the research question to search for a well-fitting SEM, ULS estimation
equally weighs model errors, which might be more plausible if all deviations should equally
enter the estimation [26]. In a linear regression model, researchers would typically not
weigh observations according to the size of residuals in the model. Why should researchers
do this in SEM when utilizing ML estimation? Of course, in ULS, all variables should be
defined in a comparable metric or previously standardized. If some outlying model errors
ejj should not impact factor correlations, RME can be used. However, using a different
fitting function potentially results in defining a different estimand of interest.

5.3. Why We Do Not Bother About a Violation of Measurement Invariance Due to
Model Misspecifications

The presence of cross loadings or residual correlations indicates a violation of measure-
ment variance [97,98]. For example, the measurement model parameters of items X; of a
factor Fx are not invariant if cross loadings dx; or residual correlations iy, differ from zero.
In this case, the conditional expectation E(X;|Fx, Fy, Y;) also depends on the factor Fy and
the item Y;. In the violation of measurement invariance, relationships between variables
would change if only a subset of items were used for fitting an SEM. We believe that this
property has only minor relevance for typical research questions because the questionnaire
(and, hence, items) is held fixed in analyses, and the invariance with respect to subsets of
items is unimportant. To us, it is unclear why relationships must only appear due to factor
variables and not to single items if measurement invariance holds. In contrast, we think
that items always define the latent factor [99,100], and testing measurement invariance
should not play a role in studying relationships between factors (see also [101-103]).

5.4. Why We Should Not Rely on a Factor Model in Two-Step SEM Estimation

As argued above, we favor a two-step estimation approach such as SAM. The first
step consists of estimating the parameters of the measurement model, which is typically
a one-dimensional factor model. We are less convinced that factor models offer many
advantages to using unweighted or weighted sum scores where the weights are apriori
specified [102]. In our view, it remains unclear why items should be weighted according
to the fit to a factor model when defining a latent variable. If a questionnaire is created
targeting a particular construct, we would prefer using an unweighted sum score. For
estimating the structural model, the only question is how to determine the reliability of
the sum score. The reliability of the sum score in a one-dimensional factor model can
be determined using McDonald’s omega [61,104]. Alternatively, one can also compute
Revelle’s omega total as the reliability of the sum score based on a multidimensional factor
model [105]. However, we think that Cronbach’s alpha [106] or its stratified variants [107]
offer conceptual advantages because they do not rely on a factor model. In contrast, they
are only based on an exchangeability assumption of items (see also [108,109]), and items
can be regarded as random instead of fixed ([110,111]; but see also [112]). Unfortunately,
it is frequently noted that the computation of Cronbach’s alpha would require that a one-
dimensional factor model must fit the data [113] without referring to the origins of the
exchangeability concept behind Cronbach’s alpha [106]. If a sum score and associated
reliability are available, structural relationships among latent variables can be estimated
using single-indicator models.

We also feel that it is not apparent why the reliability of a score must be necessarily
defined on the concept of internal consistency [114]. Moreover, almost all psychometric
modeling is devoted to unreliability, which refers to a classical measurement error. However,
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limited validity typically corresponds to a Berkson error [115] that needs different modeling
strategies [116,117].

5.5. Why We Should Model Errors Report as Additional Parameter Uncertainty

Finally, we argued that local model misspecifications could not typically be avoided
in SEM applications. In contrast, the attempts to avoid misspecifications by introducing
additional model parameters will result in a different meaning of the parameters of interest
(i.e., different target estimands), which produces biased parameter estimates. Researchers
could still report effect sizes of the model misfit in an SEM [118-121]. We tend to prefer
a different approach that incorporates model errors in the statistical inference of model
parameters. The Wu-Browne approach [122] results in increased standard errors in esti-
mated SEM parameters due to model errors due to parameterizing the model error by a
particular distribution (see also [123]). We think that this strategy should become standard
in practical SEM applications and implementations.
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BBC bootstrap bias correction
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LSAM  local stuctural after measurement

ML maximum likelihood

RL Rosseel and Loh

RME robust moment estimation

RMSE  root mean square error

SAM stuctural after measurement

SCAD  smoothly clipped absolute deviation
SD standard deviation

SEM stuctural equation model

ULI unit loading identification

UVI unit latent variance identification

ULS unweighted least squares
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Appendix A. Additional Results for Simulation Studies

Table Al displays the bias and the RMSE of the estimated factor correlation for one
negative or two negative residual correlations as a function of sample size for Simulation
Study 1.

