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Abstract

:

The limit of detection (LOD) is commonly encountered in observational studies when one or more covariate values fall outside the measuring ranges. Although the complete-case (CC) approach is widely employed in the presence of missing values, it could result in biased estimations or even become inapplicable in small sample studies. On the other hand, approaches such as the missing indicator (MDI) approach are attractive alternatives as they preserve sample sizes. This paper compares the effectiveness of different alternatives to the CC approach under different LOD settings with a survival outcome. These alternatives include substitution methods, multiple imputation (MI) methods, MDI approaches, and MDI-embedded MI approaches. We found that the MDI approach outperformed its competitors regarding bias and mean squared error in small sample sizes through extensive simulation.
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1. Introduction


We consider situations where the covariates of interest are only observable within a detection interval, referred to as the limit of detection (LOD) problem, e.g., [1,2]. The limit of detection is commonly encountered in observational studies. For example, patients with a positive real-time polymerase chain reaction (PCR) test result for coronavirus disease usually indicate that the viral RNA load is greater than the lower LOD, which varies from   10 2   to   10 6   copies per milliliter [3]. On the other hand, a typical droplet digital PCR test is restricted to an upper LOD or interval LOD [4]. Assays with high lower LODs or low higher LODs will likely result in higher false-negative or false-positive rates, respectively [3]. Another example where incomplete data due to the LOD are inevitable is in multi-omics data analysis, where quantitative omics measurements, such as metabolite levels and protein expressions, are missing due to the failure of the measurement assay at levels outside of its detection limits [5]. Proper adjustments are needed for valid data analysis with missing values due to the LOD.



In the presence of LOD, one of the most straightforward approaches is the complete-case (CC) analysis, which discards observations that fall outside the detection limits. Despite the CC analysis yielding unbiased estimates for the regression coefficients, e.g., [1,2,6,7,8], it could suffer from efficiency loss and become unstable when the sample size is small or when there are multiple covariates subject to the LOD. An approach that does not require discarding observations is to substitute the unobserved values with fixed values outside of the detection limits [9]. Common substitution methods replace missing values with ad hoc fix values or values derived from parametric assumptions, e.g., [7,8,10]. Such substitution methods could result in considerable bias when the imputed value is very different from the unobserved values or when the parametric assumptions are misspecified [1,2,7,10,11]. An approach to handle covariates subject to the LOD without discarding observations nor imposing a parametric distributional assumption is the missing indicator (MDI) approach, e.g., [6,10,12,13]. The idea of the MDI approach is to create a binary variable that indicates whether the covariate of interest is observed and include the indicator variable in the model as an additional covariate [6]. Since the MDI approach uses all of the available observations, estimating procedures that utilize the MDI approach is expected to yield a more efficient estimator and be more computationally stable when the sample size is small or multiple covariates are subject to LOD [14].



Approaches for LOD have been well studied in the literature. For example, the MDI approach was justified theoretically and numerically and compared to the CC approach in the context of linear regression [6] and logistic regression [15,16,17]. Extensions that combine the MDI and the multiple imputation (MI) approaches have also been studied under the generalized linear regression setting [18,19]. On a separate note, MDI-based and MI-based copula models were used to estimate the association between two continuous variables subjected to lower LOD [10]. Relatively fewer works compared approaches for LOD with survival outcomes. Among those, most of the existing works focus on proportional hazards models, e.g., [20,21]. Despite having a more favorable interpretability, the approaches for LOD under the accelerated failure time (AFT) framework were less explored until recently [22], where a seminonparametric distribution is recommended to model the error term.



Recent studies on the MDI approach yield encouraging results when the required conditions are met. However, most existing works are based on scenarios in which the covariates of interest are subjected to a lower LOD. We extended the MDI approach’s applicability to general scenarios in which covariates may be subjected to upper or interval LOD. We applied the MDI approach to the context of survival analysis when the survival time is subject to an independent right censoring. We assumed the survival time is related to the covariates via a parametric accelerated failure time model. We compared the performance of the MDI approach to that of existing methods at different types of LOD via large-scale simulation studies. We compared the approaches by evaluating the absolute value of the average biases (AAB) and mean squared error (MSE) for the regression parameter of interest.



