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Abstract: Multivariate count data are often modeled via a multivariate Poisson distribution, but it
contains an underlying, constraining assumption of data equi-dispersion (where its variance equals
its mean). Real data are oftentimes over-dispersed and, as such, consider various advancements of a
negative binomial structure. While data over-dispersion is more prevalent than under-dispersion in
real data, however, examples containing under-dispersed data are surfacing with greater frequency.
Thus, there is a demonstrated need for a flexible model that can accommodate both data types. We
develop a multivariate Conway-Maxwell-Poisson (MCMP) distribution to serve as a flexible alterna-
tive for correlated count data that contain data dispersion. This structure contains the multivariate
Poisson, multivariate geometric, and the multivariate Bernoulli distributions as special cases, and
serves as a bridge distribution across these three classical models to address other levels of over- or
under-dispersion. In this work, we not only derive the distributional form and statistical properties
of this model, but we further address parameter estimation, establish informative hypothesis tests
to detect statistically significant data dispersion and aid in model parsimony, and illustrate the
distribution’s flexibility through several simulated and real-world data examples. These examples
demonstrate that the MCMP distribution performs on par with the multivariate negative binomial
distribution for over-dispersed data, and proves particularly beneficial in effectively representing
under-dispersed data. Thus, the MCMP distribution offers an effective, unifying framework for
modeling over- or under-dispersed multivariate correlated count data that do not necessarily adhere
to Poisson assumptions.

Keywords: multivariate Poisson; multivariate Bernoulli; multivariate geometric; Conway-Maxwell-
Poisson; confounding; over-dispersion; under-dispersion; dependence

1. Introduction

There exists a rich history of research regarding multivariate discrete distributions [1].
Krishnamoorthy [2] introduced a multivariate binomial (MB) distribution for the d-
dimensional vector B = (By,By,...,B;)" from a 24 table with a factorial moment gen-
erating function (fmgf)

d n

1+ Y plai+ ) P+ Py gl g | (1)
i=1 1<i<j<d

Gp(a) =

where p7 is the probability of B;,i = 1,...,d; pl’-‘j denotes the probability of Bl-B]-,' and so
on. Utilizing this form, Krishnamoorthy [2] further introduced the multivariate Poisson
(MP) distribution as the limiting distribution of the multivariate binomial distribution
wherein all of the probabilities appearing in Equation (1) have order O(1/n) and np} — Ao
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as n — oo, where o denotes the corresponding probability subscripts in Equation (1).
Accordingly, the fmgf of the MP distribution for a random vector X = (X3, Xp, ..., X;)' is

Gx(a) = exp Z/\ o+ Z )\1]0( &j+...+ A2 diln - - - 0 2)
i=1 1<i<j<d

Mahamunulu [3] noted that the MP distribution can likewise be derived by defining
X = (X1, Xy, ..., X;) as the sum of independent Poisson(A,) random variables Y., where *
denotes all subscripts involving * =i € {1,2,...,d} with Y, distributed as Poisson(A.),
and X, as Poisson(p,) where . denotes the sum of the associated A, parameters with
subsets ji, jo,...,js fors € {1,2,...,d} such that j; < j, < ... < js. The corresponding
joint probability generating function (pgf) has the form

d
ITx(s) = exp Z isit Y, Aisisi+... 4+ Ap.asisz--sq— Al 3)
i-1 1<i<j<d

where A = Zflzl Ai+ Ya<icj<a Aij .-+ Anna [3,4]. From (3), it is evident that the
variables X1, X5, ..., X; have marginal Poisson distributions, and it can be further shown
that all pairs of variables X;’s are positively correlated.

While the MP distribution is a popular model for describing correlated discrete ran-
dom variables, it is well known that Poisson models are constrained by their underlying
assumption of equi-dispersion; analogous negative binomial (NB) models serve as a popu-
lar alternative due to their ability to address data over-dispersion [5]. Doss [6] discussed a
multivariate negative binomial (MNB) distribution with joint pgf

—k

I1(s) = |ag + Za si+ Y, aijsisj+ ...+ 1245152 .. .54 (4)
i=1 1<i<j<d

for k > 0. From (4), it is evident that the variables X, X», ..., X; have marginal NB
distributions which are known to be over-dispersed. For this reason, the MNB distribu-
tion can only accommodate data over-dispersion; accordingly, correlated under-dispersed
data structures are only at best fitted by a MP model where the associated model pa-
rameters will still be biased. Therefore, in this work, we introduce the reader to the
Conway-Maxwell-Poisson (CMP) distribution and develop a multivariate CMP (MCMP)
distribution as a flexible alternative distribution for modeling correlated discrete count data.
Section 2 introduces the reader to the CMP distribution and its bivariate analog as motiva-
tion. Section 3 develops the MCMP distribution and discusses its associated properties,
and also introduces approaches for parameter estimation and hypothesis testing. Section 4
demonstrates the model flexibility by means of simulated and real data examples. Finally,
Section 5 concludes the manuscript with discussion, while the appendices contain more
detailed derivations and the datasets referenced in this work.

2. Conway-Maxwell-Poisson Distribution
The CMP(A, v) distribution [7] has the probability mass function (pmf)

AV
W)ZAv)’

for a random variable Y, where v > 0 is the dispersion parameter, A = E(Y") generalizes

P(Y=y|Av)= y=0,12,...

the Poisson rate parameter, and Z(A,v) = Z] >0 (] )V denotes the normalizing constant.
Equi-dispersion relative to the Poisson distribution is represented when v = 1 while data
over-dispersion (under-dispersion) occurs when v < (>)1. The CMP(A, v) distribution
contains three well-known distributions as special cases: Poisson with rate parameter A
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P(Xl = x1,X2 = XZ)

when v = 1; geometric with success probability 1 — A when v = 0 and A < 1; and Bernoulli
with success probability 1%\ when v — oo [8].
The distribution’s moments can be represented recursively as

iy [ AEY 1), r=0
E(y™) = { AZE(Y) +E(Y)E(Y"), r>0;

in particular, its expected value and variance are

dlog Z(A,v) 1y v—1

JE(Y 1

where the approximations provided in Equations (5) and (6) hold for v < 1or A > 10" [9,10].