Table A2 displays the bias and the RMSE of the estimated factor correlation for one
negative or two negative cross loadings as a function of sample size for Simulation Study 2.

Table A1l. Simulation Study 1 (two factors and residual correlations): bias and root mean square
error (RMSE) of estimated factor correlation as a function of sample size with one negative and two
negative residual correlations in the data-generating model.

Bias RMSE
N N
Method 100 250 500 1000 2500 10° 100 250 500 1000 2500 10°
One negative residual correlation
ML -0.06 —-0.05 -0.04 -0.05 -0.05 -0.05 0.23 0.14 0.10 0.08 0.06 0.05
ULS —-0.04 -0.04 -0.04 -0.05 -0.05 -0.05 0.21 0.13 0.09 0.08 0.06 0.05
RME -0.04 -002 -0.01 -0.01 -0.01 0.00 0.23 0.15 0.11 0.07 0.05 0.01
LSAM -0.20 -0.11 -0.08 -—-0.07 -0.06 —0.05 0.28 0.17 0.12 0.09 0.07 0.05
GSAM-ML -0.20 -0a11 -0.08 —-0.07 -0.06 —0.05 0.28 0.17 0.12 0.09 0.07 0.05
GSAM-ULS -016 —-0.09 —-0.07 —-0.06 —-0.06 —0.05 0.25 0.15 0.11 0.09 0.07 0.05
GSAM-RME -0.16 —0.08 —-0.04 -0.03 -—-0.01 0.00 0.28 0.17 0.11 0.08 0.05 0.01
Geomin -036 —-031 -0.29 -0.27 —-0.26 —0.27 0.39 0.33 0.30 0.28 0.27 0.27
Lp -037 -030 -026 —-0.22 —0.19 -—0.16 0.39 0.33 0.28 0.24 0.20 0.16
Geomin(THR) -0.35 —-030 -026 —0.25 —024 —0.27 0.37 0.31 0.28 0.26 0.26 0.27
Lp(THR) -036 —-029 -025 —-021 —0.18 —0.16 0.38 0.32 0.27 0.23 0.20 0.16
Geomin(RME) -013 -0.09 -0.08 —-0.05 -0.03 —-0.01 0.28 0.20 0.14 0.09 0.05 0.01
Lp(RME) —0.05 0.01 0.03 0.01 0.00 0.00 0.29 0.20 0.15 0.14 0.14 0.03
Geomin(THR,RME) -0.12 —-0.09 —-0.07 —-0.05 —-0.03 —-0.01 0.28 0.20 0.14 0.09 0.05 0.01
Lp(THR,RME) —0.03 0.03 0.04 0.02 0.00 0.00 0.28 0.20 0.15 0.14 0.14 0.03
Two negative residual correlations

ML -011 -010 -010 -0.10 —-0.10 -—0.10 0.25 0.16 0.13 0.12 0.11 0.10
ULS -0.09 -0.09 -010 -010 -—0.10 —0.10 0.23 0.15 0.13 0.12 0.11 0.10
RME —-0.07 —-0.06 —-0.04 -0.03 -0.02 0.00 0.25 0.17 0.12 0.08 0.05 0.01
LSAM -0.23 -016 -0.13 -0.12 -0.11 -0.11 0.30 0.20 0.16 0.14 0.12 0.11
GSAM-ML -023 -016 -0.13 -0.12 -0.11 -—-0.11 0.30 0.20 0.16 0.14 0.12 0.11
GSAM-ULS -020 -014 -012 -012 -0.11 -—0.11 0.27 0.19 0.15 0.13 0.12 0.11
GSAM-RME -019 -011 -0.07 -0.05 -0.02 0.00 0.29 0.19 0.13 0.09 0.05 0.01
Geomin -040 -037 -034 -032 -029 -0.21 0.42 0.38 0.35 0.33 0.30 0.21
Lp -038 —-034 -030 -026 —0.23 —0.23 0.40 0.36 0.32 0.28 0.24 0.23
Geomin(THR) -0.38 -033 -030 -—-0.28 —0.25 —0.09 0.40 0.35 0.31 0.30 0.27 0.14
Lp(THR) -0.38 —-031 -027 —-0.23 —0.18 —0.04 0.40 0.34 0.30 0.25 0.21 0.08
Geomin(RME) -018 -012 -0.09 -0.07 -—-0.04 0.00 0.32 0.23 0.17 0.12 0.07 0.01
Lp(RME) -0.07 —-0.04 -0.02 0.01 0.01 0.03 0.31 0.22 0.17 0.13 0.10 0.10
Geomin(THR,RME) -0.16 —-0.13 —0.10 —0.08 —0.04 —0.01 0.32 0.23 0.16 0.11 0.06 0.01
Lp(THR,RME) —0.06 0.00 0.01 0.01 0.00 -0.02 0.29 0.22 0.17 0.14 0.12 0.10

