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Abstract: The two-parameter logistic (2PL) item response model is likely the most frequently applied
item response model for analyzing dichotomous data. Linking errors quantify the variability in
means or standard deviations due to the choice of items. Previous research presented analytical work
for linking errors in the one-parameter logistic model. In this article, we present linking errors for
the 2PL model using the general theory of M-estimation. Linking errors are derived in the case of
log-mean-mean linking for linking two groups. The performance of the newly proposed formulas
is evaluated in a simulation study. Furthermore, the linking error estimation in the 2PL model is
also treated in more complex settings, such as chain linking, trend estimation, fixed item parameter
calibration, and concurrent calibration.
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1. Introduction

Item response theory (IRT) models [1,2] are an important class of multivariate statistical
models for analyzing dichotomous random variables used to model testing data from
educational or psychological applications. Of particular relevance is the application of item
response models in educational large-scale assessments [3], such as the programme for
international student assessment (PISA; [4]) study.

In this article, we only investigate unidimensional IRT models. Let X = (Xj, ..., X])
be the vector of I dichotomous random variables X; € {0,1} (also referred to as items). A
unidimensional item response model [5] is a statistical model for the probability distribution
P(X = x) for x = (xq,...,x1) € {0,1}!, where
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where ¢ is the density of the normal distribution with mean y and standard deviation ¢.
The vector § = (,0) contains the distribution parameters. The vector v = (1,...,71)
contains all estimated item parameters of item response functions P;(6; ;) = P(X; = 1(6).

The one-parameter logistic (1PL) model (also referred to as the Rasch model; [6])
employs the item response function P;(f) = ¥ (0 — b;), where ¥ denotes the logistic
distribution function, and b; is the item difficulty of item i. In this case, ¢; = (b;). The
two-parameter logistic (2PL) model [7] additionally includes the item discrimination a; (i.e.,
vi = (a;,b;)), and the item response function is given by P;(0) = ¥ (a;(6 — b;)).

Note that distribution parameters § and item parameters y cannot be simultaneously
identified. In applications such as PISA in which a country mean y and a country standard
deviation ¢, item parameters 4; are often fixed at values v that are used for all countries.
In this situation, y and ¢ can be identified. If sample data x1,...,xyn for N persons are
available, unknown model parameters in (1) can be estimated by (marginal) maximum
likelihood (ML) using an expectation maximization algorithm [8,9].

In practice, data-generating item parameters v; differ from assumed fixed item pa-
rameters ;. This property is also referred to as differential item functioning (DIF; [10,11]).
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DIF effects e; are defined as deviations e; = ; — 7;". The occurrence of DIF causes addi-
tional variability in the estimated (country) mean y and standard deviation ¢ [12,13]. The
estimated distribution parameters depend on the choice of selected items, even in infinite
sample sizes of persons. This variability is quantified in the linking error [14-19].

There exist simple formulas for linking errors based on variance components for
the 1PL model [15,17]. For more complex models, resampling techniques [20,21] such as
jackknife [15,17] or the (balanced) half sampling [18] of items can be employed. In this
article, we provide closed formulas for the linking error for the 2PL model in various
applications based on the M-estimation theory. The proposed formulas have the advantage
of avoiding computationally more demanding resampling approaches for computing
linking errors.

The rest of this article is structured as follows. The foundation of the M-estimation
theory for the application of the computation of the linking error in the 2PL model is
presented in Section 2. The specialization of M-estimation to log-mean-mean linking is
treated in Section 3. The performance of the newly proposed linking errors is investigated
in a simulation study in Section 4. Section 5 provides a further analytical treatment of the
linking error in the 2PL model to more complex applications. Finally, this article closes
with a discussion in Section 6.

2. Linking Error and M-Estimation

In this section, we discuss the computation of the linking error in the 2PL model for
two groups. We do this in a general setting of M-estimation theory [22-24] because our
treatment will apply to many of the recently discussed linking methods. However, we
focus on log-mean-mean linking in this article as an important example in Sections 3 and 4.

Assume that the 2PL model holds in two groups ¢ = 1,2 or two time points. The goal
is to determine the mean y and the standard deviation ¢ of the second group, while the
first group is assumed to have a mean of 0 and a standard deviation of 1. The DIF effects f;
and e; for logarithmized item discriminations and item difficulties follow

logap = logaj + fi )
bip = bate '

It is assumed that f; and ¢; are independently and identically distributed with zero
means and variances T2, sz, and the covariance is defined as Cov(e;, fi) = Typ.