The rest of the paper is organized as follows. Notation and model formulation are presented in Section 2. A brief description of the estimating procedures in the presence of covariates subject to the LOD are provided in Section 3. Results of large-scale simulation studies on the performance of the proposed estimators are reported in Section 4. A discussion concludes Section 5.




2. Notations and Model


Let   T i   be the time to an event of interest related to covariates via a parametric AFT model,


  log  (  T i  )  = α +  X i  ∗ ⊤   β +  Z i ⊤  γ +  ϵ i  , i = 1 , … , n ,  



(1)




where   X i ∗   is a   p × 1   covariate vector whose elements are partially missing due to LOD,   Z i   is a   q × 1   fully observed covariate vector,   ϵ i  s are independent and identically distributed random variables with a known distribution, and   ( α , β , γ )   are the corresponding conformable regression parameters. In the absence of the missing covariate   X i ∗  , the regression coefficients can be estimated via maximizing the likelihood function. For example, when   ϵ i   has a normal distribution with mean zero and variance   σ 2  ,   T i   follows a log-normal distribution and the regression coefficients can be obtained by maximizing the likelihood


  L  ( α , γ , σ ; Θ )  =  ∏  i = 1  n     1 σ  ϕ    log  (  Y i  )  − α −  Z i ⊤  γ  σ     Δ i     Φ  −   log  (  Y i  )  − α −  Z i ⊤  γ  σ     1 −  Δ i    ,  








where    Y i  = min  (  T i  ,  C i  )    is the observed survival time,    Δ i  = I  (  T i  ≤  C i  )    is the censoring indicator, and   C i   is the censoring time. The functions   ϕ ( · )   and   Φ ( · )   are the probability density function and the cumulative distribution function of the standard normal distribution. The maximum likelihood estimator (MLE) can be obtained by a standard numerical optimization algorithm, such as the Newton–Raphson method. The variance–covariance matrix of the MLE can be estimated via the information matrix, and the asymptotic normality of the MLE follows directly from likelihood theorems. The survreg() function from R’s survival package [23] is available for fitting such a parametric AFT model.



When   X i ∗   is subject to LOD, we assume   X  i j  ∗   is observable only if    L j  ≤  X  i j  ∗  ≤  U j   , where   L j   and   U j   are the lower and upper bounds of the measurement range, respectively. When   X  i j  ∗   falls outside of   [  L j  ,  U j  ]  , we observe    X  i j   = max  {  L j  , min  (  X  i j  ∗  ,  U j  )  }  , j = 1 , ⋯ , p  . That is, we observe    X  i j   =  L j    if    X  i j  ∗  <  L j    and    X  i j   =  U j    if    X  i j  ∗  >  U j    so that the direction of missing is always known. Accompanying    X i  =   (  X  i 1   , … ,  X  i p   )  ⊤    is the missing indicator    V i  =   (  V  i 1   , … ,  V  i p   )  ⊤   , where    V  i j   = I  (  L j  ≤  X  i j  ∗  ≤  U j  )    and   I ( · )   is the indicator function. The observed data then consist of independent copies of   Θ = {  Y i  ,  Δ i  ,  X i  ,  Z i  ,  V i  ,  L 1  , … ,  L p  ,  U 1  , … ,  U p  } , i = 1 , … , n  . We assume the censoring time   C i   is conditionally independent of   T i   given   X i   and   Z i  . Throughout the manuscript, we allow   X  i j  ∗   to be subject to different types and levels of LOD and discuss approaches that are applicable under these scenarios.




3. Estimating Procedures in the Presence of LOD


3.1. Complete-Case Analysis


The CC analysis is commonly used in the presence of missing covariates. The fundamental idea of applying the CC analysis is to discard missing observations outside of the measurement range. Though the idea of the CC approach is straightforward, discarding observations from samples loses information and could potentially bias the estimation when the missingness is dependent on exposure, e.g., [16,24], as in the LOD cases. Additional convergence issues arise when the original sample size is small; an extreme case is where the CC approach is inapplicable when all subjects have at least one missing variable. With the missing indicator, the CC model can be expressed as a modification of (1) as follows:


   Q i  log  (  T i  )  =  Q i   α c  +  Q i   X i ⊤   β c  +  Q i   Z i ⊤   γ c  , i = 1 , … , n ,  