Further, the CMP has the moment generating function (mgf) My (t) = E(e'!) = ZZ(E\;?;)
Z(M,
and pgf E(t¥) = Z((A,:))'
Sellers et al. [11] construct a bivariate CMP model by means of the compounding
method, wherein the joint conditional distribution of { (X, X») | n} has a bivariate binomial
distribution and the number of trials n is CMP(A, v) distributed. The pmf of (X3, X») is

1 i Al
Z000) & Gl
% i n pg pn_”_xZ;,)n*”*xl px1+x2+a7n
a,n—a—xy,n—a—xy,x +xy+a—mn) 000 o1 n ’

a=n—x1—Xxp

n
an—a—xy N—a—xi,xX1+xp+a—n

N, 8) = Z()\[1+P1+(tf—1)+P+1ét(§/\/—vi)+pn(ti‘—1)(t§—l)],v) )

where ( ) is the multinomial coefficient, and it has the joint pgf

for some parameters, A, v, and probabilities pgo, p10, po1, p11 such that poo + p10 + po1 +
pi1 =1, pir = pio+pa fori =0,1,and p; = po; + py; for j = 0, 1. This bivariate CMP
distribution yields the three special bivariate cases that are achieved in their univariate
analogs: for v = 1, the bivariate CMP distribution reduces to the bivariate Poisson [12,13];
when v — oo, we obtain the bivariate Bernoulli distribution [14]; and, forv = 0, A < 1, and
Mpie(E =1) +pa(t; = 1) + puu (5 —1)(t; — 1)} < 1, the bivariate CMP distribution
reduces to a bivariate geometric model [11].

3. Multivariate Conway-Maxwell-Poisson Distribution

Generalizing the compounding approach in [11], we develop a convenient form for
the MCMP distribution. Consider d random variables X =(Xj, X, ..., X;) that, given
some number of trials 7, jointly have a conditional MB distribution with pgf

1 1 1 d n
I(#, ... tgln) = (Z )IREEDS lexz--de(tZ‘)"f)
Xd:O i=1

X1 =0 XZIO

(Equation (37.71) of [1]), where n is a CMP(A, v) random variable. The compounding
technique that is formulated as a CMP-stopped MB (i.e., where the MB index parameter is
CMP distributed) can then be applied, resulting in the corresponding MCMP distribution’s

pgf as



Stats 2021, 4

311

(... t;) = Zb 7z AV)H(t{,...,t;‘M)
. 4 (le Zxd =0 Pxyxo-xg HI 1 (t*) ) } 3
o Z(A,v) , 8

where Z(y,v) = Y22 % for some 1 > 0. Equation (8) contains 2 4 2 parameters, but its

degrees of freedom equals 2¢ + 1 due to the restriction, Z}q:O e E}cd:O Pxixy--xy; = 1; this
adds difficulty in the determination of model parameter maximum likelihood estimates
(MLEs). We circumvent this issue through the reparametrization, Ay, x,...x; = APxjxy-xy-
Each variable is independent under this parameterization, where

1 1 1 1 1 1
A= A( Z Z leXT"Xd) = Z Z APxyxyxg = Z Z Axixp-xg
X1:0 Xd:() X]IO Xd:()

X1 =0 Xd:()
Axqxn-ox . . .
and pyx,.-x; = ——3—%. For simplicity, we use A to denote 211:0 e Z}(FO Axixy-xy UL
recognize that A is no longer an independent parameter in the ensuing discussion. The pgf
of the MCMP distribution can now be parameterized as

[(E"l =0" Z}CFO Axia-eoxg H?:l(t?)xi)/v}

Z(Av) ©)

TI(, ... 1) =

As is the case of the univariate and bivariate CMP, this MCMP includes the MP,
multivariate geometric, and multivariate Bernoulli distributions all as special cases, where
v maintains representation as the dispersion parameter. When v = 1, this MCMP pgf
reduces to the form of the MP joint pgf (see Equation (3)). Whenv = 0 and A < 1, its
pgf becomes

-1
(t,...,tiv=0A<1) = <a0 + Za Y a4 +a12mdtft§...tf§> ,
1<i<j<d
1—Agg..0 . )\0,..011.0“,0 . . . . .
where ag = ~—%-%; a; = —5——— where 1, denotes a 1 in the ith position,i = 1,2,...,d;
—A0...01,0-- 01,00 _
ajj = ———~— where 1;,1; denote 1sinthe 1 <i # j < dlocations; ...;a1..4 = %

This is the pgf of a multlvanate geometric distribution (i.e., the MNB dlstribution pgfin
Equation (4) with k = 1). Finally, when v — oo, this MCMP becomes a multivariate

Bernoulli (i.e., the MB in [2] with n = 1) with pg,..q = Hl)jf?\ 0 and all remaining probabili-
/\X X X, .
ties are lexz---xd = ij/\ 4 where at least one of x; equals 1,i = 1,2, ...,d. More broadly,

v = 1 denotes the equi-dispersion case while v < (>)1 reflects data over-dispersion
(under-dispersion), both for the joint distribution and the respective marginal distributions.
Given the joint pgf in Equation (8), this MCMP model has the joint mgf

M(tlltZI... /td) — H(etl,etz,"' ,etd)
d 4o
_ z [(2316120 T E}cd:O )\3519‘2”"‘tie):i:1 tlxz)’v} 10
- Z(/\, 1/) 7 ( )

and the joint fmgf as

G(ty, to, ty) = TI(t1+1,t0+1,..., 85+ 1)

Z|(Lr 0 Lrmo Arymyrg Ty (8 + 1% ) v
_ [( 0 d OZ(l/\,U)d 1 ) } (11)




Stats 2021, 4 312

We derive the MCMP pmf by taking partial derivatives of the pgf, i.e.,

1 ax1+x2+...+xd

11
xptxpl - xgl ol oy2 - - - ot

p(x1,x0,...,%3) = (tt2, b)) |y=tymmty=0;  (12)

see Appendix A for pertinent details. Moving forward, we shall illustrate the MCMP results
using the trivariate case as motivation, where the joint fmgf reduces to G(t1, t5, t3) from which
we can obtain the moments and product moments, respectively; see Appendix B for all relevant
details. These results confirm that the dispersion parameter v denotes the type of data-dispersion
for the joint and marginal distributions, and the correlations between any two random variables
is non-negative with 0 < px, X; < 1 for any variables 7,j = 1,2, 3.

3.1. Parameter Estimation

We perform parameter estimation by the method of maximum likelihood (ML). Con-
sidering the trivariate case of Equations (9) and (12), there are nine parameters required
to specify a trivariate CMP distribution, namely, Ay, x,x, for x; = 0,1;i = 1,2,3; and v.
Accordingly, the log-likelihood has the form

n n
InL(Agoo, - -, A1, v; (x1,%2,%3)) = In [ [ p(aj, %9, x37) = Y Inp(xyj, %9, x37),  (13)
j=1 =1

where x;; denotes the jth observation in the ith data dimension, x; denotes the vector
of the entire data set in the ith dimension; the precise form of p(xlj, X2j, .Xg]‘) is provided
in Equation (A4) in Appendix A. The resulting score equations, however, do not have a
closed form solution. For this reason, we carry out the statistical computations by using
optimizing routines in R [15].