Note. N = sample size; Method = estimation method; ML = maximum likelihood ; ULS = unweighted least
squares; RME = robust moment estimation with p = 0.5; SAM = stuctural after measurement; LSAM = local SAM;
GSAM = global SAM; Geomin = Geomin factor rotation; Lp = L, factor rotation with p = 0.5; THR = thresholding
error covariance matrix; Geomin(RME) = Geomin factor rotation with subsequent RME; Lp(RME) = Lp factor
rotation with subsequent RME; absolute biases larger than 0.05 are printed in bold.
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Table A2. Simulation Study 2 (two factors and cross loadings): bias and root mean square error
(RMSE) of estimated factor correlation as a function of sample size with one and two negative cross
loadings in the data-generating model.

Bias RMSE
N N
Method 100 250 500 1000 2500 10° 100 250 500 1000 2500 10°
One negative cross-loading
ML -0.11 -0.08 -—0.08 —0.08 —0.08 —0.08 0.26 0.16 0.12 0.10 0.09 0.08
ULS —-0.08 —-0.08 —0.08 —0.08 —0.08 —0.08 0.24 0.16 0.12 0.10 0.09 0.08
RME -0.07 -0.05 -0.04 -0.03 -0.02 0.00 0.25 0.17 0.12 0.08 0.05 0.01
LSAM -0.25 -016 -0.12 -010 —0.10 —0.09 0.32 0.21 0.15 0.12 0.11 0.09
GSAM-ML -025 -016 -0.12 -010 —0.10 —0.09 0.32 0.21 0.15 0.12 0.11 0.09
GSAM-ULS -022 —-014 -012 -010 —0.10 -—0.10 0.29 0.19 0.15 0.12 0.11 0.10
GSAM-RME -0.22 -013 -0.09 -0.06 -—0.03 —0.01 0.32 0.21 0.15 0.10 0.06 0.01
Geomin -039 -031 -025 —-021 —0.18 —0.16 0.41 0.33 0.27 0.23 0.18 0.16
Lp —-040 —-0.33 —-0.27 —-0.22 —-0.17 -0.01 0.42 0.36 0.31 0.28 0.25 0.02
Geomin(THR) -039 -032 -026 —-022 —0.18 —0.16 0.40 0.34 0.28 0.23 0.19 0.16
Lp(THR) —-040 -033 -028 —-0.22 -0.17 —0.01 0.42 0.36 0.32 0.28 0.25 0.02
Geomin(RME) -018 -0.15 -0.13 -0.12 —-0.11 —0.03 0.35 0.29 0.26 0.27 0.26 0.10
Lp(RME) -0.17 -014 -0.15 -0.15 —-0.16 —0.14 0.35 0.29 0.30 0.28 0.29 0.19
Geomin(THR,RME) -0.16 -0.14 -0.13 -0.13 —-0.11 —0.03 0.34 0.29 0.27 0.28 0.26 0.10
Lp(THR,RME) -0.15 -0.14 -0.15 -0.15 -—-0.16 —0.14 0.35 0.30 0.29 0.27 0.29 0.19
Two negative cross-loadings