In the first step of the linking approach, the 2PL model is separately estimated in each
of the two groups. Because the ability 6 for the first group has zero mean and a standard
deviation of 1, the identified item parameters 4;; and b;; equal the data-generating item
parameters a;; and b;;, respectively, (i = 1,. .., I). In the second group, we fix the mean to 0
and the standard deviation to 1 and obtain identified parameters

fpp = cap and by = o (b — 1) - 3)

In the second step of the linking approach, identified item parameters {(;;,b;1)}
and {(a;,b;p)} are used in determining the mean y and the standard deviation ¢ in the
second group. Note that we assume that identified item parameters are known. Hence, we
implicitly have infinite sample sizes of persons. In practice, we estimate item parameters
from finite sample sizes. Appropriate adjustments are discussed in Section 5.8.

A general estimating equation of the type

I
8(8;11,bix, 8in, bin) =Y (6; 011, by, fi ei) = 0 “4)
i=1 i=1
is employed for determining the parameter § = (o, ) or § = (s, u) with s = log o as the
distribution parameters of interest. M-estimation theory provides the asymptotic variance
in an estimate J. Because linking errors refer to the uncertainty regarding item choice, this
asymptotic variance can be used to compute the linking error.
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In the two-group 2PL case, we have two unknown distribution parameters ¢ (or
s = log o) and u. Hence, g = (g1, £2) involves two equations for two unknowns that must
be solved. The two M-estimation equations of the linking approaches can be generally
written as

g1(d;ai1, b, fire;)) = 0

M-

Il
-

Q)

N

I
—
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M-estimation theory provides the asymptotic variance (for I — oo) for the estimate & with
the sandwich formula [22]

Vi(8) = A[(6) 'Bi(8)A(H) . (6)

The matrix A; is denoted as the bread matrix, while the matrix Bj is referred to as the meat
matrix. The latter matrix is given by

I
Bi(d) = ZVaf(8(5;ﬂi1,bil,fz‘,ei)g(fs; an, bi, fi, ei)T> , )
i-1

where Var denotes a covariance matrix. The bread matrix A; is given as

I
A(9) = ZE<3‘§(5;ﬂi1,bi1/fi,€i)) . (8)
i=1

The two matrices in Equations (7) and (8) require the computation of expected values
and variances of random variables. If these were unavailable or the quantities could not
be algebraically determined, sample-based versions of the bread and the meat matrix are
frequently used [23]. The meat matrix B; can be estimated based on sample data using (7)

B(9) = 23(32ﬁi1,5i1,ﬁiz, bin)g (881, bix, 810, b12) T . )

I
A 0 ¢~ 7 A 7
A[(9) = 2 7g(5;ailrbilrai2/ bip) . (10)

If A;(8) and B;($) are used for computing the variance matrix for § (i.e., Vi gsw (9)),
the estimate is denoted as the expected sandwich (ESW) estimate. The observed sandwich
(OSW) estimate is obtained by using A (8) and B;(8) in the formula of the variance matrix
(i.e., VI,OSW(S ). Finally, a bias-corrected observed sandwich (BOSW) is obtained by using
Visosw (8) = 1/(1 —1)Viosw/(8) (see [25-27]).

We want to emphasize that M-estimation theory is not restricted to applications of
linking approaches for two groups and two distribution parameters. The parameter §
can be of any finite dimensionality and could, for example, involve 2(G — 1) unknown
parameters for linking G groups.

M-estimation theory was applied in the investigation of DIF and linking in [28-30].
The simultaneous treatment of standard errors and linking errors in IRT models relying on
M-estimation was presented in [18,31] (see also [32]).
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3. Linking Error of Log-Mean-Mean Linking

We now apply the M-estimation of computing linking errors to log-mean-mean
linking [33,34] for linking two groups in the 2PL model. The logarithm of the standard
deviation s = log ¢ is estimated by

1~

.1 . .
§ = )_(login — log i) . a1

i=1

It can be shown that § is an unbiased and consistent estimate for s [34]. Moreover, 7 is
obtained by computing & = exp(8).
An estimate of the group mean y is obtained using