To perform the parameter estimation, we use the optim function where the negated
form of the log-likelihood (Equation (13)) serves as the function to be optimized, and
the L-BFGS-B method and its default convergence criteria are applied. Additionally, we
approximate the standard errors of the estimated parameters by calculating the square root
of the diagonal of the inverse Hessian matrix based on the approximate form obtained
from optim. The complexity of the MCMP distribution, however, brings with it some
computational difficulties when applying optim. The resulting MLE can vary considerably
depending on the choice of starting values. To avert this, we consider several starting
points including an exhaustive search in order to potentially improve the estimation result.
Meanwhile, the resulting Hessian matrix provided from optim sometimes produces an
inverse matrix containing negative diagonal elements; this violates the presumed positive
semidefinite form of the Fisher information matrix. For these reasons, we recommend uti-
lizing a parametric bootstrap method as an alternative approach for quantifying variability
in the parameter estimates.

3.2. Hypothesis Testing

To check if a multivariate count data set suffers from any statistically significant data
dispersion such that the MP distribution is unsuitable (favoring the MCMP distribution),
we conduct the hypothesis test, Hy: v = 1 versus Hi: v # 1. We do not concern ourselves
with the direction of the data dispersion because the MCMP distribution can accommodate
both over- and under-dispersion. Nonetheless, the resulting statistical inference, along
with the estimate for v, offers guidance regarding the type of dispersion present in the

data. We use the likelihood ratio test (LRT) statistic, A,—1 = %,
and sup In L, respectively, denote the maximum log-likelihoods associated with the MP
and MCMP models. Theoretically, —2log(A,—1) follows a x? distribution and thus can
be used to assess whether the data are reasonably distributed as a MP distribution, or if
statistically significant dispersion exists such that it warrants using the MCMP model. In

a similar vein, one can consider hypothesis tests, Hy : v = 0 or Hp : v — oo (versus H; :

where sup,_;InL
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otherwise) to determine whether the multivariate data satisfy a multivariate geometric
or multivariate Bernoulli distribution, respectively; their associated LRTs have adjusted
distributional forms based on a mixture involving x? to account for being at the respective
boundaries for v [16].

4. Examples

This section considers various simulated and real data examples to illustrate the
flexibility of the MCMP model. For the real data sets, we compare model performance
via the respective log-likelihood and Akaike Information Criterion (AIC) values. We
particularly consider A; = AIC; — AICy;n as introduced in Burnham and Anderson [17],
where AIC; denotes the AIC associated with Model i, and AICj, is the minimum AIC
among the considered models. [17] provides model support levels based on recommended
A; ranges; see Table 1 for details.

Table 1. Model support levels based on AIC difference values, A; = AIC; — AIC,n, for Model i [17].

A; Empirical Support Level for Model i
[0,2] Substantial
[4,7] Considerably less
(10, 00) Essentially none

4.1. Simulated Data

Here, we provide simulated data examples to illustrate the MCMP model’s ability to
correctly distinguish the MP distribution. Without loss of generality, we proceed with the
use of the trivariate case. To evaluate the robustness of the simulation process, we consider
data simulations of size {100, 250, 500, 1000} and simulate data 500 times at each size level.

We first consider a simulated trivariate Poisson distribution where the joint pgf
(Equation (3)) is defined with A; = 1.5, Ay =2, A3 =13, Ajp =12, A;3=0.6, Ay =0.7
and A1z = 0.3, and obtain the MLEs for the trivariate CMP under two conditions: the
unconstrained case, and the restricted case where v = 1. The latter case serves to reflect the
trivariate Poisson model with Ajgg = A1, Agig = A2, Agor = Az, Mo = A1, AMo1 = Axs,
Ap11 = Aoz, AM11 = Aiqps; thus, the value of Aggp no longer affects the model. Table 2
displays the proportion of —2log A statistics that fall within the respective 95% or 99%
confidence bounds across the simulations. As expected, the proportion of —21log A values
that are within the respective bounds, x(0.95) = 3.841 and x7(0.99) = 6.635, is quite close
to their respective nominal levels, regardless of size level.

To assess the power of the test, Hy: v = 1 versus Hj: v # 1, we further generate data
from the trivariate geometric (17 = —0.3, ay = —0.5, a3 = —0.7, a;p = —0.2, a3 = —1,
a3 = —1.3, ajp3 = —0.1), the trivariate Bernoulli (pogo = 0.1, pgo1 = 0.07, pg10 = 0.23,
p100 = 0.15, po11 = 0.08, p1o1 = 0.11, p1190 = 0.17, p111 = 0.09), and the trivariate CMP
expressing over-dispersion (Aggg = 0.07, A9 = 0.13, Ag19 = 0.22, Agg1 = 0.15, A119 = 0.08,
A101 = 0.06, Ag11 = 0.12, A117 = 0.11, v = 0.5) and under-dispersion (Aggp = 2, A190 = 0.8,
/\010 = 14, )L(]Ol = 17, )\110 = 22, /\101 = 13, )\011 = 06, /\111 = 0.9,1/ = 2), respectively. All
simulation results obtained are presented in Table 3. As the generating distribution has a
measure of dispersion that moves away from 1 (i.e., the data deviate from the Poisson), we
see the power increase in both directions. Meanwhile, the power likewise increases with
the sample size in association with all of the respective distributions.
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Table 2. Proportion of —2log A values that lie within the x2(0.95) and x2(0.99) bounds, respectively,
given various sample sizes, {100, 250, 500, 1000}.

Sample Size Within x2(0.95) Within x2(0.99)
100 93.0% 99.2%
250 93.4% 99.4%
500 94.2% 98.8%
1000 94.8% 98.6%

Table 3. Power of the likelihood ratio test (at 5% level) when data are generated from the trivariate
geometric, the trivariate CMP with v = 0.5, the trivariate CMP with v = 2 and the trivariate Bernoulli,
respectively, for various sample sizes, {100, 250, 500, 1000}.

Sample Size Geometric CMP (v = 0.5) CMP (v = 2) Bernoulli
100 100% 37.0% 82.8% 100%
250 100% 62.6% 99.4% 100%
500 100% 75.4% 100.0% 100%
1000 100% 99.2% 100.0% 100%

4.2. Real Data: Corporacion Favorita Grocery Sales

The Corporacién Favorita grocery sales data [18] include information regarding the
number of unit items sold daily to more than 4000 items in 35 different stores over a
five-year period. To illustrate the MCMP distribution’s flexibility for describing real count
data, we consider the unit sales regarding a particular item (Item ID:103665) over 100 days
in each of three stores (Stores 1, 2 and 3, respectively); the data are provided in Table A2
in Appendix D. This dataset is over-dispersed due to the weekly and monthly periodic
fluctuation; the number of sales often tend to be high at the beginning of each month
as well as on weekends. Table 4 summarizes the results that stem from considering
various trivariate models to describe the data, namely, the trivariate Poisson, trivariate
NB [6], trivariate geometric, and trivariate CMP. For each of the assumed models, this table
provides the respective MLESs, resulting log-likelihood, and AIC values.

