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Abstract


In this article, we implement a flexible Gibbs sampler to make inferences for two-parameter Birnbaum–Saunders (BS) distribution in the presence of right-censored data. The Gibbs sampler is applied on the fiducial distributions of the BS parameters derived using the maximum likelihood, methods of moments, and their bias-reduced estimates. A Monte-Carlo study is conducted to make comparisons between these estimates for Type-II right censoring with various parameter settings, sample sizes, and censoring percentages. It is concluded that the bias-reduced estimates outperform the rest with increasing precision. Higher sample sizes improve the overall accuracy of all the estimates while the amount of censoring shows a negative effect. Further comparisons are made with existing methods using two real-world examples.
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1. Introduction


The Birnbaum–Saunders (BS) distribution [1] was originally introduced to model failure time due to the growth of a dominant crack that is subject to cyclic stress that causes a failure when it reaches a threshold level. As the distribution was originally derived to model the fatigue life of metals that are subject to periodic stress, it is sometimes referred to as the fatigue-life distribution. However, it is becoming increasingly popular in life testing applications. Reference [2] indicated that the BS distribution can be used as an approximation of the inverse Gaussian (IG) distribution and [3] pointed out that the BS distribution can be viewed as an equal mixture of an IG distribution and its reciprocal. Reference [4] provides a detailed review of various developments and applications of the BS distribution.



The probability density function (pdf) of the BS failure time T with parameters  α  and  β , denoted by   T ∼ B S ( α , β )  , is given by


   f T   ( t )  =  1  2   2 π   α β       β t    1 / 2   +    β t    3 / 2    exp  −  1  2  α 2      t β  +  β t  − 2   ,  



(1)




where   0 < t < ∞ ,   and   α > 0 , β > 0   are the shape and scale parameters, respectively, and   E  ( T )  = β  ( 1 +  α 2  / 2 )    and   V a r  ( T )  =   ( α β )  2   ( 1 + 5  α 2  / 4 )   .



The distribution function of the BS failure time T is given by


   F T   ( t )  = Φ   1 α     t β   −   β t     ,  



(2)




where   Φ ( · )   represents the distribution function of the standard normal distribution. Since    F T   ( β )  = Φ  ( 0 )  = 0.5  , the scale parameter  β  is the median of the BS distribution.



Classical parameter estimation of the BS distribution such as the maximum likelihood estimation (MLE) is introduced at the early stage of the literature. For instance, MLEs of the BS parameters for complete data were introduced in [5,6], which discussed their asymptotic distributions. Reference [7] introduced the MLE under both Type-I and Type-II censored BS data. However, reference [8] introduced modified moment estimators (MMEs) and a bias reduction method, as well as the Jackknife technique to reduce the bias of both MMEs and MLEs. Reference [9] introduced modified MLEs that are bias-free to second-order and also considered bootstrap bias correction. In addition, they derived a Bartlett correction that improves the finite-sample performance of the likelihood ratio test in finite samples. Point and interval estimations of the BS parameters under Type-II censoring are discussed in [10]. Reference [11] introduced a simple method of modified censored moment estimation (MCME) method to estimate its parameters under random censoring and bias reduced versions of these estimators are also considered. Reference [12] introduced alternative estimators with smaller bias compared to that for [8]. Reference [13] suggested a Bayesian estimation method for Type-II censored BS data in the simple step stress accelerated life test with power law accelerated form. They applied a Gibbs sampling procedure to get the Bayesian estimates for shape parameter of BS distribution and parameters of power law–accelerated model.



Life-time experiments often result in censored data, and the nature of the censoring plays a vital role in its analysis. Right censored data occurs when the test start time of each unit is known but the test end time is unknown. This includes random right censoring that can occur if the units fail to follow up the testing during the testing period due to reasons other than the main cause of interest and the Type-II censored data that can occur only if the experiment continues until a fixed number of units failed.



In this work, we focus on estimating both BS parameters in the presence of random right and Type-II censored units. In addition, we estimate the average remaining test time   T ¯   of the censored units. For instance, assume that we put n non-repairable units with lifetimes   (  t 1  ,  t 2  , … ,  t n  )   in a lifetime test and observe only r failures and rest of the   ( n − r )   observations are right censored. That is,     y  ′  =  (  t  ( r + 1 )  +  ,  t  ( r + 2 )  +  , … ,  t  ( n )  +  )    is the set of censored values. Assume that the experiment were to continue so that all   ( n − r )   censored values could be observed and     y ˜  ′  =  (  t  ( r + 1 )   ,  t  ( r + 2 )   , … ,  t  ( n )   )    would be the set of true observed values such that the remaining test times for censored elements are   T =  y ˜  − y  . Then, the estimate for the average remaining test time becomes


   T ¯  =  1    1  ′  1    (   y ˜  ′  1 −   y  ′  1 )  ,  



(3)




where 1 is a column vector of 1’s of length   n − r  .



The rest of the article is organized as follows. In Section 2, we discuss the parameter estimation of the BS distribution using the maximum likelihood method, methods of moments, and their biased reduced alternatives. In Section 3, we present our major contribution, where we discuss the Gibbs sampling procedure that relies on fiducial distributions to handle censored data. In Section 4, we report Monte-Carlo simulation results and compare the performance of the estimation methods. We illustrate the Gibbs sampler with analysis of real data and make some comparisons with the existing methods in Section 5. We make some remarks and recommendations in Section 6.




2. Parameter Estimation


This section summarizes both point and interval estimators of the BS parameters. That includes the maximum likelihood and the methods of moments estimates and their bias-reduced counterparts.



2.1. The Maximum Likelihood Approach


The maximum likelihood estimation of the BS parameters,  α  and  β , was originally proposed by [5]. Some variations and improvements were later reported in many works under different life testing conditions. A complete summary of BS parameter estimations can be found in the monograph by [4]. For a random sample of failure times  T  = {   t 1  ,  t 2  , … ,  t n   } the log-likelihood function, without the additive constant, can be written as


  l  ( α , β | T )   ∝ − n ln  ( α )  − n ln  ( β )  +  ∑  i = 1  n  ln     β  t i     1 / 2   +    β  t i     3 / 2    −  1  2  α 2     ∑  i = 1  n     t i  β  +  β  t i   − 2  .  



(4)







By taking the partial derivative of Equation (4) with respect to  α  and solving it for zero, we can obtain


   α 2  =   s β  +  β r  − 2  ,  



(5)




where   s =  ∑  i = 1  n   t i  / n   and   r =    ∑  i = 1  n   t i  − 1   / n   − 1     are the sample arithmetic and harmonic means of the observed data.



Then, by taking the partial derivative of Equation (4) with respect to  β  and using the result given in Equation (5), the following can be obtained.


   β 2  − β  ( 2 r + K  ( β )  )  + r  ( s + K  ( β )  )  = 0 ,  



(6)




where   K  ( β )  =    ∑  i = 1  n    ( β +  t i  )   − 1   / n   − 1    . The MLE   β ^   of  β  is the unique positive root of Equation (6) that lies at the interval   ( r , s )  . As a result, the MLE of  α  becomes    α ^  =    s  β ^   +   β ^  r  − 2   1 / 2    .



The Fisher information matrix of the BS distribution with parameters  α  and  β  is given by


  I  ( α , β )  =       2 n   α 2     0     0     n [ 1 + α g  ( α )  /   2 π   ]    α 2   β 2        ,  



(7)




where   g  ( α )  = α   π / 2   − π exp  { 2 /  α 2  }   [ 1 − Φ  ( 2 / α )  ]    and  Φ  is the standard normal distribution function. Then, asymptotic normal property of the MLEs indicates that, for large n,


       α ^       β ^      ∼  N 2       α     β     ,       α 2   2 n     0     0      α 2   β 2    n [ 1 + α g  ( α )  /   2 π   ]         



(8)







It can be noticed that from Equation (8) the MLEs   α ^   and   β ^   are asymptotically independent. Therefore, the asymptotic confidence intervals for  α  and  β  can easily be constructed (see [8,9]).