~| =

1~

f=1 Y (exp(8)ba —bu). (12

1

I
_

We can reformulate (11) and (12) as M-estimators

I I
Y 81(6;a1,bi, firei) = )_(logap —logay —s) = 0and (13)
i=1 i=1
i i o
Y &2(8ai1, b, fisei) = Z(exp(s)biz —bin+ }4) =0 (14)
i=1 i=1

using g = (£1,82). Now, we determine the linking errors for ¢ and ji in log-mean-mean
linking using the sandwich formula (6) of M-estimation. First, we compute the variance
matrix of g. We obtain using 4;; = a;1 exp(s) exp(f;) and by = o~ (bj; — )

i i I
ZVar(gl(é;aﬂ,bﬂ,ﬁ,ei)) = ZVar(logﬁiz —logd; —s) = ZVar(ﬁ) = ITHZ , (15)
i=1 i=1 i=1

I I
Y Cov(g1(5;an, bir, firei), 82(8; a1, b, firei)) = Y Cov(fi,e;) = Ity , and (16)

i=1 i=1
I I
Y Var(g2(5;an, bn, fire)) = Y Var(e;) = Ity . (17)
i=1 i=1
Hence, it follows that
B/(§) =1 T T (18)
e, = Tap sz
Now, we compute derivatives of g with respect to s and y and obtain the bread
matrix as
981 981
. ds  ou ( -1 0 )
Aj(d) = = - 19
I( ) @ @ _(V_bol) 1 ( )
dos  Ju
The inverse of the bread matrix can be determined as
A 1 0
-1 _ _ 71 -
A(0) =1 ( W—Ta -1 ) (20)

Formulas (18) and (19) involve unknown parameters 1;, 75, Tz, and p that must be
estimated. The quantities f; and e; can be replaced with their sample estimates to estimate
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unknown variances and covariances in the A; and B; matrices. We obtain the expected
sandwich estimator (ESW) V; gsw using Equation (6) by

AIEswu?)—I( 1 0) and BIESW<S>—1( f w). e
’ —(}l*bd) 1 ’ T T

The observed sandwich (OSW) estimate V; ogyy uses empirical moments in the estima-
tion. First, the bread matrix is estimated by

—1I 0
Ajosw(6) = I (22)

exp(s) ) b I

i=1
The meat matrix is estimated by
I 5 I . X
Z(log aip —logaj — 3) > _(logap —logdiy —$)(exp(8)bir — bix + 1)
Biosw(d) = | = = I (23)
(logdip —logdin —3)(exp(8)bip — bin + 1) Y (exp(8)bi — by +1)?
i=1 i=1

Finally, we use a bias-corrected variant of the observed sandwich estimator [27] as

Viposw = 77 Viosw - (24)

Linking errors can be obtained as square roots of the diagonal elements of the variance
matrices V. The linking error for 3 based on the ESW estimate is given by

T
LE(3) = —=. 25
&) =7 (25)
By utilizing the delta method, we can obtain the linking error for & = exp($) as
T
il

Finally, the linking error for I can be estimated by

LE(6) =0 (26)

$2 1 (= bay)222 — 2(ji — by)
LE(f) = \/Tb + ( 1) T’; (f 1) % .

(27)
In the absence of a nonuniform DIF, we have t? = 1., = 0, and the linking error for
the 1PL model is obtained from (27)
o T
LE(fi) = —=. 28
W=7 (28)
Interestingly, the presence of a nonuniform DIF (2 > 0) introduces additional uncertainty
in computing the group mean. However, there is only an effect of a nonuniform DIF if
the average item difficulty does not match the group mean (i.e., f — bs1 # 0). In typical
applications, the third term 2(j1 — be1) 1, in (27) will be much more important than the
second term (I — be1)?%2. Hence, a nonuniform DIF particularly plays an important role if
uniform and nonuniform DIF effects are strongly correlated.
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4. Simulation Study
4.1. Method

In this simulation study, we investigate the performance of different linking error
estimates for the log-mean-mean linking approach in the 2PL model. In particular, we
compare the jackknife linking error (JK) with linking errors obtained by the empirical
sandwich (ESW), observed sandwich (OSW), and the bias-corrected observed sandwich
(BOSW) estimates. The formulas for the sandwich estimates are presented in Section 3.
The jackknife linking error estimate is computed by repeating the linking procedure when
omitting the ith item fori =1,..., 1. Let u = p or u = o be the distribution parameter of
interest and 11 be the corresponding estimate. Let #1_;) be the estimated parameter if item i
was removed from the linking procedure. Then, the jackknife linking error is defined as
(see [15])