(2)




where    Q i  =  ∏ j   V  i j   = 1   if all of    X  i j   , j = 1 , … , p ,   are observed, and is zero otherwise. The regression coefficients   {  α c  ,  β c  ,  γ c  }   can be obtained by maximizing the modified likelihood,


   ∏  i = 1  n     1 σ  ϕ    log  (  Y i  )  −  α c  −  X i ⊤   β c  −  Z i ⊤   γ c   σ      Δ i   Q i      Φ  −   log  (  Y i  )  −  α c  −  X i ⊤   β c  −  Z i ⊤   γ c   σ      ( 1 −  Δ i  )   Q i    .  











The CC method is the default approach in survreg() when data contain missing values.




3.2. Parametric Substitution Approaches


Instead of discarding missing observations, imputations methods replace the missing values with their expectations. Most existing imputation methods replace missing values with the predicted values from models trained by the observed data, resulting in imputed values inside the observable region. Such imputation methods are not feasible for imputing missing values due to LOD, where the missing values are outside of the observable region. For this reason, it is more appropriate to consider imputation methods that replace missing values subject to LOD with conditional expectations,   E (  X  i j  ∗  |  X  i j  ∗  <  L j  )   or   E (  X  i j  ∗  |  X  i j  ∗  >  U j  )  , respectively, depending on the direction of missing. These quantities can be estimated parametrically using likelihood methods. For example, for a positive   X  i j  ∗   subject to a lower LOD by    L j  > 0  , common substitution values such as    L j  / 2   and    L j  /  2    are derived by imposing a uniform distribution or a triangular distribution to the data below   L j  , respectively, e.g., [25,26]. On the other hand, ad hoc substituting values such as 0 and   L j   have also been considered but generally lead to biased estimations of regression coefficient estimates [9].



Although the aforementioned substituting values have simple forms, they are derived without using information from the observed   X  i j  ∗  . An alternative approach is to derive the substituting values by imposing a distribution assumption on the whole data. For example, if   X  i j  ∗   is assumed to follow a normal distribution with mean   μ j   and variance   ς j 2  , then   (  μ j  ,  ς j 2  )   can be estimated by maximizing the likelihood


   ∏  i = 1  n     1 ς  ϕ     x  i j   −  μ j    ς j      V  i j      Φ     L j  −  μ j    ς j      I (  V  i j   = 0 ,  X  i j  ∗  <  L i  )     Φ     μ j  −  U j    ς j      I (  V  i j   = 0 ,  X  i j  ∗  >  U i  )   .  











Let   r ( x ) = ϕ ( x ) / Φ ( x )  , and    μ ^  j   and    ς ^  j 2   be the MLEs of   μ j   and   ς j 2  , respectively. Once    μ ^  j   and    ς ^  j 2   are obtained, the conditional expectations


  E  (  X  i j  ∗  |  X  i j  ∗  <  L j  )  =   μ ^  j  −   ς ^  j  r     L j  −   μ ^  j     ς ^  j     and    E  (  X  i j  ∗  |  X  i j  ∗  >  U j  )  =   μ ^  j  +   ς ^  j  r      μ ^  j  −  U j     ς ^  j    ,  








can be used as the substituting values for those   X  i j  ∗   censored by   L j   and   U j  , respectively. The estimates of the regression coefficients in (1) under the parametric substitution methods are then obtained by maximizing the likelihood in (1) with missing   X  i j  ∗   replaced by the desired substituting values.




3.3. Parametric Multiple Imputation Approaches


Single imputation methods such as those mentioned in Section 3.2 are less computation-demanding compared to the MI [27] approaches, but the latter could be more efficient as they better reflect uncertainty about imputed values. The general idea of MI methods is to impute the missing   X  i j  ∗   repeatedly with values generated from its predictive distribution given the observed data. Once the M complete data sets are generated, the CC analysis is then applied to each complete data set. The separate results are then pooled to provide the final inference. Building onto the aforementioned substitution method under normal assumptions, we consider imputing the missing   X  i j  ∗  s by random values generated from densities   f ( x |  X  i j  ∗  <  L j  ,   μ ^  j  ,   σ ^  j 2  )   or   f ( x |  X  i j  ∗  >  U j  ,   μ ^  j  ,   σ ^  j 2  )  . Under the normal assumption on   X  i j  ∗  ,   f ( x | · )   corresponds to truncated normal density functions and the random values are generated via the inverse cumulative distribution function method. Let     θ ^  m  =  (   α ^  m  ,   β ^  m  ,   γ ^  m  )  , m = 1 , … , M ,   be the coefficient estimate obtained by maximizing (1) at the mth imputation. Using the Rubin’s rule [27], the pooled MI coefficient estimate and variance estimate are