That is,   100 ( 1 − δ ) %   confidence intervals for  α  and  β  become


   α ^  ±  Z  1 − δ / 2     α ^    2 n     



(9)




and


   β ^  ±  Z  1 − δ / 2      α ^   β ^     n [ 1 +  α ^  g  (  α ^  )  /   2 π   ]    ,  



(10)




respectively. As [9] indicated, these intervals rely on asymptotic properties, and therefore they may display poor performance in smaller sample size cases.




2.2. Modified Moment Estimators


Generally, the moment estimators are obtained by equating population moments with corresponding sample moments. For the BS distribution, the standard moments do not exist when the sample coefficient of variance is greater than   5   [8]. Therefore, [8] introduced the modified moment estimators (MMEs) that rely on the parameters of both the BS and its reciprocal distributions. That led to the following moment equations.


  s = β  1 +   α 2  2    and   r  − 1   =  β  − 1    1 +   α 2  2   .  











Solving these equations, one can obtain the following MMEs for  α  and  β , denoted by   α ˜   and   β ˜  .


   α ˜  =   2     s r    1 / 2   − 1    1 / 2    



(11)




and


   β ˜  =   ( s r )   1 / 2   .  



(12)







As for the MLE cases, the asymptotic joint distribution of   α ˜   and   β ˜   becomes


       α ˜       β ˜      ∼  N 2       α     β     ,       α 2   2 n     0     0       α 2   β 2   n     1 +  3 4   α 2     ( 1 +  1 2   α 2  )  2           



(13)







Then,   100 ( 1 − δ ) %   confidence intervals for  α  and  β  based on MMEs become


   α ˜  ±  Z  1 − δ / 2     α ˜    2 n     



(14)




and


   β ˜  ±  Z  1 − δ / 2      α ˜   β ˜    n       1 +  3 4    α ˜  2     ( 1 +  1 2    α ˜  2  )  2     1 / 2   ,  



(15)




respectively.




2.3. Bias-Reduced Estimators


The study by [8] indicated that both MLEs and MMEs perform equally well in terms of both the bias and mean square errors. However, for smaller sample sizes the bias of MLE of  α  increases. Therefore, reference [8] suggested improved estimators that reduced the bias of both MLEs and MMEs. That is, using a standard bias reduction method, they reported that for almost unbiased maximum likelihood estimators (UMLEs)


    α ^  ∗  =   n  n − 1     α ^     and      β ^  ∗  =   1 +    α ^   ∗ 2    4 n     − 1    β ^   



(16)




and for almost unbiased modified moment estimators (UMMEs)


    α ˜  ∗  =   n  n − 1     α ˜     and      β ˜  ∗  =   1 +    α ˜   ∗ 2    4 n     − 1    β ˜  .  



(17)







Then we substitute these bias-reduced estimators for the point estimators in the asymptotic confidence intervals reported in Equations (9), (10), (14) and (15) to obtain a set of less-biased asymptotic confidence intervals.





3. Application of Gibbs Sampler


Parameter estimation for the BS distribution in the presence of complete data is well established, but it becomes challenging when the data are censored. Gibbs sampling is a Markov Chain Monte Carlo method and is commonly used to generate samples from the posterior distributions in Bayesian by sweeping through each variable to sample from its conditional distribution with the remaining variables fixed to their current values. However, in this work, we adopt the Fiducial inferential suggested by [14] that has some resemblance to the Bayesian framework, though it has no reliance on prior knowledge of the distribution for parameters involved.



We propose the BS parameters  α  and  β  to be sampled from their sampling distributions given in Equations (8) and (13). In the Fiducial distributions, the parameters are replaced with their corresponding biased and bias-reduced MLEs and MMEs. For instance, MLE based fiducial distributions for  α  and  β  are


  α ∼ N   α ^  ,    α ^  2   2 n      and  β | α ∼ N    β ^  ,     α ^  2    β ^  2    n [ 1 +  α ^  g  (  α ^  )  /   2 π   ]    ,  



(18)




respectively.



To start the Gibbs sampler, it is required to identify suitable initial values for  α  and  β . However, often their maximum likelihood estimates or method of moments estimates from the observed data given censoring are preferred for this purpose.



The BS likelihood function for an ordered Type-II censored sample    t  ( 1 )   ,  t  ( 2 )   , … ,  t  ( r )     with the largest   n − r   observations being censored is written as [15]


     L ( α , β | T )    =      n !   ( n − r ) !     1 − Φ   1 α  ξ    t  ( r )   β      n − r       



(19)






         ×   1   (   2 π   α β )  r     ∏  i = 1  n   ξ ′     t  ( i )   β    exp  −  1  2  α 2     ∑  i = 1  r   ξ 2     t  ( i )   β         



(20)




where   ξ  ( t )  =  t  1 / 2   −  t  − 1 / 2     and    ξ ′   ( t )  =  (  t  1 / 2   +  t  − 1 / 2   )  / 2 t  . The MLEs,    α ^   M L E    and    β ^   M L E   , can be obtained by differentiating the log of this likelihood function with respect to  α  and  β  and equating them to zero. Reference [10] explained that there is no closed-form solution to likelihood estimates but the MLEs can be obtained by solving a derived non-linear equation using their EM algorithm. However, in this work, we use the R function [16] “fitdistcens” available in R-package “fitdistrplus” by [17] to fit the BS distribution with censored data to obtain MLEs of  α  and  β  (see Supplementary Materials for the R exhibit of this function). Then, the Gibbs sampler is used to generate synthetic BS data samples to replace the censored portion of the observed dataset [18]. The steps of our Gibbs sampling algorithm are summarized as follows.



	
Calculate the maximum likelihood estimates    α ^   M L E    and    β ^   M L E    from the available right censored dataset. Set     α ^   M L E   =  α 1  ( 0 )     and     β ^   M L E   =  β 1  ( 0 )    .



	
Generate a random variate from a uniform distribution bounded by the BS CDF   (  F T  )   value of the respective censored observation and 1. Then, use the inverse CDF (  F T  − 1   ) value of the newly sampled random variate to replace the censored value as follows:



	
Generate:    u  r + 1   ∼ U   F T    t  r + 1  +   , 1   , where    F T    t  r + 1  +   = Φ   1  α 1  ( 0 )        t  r + 1  +   β 1  ( 0 )     −    β 1  ( 0 )    t  r + 1  +       .



	
Then, set:    t  r + 1   ( 0 )   =  F T  − 1     u  r + 1   ;  α 1  ( 0 )   ,  β 1  ( 0 )     






	
Repeat this process for all   n − r   censored units as in Step 2; the censored data will be replaced by the the simulated data   (  t  r + 1   ( 0 )   ,  t  r + 2   ( 0 )   , … ,  t n  ( 0 )   )   such that    t  r + 1  +  <  t  r + 1   ( 0 )   ,  t  r + 2  +  <  t  r + 2   ( 0 )   , … ,  t n +  <  t n  ( 0 )    .



	
Using the updated sample in Step 3, sample   α 1  ( 1 )    and   β 1  ( 1 )    from their respective fiducial distributions.



	
Repeat Steps 2–4 starting with the new sampled parameters,   α 1  ( 1 )    and   β 1  ( 1 )   . This procedure will continue with k total iterations and concluding with the results for   α 1  ( k )    and   β 1  ( k )   . A new set of simulated BS observations should be picked in the same manner as in Step 3 using the   α 1  ( k )    and   β 1  ( k )    as newly updated parameters.



	
At the conclusion of Step 5, the average remaining life of censored units defined in Equation (3) is calculated using the newly sampled data in Step 3 with   α 1  ( k )    and   β 1  ( k )    as the as newly updated parameters and is designated    T ¯  1  ( k )   .