I
LE(#) = . Z(ﬁ(,i) — 1) (29)

For identification, the first group had a zero mean and a standard deviation of the
ability variable 6. For the second group, we defined y = —0.2 and ¢ = 0.9 in the simula-
tion. Item parameters for 10 items are presented in Table 1. In the simulation, we used
I = 10,20,40, or 80 items. For item numbers as multiples of 10, we duplicated the item
parameters of the 10 items presented in Table 1 accordingly. The standard deviation of uni-
form DIF effects e; was chosen as 7, = 0.25 or 0.50. The standard deviation of nonuniform
DIF effects f; was chosen as 7, = 0.01 or 0.25. The first condition mimics the case of the
practical absence of nonuniform DIF effects. The correlation of DIF effects between e; and
fi was set at 0.3 in all simulation conditions (i.e., T,; = 0.3 - 7, Tp). Finally, we chose three
types of distributions for DIF effects (f;, ¢;). We specified them as a bivariate normal copula
model and chose different marginal distributions. First, we chose the normal distribution
(i.e., denoted as “Normal”) as a marginal distribution appropriately scaled by 7, and 1.
Second, we chose a scaled t distribution with four degrees of freedom (i.e., denoted as
“t,”) with an appropriate scaling factor to match the desired standard deviation of DIF
effects. Third, we use the distribution function F of a normal mixture model (i.e., denoted
as “Normal Mixture”) of the type

F = (1—¢)N(0,7%) +eN(0,k7?), (30)

where k = 3 and ¢ = 0.05. This distribution can be interpreted as a contaminated dis-
tribution that includes a few outlying DIF effects in N(0, kt?) with proportion e. Such a
distribution is often employed in robust statistics [35]. For a prespecified DIF effect 1;,, we

obtain from (30) the determining equation T = ((1 — ¢) + €k?) 2
Table 1. Simulation Study: Used item parameters of the 2PL model.
Item a; b;

1 0.73 -1.31
2 1.25 1.44
3 1.20 —-1.20
4 1.47 0.10
5 0.97 0.10
6 1.38 —0.74
7 1.05 1.48
8 1.14 —0.61
9 1.15 0.82
10 0.67 —0.07

Note. a; = item discrimination; b; = item difficulty.
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To disentangle standard errors due to the sampling of persons from linking errors
due to item choice, we assumed no sampling error for identified parameters {(a;;,b;1)}
and {(4j,bp)}. That is, identified item parameters for the second group only vary across
replications in the simulation study because different DIF effects f; and e; were simulated
in each replication. It seems reasonable in the simulation study in the comparison of the
different M-estimation approaches with a jackknife to exclude the effects of sampling errors
because these are just another source of uncertainty in distribution parameter estimates.

In each of the 4 (I) x 2 (7,) X 2 (15) x 3 (distribution) = 48 cells of the simulation,
40,000 replications were conducted. We assessed coverage rates at the 95% confidence level
based on the normal distribution for distribution parameter estimates. The linking error
computation for the estimated standard deviation & = exp($) utilized the delta method.

The R software [36] was used for simulation and analysis. We used the gqmixnorm
function from the R package KScorrect [37] for determining quantiles in the data simulation
of DIF effects. Because analytical solutions are not available to compute a quantile function
for the normal mixture model, the gmixnorm function approximates the quantile function
using a spline function calculated from cumulative density functions for the specified
mixture distribution [37]. Quantiles for probabilities near zero or one are approximated by
taking a randomly generated sample.

4.2. Results

In Table 2, the coverage rates for the estimated mean fi are presented as a function of the
standard deviation of the DIF effects, the number of items, and the type of distribution for
the DIF effects. It turned out that there were no substantial differences in the performance
of the different linking error methods with respect to the distribution types of the DIF
effects. The jackknife and the ESW estimates were very similar. The OSW estimate did
not reach the desired coverage rates in a short test (i.e., I = 10) but improved in longer
tests. Moreover, the BOSW slightly improved the OSW estimate but still was inferior to the
ESW estimate.

Table 2. Simulation Study: Coverage rates for estimated mean I as a function of the standard
deviation of DIF effects for a (7;) and b (73), number of items (I), and the type of distribution for
DIF effects.