Although the trivariate Poisson distribution has the least number of parameters (i.e., 7)
among the models considered, it has the largest AIC (1748.5), suggesting its unsuitability
for these data [17]. Meanwhile, the MLEs of the trivariate CMP model include 7 =~ 0.25,
implying that the data are over-dispersed. The trivariate CMP produces a considerably
smaller AIC (1627.9) relative to the trivariate Poisson; this further demonstrates the appar-
ent data over-dispersion that should be addressed, but with A = 6.2 relative to the AIC
from the trivariate NB, the trivariate CMP (while second best among the four considered
models) still has model support that is “considerably less” than that of the trivariate NB
(AIC = 1621.7); this result is still substantially better than the difference between the
trivariate NB and Poisson models (A = 126.8), clearly inferring no support for the trivari-
ate Poisson. Further, applying the trivariate CMP model introduces consideration of the
trivariate geometric and NB models, respectively, as possible parsimonious models. The re-
spective LRT statistics, —2log A,—; = 124.6 for the test Hy : v = 1 and —2log Ay—o = 79.4
for Hp : v = 0, both have p-values smaller than 0.005 which indicate that neither the trivari-
ate Poisson nor the trivariate geometric fits the data well. Even still, ¥ ~ 0.25 serves as an
indication of data over-dispersion, hence consideration of the general MNB distribution as
a possible model.
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Table 4. Estimation results associated with the Corporacién Favorita grocery sales data based on various assumed trivariate

models: Conway-Maxwell-Poisson (CMP), trivariate Poisson, trivariate geometric and trivariate negative binomial (NB).

Respective log-likelihood and Akaike Information Criterion (AIC) values are also provided, along with the number of free

parameters for AIC determination.

Log No. of Free
Model Estimated Parameters Likelihood Parameters AIC
Aooo = 0.00 A1 = 0.00 Aop = 0.32
CMP Aoig = 0.47 Agor = 1.17 A11g = 0.00 —804.9 9 1627.9
A1o1 = 0.00 Aor = 0.00 P =025
A =232 A, =297 Ay =894
Poisson A, =019 A1z =0.00 Az =0.62 —867.3 7 17485
Ay =0.11
i = —2.62 iy = —3.89 iy = —9.67
geometric f1p = 0.00 A3 = 0.00 Ay = 0.00 —844.6 7 1703.2
fi1p3 = 0.00 4g=17.18
4 = —044 A, = —0.65 a3 = —1.61
NB a1p = 0.00 a13 = 0.00 a3 = 0.00 —802.8 8 1621.7
A123 = 0.00 Ay = 3.69 k=6.01

Table 4 further shows that Aj19, A101, Agi1 and A1q; for the CMP model are all 0; a
similar situation appears on the estimation of the geometric and NB models, where 417, 413,
dp3 and dqp3 are also all 0. This indicates that there is no significant correlation within the
data; this is true because the correlation coefficients between Stores 1 and 2, Stores 1 and 3,
and Stores 2 and 3 are 0.15, 0.02, 0.21, respectively.

Figure 1 compares the marginal pmfs associated with each of the four models with
the marginal relative frequencies associated with the number of unit sales for each of the
three stores (Stores 1, 2, 3). These images show that the trivariate CMP and NB models
produce very similar estimated marginal distributions with modes that are close to the
observed mode, and have sufficiently wide tails to reflect the observed marginal frequencies,
particularly for Store 2. Goodness-of-fit tests are likewise performed for comparing the
aforementioned models to assess how well their marginal pmfs fit the marginal data
frequencies. Following [19], we modify our observed frequencies by grouping observations
greater than 8 on Store 1, greater than 9 on Store 2, and observations greater than 21 on
Store 3. This allows the respective tail bins associated with each store to have a sufficiently
large observed frequency to allow for the goodness-of-fit test to be conducted and the
associated asymptotic chi-square distribution to be used. As a result, resulting statistics for
the goodness-of-fit tests are expected to follow the chi-square distribution with 10, 11 and
23 degrees of freedom, respectively, for Stores 1, 2 and 3.

Table 5 summarizes the goodness-of-fit test statistics for each of the stores and mod-
els. While the trivariate geometric model best fits the Store 1 marginal distribution, the
goodness-of-fit scores for the trivariate CMP and NB models are considerably better
and outperform their peers for Stores 2 and 3. Table 5 confirms these assertions with
x3,(0.95) = 18.3, x3,(0.95) = 19.7 and x3;(0.95) = 35.2, respectively, for Stores 1, 2 and
3; we again see that the geometric model fits the data better for Store 1, and the trivariate
CMP and NB models produce closer fits for Stores 2 and 3.
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Figure 1. Estimated marginal distributions associated with the trivariate CMP (blue/square), the trivariate geometric
(purple/circle), the trivariate negative binomial (red/triangle), and the trivariate Poisson (green/diamond) compared with
the original data relative frequencies (histogram) regarding the number of unit sales for: (a) Store 1, (b) Store 2, (c) Store 3.

Table 5. The goodness-of-fit test measures to compare the considered trivariate model (i.e., trivariate
CMP, trivariate negative binomial (NB), trivariate Poisson, and trivariate geometric) marginal pmfs
to the marginal data regarding the number of unit sales for Stores 1, 2 and 3, respectively.

Store 1 Store 2 Store 3

CMP 26.0 8.9 30.6
NB 26.4 9.7 30.2
Poisson 82.7 57.7 857.0
Geometric 16.1 22.7 51.6

4.3. Real Data: NBA All-Star

To demonstrate that the trivariate CMP can also be suitable for under-dispersed data,
we consider data from the National Basketball Association (NBA) All-Star game rosters
from 2000 to 2016 and seek to model the distribution of the number of players selected
for the All-Star game each year in various positions [20]. For simplicity, we focus on the
number of players that can play as Center (C), Forward (F), or Forward-center (FC); the
data are provided in Table A3 of Appendix D. We again consider the trivariate CMP, the
trivariate Poisson, and the trivariate NB distributions as possible models to describe this
dataset. Table 6 contains a summary of the results including the respective MLEs, the
resulting maximized log-likelihood, the number of free parameters, and the associated AIC
for each of the three considered models.