	
Repeat Steps 2–6 a number of times, say m total iterations. This results in a collection of m Fiducial samples of  α  and  β  as well as m samples of   T ¯  :


   (  α 1  ( k )   ,  α 2  ( k )   , … ,  α m  ( k )   )  ,      (  β 1  ( k )   ,  β 2  ( k )   , … ,  β m  ( k )   )  ,      (   T ¯  1  ( k )   ,   T ¯  2  ( k )   , … ,   T ¯  m  ( k )   )  .  














In the Gibbs sampler, we guarantee the convergence of the sampled data using both numerical and graphical summaries. That includes monitoring the scalar summary  ψ  and the scale reduction statistic   R ^   defined in [19]. As suggested in [20], we confirm that the   R ^   statistic is well below 1.1 and the trace plots behave appropriately to make sure of the convergence of the Gibbs samples in all situations considered. After confirming the convergence, we report both point and interval estimates. That includes means and their stand error estimates as well as the 95% equal-tailed confidence intervals for all the parameters including   T ¯  .




4. Monte-Carlo Simulation


We conduct a simulation study to compare the performance of the discussed methods under the Type-II right censoring scheme. We generate data from the   B S ( α , β )   distribution with sample sizes   n = 10 , 20 , 30   and censoring percentages (CEP) at 10%(10%)40%. The simulation is repeated for   α = 0.10 , 0.50 , 1.00 , 2.00   while keeping the scale parameter  β  fixed at 1.0. Each experimental condition is repeated for 2000 generated BS datasets. The Gibbs sampler converges adequately in   k = 3000   iterations and the scale reduction factor   R ^   for both parameters is less than 1.1. In this simulation, we obtained both point and interval estimates with   m = 1000   total replications. Final Fiducial samples for  α  and  β  are shown in Figure 1 and Figure 2 and their coverage probabilities are shown in Figure 3 and Figure 4, respectively. Average point estimates (PE), their standard errors (SE), and coverage probabilities (CP) are reported Table A1, Table A2, Table A3 in Appendix A.



As shown in Figure 1 and Table A1, for   n = 10  , both the median and mean of MLE and MME methods underestimate the true value of  α  and the size of the bias increases as the amount of censoring increases. A similar behaviour is noticed for increasing value of true  α . Interestingly, both mean and median point estimates for UMLE and UMME methods show better precision and outperform both MLE and MME methods in all the situations. However, estimated standard errors of these unbiased methods are slightly higher because UMLE and UMME samples disperse more than that of the MLE and MME samples (Figure 1). As can be seen in Figure 3, both UMLE and UMME show increasingly better coverage probability while MLE and MME are very liberal. Interestingly, on average the overall precision of the coverage probability decreases as  α  and censoring percentages increase. All methods provide somewhat similar point estimates for  β  values (Figure 2). The coverage probability comparison for the  β  estimates (Figure 4) is quite similar to that of the  α  cases. On average, the average remaining times (see Table A1) for both MLE and MME methods are slightly lower than the UMLE and UMME. As far as the standard error is concerned, the results are similar to those of the  α  cases except the MLE method provides unusually higher standard errors and point estimates in the   α = 2   case for higher censoring percentages. The coverage probability comparison is quite similar to that of the  α  and  β  comparisons.



When sample size increases, all the methods improve their precisions and the coverage probabilities show a uniform improvement. However, the comparisons we made in the   n = 10   case are still valid for   n = 20   and   n = 30   cases (see Figure 1 and Figure 2, and Table A2 and Table A3). As expected, the differences between estimates and the effects of high censoring are not as pronounced as in   n = 10   cases and their standard errors are also now lower. We also note that the simulation results discussed here show some overall improvement when compared to the simulation results reported in [10].




5. Illustrative Examples


In this section, we consider two examples to illustrate the Gibbs sampler procedure described in Section 3. These examples exhibit parameter estimation in randomly right and Type-II censored data.



Example 1

(Cancer Patient Data). This dataset consists of lifetimes (in months) of 20 cancer patients who received a new treatment [21]. It was reported that only 17 out of 20 cancer patients completed the study while the rest of the three patients were randomly right censored and those lifetimes are denoted by “+” in the following dataset.
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	10    +  
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	15    +  
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	30
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	45    +  










The Kolmogorov–Smirnov goodness-of-fit test indicates that these data adequately follow a BS distribution and its initial MLEs are     α ^   M L E   = 0.805   and     β ^   M L E   = 14.899  . For these data,   T ¯   represents the average remaining lifetime for the three patients censored during the experiment until they die. With only three observations out of 20 being censored, the number of iterations   k = 2000   was found to be sufficient to ensure the convergence, and   m = 10,000   Gibbs sample chains were used for parameter estimation. The resulting estimates are shown in the upper portion of Table 1. Reference [22] used the same dataset to exhibit the performance of their Bayesian approach on analyzing parameter estimates from the generalized Birnbaum–Saunders distribution,   G B S ( κ , α , β )  , where the additional parameter   0 < κ < 1   is a shape-type parameter in which   G B S ( 0.5 , α , β )   is the regular   B S ( α , β )   distribution. For comparison purposes we included their Bayesian and MLE results (SN MLE and SN Bayesian) along with the results from [21] Bayesian work (AM 2010) in the lower portion of Table 1.



We note that both MLE and MME compare favorably to one another, and their unbiased counterparts, UMLE and UMME, provide slightly higher point estimates except for MME  β  estimates. Interestingly, our  α  and  β  estimates are lower than the SN (2017) and AM (2010) estimates and our confidence intervals are noticeably narrower though they overlap with SN (2017) and AM (2010) intervals. Among all the estimates, MLE and MME provide the shortest intervals and UMLE and UMME provide slightly wider intervals. This finding is consistent with what we observed in the Monte-Carlo simulation study, and therefore one may prefer biased reduced estimates though they are slightly wider than biased intervals if one desires to maintain the coverage probability at the nominal level.



The estimated average remaining lifetime for the censored patients ranged from 16 to 18 months after their observation period was completed. Besides, the knowledge obtained from the results for the average remaining lifetime confidence bounds will be useful if another experiment of this type is conducted again. The scientist will know approximately how long to run the test to ensure that all patients exhibit the event of interest.



Example 2

(Fatigue Life). This example consists of the fatigue life of 6061-T6 aluminum coupons cut parallel to the direction of rolling and oscillated at 18 cycles per second with maximum stress per cycle 31,000 psi reported in [5]. Using goodness-of-fit tests, we justified that the data shown below adequately follow a BS distribution.
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Both point and interval estimates for complete data with 101 observations are reported in Table 2. Interestingly, MLE and MME estimates are quite similar, and their unbiased versions are also compared favorably to each other.



Reference [10] used this dataset to exhibit the performance of their Monte Carlo EM algorithm based maximum likelihood estimates for Type-II right censored data. A similar application to these data can be found in [23] where they applied reference priors with partial information based Bayesian method. Reference [24] used these data to exhibit a Bayesian approach that relies on proper inverse gamma priors with known hyperparameters. However, they mentioned that as the marginal posterior of  β  becomes intractable and standard sampling methods such as random-walk Metropolis, Metropolis-Hastings, and slice sampler show poor performances, they preferred an efficient sampling algorithm via the generalized ratio-of-uniforms method to compute Bayesian estimates. For comparison purposes, we applied a similar censoring scheme as that applied in aforementioned works, that is, Type-II right censoring with CEP at 10%, 20%, and 30%.