Ta

Ty

Normal ty Normal Mixture

JK

ESW OSW BOSW JK ESW OSW BOSW JK ESW OSW BOSW

0.01

0.01

0.25

0.25

0.25

0.50

0.25

0.50

10
20
40
80

10
20
40
80

10
20
40
80

10
20
40
80

92.2
93.8
94.6
95.2

92.5
94.1
94.7
95.1

93.9
94.8
95.1
95.2

93.0
94.3
95.0
95.2

92.2 90.8 92.1 929 929 91.5 92.9 927 92.7 91.3 92.7
93.8 93.2 93.8 94.5 94.5 93.8 94.5 94.4 94.4 93.8 94.4
94.6 94.3 94.6 94.9 94.9 94.5 94.8 94.9 94.9 94.6 94.9
95.2 95.0 95.1 95.2 95.2 95.0 95.1 95.2 95.2 95.1 95.2

92.5 91.2 92.5 929 929 91.5 92.9 93.1 93.1 91.7 93.0
94.1 93.5 94.1 94.6 94.6 94.0 94.6 94.4 94.4 93.8 94.4
94.7 94.4 94.7 95.0 95.0 94.7 95.0 94.8 94.8 94.5 94.8
95.1 94.9 95.0 95.3 95.3 95.1 95.3 95.4 95.4 95.2 95.3

93.8 91.1 92.6 94.6 94.4 92.0 93.4 94.4 94.3 91.8 93.1
94.8 93.1 93.8 94.9 94.9 93.2 93.9 95.1 95.1 93.4 94.0
95.1 93.7 94.0 95.5 95.5 94.0 94.4 95.2 95.2 93.6 94.0
95.2 93.9 94.0 95.4 95.4 94.2 94.4 95.5 95.5 94.3 94.4

92.9 90.9 92.3 93.7 93.6 91.6 93.0 93.5 93.5 91.3 92.7
94.3 93.1 93.8 94.4 94.4 93.2 93.8 94.5 94.5 93.3 94.0
95.0 94.2 94.6 95.1 95.1 94.3 94.7 95.1 95.1 94.3 94.6
95.2 94.6 94.8 95.2 95.1 94.6 94.7 95.1 95.1 94.4 94.6

Note. Normal = DIF effects normally distributed; t, = DIF effects distributed according to scaled t4 distribution;
Normal Mixture = DIF effects distributed according to contaminated mixture model; JK = linking error (LE)
estimated by jackknife; ESW = LE estimated by expected sandwich estimator; OSW = LE estimated by observed
sandwich estimator; BOSW = LE estimated by bias-corrected observed sandwich estimator; coverage rates smaller
than 92.5% or larger than 97.5% are printed in bold.
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In Table 3, the coverage rates for the estimated standard deviation ¢ are presented as a
function of the standard deviation of the DIF effects, the number of items, and the type of
distribution for the DIF effects. The OSW and BOSW had particular issues in the coverage
rates with very small nonuniform DIF effects. These issues also remained in the longer
tests. However, the estimated standard deviations of the nonuniform DIF effects T, turned
out to be unbiased and can be detectable in such situations to indicate that linking errors
for & would be tiny in this situation. Hence, the practical absence of nonuniform DIF effects
using the simulation condition 7, = 0.01 might not be very realistic, and future studies
could investigate the performance using 7, = 0.10.

Table 3. Simulation Study: Coverage rates for estimated standard deviation ¢ as a function of the
standard deviation of DIF effects for a (7;) and b (73), number of items (I), and the type of distribution
for DIF effects.