    θ ^   M I   =  1 M   ∑  m = 1  M    θ ^  m   and    V a r  (   θ ^   M I   )  =  1 M   ∑  m = 1  M   V a r   (   θ ^  m  )  +  1 +  1 M      ∑  m = 1  M    (   θ ^  m  −   θ ^   M I   )  2    M − 1   ,  








where    V a r  (   θ ^  n  )   is the variance estimate for    θ ^  m  . The proposed MI method differs from the existing MI methods, such as the ones implemented in mice [28], in that the proposed method targets imputation values outside of the observed region. Our MI method can be easily implemented and is flexible in that different parametric assumptions can be implied for different covariates.




3.4. Missing Indicator Approaches


A useful alternative that does not require discarding or imputing missing values is the MDI approach [6]. The idea of the MDI approach is to include the missing status as additional covariates in the model so that all available information remains in the analysis to maintain statistical power. Specifically, we consider the MDI-embedded AFT model


  log  (  T i  )  =  α m  +   (  V i  ∘  X i  )  ⊤   β m  +  Z i ⊤   γ m  +   ( 1 −  V i  )  ⊤   θ m  +  ϵ i  , i = 1 , … , n ,  



(3)




where   u ∘ v   is the element-wise product of vectors u and v and   θ m   is an additional   p × 1   regression coefficient. The MLE of   (  α m  ,  β m  ,  γ m  ,  θ m  )   can be obtained by maximizing the modified likelihood


   ∏  i = 1  n     1 σ  ϕ     e i   (  α m  ,  β m  ,  γ m  ,  θ m  )   σ     Δ i     Φ  −    e i   (  α m  ,  β m  ,  γ m  ,  θ m  )   σ     1 −  Δ i    ,  



(4)




where    e i   (  α m  ,  β m  ,  γ m  ,  θ m  )  = log  (  Y i  )  −  α m  −   (  V i  ∘  X i  )  ⊤   β m  −  Z i ⊤   γ m  −   ( 1 −  V i  )  ⊤   θ m   . In the context of linear regression, the least-squares estimator for   β m   was shown to be asymptotically unbiased for  β  in (1) if   X i ∗   and   Z i   are uncorrelated [6]. The performance of the MDI approach has also been studied under the generalized linear model, e.g., [15]. Since the parametric AFT model has a log-linear form, the MLE obtained from maximizing (4) is expected to be asymptotically unbiased in the absence of censoring. We also conjecture that the asymptotic unbiasedness continue to hold in the presence of censoring. The MDI approach is easy to implement and can be extended in several directions. For example, the fully expanded MDI model extends (3) by including interaction terms between the missing indicators and the observed covariates [15], resulting in the revised AFT model


  log  (  T i  )  =  α m  +   (  V i  ∘  X i  )  ⊤   β m  +  Z i ⊤   γ m  +   ( 1 −  V i  )  ⊤   θ m  +   [  ( 1 −  V i  )  ∘  Z i  ]  ⊤   ϕ m  +  ϵ i  ,  








where   ϕ m   is an additional   q × 1   regression coefficient. On the other hand, the MDI approach could be embedded into the MI approach, e.g., [18,19], resulting in the revised AFT model


  log  (  T i  )  =  α m  +   X ˜  i ⊤   β m  +  Z i ⊤   γ m  +   ( 1 −  V i  )  ⊤   θ m  +  ϵ i  , i = 1 , … , n ,  








where     X ˜  i  =   (   X ˜   i 1   , … ,   X ˜   i p   )  ⊤   ,     X ˜   i j   =  X  i j  ∗    if    V  i j   = 1  , and    X ˜   i j    is the imputed value by MI if    V  i j   = 0  . The MI coefficient estimates are then pooled by the Rubin’s rule. Those extensions of the MDI approach are implemented and compared in simulation.