The MLE based initial values of  α  and  β  for the censored data are shown in Table 3. For these data, the Gibbs sampler adequately converged with   k = 2000   iterations and   m = 10,000   Gibbs sample chains were used to get final estimates. The resulting point estimates along with the widths of the 95% confidence intervals for all parameters are reported in Table 4. In addition, the table reports the corresponding Ng (2006), XT (2011) and Wang (2016) estimates for  α  and  β . Interestingly, our MLE and MME based  α , and  β  point estimates are quite closer to their corresponding estimates reported for complete data (Table 2) and the increasing censoring percentage seems to have only a slight effect on those estimates. UMLE and UMME estimates are slightly higher than that of the biased estimates and get closer to both Ng (2006) and XT (2011) estimates. However, Wang (2016) point estimates seem to be affected by the higher censoring percentages but with regards to the length of the confidence intervals this method outperforms the rest.



As expected, the average remaining time   T ¯   was also increased with respect to the censoring percentages. Further, we noticed that all   T ¯   values overestimated the true average remaining time reported in Table 3 and the increments are proportional to the true values for increasing censoring percentages. Widths of the confidence intervals of   T ¯   exhibit a curved linear trend for increasing censoring percentages.



Overall, these analyses indicate that our Fiducial estimates preform well in both of the examples. Given the conclusions we made in the simulation study, we may prefer the unbiased estimates when compared to the biased estimates. As we noticed in the second example, higher sample sizes could improve the precision of the biased estimators.




6. Concluding Remarks


In this study, we made Fiducial inferences via a flexible Gibbs sampler for right censored BS data. Our simulation study indicates that the biased reduced MLE and MME estimates are robust against higher censoring percentages and lower sample sizes. The amount of censoring and sample size has a direct impact on the performance of the MLE and MME methods and therefore one may cautiously apply them for smaller to moderate sample size problems. The simulation study further reveals that the suggested procedure shows some improvements when compared to the results reported in [10] and the illustrative examples indicate that the suggested procedures provide better performance when compared to the alternative methods we considered in this study.



This study reveals that the Fiducial inference can play a vital role in distribution theory and is a strong alternative for Frequentist and Bayesian paradigms. The MCMC methods such as Gibbs sampler may play a key role in Fiducial methods when analyzing survival data as there is less restriction regarding the type of the Fiducial distribution that may be chosen. Moreover, the Gibbs sampling procedure can easily be altered to adopt other forms of censoring schemes. Undoubtedly the Gibbs sampler has a place in developing complex models, especially when dealing with censored data.
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Appendix A. Simulation Results




 





Table A1. Mean and standard error of the point estimates and probability coverages of 95% confidence intervals based on Monte-Carlo simulation (  n = 10  ).






Table A1. Mean and standard error of the point estimates and probability coverages of 95% confidence intervals based on Monte-Carlo simulation (  n = 10  ).





	
Param

	
CEP%

	
MLE

	
MME

	
UMLE

	
UMME




	

	
  α  

	