Normal ty Normal Mixture

Ta T 1 JK ESW OSW BOSW JK ESW OSW BOSW JK ESW OSW BOSW
10 92.6 92.6 86.1 87.3 929 929 84.9 86.2 929 929 85.3 86.7
0.01 0.25 20 93.8 93.8 83.0 83.8 94.5 94.5 82.1 82.8 94.4 94.4 82.5 83.3
) ’ 40 94.6 94.6 80.2 80.6 95.0 95.0 79.1 79.5 94.9 94.9 79.2 79.5
80 95.2 95.2 77.9 78.1 95.1 95.1 76.2 76.4 95.0 95.0 76.3 76.6
10 92.1 92.2 92.3 93.0 93.2 93.2 91.8 92.6 93.0 93.0 92.2 92.9
0.01 0.50 20 94.1 94.1 91.3 91.7 94.4 94.4 90.7 91.2 94.2 94.2 90.8 91.3
’ ’ 40 94.5 94.5 91.3 91.6 94.8 94.8 90.6 90.8 94.9 94.9 90.7 90.9
80 95.1 95.1 93.7 93.7 95.0 95.0 92.5 92.6 95.3 95.3 929 93.0
10 92.3 92.3 89.8 91.3 93.1 93.1 90.5 92.0 92.6 92.6 90.0 91.4
0.25 0.25 20 93.8 93.8 92.4 93.0 94.5 94.5 93.0 93.6 94.2 94.2 92.7 93.3
’ ’ 40 94.7 94.7 93.6 93.9 95.1 95.1 93.9 94.3 94.7 94.7 93.7 94.0
80 94.9 94.9 94.0 94.2 95.2 95.2 94.3 94.5 95.2 95.2 94.3 94.5
10 92.3 92.3 87.7 89.3 93.0 92.9 88.2 89.7 92.7 92.6 88.0 89.5
0.25 0.50 20 94.1 94.1 91.2 91.8 94.3 94.3 91.2 91.9 94.1 94.1 90.9 91.6
’ ’ 40 94.8 94.8 92.7 93.0 94.9 94.9 92.7 93.0 94.9 94.9 92.7 93.1
80 95.1 95.1 93.3 934 95.4 95.4 93.5 93.7 95.1 95.1 93.3 93.4

Note. Normal = DIF effects normally distributed; t, = DIF effects distributed according to scaled t, distribution;
Normal Mixture = DIF effects distributed according to contaminated mixture model; JK = linking error (LE)
estimated by jackknife; ESW = LE estimated by expected sandwich estimator; OSW = LE estimated by observed
sandwich estimator; BOSW = LE estimated by bias-corrected observed sandwich estimator; coverage rates smaller
than 92.5% or larger than 97.5% are printed in bold.

Overall, the findings of this simulation study indicate that the sandwich estimates (in
particular the ESW) are as effective as the jackknife estimates for linking errors.

5. Further Applications of the Linking Error in the 2PL Model

In this section, several applications of the linking error computations in the 2PL model
are presented. In Section 5.1, the M-estimation theory is applied to linking approaches
other than the log-mean-mean linking. Section 5.2 discusses the computation of the linking
errors if the items are nested within testlets. The linking errors for chain linking and trend
estimation are discussed in Sections 5.3 and 5.4, respectively. In Section 5.5, the linking
error under a fixed item parameter calibration is derived. Section 5.6 presents the linking
error in the 2PL model for a concurrent calibration. Section 5.7 investigates the computation
of the linking errors of derived parameters. Finally, Section 5.8 focuses on the computation
of the total error and sampling error corrections in the linking error estimation.

5.1. Different Linking Methods

We now illustrate how the sandwich estimates in the M-estimation theory from
Section 2 can be used for other linking approaches.
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5.1.1. Robust Log-Mean-Mean Linking

Log-mean-mean linking involves two steps that compute the mean for determining
the logarithm of the standard deviation s = log ¢ and the mean u. A few outlying items
might introduce bias in the estimated distribution parameters [18]; robust estimators for
the location measures can be preferred. In this case, the estimating functions for § = (s, )
are given by

I

Y g1(6;ai1,ba, fire;) = Y _ p(logdp —logdy —s) =0 and (31)
i-1 i—1

—~

1~

22(8;a11, b, firei) = ZP(GXP(S)Biz — by + ﬂ) =0 (32)

i=1 =1

using a robust function that fulfills the property p(x)/|x| — oo for |x| — oo (see [29,30]).
For example, if the median was used, p would be the sign function p(x) = 1(,-0} — L{x<-

A differentiable approximation of this function is given by p(x) = % (2 +e)P 2 forp =1
and & = 0.01. The observed sandwich formula can be easily applied to obtain linking errors
for a wide class of robust linking approaches.