4. Simulation


A series of simulation studies were conducted to compare methods discussed in Section 3. The failure time   T i   was generated from the AFT model


  log  (  T i  )  =  β 0  +  β 1   X  i 1  ∗  +  β 2   X  i 2  ∗  +  γ 1   Z i  + ϵ ,  



(5)




where   X  i 1  ∗   was a Weibull random variable with shape 1 and scale   1 / 3  ,   X  i 2  ∗   was a normal random variable with mean 0 and variance   0.64  ,   Z i   was a standard normal random variable, the regression parameter    (  β 0  ,  β 1  ,  β 2  ,  γ 1  )  =  ( − 2 , 1 , − 1 , 1 )   , and the error term  ϵ  followed a standard normal distribution. We considered scenarios where covariates are independent and where the covariates are correlated. In the latter case, the Clayton copula with a Spearman’s rho of   0.4   was used to specify the correlation between   X 1   and Z. The censoring time was independently generated from a uniform distribution over   [ 0 , 1.25 ]  , yielding a 30% censoring rate on   T i  . We considered three types of LOD: lower LOD, upper LOD, and interval LOD, where   X  i j  ∗   is observable in   [  L j  , ∞ ]  ,   [ − ∞ ,  U j  ]  , and   [  L j  ,  U j  ]  , respectively. The detection limits,   L j   and   U j  , were quantiles of   X  i j  ∗   chosen to achieve three levels of missing proportions, 20%, 40%, and 60%, for light missing, moderate missing, and heavy missing, respectively. For interval LOD, we additionally assumed   L j   to be the   ( 100 ·  m j  / 4 )  th quantile of   X  i j  ∗  , where   m j   is the missing proportion for    X  i j  ∗  , j = 1 , 2  .



For each configuration, we compared the performance of the following approaches to handling missing data.



Complete-case analysis




	M1 

	
removal of subjects with missing   X  i j  ∗  .









Substitution methods:




	M2 

	
substitution of the missing   X  i j  ∗   by    L j  / 2   or   2  U j   .




	M3 

	
substitution of the missing   X  i j  ∗   by    L j  /  2    or    2   U j   .




	M4 

	
substitution of the missing   X  i j  ∗   by   E (  X  i j  ∗  |  X  i j  ∗  <  L j  )   or   E (  X  i j  ∗  |  X  i j  ∗  >  U j  )   under normal assumptions.









Multiple imputation approaches:




	M5 

	
MI of the missing   X  i j  ∗   using the predictive mean matching (PMM) algorithm implemented in the R package mice [28].




	M6 

	
MI of the missing   X  i j  ∗   using conditional densities derived under normal assumptions as described in Section 3.3.









Missing indicator approaches:




	M7 

	
the missing indicator approaches (MDI) model.




	M8 

	
the expanded MDI model.









Missing-indicator-embedded multiple imputation approaches (MI + MDI):




	M9 

	
MI by PMM and fit with MDI model.




	M10 

	
MI by normal assumptions and fit with MDI model.




	M11 

	
MI by PMM and fit with expanded MDI model.




	M12 

	
MI by normal assumptions and fit with expanded MDI model.









The simulation was repeated 10,000 times with sample sizes   n = 50 , 100  , and 500. The MLE of the regression parameter of the AFT model (5) was obtained using the survreg() function in the survival package [23] in R [29] under the normal error assumption, e.g., with argument dist = "lognormal". For the scenarios considered, the CC approach (M1) sometimes failed to converge as the resultant sample size was too small or empty after removing missing observations. The convergence rate for the CC approach under different scenarios presented in the Supplementary Materials shows fewer converged replications when the sample size is small (e.g.,   n = 50  ) or the missing proportions are high (e.g.,    m 1  = 60 %   or    m 2  = 60 %  ). For this reason, the simulation results were based on the converged replications for the CC approach. For MI methods, the number of imputations M was set to 5.