	
PE

	
SE

	
CP

	
PE

	
SE

	
CP

	
PE

	
SE

	
CP

	
PE

	
SE

	
CP






	
   α ^   

	
0.1

	
10

	
0.091

	
0.024

	
0.845

	
0.090

	
0.023

	
0.839

	
0.103

	
0.027

	
0.927

	
0.103

	
0.026

	
0.935




	
20

	
0.089

	
0.025

	
0.850

	
0.090

	
0.026

	
0.843

	
0.103

	
0.029

	
0.935

	
0.104

	
0.029

	
0.929




	
30

	
0.087

	
0.027

	
0.828

	
0.087

	
0.027

	
0.833

	
0.106

	
0.033

	
0.940

	
0.105

	
0.033

	
0.925




	
40

	
0.085

	
0.030

	
0.819

	
0.084

	
0.030

	
0.817

	
0.106

	
0.038

	
0.916

	
0.106

	
0.037

	
0.929




	
0.5

	
10

	
0.451

	
0.121

	
0.824

	
0.450

	
0.116

	
0.849

	
0.519

	
0.134

	
0.927

	
0.511

	
0.131

	
0.915




	
20

	
0.438

	
0.125

	
0.823

	
0.445

	
0.125

	
0.839

	
0.520

	
0.143

	
0.944

	
0.510

	
0.148

	
0.921




	
30

	
0.443

	
0.137

	
0.848

	
0.428

	
0.135

	
0.819

	
0.511

	
0.163

	
0.929

	
0.516

	
0.158

	
0.922




	
40

	
0.417

	
0.141

	
0.817

	
0.414

	
0.146

	
0.797

	
0.516

	
0.180

	
0.925

	
0.508

	
0.172

	
0.931




	
1

	
10

	
0.901

	
0.225

	
0.842

	
0.908

	
0.237

	
0.840

	
1.020

	
0.269

	
0.912

	
1.013

	
0.258

	
0.916




	
20

	
0.874

	
0.258

	
0.829

	
0.886

	
0.248

	
0.836

	
0.994

	
0.287

	
0.907

	
1.012

	
0.285

	
0.911




	
30

	
0.842

	
0.263

	
0.812

	
0.859

	
0.280

	
0.819

	
1.003

	
0.307

	
0.939

	
0.995

	
0.321

	
0.915




	
40

	
0.812

	
0.286

	
0.778

	
0.819

	
0.287

	
0.802

	
0.989

	
0.350

	
0.915

	
0.966

	
0.348

	
0.892




	
2

	
10

	
1.762

	
0.446

	
0.831

	
1.761

	
0.454

	
0.832

	
1.974

	
0.532

	
0.886

	
1.980

	
0.518

	
0.902




	
20

	
1.693

	
0.493

	
0.811

	
1.690

	
0.512

	
0.782

	
1.955

	
0.547

	
0.911

	
1.935

	
0.560

	
0.896




	
30

	
1.657

	
0.562

	
0.792

	
1.633

	
0.544

	
0.776

	
1.865

	
0.565

	
0.895

	
1.859

	
0.582

	
0.886




	
40

	
1.533

	
0.595

	
0.738

	
1.549

	
0.594

	
0.732

	
1.783

	
0.632

	
0.879

	
1.805

	
0.637

	
0.881




	
   β ^   

	
0.1

	
10

	
1.000

	
0.033

	
0.884

	
1.000

	
0.032

	
0.888

	
1.003

	
0.032

	
0.926

	
0.998

	
0.032

	
0.928




	
20

	
0.997

	
0.031

	
0.898

	
0.999

	
0.031

	
0.888

	
1.003

	
0.033

	
0.928

	
1.001

	
0.033

	
0.923




	
30

	
0.998

	
0.034

	
0.868

	
0.996

	
0.033

	
0.882

	
1.001

	
0.034

	
0.921

	
1.000

	
0.035

	
0.925




	
40

	
0.994

	
0.037

	
0.863

	
0.995

	
0.036

	
0.859

	
1.004

	
0.037

	
0.908

	
1.002

	
0.038

	
0.923




	
0.5

	
10

	
1.008

	
0.155

	
0.913

	
1.015

	
0.158

	
0.907

	
1.013

	
0.159

	
0.931

	
1.011

	
0.158

	
0.921




	
20

	
1.015

	
0.159

	
0.898

	
1.009

	
0.162

	
0.891

	
1.010

	
0.163

	
0.927

	
1.002

	
0.160

	
0.909




	
30

	
1.008

	
0.173

	
0.884

	
1.001

	
0.173

	
0.855

	
1.019

	
0.181

	
0.902

	
1.014

	
0.172

	
0.921




	
40

	
0.988

	
0.175

	
0.864

	
0.984

	
0.173

	
0.851

	
1.025

	
0.185

	
0.933

	
1.013

	
0.175

	
0.925




	
1

	
10

	
1.007

	
0.295

	
0.873

	
1.034

	
0.317

	
0.888

	
1.009

	
0.291

	
0.916

	
1.024

	
0.318

	
0.895




	
20

	
1.034

	
0.315

	
0.896

	
1.041

	
0.318

	
0.889

	
1.008

	
0.302

	
0.902

	
1.026

	
0.316

	
0.911




	
30

	
1.011

	
0.321

	
0.874

	
1.025

	
0.332

	
0.866

	
1.022

	
0.326

	
0.926

	
1.030

	
0.331

	
0.894




	
40

	
1.007

	
0.351

	
0.851

	
0.990

	
0.349

	
0.850

	
1.027

	
0.345

	
0.910

	
1.019

	
0.341

	
0.898




	
2

	
10

	
1.106

	
0.597

	
0.871

	
1.096

	
0.521

	
0.873

	
1.014

	
0.508

	
0.870

	
0.992

	
0.499

	
0.857




	
20

	
1.076

	
0.564

	
0.858

	
1.072

	
0.561

	
0.838

	
0.980

	
0.498

	
0.873

	
0.976

	
0.532

	
0.843




	
30

	
1.063

	
0.638

	
0.835

	
1.015

	
0.600

	
0.806

	
0.941

	
0.533

	
0.840

	
0.976

	
0.568

	
0.815




	
40

	
0.990

	
0.610

	
0.801

	
0.993

	
0.619

	
0.786

	
0.942

	
0.603

	
0.828

	
0.980

	
0.603

	
0.826




	
   T ¯   

	
0.1

	
10

	
0.055

	
0.016

	
0.926

	
0.054

	
0.016

	
0.913

	
0.066

	
0.021

	
0.941

	
0.065

	
0.020

	
0.952




	
20

	
0.060

	
0.019

	
0.907

	
0.060

	
0.020

	
0.896

	
0.074

	
0.024

	
0.948

	
0.074

	
0.024

	
0.948




	
30

	
0.064

	
0.022

	
0.883

	
0.064

	
0.023

	
0.891

	
0.083

	
0.030

	
0.944

	
0.082

	
0.029

	
0.932




	
40

	
0.068

	
0.027

	
0.866

	
0.068

	
0.027

	
0.864

	
0.092

	
0.037

	
0.921

	
0.091

	
0.037

	
0.927




	
0.5

	
10

	
0.462

	
0.211

	
0.916

	
0.468

	
0.211

	
0.906

	
0.588

	
0.271

	
0.934

	
0.575

	
0.253

	
0.925




	
20

	
0.465

	
0.225

	
0.900

	
0.479

	
0.230

	
0.905

	
0.612

	
0.297

	
0.953

	
0.590

	
0.291

	
0.942




	
30

	
0.497

	
0.267

	
0.905

	
0.472

	
0.251

	
0.877

	
0.639

	
0.356

	
0.926

	
0.640

	
0.353

	
0.939




	
40

	
0.472

	
0.264

	
0.871

	
0.468

	
0.275

	
0.845

	
0.707

	
0.451

	
0.939

	
0.665

	
0.392

	
0.938




	
1

	
10

	
1.422

	
0.786

	
0.901

	
1.447

	
0.866

	
0.913

	
1.688

	
0.923

	
0.947

	
1.690

	
0.930

	
0.935




	
20

	
1.379

	
0.888

	
0.878

	
1.423

	
0.895

	
0.887

	
1.708

	
1.105

	
0.900

	
1.809

	
1.141

	
0.932




	
30

	
1.364

	
0.987

	
0.862

	
1.368

	
0.996

	
0.874

	
1.855

	
1.356

	
0.925

	
1.806

	
1.357

	
0.915




	
40

	
1.401

	
1.336

	
0.847

	
1.334

	
1.142

	
0.859

	
1.977

	
1.612

	
0.916

	
1.819

	
1.449

	
0.916




	
2

	
10

	
4.529

	
3.937

	
0.849

	
4.475

	
3.442

	
0.838

	
4.709

	
3.943

	
0.872

	
4.647

	
3.266

	
0.912




	
20

	
4.423

	
4.472

	
0.795

	
4.153

	
3.925

	
0.783

	
5.323

	
4.221

	
0.881

	
5.044

	
4.392

	
0.844




	
30

	
4.940

	
6.075

	
0.778

	
4.144

	
5.038

	
0.785

	
4.790

	
4.133

	
0.841

	
4.867

	
4.814

	
0.861




	
40

	
5.124

	
10.325

	
0.754

	
4.309

	
5.681

	
0.753

	
5.058

	
5.362

	
0.858

	
5.046

	
5.347

	
0.848











 





Table A2. Mean and standard error of the point estimates and probability coverages of 95% confidence intervals based on Monte-Carlo simulation (  n = 20  ).






Table A2. Mean and standard error of the point estimates and probability coverages of 95% confidence intervals based on Monte-Carlo simulation (  n = 20  ).





	
Param

	
CEP%

	
MLE

	
MME

	
UMLE

	
UMME




	

	
  α  

	