5.1.2. Haebara Linking

Haebara (HAE) linking [38] aligns item response functions instead of directly aligning
item parameters. The linking function in HAE linking is given as

H(p,0) = i/[w(aﬂ(e —bin)) =¥ (0 (6 — oBip - yz))rw(G)dG . (3

where w is a weighting function. By defining the difference

W8, p,0;81,b11,80,b) = LI’(ﬁil(Q - Eil)) - ‘Y(U_lﬁiz(Q —obp — Vz)) , (34)

we can rewrite (33) as

I . .12
H(p,0) = 2/[h(grV/U')ﬁilrbilzﬁinbiZ)} w(6)de . (35)
i=1
The estimating equations for o and y can be determined by
1 1 N N P} . .
Y &1(8an, b, firei) = Z/h(e, 1,058, bi1, 82, bi2) {agh((% u, 0545, bi1, 85, biz)}w((’)dQ =0 and (36)
i=1 i=1
1 I R R P} A .
Y 92(8;ai, b, fisei) = Z/h(9, 1,05 8:1,bi1,81,bp) L—,yh(@ 1,054, bi1, 85, biz)}ww)d(’ =0. (37)
i=1 i=1

Again, linking errors can be easily obtained using the observed sandwich (OSW) formula.

5.2. Linking Error with Testlets

In educational large-scale assessment studies such as PISA, several items frequently
share a common item stimulus. In this situation, items are nested within testlets [39-41].
It was demonstrated that DIF effects are also pronounced at the testlet level and not only
at the item level [17,42]. This additional source of uncertainty should be included in the
computation of linking errors to avoid negatively biased linking error estimates.

We illustrate how to apply the theory of M-estimation in the case of testlets. The
linking error for & and #i in log-mean-mean linking is derived. Let there be H testlets, and
there are I, > 1 items within each testlet h. It holds that Z,Ij:l I, = I. The data-generating
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model for DIF effects in the 2PL model in Equation (2) is adapted to include DIF effects
at the item and the testlet level. DIF effects for logarithmized item discriminations now
include two terms referring to testlets (i.e., 1) and items within testlets (i.e., item i nested
within testlet /). We assume

log ainy log ajy1 + fn + fin (38)
by = by +ep+ep

Note that item parameters now possess an item index i and a testlet index h in (38).
Again, it is assumed that the DIF effects are independently distributed across items, and
we define Taz,testlet = Var(fy), TaZ,item = Var(fi), Tl%,testlet = Var(e), Tl%,item = Var(ey,),
Tab, testlet = Cov(eh, fh)/ and Tabitem = COV(eihr flh)

The estimating equations in log-mean-mean linking are the same. However, they
must include the testlet structure of items. The estimating Equations (13) and (14) are

rearranged as

H Ih
Yo Y 818 a1, bint, fuo finsensein) = Y Y (logdjpy — logdyy —s) = 0 and 39)
h=1i=1
H Ih N N
Y Y 908 apa, b, fu finsenein) =Y Z(GXP(S)bihz — b + }4) =0. (40)
. h=1i=1

The essential change in the computation of the sandwich variance in the testlet case is
that the variance matrix By (i.e., the meat matrix) requires the computation of the variance
that is carried out at each testlet /i instead of each individual item i (see [27]). To indicate
the dependency from the testlet structure, it is more appropriate to label the meat matrix
Bp because testlets are independent units, not items. The entry involving the variance in
DIF effects in item discriminations in the meat matrix can be computed as

Iy

i=1

H I H H
Z Var (Z 4l ((5; aﬂ,bil,fh,fl-h,eh,eih)) = Z Var (Z(logﬁiz — logﬁﬂ — S)) = (Z Iﬁ) Taz,testlet + ITaz,item . (41)
h=1 i=1 h=1 h=1

The other variance and the covariance can be derived similarly. Consequently, the meat
matrix is given by

BH(‘§> — (i I}%) < Tﬂz,testlet Taé;,testlet ) + I< Tﬂz,item Taé;,item ) ) (42)
h=1 Tab,testlet Tb,testlet Tab,item Tb,item

The bread matrix Ay only involves the expected value of the derivatives of the estimating
equations. Hence, this matrix remains unchanged in a testlet structure [27].

The unknown variance and covariance components in (42) can be replaced by sample
estimates. Then, an expected sandwich variance estimate can be obtained. A sample
estimate of the meat matrix can be obtained by replacing the population variance in (41)
with an empirical variance. Like in the case of independent items, the observed sandwich
variance estimate V; can be modified to obtain a bias-corrected variant. In the testlet case,
one should use correction factor H/(H — 1) instead of I /(I — 1).