Table 1 and Table 2 summarize the AAB and MSE associated with the MLEs of   β 1  ,   β 2  , and   γ 1   in the AFT model (5) when the covariates are independent and the censored covariates are subjected to a lower LOD. The MDI approaches (M7 and M8) have among the smallest AAB and MSE across the considered scenarios. Moreover, the MDI approaches outperform the CC approach (M1) when the sample size is small or the missing proportions (  m 1   and   m 2  ) are high. Overall, the AAB and the MSE generally increase with increasing missing proportions. On the other hand, whereas MSE generally decreases with an increasing sample size, the trend of AAB varies by model. Among the substitution methods, both M2 and M3 yield smaller AAB for   β 1   than for   β 2  ; this is because the substituting values under these approaches are close to   E (  X  i 1  ∗  |  X  i 1  ∗  <  L 1  )  . On the contrary, M4 yields smaller AAB for   β 2   when the parametric assumption for   X 2   is satisfied. The same trend can be seen in the parametric MI approach, M6. In particular, all of the imputation approaches, including the PMM-based MI approach (M5), did not improve the performance when compared with the MDI approach. Combining MDI models in MI approaches does not necessarily improve the performance of MDI or MI approaches if they would be applied solely. In situations where the combined approach shows improved AAB over the MI approaches, there are trade-offs in MSE. Of those, the expanded MDI-embedded MI approach (M11 and M12) yields smaller AAB than the MDI-embedded MI approach (M9 and M10), but they result in a comparable MSE. In addition, biases associated with the MLEs of   β 1   and   β 2   summarized in Figure 1 provide insight into the direction of bias. Among those that yield a substantial bias, approaches with uniform and triangular assumptions, i.e., M2 and M3, tend to overestimate   β 1   and underestimate   β 2  . In contrast, approaches with normal assumptions, i.e., M4, M6, and M10, tend to underestimate   β 1   and correctly estimate   β 2  . The pattern is reversed in the case of an upper or interval LOD. These observations suggest that the direction of bias is imposed by the underlying parametric assumption and highlight the robustness of the MDI approach. Similar trends are observed in scenarios where the covariates are subjected to the upper or interval LOD and where n = 500, as presented in the Supplementary Materials. On the other hand, the results when the covariates are correlated are presented in Table 3 and Table 4 and Figure 2. For all approaches, correlation generally results in higher AAB and MSE but does not alter the direction of bias. This observation is consistent with the literature, where the asymptotic bias of the regression coefficient associated with the censored covariate is shown to increase with an increasing magnitude of the correlation [6]. However, these theoretical results do not apply directly to a small sample setting, as the MDI approaches remain at least as good as, if not better than, the CC approach.




5. Discussion


The MDI approach minimizes the loss of information and does not require making parametric assumptions, making it an attractive alternative to some of the more widely used approaches for handling missing covariates. Moreover, the MDI approaches show clear advantages over the competitors and are recommended in models with survival outcomes, as in our simulation. Our simulation shows no apparent difference between the MDI and the expanded MDI models, but embedding the expanded MDI model in MI could result in a higher bias reduction. The advantage of the MDI approach is more substantial when there is a large proportion of missing covariates or when the distributional assumption is violated in the MI approach. The MDI approaches continue to perform well under additional simulation settings, including scenarios where the survival time is not subject to censoring and scenarios under a Cox proportional hazard model setting.



It has been noted that, even though the MDI approach generally results in a reduced bias, it might have minimal improvements when the missing mechanism is associated with the outcome [30] or when the missing covariate is categorical [31]. Those phenomena were verified in the context of generalized linear regression, and it would be worth investigating those scenarios in our setting with survival outcomes. Moreover, extending the assessments of the validity of the MDI approach, e.g., [32,33], to our settings will be of interest.



We only considered scenarios where the direction of missing is known in this paper. Nevertheless, the MDI approach is still applicable when the direction of missing is unknown. The aforementioned parametric imputation methods can easily be extended to the case when the direction of missing is unknown. For example, suppose that   X  i j  ∗   follows a normal distribution with mean   μ j   and variance   ς j 2   as in Section 3.3. The MLEs of   μ j   and   ς j 2   can be obtained by maximizing the likelihood


   ∏  i = 1  n     1 ς  ϕ     x  i j   −  μ j    ς j      V  i j      Φ     L j  −  μ j    ς j    + Φ     μ j  −  U j    ς j      1 −  V  i j     .  