	
PE

	
SE

	
CP

	
PE

	
SE

	
CP

	
PE

	
SE

	
CP

	
PE

	
SE

	
CP






	
   α ^   

	
0.1

	
10

	
0.096

	
0.016

	
0.905

	
0.095

	
0.016

	
0.900

	
0.100

	
0.017

	
0.929

	
0.101

	
0.018

	
0.940




	
20

	
0.094

	
0.018

	
0.882

	
0.095

	
0.018

	
0.912

	
0.101

	
0.020

	
0.937

	
0.102

	
0.020

	
0.938




	
30

	
0.095

	
0.019

	
0.904

	
0.094

	
0.020

	
0.899

	
0.102

	
0.022

	
0.930

	
0.102

	
0.022

	
0.939




	
40

	
0.092

	
0.022

	
0.870

	
0.091

	
0.022

	
0.882

	
0.102

	
0.024

	
0.937

	
0.103

	
0.025

	
0.934




	
0.5

	
10

	
0.475

	
0.083

	
0.905

	
0.479

	
0.082

	
0.904

	
0.508

	
0.089

	
0.944

	
0.511

	
0.086

	
0.947




	
20

	
0.473

	
0.087

	
0.909

	
0.466

	
0.090

	
0.892

	
0.505

	
0.098

	
0.939

	
0.506

	
0.098

	
0.943




	
30

	
0.468

	
0.104

	
0.883

	
0.466

	
0.096

	
0.900

	
0.506

	
0.108

	
0.934

	
0.511

	
0.107

	
0.930




	
40

	
0.459

	
0.112

	
0.869

	
0.461

	
0.107

	
0.889

	
0.503

	
0.125

	
0.916

	
0.507

	
0.119

	
0.935




	
1

	
10

	
0.956

	
0.166

	
0.913

	
0.955

	
0.173

	
0.886

	
1.001

	
0.186

	
0.913

	
1.009

	
0.174

	
0.938




	
20

	
0.930

	
0.178

	
0.894

	
0.942

	
0.189

	
0.883

	
1.005

	
0.193

	
0.931

	
1.000

	
0.191

	
0.938




	
30

	
0.927

	
0.206

	
0.875

	
0.928

	
0.199

	
0.886

	
1.008

	
0.214

	
0.941

	
1.007

	
0.221

	
0.924




	
40

	
0.916

	
0.227

	
0.889

	
0.906

	
0.208

	
0.879

	
0.996

	
0.247

	
0.930

	
1.007

	
0.250

	
0.922




	
2

	
10

	
1.893

	
0.339

	
0.889

	
1.889

	
0.340

	
0.877

	
2.015

	
0.366

	
0.918

	
2.003

	
0.364

	
0.921




	
20

	
1.845

	
0.370

	
0.873

	
1.853

	
0.364

	
0.880

	
1.939

	
0.385

	
0.905

	
1.975

	
0.385

	
0.936




	
30

	
1.808

	
0.423

	
0.868

	
1.813

	
0.422

	
0.850

	
1.965

	
0.431

	
0.927

	
1.951

	
0.424

	
0.921




	
40

	
1.771

	
0.455

	
0.875

	
1.758

	
0.467

	
0.825

	
1.879

	
0.452

	
0.919

	
1.914

	
0.459

	
0.924




	
   β ^   

	
0.1

	
10

	
1.000

	
0.023

	
0.929

	
1.001

	
0.024

	
0.908

	
0.999

	
0.021

	
0.956

	
1.001

	
0.023

	
0.933




	
20

	
0.999

	
0.023

	
0.922

	
1.000

	
0.022

	
0.937

	
0.999

	
0.023

	
0.937

	
1.000

	
0.023

	
0.939




	
30

	
1.000

	
0.024

	
0.926

	
0.999

	
0.024

	
0.918

	
1.002

	
0.024

	
0.938

	
1.001

	
0.024

	
0.951




	
40

	
0.996

	
0.024

	
0.922

	
0.997

	
0.026

	
0.900

	
1.000

	
0.026

	
0.919

	
0.999

	
0.025

	
0.931




	
0.5

	
10

	
1.000

	
0.116

	
0.910

	
0.999

	
0.112

	
0.916

	
1.000

	
0.111

	
0.940

	
1.004

	
0.109

	
0.950




	
20

	
1.003

	
0.111

	
0.924

	
0.997

	
0.110

	
0.916

	
1.004

	
0.112

	
0.943

	
1.004

	
0.111

	
0.949




	
30

	
1.000

	
0.116

	
0.925

	
0.996

	
0.117

	
0.913

	
1.011

	
0.120

	
0.934

	
1.009

	
0.118

	
0.933




	
40

	
0.988

	
0.124

	
0.905

	
0.997

	
0.127

	
0.906

	
1.004

	
0.128

	
0.934

	
1.011

	
0.127

	
0.934




	
1

	
10

	
1.023

	
0.218

	
0.919

	
1.023

	
0.205

	
0.925

	
1.012

	
0.206

	
0.929

	
1.014

	
0.209

	
0.941




	
20

	
1.011

	
0.215

	
0.934

	
1.010

	
0.221

	
0.913

	
1.021

	
0.222

	
0.933

	
1.017

	
0.226

	
0.911




	
30

	
1.015

	
0.228

	
0.911

	
1.001

	
0.225

	
0.909

	
1.019

	
0.237

	
0.930

	
1.012

	
0.231

	
0.923




	
40

	
1.001

	
0.248

	
0.902

	
0.986

	
0.236

	
0.904

	
1.035

	
0.263

	
0.942

	
1.014

	
0.256

	
0.911




	
2

	
10

	
1.051

	
0.328

	
0.920

	
1.053

	
0.364

	
0.902

	
0.994

	
0.332

	
0.913

	
0.995

	
0.338

	
0.888




	
20

	
1.026

	
0.385

	
0.902

	
1.045

	
0.363

	
0.910

	
0.973

	
0.344

	
0.899

	
0.992

	
0.356

	
0.889




	
30

	
1.009

	
0.414

	
0.887

	
1.019

	
0.400

	
0.878

	
1.007

	
0.390

	
0.908

	
0.984

	
0.380

	
0.881




	
40

	
1.032

	
0.470

	
0.884

	
0.997

	
0.453

	
0.851

	
0.967

	
0.404

	
0.894

	
0.986

	
0.430

	
0.876




	
   T ¯   

	
0.1

	
10

	
0.056

	
0.011

	
0.931

	
0.055

	
0.011

	
0.933

	
0.060

	
0.012

	
0.949

	
0.061

	
0.013

	
0.940




	
20

	
0.061

	
0.014

	
0.926

	
0.062

	
0.014

	
0.952

	
0.068

	
0.016

	
0.943

	
0.069

	
0.015

	
0.943




	
30

	
0.068

	
0.016

	
0.935

	
0.068

	
0.016

	
0.916

	
0.075

	
0.019

	
0.938

	
0.076

	
0.018

	
0.947




	
40

	
0.073

	
0.020

	
0.906

	
0.072

	
0.019

	
0.905

	
0.083

	
0.022

	
0.939

	
0.084

	
0.023

	
0.932




	
0.5

	
10

	
0.482

	
0.151

	
0.935

	
0.487

	
0.149

	
0.930

	
0.537

	
0.170

	
0.929

	
0.542

	
0.161

	
0.937




	
20

	
0.492

	
0.155

	
0.934

	
0.479

	
0.156

	
0.932

	
0.548

	
0.181

	
0.951

	
0.551

	
0.182

	
0.947




	
30

	
0.503

	
0.189

	
0.911

	
0.496

	
0.174

	
0.911

	
0.572

	
0.207

	
0.940

	
0.579

	
0.203

	
0.947




	
40

	
0.506

	
0.208

	
0.888

	
0.510

	
0.203

	
0.903

	
0.591

	
0.246

	
0.925

	
0.597

	
0.235

	
0.948




	
1

	
10

	
1.660

	
0.661

	
0.926

	
1.661

	
0.667

	
0.926

	
1.788

	
0.753

	
0.939

	
1.811

	
0.718

	
0.931




	
20

	
1.544

	
0.691

	
0.933

	
1.573

	
0.727

	
0.910

	
1.780

	
0.790

	
0.946

	
1.748

	
0.767

	
0.936




	
30

	
1.546

	
0.787

	
0.899

	
1.521

	
0.773

	
0.917

	
1.787

	
0.901

	
0.943

	
1.768

	
0.897

	
0.944




	
40

	
1.531

	
0.941

	
0.897

	
1.442

	
0.777

	
0.909

	
1.849

	
1.171

	
0.924

	
1.806

	
1.061

	
0.936




	
2

	
10

	
6.313

	
3.321

	
0.929

	
6.235

	
3.176

	
0.938

	
6.605

	
3.131

	
0.944

	
6.571

	
3.375

	
0.930




	
20

	
5.727

	
3.445

	
0.909

	
5.773

	
3.329

	
0.907

	
5.902

	
3.365

	
0.933

	
6.209

	
3.600

	
0.923




	
30

	
5.700

	
4.576

	
0.888

	
5.514

	
4.100

	
0.876

	
6.328

	
3.981

	
0.928

	
5.963

	
3.706

	
0.919




	
40

	
6.940

	
12.364

	
0.887

	
5.349

	
4.811

	
0.859

	
5.756

	
4.303

	
0.929

	
5.817

	
4.313

	
0.916











 





Table A3. Mean and standard error of the point estimates and probability coverages of 95% confidence intervals based on Monte-Carlo simulation (  n = 30  ).






Table A3. Mean and standard error of the point estimates and probability coverages of 95% confidence intervals based on Monte-Carlo simulation (  n = 30  ).





	
Param

	
CEP%

	
MLE

	
MME

	
UMLE

	
UMME




	

	
  α  

	