ML -0.22 -019 -017 -0.17 -0.16 —0.16 0.37 0.27 0.21 0.19 0.17 0.16
ULS -019 -017 -016 -0.17 —-0.17 —0.17 0.35 0.25 0.20 0.19 0.17 0.17
RME -015 -013 -0.09 -—-0.06 —0.03 0.00 0.33 0.24 0.18 0.12 0.07 0.01
LSAM -036 —-0.29 -025 -—-0.22 —021 —0.20 0.42 0.33 0.27 0.24 0.21 0.20
GSAM-ML -036 —-029 -0.25 —-0.22 —-0.21 —0.20 0.42 0.33 0.27 0.24 0.21 0.20
GSAM-ULS -032 -028 -025 -0.23 -—-0.22 —-0.21 0.84 0.32 0.27 0.24 0.23 0.21
GSAM-RME -0.33 —-0.27 -021 -014 -0.08 —0.01 0.76 0.33 0.26 0.19 0.11 0.02
Geomin —-044 -041 -038 —-036 —034 —0.30 0.45 0.42 0.39 0.37 0.34 0.30
Lp —-043 —-041 —-040 —-041 -046 —0.53 0.45 0.43 0.43 0.45 0.49 0.53
Geomin(THR) -043 -041 -039 -036 —034 —0.30 0.45 0.43 0.40 0.38 0.34 0.30
Lp(THR) —-043 —-042 —-040 —-041 -046 —0.53 0.45 0.43 0.43 0.45 0.49 0.53
Geomin(RME) -026 —-024 -020 -0.12 -0.05 -0.01 041 0.34 0.26 0.17 0.10 0.01
Lp(RME) -019 -017 -017 -0.18 —-0.19 —0.07 0.40 0.34 0.32 0.31 0.30 0.20
Geomin(THR,RME) —-0.25 —-0.23 —-0.20 —-0.13 —0.05 —0.01 0.39 0.34 0.27 0.18 0.10 0.01
Lp(THR,RME) -0.18 -0.16 —0.18 —0.18 —-0.19 —0.07 041 0.34 0.33 0.32 0.30 0.20

Note. N = sample size; Method = estimation method; ML = maximum likelihood ; ULS = unweighted least
squares; RME = robust moment estimation with p = 0.5; SAM = stuctural after measurement; LSAM = local SAM;
GSAM = global SAM; Geomin = Geomin factor rotation; Lp = L, factor rotation with p = 0.5; THR = thresholding
error covariance matrix; Geomin(RME) = Geomin factor rotation with subsequent RME; Lp(RME) = Lp factor
rotation with subsequent RME; absolute biases larger than 0.05 are printed in bold.
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Appendix B. lavaan Syntax for Model Estimation

In the following, we present lavaan syntax for estimating the two-factor model used
in the simulation studies in this article. The model is estimated using a unit latent variance
identification (UVI) strategy in which the latent variable is identified by fixing the variance
of the latent variable to one while freely estimating all factor loadings.

## define lavaan syntax

lavmodel <- "
FX = 11*X1 + 12%X2 + 13*X3

X1 -

X2
X3
FX
FY
FY
FX
11
12
13
14
15
16

vV V. V V VvV VvV
O O O O O O

vl >
vX2 >
vX3 >

Y1
Y2
Y3

vYl >
vY2 >
vY3 >
phi <
phi >

vX1*X1
vX2xX2
vX3*X3
1xFX
14xY1 + 15*%Y2 + 16%Y3
1xFY
phi*FY
.01
.01
.01
.01
.01
.01
0.01
0.01
0.01
vY1xY1
vY2*Y2
vY3*Y3
0.01
0.01
0.01
0.99
-0.99

# estimate SEM using covariance matrix S

modl <- lavaan::sem(lavmodel, sample.cov=S, sample.nobs=1le5,
estimator="ML", std.lv=TRUE)

# estimate LSAM

mod2 <- lavaan::sam(lavmodel, sample.cov=S, sample.nobs=1e5,
sam.method="1local", std.lv=TRUE,

local.options = list(M.method = "ML" ) )

Appendix C. lavaan Syntax for ULI Estimation in Focused Simulation Study 1A

In the following, we present the lavaan syntax for estimating the two-factor model in

Focused Simulation Study 1A.

## define lavaan syntax
lavmodel <- "
FX =7 X1 + 12%X2 + 13%X3

X1 77 vX1xX1

X2 77 vX2xX2

X3 77 vX3*X3

FX 77 vi1xFX

FY =7 Y1 + 15%Y2 + 16%Y3
FY 77 v2%FY

FX =7 phiO*FY

vl > 0.01

12 > 0.01
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13 > 0.01

v2 > 0.01

15 > 0.01

16 > 0.01

vX1 > 0.01

vX2 > 0.01

vX3 > 0.01

Y1 ~~ vYixv1

Y2 ~7 yY2#Y2

Y3 ~~ yY3+Y3

phiO*phi0 / (vi*v2) < 0.98
phiO*phi0 / (vi*v2) > -0.98
v¥1 > 0.01

vY2 > 0.01

VY3 > 0.01

# estimate SEM using covariance matrix S

modl <- lavaan::sem(lavmodel, sample.cov=S, sample.nobs=1le5,
estimator="ML", std.lv=FALSE)

# estimate LSAM

mod2 <- lavaan::sam(lavmodel, sample.cov=S, sample.nobs=1e5,
sam.method="1local", std.lv=FALSE,

local.options = list(M.method = "ML" ) )
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