The trivariate CMP model performs the best among the considered models, attaining
a maximum likelihood equaling —68.2 and AIC,,;, = 154.4. The trivariate Poisson and
NB models meanwhile produce respective AICs equaling 180.6 and 182.7 such that both
respective difference values as defined in [17] (Table 1) are greater than 26, indicating no
empirical support in favor of either model. The difference between the respective AIC
values for the trivariate Poisson and NB models stems from the difference in the number
of free parameters while they attain the same maximized log-likelihood value (—83.3).
Neither of these models can accommodate data under-dispersion, and consequently the
optimal trivariate NB distribution is that model which converges to the trivariate Poisson
as k — oo. Accordingly, the trivariate NB MLEs that best address data under-dispersion
are those under the constraint of data equi-dispersion.
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The trivariate CMP model successfully detects the data under-dispersion (# = 38.4 > 1).
In fact, such a large 7 suggests that we should consider modeling the data via a trivariate
Bernoulli model. This would normally be true because the resulting CMP denominator includes
(m!)” which becomes considerably large for m > 1 given large . This makes p|, , .y vanish for
any (x,y,z) such that at least one of the random variables exceeds 1. This is not the case here,
however, because this data example likewise produces extremely large A estimates. Reviewing
the raw data likewise suggests clearly that the trivariate Bernoulli distribution is not appropriate
because there exist count data that are larger than 1, thus violating the multivariate Bernoulli
structure. Therefore, the use of the trivariate CMP to analyze these data is duly justified.

Table 6. Estimation results associated with the NBA All-Star data based on various assumed trivariate models: Conway—
Maxwell-Poisson (CMP), Poisson, and negative binomial (NB). Respective log-likelihood and Akaike Information Criterion
(AIC) values are also provided.

Log No. of Free

Model Estimated Parameters Likelihood Params AIC
Aooo = 0.00 x 10° A1 = 0.36 x 1028 Aop = 1.53 x 10%8

CMP Aoto = 0.00 x 100 Agor = 1.38 x 1028 A1p = 2.17 x 1028 —68.2 9 154.4
A1 = 3.77 x 108 Aopr = 4.52 x 108 7 = 3.84 x 10!
A =115 A, =0.94 Ay =194

Poisson A1, =0.00 A3 =012 Ay = 0.04 —83.3 7 180.6

Az =166

i =—-33x107° iy = —25x107° A3 = —55x107°

NB dp = —2.6x107° A3 = —43x10°° fp3 = —4.1x107° —83.3 8 182.7

A1 = —4.5 x 1072

ap = 1.00017

k = 34856

5. Discussion

In this paper, we present a MCMP model that is developed via the compounding
method. The distribution is established as a CMP-stopped multivariate binomial distribu-
tion, i.e., a multivariate binomial distribution where the associated index parameter is CMP
distributed. Along with an introduction to this resulting distribution, we discussed its
statistical properties which aid in better model interpretation. The CMP model can flexibly
accommodate both over- and under-dispersed count data, and it includes the Poisson,
Bernoulli, and geometric distributions all as special cases. Accordingly, the MCMP model
serves as a reliable tool for model determination because it can successfully recognize
these three multivariate special cases, and serve as an overarching distributional structure
connecting them. One can determine if significant data dispersion exists by calculating the
LRT statistic A discussed in Section 3.2, and analogous tests can be considered to determine
whether the data effectively approximate either of the other two special case distributions
(i.e,, Hy: v =00r Hy : v — oo, respectively). The MCMP distribution is particularly useful
for modeling under-dispersed count data, as demonstrated through the simulated and real
data examples.

A limitation of the MCMP model is that the correlation between any two of the 4
random variables comprising the MCMP is constrained to be non-negative, and so it may
not be appropriate to consider this model to analyze multivariate count data containing
negative correlations. This is true, however, of several multivariate discrete distributions,
e.g., the [3] multivariate Poisson distribution. Meanwhile, this MCMP construct involves
only one parameter (v) to describe data dispersion. Hence, this MCMP model is suitable
only for data with similar levels of data dispersion in each dimension, however the model
can be broadened to allow for dynamic dispersion. Future work will seek to define a
broader generalization of the MP distribution (or modification of this MCMP model) that
allows for a broader range of correlation and possesses greater flexibility with regard to
data dispersion. One proposed approach, for example, is to consider using copulas to
develop a multivariate CMP distribution, as described in [21]. Though this is a standard
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method for multivariate continuous variables, its use for modeling multivariate count
data has its own limitations, most importantly that copulas for discrete outcomes are not
identifiable, especially when those discrete outcomes follow count distributions [21-23].
Table 4 demonstrates another limitation of the MCMP model, namely that it cannot
accommodate as much data over-dispersion as the MNB; the MCMP distribution at best
contains the multivariate geometric distribution (which is a special case of MNB). The
MNB model, however, can be viewed as the convolution of independent and identically
distributed (iid) multivariate geometric distributions. This convolution structure will then
be able to capture greater over-dispersion. More broadly, the same idea can be used to
consider a multivariate version of the sum of CMPs (MSCMP) model [24] as a generalization
to accommodate broader dispersion, and use its trivariate form to revisit the Corporacién
Favorita grocery sales dataset. Unfortunately, due to computational issues, we were only
able to perform parameter estimations for the trivariate SCMP model under the restriction
m = 1,2,3. Future work will further study the MSCMP model, for example, to determine
how to optimally and directly compute the MSCMP pmf, and more efficiently determine
the MLEs of model parameters. See Appendix C for more information about the MSCMP.
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Abbreviations

The following abbreviations are used in this manuscript:

MB multivariate binomial

fmgf factorial moment generating function
MP multivariate Poisson

pef probability generating function

NB negative binomial

MNB multivariate negative binomial

CMP Conway-Maxwell-Poisson
MCMP  multivariate Conway-Maxwell-Poisson

mgf moment generating function
MLEs maximum likelihood estimates
pmf probability mass function

ML maximum likelihood

LRT likelihood ratio test

AIC Akaike Information Criterion
MLE maximum likelihood estimate

NBA National Basketball Association
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C Center
F Forward
FC Forward-center

sCMP sum of CMPs
MSCMP  multivariate version of the sum of CMPs

Appendix A. Deriving the Probability Mass Function

In order to derive the general form of the pmf, we first introduce some notation.
Assuming a MCMP distribution with d dimensions, there exist 2 distinct probabilities
Pxixp..x, iN the pgf, where x; = {0,1} foralli = 1,2,...,d. The first derivation relies on

the identity ) )
n L L 1
a; = altat---at, Al
(1_21 l> SZ* (11/121 o /ld) 172 d ( )

where s* = {(Iy,---,l;) : 0 <I; <nfori=1,---,d, and Z?Zl l; = n} and (11112?“&1) =

ll'l;:illd' is the multinomial coefficient. We can express

1 1 d n
Gu(ty, to, -, tg) = {Z c Y P Htj"}
X1:0 i=1

xd:O

d
= {P00~~0 + 2 Po---010---0i;