The corresponding MI procedure can then be carried out with missing   X  i j  ∗  s imputed by values generated from density   p f  ( x |  X  i j  ∗  <  L j  ,   μ ^  j  ,   σ ^  j 2  )  +  ( 1 − p )  f  ( x |  X  i j  ∗  >  U j  ,   μ ^  j  ,   σ ^  j 2  )   , where   p = 1   with probability   Φ  [  (  L j  −   μ ^  j  )  /   ς ^  j  ]  /  { Φ  [  (  L j  −   μ ^  j  )  /   ς ^  j  ]  + Φ  [  (   μ ^  j  −  U j  )  /   ς ^  j  ]  }    and   p = 0   otherwise. Due to its simplicity, the MDI method can also be easily embedded into other methods to improve the overall performance. An immediate example is the MI+MDI approaches considered in Section 4. Another extension is to embed the MDI approach in threshold regression approaches [34] to accommodate multiple censored covariates.
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Figure 1. Violin plots showing the empirical distribution of the bias associated with MLE of   β 1   (red) and   β 2   (green) when covariates are independent and    X  i j  ∗  , j = 1 , 2   is subjected to lower LOD. (a) Bias under   n = 50   and    m 1  =  m 2  = 20 %  . (b) Bias under   n = 100   and    m 1  =  m 2  = 20 %  . (c) Bias under   n = 50   and    m 1  =  m 2  = 40 %  . (d) Bias under   n = 100   and    m 1  =  m 2  = 40 %  . (e) Bias under   n = 50   and    m 1  =  m 2  = 60 %  . (f) Bias under   n = 100   and    m 1  =  m 2  = 60 %  . 
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Figure 2. Violin plots showing the empirical distribution of the bias associated with MLE of   β 1   (red) and   β 2   (green) when covariates are correlated and    X  i j  ∗  , j = 1 , 2   is subjected to lower LOD. (a) Bias under   n = 50   and    m 1  =  m 2  = 20 %  . (b) Bias under   n = 100   and    m 1  =  m 2  = 20 %  . (c) Bias under   n = 50   and    m 1  =  m 2  = 40 %  . (d) Bias under   n = 100   and    m 1  =  m 2  = 40 %  . (e) Bias under   n = 50   and    m 1  =  m 2  = 60 %  . (f) Bias under   n = 100   and    m 1  =  m 2  = 60 %  . 
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Table 1. Summary of the AAB (  × 1000  ) when covariates are independent and    X  i j  ∗  , j = 1 , 2   is subjected to lower LOD. M1 is complete-case analysis; M2–M4 are the different variants of the substitution methods; M5–M6 are the different variants of the MI methods; M7–M8 are the different variants of the MDI methods; M9–M12 are the different variants of MDI-embedded MI (MI + MDI) methods. AAB less than 0.1 is highlighted in gray, with darker tones corresponding to smaller AAB.
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Table 2. Summary of the MSE (  × 1000  ) when covariates are independent and    X  i j  ∗  , j = 1 , 2   is subjected to lower LOD. M1 is complete-case analysis; M2–M4 are the different variants of the substitution methods; M5–M6 are the different variants of the MI methods; M7–M8 are the different variants of the MDI methods; M9–M12 are the different variants of MDI-embedded MI (MI + MDI) methods. MSEs less than 0.1 are highlighted in gray, with darker tones corresponding to smaller MSEs.
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Table 3. Summary of the AAB (  × 1000  ) when covariates are correlated and    X  i j  ∗  , j = 1 , 2   is subjected to lower LOD. M1 is complete case analysis; M2–M4 are the different variants of the substitution methods; M5–M6 are the different variants of the MI methods; M7–M8 are the different variants of the MDI methods; M9–M12 are the different variants of MDI-embedded MI (MI + MDI) methods. AAB less than 0.1 is highlighted in gray, with darker tones corresponding to smaller AAB.
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Table 4. Summary of the MSE (  × 1000  ) when covariates are correlated and    X  i j  ∗  , j = 1 , 2   is subjected to lower LOD. M1 is complete case analysis; M2–M4 are the different variants of the substitution methods; M5–M6 are the different variants of the MI methods; M7–M8 are the different variants of the MDI methods; M9–M12 are the different variants of MDI-embedded MI (MI + MDI) methods. MSEs less than 0.1 are highlighted in gray, with darker tones corresponding to smaller MSEs.
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