	
PE

	
SE

	
CP

	
PE

	
SE

	
CP

	
PE

	
SE

	
CP

	
PE

	
SE

	
CP






	
   α ^   

	
0.1

	
10

	
0.097

	
0.014

	
0.913

	
0.097

	
0.013

	
0.937

	
0.101

	
0.014

	
0.936

	
0.101

	
0.014

	
0.942




	
20

	
0.096

	
0.015

	
0.910

	
0.097

	
0.015

	
0.925

	
0.101

	
0.015

	
0.945

	
0.102

	
0.016

	
0.955




	
30

	
0.097

	
0.016

	
0.925

	
0.096

	
0.016

	
0.907

	
0.101

	
0.017

	
0.946

	
0.101

	
0.017

	
0.945




	
40

	
0.094

	
0.018

	
0.896

	
0.095

	
0.017

	
0.914

	
0.100

	
0.019

	
0.929

	
0.102

	
0.019

	
0.938




	
0.5

	
10

	
0.486

	
0.070

	
0.919

	
0.485

	
0.070

	
0.910

	
0.504

	
0.069

	
0.953

	
0.503

	
0.071

	
0.950




	
20

	
0.476

	
0.073

	
0.911

	
0.479

	
0.073

	
0.915

	
0.502

	
0.079

	
0.944

	
0.506

	
0.080

	
0.936




	
30

	
0.478

	
0.085

	
0.896

	
0.479

	
0.083

	
0.906

	
0.506

	
0.088

	
0.935

	
0.504

	
0.087

	
0.936




	
40

	
0.471

	
0.087

	
0.909

	
0.474

	
0.091

	
0.918

	
0.509

	
0.095

	
0.947

	
0.507

	
0.098

	
0.936




	
1

	
10

	
0.975

	
0.140

	
0.921

	
0.961

	
0.140

	
0.902

	
1.004

	
0.143

	
0.939

	
1.008

	
0.146

	
0.943




	
20

	
0.959

	
0.146

	
0.923

	
0.958

	
0.149

	
0.924

	
1.009

	
0.154

	
0.953

	
1.000

	
0.160

	
0.934




	
30

	
0.951

	
0.164

	
0.917

	
0.945

	
0.163

	
0.908

	
0.996

	
0.172

	
0.942

	
1.007

	
0.180

	
0.922




	
40

	
0.937

	
0.184

	
0.892

	
0.925

	
0.183

	
0.890

	
1.005

	
0.202

	
0.943

	
0.988

	
0.192

	
0.932




	
2

	
10

	
1.922

	
0.275

	
0.911

	
1.939

	
0.281

	
0.915

	
1.999

	
0.275

	
0.939

	
1.989

	
0.296

	
0.926




	
20

	
1.916

	
0.311

	
0.909

	
1.902

	
0.302

	
0.903

	
1.980

	
0.320

	
0.940

	
1.970

	
0.322

	
0.924




	
30

	
1.888

	
0.351

	
0.901

	
1.874

	
0.354

	
0.880

	
1.963

	
0.361

	
0.930

	
1.970

	
0.356

	
0.929




	
40

	
1.842

	
0.394

	
0.894

	
1.835

	
0.421

	
0.866

	
1.959

	
0.398

	
0.933

	
1.959

	
0.410

	
0.918




	
   β ^   

	
0.1

	
10

	
1.000

	
0.019

	
0.928

	
1.000

	
0.018

	
0.938

	
1.001

	
0.018

	
0.939

	
0.998

	
0.018

	
0.945




	
20

	
1.000

	
0.019

	
0.927

	
0.999

	
0.020

	
0.930

	
1.000

	
0.019

	
0.936

	
1.001

	
0.019

	
0.944




	
30

	
0.999

	
0.020

	
0.935

	
0.999

	
0.020

	
0.930

	
1.002

	
0.020

	
0.939

	
1.000

	
0.019

	
0.947




	
40

	
0.998

	
0.021

	
0.918

	
0.998

	
0.021

	
0.911

	
1.000

	
0.021

	
0.940

	
1.000

	
0.020

	
0.949




	
0.5

	
10

	
1.001

	
0.089

	
0.942

	
0.997

	
0.088

	
0.937

	
1.004

	
0.089

	
0.947

	
1.003

	
0.092

	
0.929




	
20

	
0.998

	
0.092

	
0.935

	
0.998

	
0.092

	
0.925

	
1.004

	
0.093

	
0.941

	
1.004

	
0.092

	
0.936




	
30

	
1.000

	
0.098

	
0.917

	
1.001

	
0.093

	
0.928

	
1.006

	
0.095

	
0.942

	
1.001

	
0.100

	
0.927




	
40

	
0.997

	
0.104

	
0.911

	
0.988

	
0.104

	
0.912

	
1.005

	
0.106

	
0.930

	
1.006

	
0.105

	
0.941




	
1

	
10

	
1.005

	
0.163

	
0.937

	
1.007

	
0.180

	
0.906

	
1.008

	
0.166

	
0.934

	
1.012

	
0.174

	
0.923




	
20

	
1.004

	
0.176

	
0.932

	
1.000

	
0.173

	
0.926

	
1.014

	
0.176

	
0.942

	
1.010

	
0.182

	
0.916




	
30

	
1.006

	
0.188

	
0.930

	
1.005

	
0.184

	
0.913

	
1.010

	
0.198

	
0.929

	
1.016

	
0.195

	
0.938




	
40

	
0.997

	
0.199

	
0.906

	
0.995

	
0.203

	
0.913

	
1.025

	
0.212

	
0.936

	
1.007

	
0.198

	
0.931




	
2

	
10

	
1.016

	
0.259

	
0.928

	
1.039

	
0.279

	
0.924

	
0.995

	
0.265

	
0.925

	
0.991

	
0.257

	
0.921




	
20

	
1.002

	
0.296

	
0.915

	
1.013

	
0.308

	
0.895

	
0.999

	
0.302

	
0.908

	
0.987

	
0.286

	
0.896




	
30

	
1.008

	
0.322

	
0.926

	
0.995

	
0.326

	
0.882

	
1.001

	
0.324

	
0.928

	
0.975

	
0.316

	
0.876




	
40

	
0.993

	
0.352

	
0.908

	
1.003

	
0.372

	
0.874

	
1.013

	
0.362

	
0.926

	
0.991

	
0.355

	
0.894




	
   T ¯   

	
0.1

	
10

	
0.056

	
0.010

	
0.938

	
0.056

	
0.009

	
0.926

	
0.059

	
0.010

	
0.938

	
0.059

	
0.010

	
0.950




	
20

	
0.062

	
0.012

	
0.930

	
0.063

	
0.011

	
0.949

	
0.066

	
0.012

	
0.953

	
0.067

	
0.012

	
0.944




	
30

	
0.069

	
0.013

	
0.938

	
0.068

	
0.014

	
0.926

	
0.074

	
0.014

	
0.942

	
0.074

	
0.014

	
0.943




	
40

	
0.074

	
0.016

	
0.930

	
0.074

	
0.015

	
0.923

	
0.080

	
0.017

	
0.939

	
0.082

	
0.017

	
0.939




	
0.5

	
10

	
0.491

	
0.123

	
0.950

	
0.488

	
0.126

	
0.923

	
0.524

	
0.131

	
0.949

	
0.522

	
0.132

	
0.953




	
20

	
0.488

	
0.130

	
0.928

	
0.492

	
0.129

	
0.929

	
0.535

	
0.147

	
0.953

	
0.540

	
0.146

	
0.950




	
30

	
0.508

	
0.150

	
0.922

	
0.510

	
0.148

	
0.926

	
0.558

	
0.164

	
0.946

	
0.552

	
0.164

	
0.931




	
40

	
0.513

	
0.161

	
0.924

	
0.513

	
0.164

	
0.921

	
0.580

	
0.184

	
0.941

	
0.577

	
0.191

	
0.941




	
1

	
10

	
1.670

	
0.542

	
0.939

	
1.631

	
0.545

	
0.925

	
1.764

	
0.575

	
0.947

	
1.786

	
0.591

	
0.943




	
20

	
1.577

	
0.555

	
0.919

	
1.568

	
0.560

	
0.932

	
1.741

	
0.622

	
0.945

	
1.709

	
0.645

	
0.936




	
30

	
1.539

	
0.613

	
0.930

	
1.524

	
0.623

	
0.917

	
1.671

	
0.680

	
0.940

	
1.715

	
0.716

	
0.939




	
40

	
1.494

	
0.695

	
0.918

	
1.457

	
0.689

	
0.906

	
1.734

	
0.824

	
0.934

	
1.633

	
0.736

	
0.922




	
2

	
10

	
6.272

	
2.518

	
0.929

	
6.486

	
2.625

	
0.929

	
6.616

	
2.603

	
0.940

	
6.477

	
2.496

	
0.938




	
20

	
5.945

	
2.914

	
0.915

	
5.884

	
2.853

	
0.926

	
6.284

	
3.034

	
0.933

	
6.088

	
2.812

	
0.931




	
30

	
5.728

	
3.360

	
0.930

	
5.529

	
3.306

	
0.894

	
6.086

	
3.540

	
0.928

	
5.840

	
3.247

	
0.917




	
40

	
5.674

	
4.504

	
0.896

	
5.424

	
4.267

	
0.882

	
6.150

	
4.113

	
0.940

	
5.846

	
3.952

	
0.912
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Figure 1. Sampled  α  values for   n = 10   (top panel),   n = 20   (middle panel), and   n = 30   (bottom panel) for various censoring percentages. The true value of  α  is denoted by red colored solid line.   α = 0.1   in (a,e,i),   α = 0.5   in (b,f,j),   α = 1.0   in (c,g,k), and   α = 2.0   in (d,h,l). 