=1

n
+ ) P0~~010~~01-~0fi1ti2+~~+p11...1t1t2~--td}

1<ip<ip<d
= {so+sitsa+- 454"
n Ip 1 I
_ ;<zo,zl,~--,ld)soosll'“sf' (A2)

where so = poo..o, $1 = 2?1:1 Po--010--0ti, S2 = Yi<iy<iy<d P0--010--010--0ti Eiys *++ ) Sq =
p11.-1t1 - - - t4, and [; denotes the number of times out of 7 trials where we obtain exactly i
of the required elements, i = 1, ...,d. Observe that the number of respective s; elements
isdy=t#so=1,dy =#s; = (), dy =ty = (3), dy =#s3 = (3), -+, dg = #sy = () =
1. Then,

I !
SOO = p(;)o...o;
! d ll dq ll
S]l = Z r}o.“o]o,,‘otil = Z p(i])ti]
i1=1 i
h ) i j12 j1dy 11 ,j i1
= . . Pz oy 1
%(hhhzw o 1dy PayPe) Puaph 2 4

where we use the simplified notation, P(iy) = P0--010--0 with 1 being in the i1 th position, and

st ={( jizo - s j1ay) 10 < iy <Ilyforip =1,---,dy, and Zflll:l j1i, = I1}. Similarly,

1 d kb d b
522 = < Z pO---lO---OlO---Otilti2> _< 2 p(i1,i2)ti1ti2>

1<ip<ip 1<h<ip

_ I jo1 22 T2, j j jod
- SZE:<]'21,]'22,~ o ,]‘zld)P(l,z)P(m) P (g (BE2) P (B3) 2 - (Ba g 8a) P2,
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where 55 = {(j21,j22," - -

etc.; finally,

00 < jo, < haforip = o, and Y32 g o, = b},

1,

S 2.dy)

! 1,1 l
S; = (pllwltltZ' )ld = ]91 1tdt2d"'t;. (A3)
To illustrate this, consider the case when d = 3. In this case,
P o
0 Pooo
L _ ]12 ]13 J11 4012 4J13 < h > 11 J12 13 4J11 412 413
s = t t t ... [ VAl &
! (]11,]12,]13> ZT: J11,]12,]13 ProoPotoPoo’t 72 73
I _ ]21 ]22 ]23 j21 j22 j23
2 = tita)/t (t1t3)/2 (tat3)
2 (]21,]22 ]23) Pas)Pias)it2)™ (Bts)
I ) Jn1 22 o3 gjo1tj22 pja2tjes j2o+js
= L. t t t
%(]21,]22,]23 P110P101P011*1 2 3
v o= hitat D,
57 = (pimhhts)? = P111
where
3
st = Gz jiz) :0<jy, <hforiy =1,2,3,and ) ji; =h ¢,
=1
3
s = (21, J22,j23) : 0 < joj, < Ip forip = 1,2,3, and Z joiy =1
=1
and Z?:o I; = n. We then find that
Gu(t bsts) = ), ( " )sf?slllslzzséf’
= \lo, 1, 12,15
_ n hh ) ( I ) 11 j12 13
; <10/ h, o, 13) SZ (111/j12,113 [; ja1, 22, j23 PuooP 100P010P ooy
jo1  j22  j23 Juntjatintls ottt jiatintjstls
P1110P101P011P111t o 5) t3 },
where
3
S* = (10,11,12,13) :0 S li < nfori= 0,1,2,3, and Zli =n;,,
i=0
3
si = S (jz ) :0<ji<hfori=1,23and ) j1=1h¢,
i=1
3
s5 = (o1 jo3) :0< joi <lfori=1,2,3and ) ji =1l p.
i=1

The second derivation utilizes the direct approach of differentiating the pgf to obtain

the pmf. To simplify the notation, let A = Z}q,
42 =

A000...01
A

1=
is given by

—0"" -Z}Cd:O Axix,-x; as before and let

A000..10 A00o..11
A A

i1 = % As a result, the general joint pmf

s 43 =

R
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L RO 0z (..o v)

plx) = =" 9(A000..0)"

ki k...,

k
k1 _k 2d 1)
q11q22 ’ q(;d,l)

rofNE UL CYRRRY SR

1)

L bijkj=x;
Z}(Zz ij— ) j=a

where x = (x1,x,...,x4) and max(x) = max(x1,xo,..., Xy

model simplifies to

). In the trivariate case, the

i —max k1 ki k
p(x) _ 1 Y x;j—max(x) 3Z(Aooo, V) qllqzz . .q77 (A
Z(Av) &= 9(A000)"  y k Then Kilkal---k7!
Z] bl/k]_xl
Z (Zz ij— ) j=a

where x = (x1, X2, x3) and max(x) = max(x7, x2, x3).

Appendix B. Derivations of Moments

Let /\,‘]’+ = )\1']'1 + /\ijO fori =0,1;andj = 0,1and A;y = Ajoo + Ajo1 + Ao + Ainn
fori=0,1; Aiyj, Ayij, Ayiy, Ay are similarly defined. By differentiating the fmgf with
respect to t1, tp, t3, and then setting t; = t, = t3 = 0, we obtain the joint factorial moments

of the trivariate form, (X3, X2, X3). Accordingly, letting Z (k) ()=

the initial marginal

and product moments are obtained as Ak ,
px, = E(X1)= {W}M++,
me = B0 = {2E L,
px, = E(X3) = {aana(A/\,v)}A++l’
px,x, = E(X1Xz)= ZZN(()C':)))\HJr A1y + Z/((i\"://)) 114
Hxx, = E(X1X3)= mA1++ Ayt ZZ/(())::)) 141,
HXoX3 — E(X2X3) = ZZ/'(()\)t,;/))AHJF Arpait ZZ/(())::;)) +11/
ox,x, = Cov(Xq,Xp)= _ZH(A'U)Z{(Q'(K)V_)}{ZZ/(/\'V)}Z_ Misr A + ZZ/(()}\\/;/))MH,
ox,x; = Cov(Xy, X3) = -ZH(A/V)Z{(QI(K)U_)}{ZZ/(A,V)}Z- Mys Ay + mA1+1/
UX,X5 = Cov(Xp, X3) = -ZH(A’U)Z{(QI(K)WL,_)}{ZZ/(AIV)}Z- A1y A+ mA+11/
G = V) = [FONZOA_LZONE ) 2,
‘7)2<2 = Var(Xp) = -ZN(A,V)Z{(QI(K?V);Z/(A,V)}Z- /\%rl-‘r + Z/((;\’,L/)) A1,
gy - vty - [ZODZON(ZON] s | Z0),
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The above moments demonstrate that dispersion definitions are maintained via v for
the marginal distributions, where v = 1 denotes equi-dispersion and v < (>)1 capture
over- (under-) dispersion. For example, whenv =1, Z(A,v = 1) = Z'(A,v = 1) =
Z"(A,v=1) = exp(A) and In(Z) = A, thus one can see that jx, = U>2<i fori =1,2,3 (i.e,
marginal equi-dispersion holds), while px, < (>)o%. fori =1,2,3whenv < (>)1.