Figure 1. Sampled  α  values for   n = 10   (top panel),   n = 20   (middle panel), and   n = 30   (bottom panel) for various censoring percentages. The true value of  α  is denoted by red colored solid line.   α = 0.1   in (a,e,i),   α = 0.5   in (b,f,j),   α = 1.0   in (c,g,k), and   α = 2.0   in (d,h,l).
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Figure 2. Sampled  β  values for   n = 10   (top panel),   n = 20   (middle panel), and   n = 30   (bottom panel) for various censoring percentages and  α  values. The true value of   β ( = 1 )   is denoted by red colored solid line.   α = 0.1   in (a,e,i),   α = 0.5   in (b,f,j),   α = 1.0   in (c,g,k), and   α = 2.0   in (d,h,l). 






Figure 2. Sampled  β  values for   n = 10   (top panel),   n = 20   (middle panel), and   n = 30   (bottom panel) for various censoring percentages and  α  values. The true value of   β ( = 1 )   is denoted by red colored solid line.   α = 0.1   in (a,e,i),   α = 0.5   in (b,f,j),   α = 1.0   in (c,g,k), and   α = 2.0   in (d,h,l).
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Figure 3. Coverage probabilities of  α  values for   n = 10   (top panel),   n = 20   (middle panel), and   n = 30   (bottom panel) for various censoring percentages.Dotted black line indicates the nominal 95% confidence level. 
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Figure 4. Coverage probabilities of  β  values for   n = 10   (top panel),   n = 20   (middle panel), and   n = 30   (bottom panel) for various censoring percentages. Dotted black line indicates the nominal 95% confidence level. 
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Table 1. Parameter estimates on cancer data.






Table 1. Parameter estimates on cancer data.





	
Parameter

	
   α   

	
   β   

	
    T ¯    




	

	
PE

	
95% CI

	
Width

	
PE

	
95% CI

	
Width

	
PE

	
95% CI




	
MLE

	
0.803

	
(0.542, 1.088)

	
0.546

	
14.885

	
(9.907, 20.194)

	
10.287

	
16.171

	
(2.787, 46.025)




	
MME

	
0.805

	
(0.545, 1.092)

	
0.547

	
14.991

	
(10.123, 20.431)

	
10.308

	
16.415

	
(2.935, 47.241)




	
UMLE

	
0.855

	
(0.572, 1.174)

	
0.602

	
14.938

	
(9.814, 20.630)

	
10.816

	
18.165

	
(2.980, 53.336)




	
UMME

	
0.852

	
(0.572, 1.162)

	
0.590

	
14.853

	
(9.703, 20.573)

	
10.870

	
17.880

	
(2.969, 50.854)




	
Parameter

	
  α  

	
  β  

	
  κ  




	
SN MLE (2017)

	
0.974

	
(0.127, 1.821)

	
1.693

	
15.629

	
(9.614, 21.644)

	
12.030

	
0.420

	
(0.083, 0.756)




	
SN Bayesian (2017)

	
0.962

	
(0.604, 1.510)

	
0.907

	
15.411

	
(10.489, 21.696)

	
11.207

	
0.456

	
(0.247, 0.674)




	
AM (2010)

	
0.885

	
(0.610, 1.295)

	
0.685

	
16.030

	
(10.930, 24.360)

	
13.430

	
-

	
-











 





Table 2. Parameter estimates for complete Fatigue Life data.






Table 2. Parameter estimates for complete Fatigue Life data.





	
Parameter

	
   α   

	
   β   




	

	
PE

	
95% CI

	
PE

	
95% CI






	
MLE

	
0.170

	
(0.147, 0.194)

	
131.819

	
(127.470, 136.168)




	
MME

	
0.170

	
(0.147, 0.194)

	
131.819

	
(127.455, 136.184)




	
UMLE

	
0.172

	
(0.148, 0.196)

	
131.809

	
(127.418, 136.201)




	
UMME

	
0.172

	
(0.148, 0.196)

	
131.810

	
(127.402, 136.217)











 





Table 3. Initial parameter estimates on Type-II censored Fatigue Life data.
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	CEP
	10
	20
	30





	    α ^   M L E   ( 0 )    
	0.169
	0.174
	0.172



	    β ^   M L E   ( 0 )    
	131.489
	131.900
	131.804



	True   T ¯  
	10.20
	11.55
	15.00










 





Table 4. Point estimates (  α ^  ,   β ^  , and   T ¯  ) and widths of the corresponding confidence intervals for different censoring percentages.






Table 4. Point estimates (  α ^  ,   β ^  , and   T ¯  ) and widths of the corresponding confidence intervals for different censoring percentages.





	

	
   α   

	
   β   

	
    T ¯    




	
CEP%

	

	
PE

	
Width

	
PE

	
Width

	
PE

	
Width






	
10

	
MLE

	
0.168

	
0.051

	
131.495

	
8.627

	
14.382

	
17.424




	
MME

	
0.169

	
0.051

	
131.533

	
8.642

	
14.404

	
17.851




	
UMLE

	
0.171

	
0.051

	
131.475

	
8.848

	
14.572

	
17.986




	
UMME

	
0.171

	
0.051

	
131.534

	
8.796

	
14.590

	
18.325




	
Ng (2006)

	
0.171

	
0.051

	
131.878

	
8.868

	
-

	
-




	
XT (2011)

	
0.174

	
0.057

	
131.365

	
9.706

	
-

	
-




	
Wang (2016)

	
0.167

	
0.049

	
131.545

	
8.558

	
-

	
-




	
20

	
MLE

	
0.174

	
0.056

	
131.920

	
9.137

	
16.249

	
15.112




	
MME

	
0.174

	
0.057

	
131.935

	
9.226

	
16.248

	
15.096




	
UMLE

	
0.176

	
0.057

	
131.915

	
9.272

	
16.630

	
15.863




	
UMME

	
0.176

	
0.057

	
131.968

	
9.268

	
16.683

	
15.848




	
Ng (2006)

	
0.175

	
0.057

	
132.253

	
9.326

	
-

	
-




	
XT (2011)

	
0.174

	
0.056

	
131.024

	
8.524

	
-

	
-




	
Wang (2016)

	
0.163

	
0.048

	
131.132

	
8.324

	
-

	
-




	
30

	
MLE

	
0.173

	
0.061

	
131.810

	
9.561

	
17.860

	
14.465




	
MME

	
0.172

	
0.062

	
131.797

	
9.557

	
17.742

	
14.738




	
UMLE

	
0.175

	
0.063

	
131.878

	
9.471

	
18.089

	
14.722




	
UMME

	
0.175

	
0.062

	
131.891

	
9.539

	
18.121

	
14.715




	
Ng (2006)

	
0.176

	
0.061

	
132.107

	
9.591

	
-

	
-




	
XT (2011)

	
0.175

	
0.061

	
131.596

	
8.987

	
-

	
-




	
Wang (2016)

	
0.153

	
0.045

	
129.999

	
7.973

	
-

	
-
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