Using the notation introduced in Section 3, we derive the expression below. Let

h(t1,t2,t3) =|Agoo + A1oo(t1 + 1) + Agro(f2 + 1) + Agor (t3 + 1) + Aqqo(t1 + 1) (t2 + 1)
+ A1 (t +1)(E3 +1) + Aor1 (b2 + 1) (83 + 1) + Aqqa (B + 1) (k2 + 1) (3 + 1) |.

We then obtain the derivatives,

Gy, iy x5 (1 b2, t3)  Z'{h(ty, ta, t3),v} Oh(ty, to, 13)
ot Z(Av) oty
Z'{h(t L, t3), v
= { (Zl(sz)a) ) (Moo + A1o(f2 +1) + Aqor(t3 +1) + Aqpa(t2 +1)(t3 + 1),
anl,XQ,x:;(t]/tZ/ t3) _ Z/{h(tlltZI t3)lv} ah(tll t2/ t3)
8t2 Z(/\,l/) atz
Z'{h(ty,t,t3),v
= { (Zl(/\zv)3> ) [Aoto + Aot + 1) + Agua(t3 + 1) + Aua (b + 1) (3 + 1)),
anl,xz,x3(t1rt2r t3) _ Z/{h(tll tZ/ t3)/1/} ah(tlrtZI t3)
ot3 Z(Av) ot3
Z'{h(ty,t, t3),v
= { (Zl(/\zv)3) ) [Aoor + Ato1 (1 +1) + Agr1 (2 +1) + Aia(t + 1) (22 + 1),
%G, ty, b, t Z"{h(ty, ta, t3), v
Yl'nga(tzl zls) { (Zz)\ ZV)3) ) [Moo + Aro(f2 +1) + Mor (f3 +1) + A (f2 + 1) (83 + 1)
“[Aoto + Aot +1) + Aorr (3 + 1) + Aqaa (t + 1) (3 + 1)
ZHh(ty, ta, t3),v
{ (Zl(sz)g) ) [A110 + A1 (f3 + 1)),
%G o, t Z"{h(tq, tn, t3), v
xl'nga(t; 2t) { (Zz?\ 21/)3) ) (Moo + A1o(f2 +1) 4+ Aqo1(f3 + 1) 4+ Apa(t2 +1)(t3 + 1))
[Aoor + A1 (1 +1) + Agr1 (2 + 1) 4+ Aqq1(t +1) (k2 + 1)]
ZHh(ty, t, t3),v
{ (Zl(sz)3) ) [Ao1 + A1 (2 + 1)),
%G o, t Z"{h(t1,ty,t3), v
xl'xg':jgt; 2f) { (Z}szf) }[()\010+/\110(f1 +1) + Aor1(ts +1) + Apr(tr + 1) (t3 + 1))
[Aoor + A1 (t1 +1) + Agr1 (2 + 1) + Apa (1 + 1) (E2 + 1)]
Z{h(ty,tr, t3),v
{ (Zl(AZV;) i [Aot1 + A1 (1 + 1)),
%G tq, o, t Z"{h(t1,ty,t3), v
xl,ngstg vhats) { (Z}A 21/)3) ) (Moo + Mot +1) + Aor (b3 + 1) + A (B2 + 1) (k3 + 1)1,
1 7
%G ty, to, t Z"{h(t1, t,t3), v
’“"‘Z’gig vhaly) { (Z%A ZV)B) ) [Aoto + Mot +1) + Aoua (t3 + 1) + A (1 + 1) (k3 + 1)1,
2 4
%G o, t Z"{h(tq, by, t3), vV
xyngstg ) { (Zz)\ ZV)3) ) [Aoor + Mor(f1 4+ 1) + Aoua (f2 + 1) + A (1 + 1) (k2 + 1]
3 4
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Then, the expected value of Xj is

Z'{h(ty,ta,13),
Hx, = { (Zl(;v;) v} [AMoo + Ato(t2 +1) + Aqor(f3 + 1) 4+ Aqp1(f2 + 1) (t3 4+ 1)]

Z'(Av)
- Z()t, 1/) 1++

_ [oInZ(Av) Aro s
- oA s

t1=tr=t3=0

similarly, ux, = {M}AHJF, and px, = { Ban(/\ v) }A++1. Meanwhile,

azcxl,XZ,X:),(tl/ tZ/ t3)
VXlXZ - E(X1X2) - atlatz A
Z"{h(ty,t2,t3),
= { (Zz/\zv)3) di [A100 + A11o(f2 + 1) + Aqor(t3 + 1) + Anr (b2 + 1) (83 + 1)
[Aoto + Aro(tr +1) + Aora (ks +1) + Aqaa (b + 1) (f5 + 1))
Z'{h(t1,tz,t3),v}
[A110 + A1a(t5 +1)]
Z(Av) b=ty=t3=0
Z"(A,v) Z'(Av) ‘
m)\1++ A1t + WMH,
similarly, ux,x, = Z(()\v)))\1++ Api1+ ((;H,)))\Hl and pix,x, = Zz((TA,;V))\JrH Ay +
ZZ,(())L‘;/)) A411. Consequently, we obtain the covariances to be
ox,x, = Cov(X1,X2) = E(X1X2) — E(X1)E(X2)
Z"(A,v) Z'(A,v) Z'(A,v) Z'(A,v)
{ Z()\, ) A1++ A+1++ Z()L,l/) All }_{ ( 1/) Al++ Z()\ )A+1+}
Z"(A, v Z'(Av Z'(Av
= { Z((A, )) Myt Aaq + Z((A,v)) A1 } { ( 701 ) 14+ )\+1+}
Z" M) Z(Av) —{Z' (A, v) )P Z' ( v)
{ Z0, v)}2 Myt A1 + Zv) Miy;
similarly,
Z" A v)Z(Av) —{Z (A, v)}? Z'(A,v)
o = | Za0)) s dvar st G and
Z" A v)Z(Av) —{Z (A, v)}? Z’(/\,v)
UX2X3 = |: {Z(A,V)}z :|/\+1+ /\++1 + Z(/\, 1/)

a? th X, X3(t1 ta, t3)

Finally, noting that E{X;(X; — 1)} = T

, we obtain the vari-

ances as t=ty=t3=0
a;zgl = Var(X;) = E{X1(X; — 1)} + E(X;) — {E(X})}?
" v / v 2
N ZZ(()fL )> /\HJF )>/\ {Z&,’y))} )‘%++

1=

Z(,

Z(,
Z'(AW)Z(A ) — {Z (A 0)P Z(0v),
ZA0) ]”*“*amwA”%
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similarly,
" v V) — / , 2 l v
2, - [z (A, )z{(g&v)}{zz (A,v)} ] 2+1++Zz(iv))A+1+, and
2 _ Z”()L,U)Z(/\,V) B {Z’(/\,V) }2 2 Z/()\/U)
s [ (Z(A))? ] R

Appendix C. Introduction to the Multivariate sSCMP Model

A multivariate form of the sum of CMPs (MSCMP) distribution is an extension of the
sCMP model in [24]. This section applies various MSCMP forms as alternative models to
analyze the Corporacién Favorita grocery sales data. The MSCMP distribution is defined as
follows: given iid random variables W1, Wy, ..., W, that are MCMP(Ag_o, ..., A11.1,V)
distributed, Y = Y/" ; W; has a MSCMP(Ago_ o, - .., A11..1, v, m) distribution with pgf

~ [(Z}clzo b o Ay T ( f)xf),v} ) ’”. (A5)

TI(t,...th) = ( Z(A,v)

Though the sCMP is defined as the sum of multiple CMPs, m need not be integer-valued
since the pgf is valid for all m > 0. This MSCMP distribution includes the MNB (when
v = 0), the MP (v = 1), and the MB (v — o0) distributions all as special cases, and serves as
an over-arching distribution that connects the three special cases.

Given the difficulties associated with calculating the pmf for the SCMP model, we pur-
sue an alternative approach to compute its pmf for a positive integer, m. For simplicity, we
illustrate this approach in the trivariate case and consider m = 2: let W1 = (W1, Wyp, Wi3)
W, = (Wzl, Whpo, W23) be iid trivariate CMP(/\OQQ, e, M1t 1/), andletY = (Yl,Yz, Y3) =
W1 + W; ; then Y has a trivariate SCMP (A, - - ., A111, v, m = 2) distribution, and

r(Vi=y,Ya=v,Y3=y3) = Y, p(Wi=aWp=>bW;3z=c)

ab,c

P(Wor =y1 —a, Wy = yp — b, Wp3 = y3 — c),(A6)

where 4, b, c are non-negative integers such that y; —a > 0,y — b > 0, and y3 — ¢ > 0; simi-
larly, we can determine the pmf of the trivariate SCMP (A, - . ., A111, v, m = 3) distribution.

We fitted the Corporacién Favorita grocery sales dataset with the trivariate SCMP
model so as to demonstrate its capability of dealing with trivariate count data.
Table A1 provides the resulting trivariate SCMP estimates with m = 2 and m = 3 where,
for comparison, we also include the results of the trivariate NB and CMP models. Ac-
cordingly, we find that the trivariate SCMP models fit the data better than the trivariate
CMP, with improvement growing with m. More precisely, we note that, as m increases,
the log-likelihood increases while the AIC decreases. In particular, ¢ likewise decreases
toward 0 (which results in the trivariate NB model) as m increases. Unfortunately, current
computational issues prevent us from providing SCMP results for m > 3, but these results
do illustrate that the SCMP model will produce a log-likelihood no worse than that from
the trivariate NB as it is a special case of bivariate SCMP model.
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Table Al. Estimation results associated with the Corporacién Favorita grocery sales data based

on various assumed trivariate models: CMP, sCMP (m = 2), sCMP (m = 3), and NB. Respective

log-likelihood and Akaike Information Criterion (AIC) values are also provided.

Log No. of
Model Estimated Parameters Likelihood Parameters AIC

Aogo = 0.00  Ajq; =000  Aqgp = 0.32

CMP Aoio =047 Ay =117  Aq9 =0.00 —804.9 1627.9
Ao = 0.00  Ag;p = 0.00 =025
Agoo =005 Ay =000 Ajgp =022

SCMP (m =2) Agip =033 Ay =082 Aqq0=0.00 —804.0 1626.0
A1 =0.00  Agy = 0.00 ?=10.19
Agoo =012 Ay;p =000 Ajg =0.16

SCMP (m =3)  Agio =024 Ay =061 Aq39 = 0.00 —803.5 1625.0
A1 =0.00  Agpp = 0.00 P =0.13
i =—044 G4y =-065 d43=-161

NB A1 =000 413 =000  dp3 = 0.00 —802.8 1621.7
A123 = 0.00 g = 3.69 k=6.01

Appendix D. Real Datasets

Table A2. Corporacién Favorita sales data: Unit sales of an item in each of three stores over 100 days.

Day Storel Store2 Store3 Day Storel Store2 Store3 Day Storel Store2  Store3

1 2 5 6 35 2 3 3 68 1 3 5
2 3 8 23 36 4 2 6 69 1 2 3
3 2 8 21 37 3 2 16 70 0 4 4
4 4 5 8 38 7 12 12 71 1 4 10
5 2 7 13 39 6 0 13 72 1 0 14
6 1 4 15 40 2 2 4 73 0 1 14
7 0 0 11 41 1 0 13 74 0 2 19
8 1 6 2 42 3 6 4 75 0 4 6
9 6 6 7 43 2 0 3 76 7 2 12
10 3 8 13 44 7 2 4 77 1 4 7
11 3 8 16 45 5 7 3 78 1 0 7
12 0 1 7 46 8 1 19 79 3 1 8
13 0 5 11 47 1 6 17 80 4 3 17
14 6 8 7 48 1 2 5 81 4 7 7
15 1 2 4 49 3 6 5 82 3 3 13
16 8 4 4 50 5 2 9 83 1 0 9
17 3 10 20 51 10 1 0 84 1 1 11
18 6 6 12 52 4 4 11 85 0 2 8
19 0 1 6 53 1 5 25 86 6 5 11
20 3 7 10 54 3 5 4 87 0 0 9
21 0 2 5 55 1 7 3 88 0 4 8
22 3 4 1 56 2 1 4 89 1 2 15
23 3 4 3 57 1 5 2 90 1 6 4
24 7 17 13 58 0 3 7 91 0 2 11
25 2 4 11 59 6 4 12 92 0 2 5
26 0 5 9 60 8 1 11 93 8 2 11
27 3 1 2 61 3 4 12 94 3 3 21
28 2 3 1 62 1 2 5 95 3 9 21
29 2 9 4 63 5 0 3 96 0 8 8
30 4 2 7 64 2 1 3 97 4 5 27
31 6 4 12 65 0 3 7 98 5 3 15
32 1 6 18 66 1 2 26 99 1 2 4
33 0 11 15 67 0 1 17 100 4 3 6
34 2 7 12
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Table A3. NBA All-Star data: Number of players selected for the NBA all-star game each year in
each position (C = Center; F = Forward; FC = Forward-center).

Year C F FC Year C F FC Year C F FC
2000 6 1 4 2006 3 3 4 2012 3 2 4
2001 3 4 3 2007 2 3 3 2013 2 2 4
2002 4 3 4 2008 3 2 3 2014 2 2 5
2003 4 2 3 2009 2 3 5 2015 2 4 4
2004 3 4 4 2010 2 2 5 2016 3 4 2
2005 2 2 5 2011 4 2 2
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