5.3. Linking Error in Chain Linking

In this subsection, we discuss the computation of the linking error in chain
linking [33,43,44] in log-mean-mean linking. Figure 1 illustrates the test design in the
chain linking. The items are administered at three time points, T1, T2, and T3 (or in three
groups). The goal is to determine the distribution parameters at T3. The distribution
parameters of the ability variable 6 at T3 can be compared with those at T1 by carrying out
the linking step T1<+T2 and T2++T3. The set of all items is denoted as J = {1, | } and
is partitioned into three distinct sets, Jy, J1, and J». The set Jj contains items that were
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administered at all three time points. Items in J; and J, are administered at T1 and T2
and T2 and T3, respectively. We fix the distribution parameters at the first time point T1 to
a mean of 0 and a standard deviation of 1. The mean of 0 at T2 is denoted by y1 and the
standard deviation by ¢7. The mean of 6 at T3 is denoted by y7 and the standard deviation
by o>.

Tl T2 T3
Items J, X X X
Items J; X X
Items J» X X

Figure 1. Illustration of chain linking at three time points: T1, T2, and T3.

We assume that the 2PL model holds at the three time points. For longitudinal data,
DIF is referred to as item parameter drift (IPD; [45,46]). The data-generating model involves
IPD effects f;; for item discriminations and e;; for item intercepts (f = 1, 2).

logap, = logaj+ fa

bp = baten @)
logaiz = logap+ fio

bz = boten

All IPD effects are allowed to be correlated within each item i but are uncorrelated
across items.

In chain linking, the 2PL model is separately estimated for the three time points. The
identified item parameters are given as d;; = 4,1, bi1 = by and

dip = apo

bp = o7 (bp—m) (44)
4i3 = 4302

by = o5 (biz— p2)

In the first linking step T1<>T2, the mean y; and the standard deviation o7 = exp(s1)
are determined in log-mean-mean linking. In the second linking step T1<+T2, linking
constants s, and m; are derived that refer to the linear transformation 6 — exp(sz)6 + m,.

In the chain linking approach, the unknown parameters are collected in the vector
d = (p1,51,my,s2). The parameters of interest (i, 07) are computed as a derived parameter
given by

Ho = exp(s2)p1 + my and 0p = exp(s2)o - (45)
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Let [y = | Jk| be the number of items in the sets Ji for k = 0,1,2. We define xo = I/
and ki = I /I for k = 1,2. The two successive linking steps are formulated as a joint linking
problem involving four estimating equations

I I
81(6; X;) Y di(loga; —log i — s1)

-1 i—1
1 I 1 I A A
Y 2(6X)) Y din(exp(s1)bip — bin + 1) 0
i=1 _ | =1 10
I = I =1 o | (46)
Y 83(d: X)) Y din(logajs —logdp —s2) 0
-1 i=1
1 . 1 I A A
284(5; X;) 2 dip(exp(s2)biz — bjp 4 my)

Il
—
Il
_

where X; includes all identified item parameters and design variables for item i. The first
two estimating equations in (46) refer to log-mean-mean linking of the step T1<+T2, while
the last two refer to step T2<+T3. In Equation (46), dummy indicators dj are used that take
the value of one if item i is contained in Jj or Jj for k = 1,2. Note that 211:1 dip = I for
k= 1,2 and le:l dildiZ = 10.

We simplify the terms in (46) to

81(0;X;) = dp{logayn —logdy —s1} = difi (47)
(0, X;) = dil{exp(sl)EiZ — by + .”1} =djen (48)
93(9;X;) = dp{log iz —logdip —s2} = dipfin (49)
g4(9;X;) = diz{eXP(SZ)BiB —bp+ mz} = dpo; len (50)
We can now compute the meat matrix B;
K1T21 K1Te £y KoTs f, Koal_lelfz
K17, i1 T2 KoT, Koo ',

Bl(d) _ I 1 E]f] 1 e1 0 6]2f2 0 1_1 e1e (51)

KOTf] f K()Tg1 f KT 2 KzO'l Tg2 f

-1 -1 -1 2.2
Kooy Tflez KoOq “Teje, K204 Tezfz K204 ng

Moreover, we can determine the expected value of the bread matrix E(A;(J)) as
Iy O 0 0
IKl Dl IK] 0 0
A[(6) = , where (52)
0 0 —-Ixp O
0 0 IKZ D2 IKZ
—
Dy = I} di(bn — )
=t . (53)
D, = I''i;'Y dp(bn —p2)
i=1



] 2023, 6 70

The inverse of A can be computed as

—I7 1! 0 0 0
Dy gt 0 0
[Ar(9)] 7! = : (54)
0 0 —I7 1! 0
0 0 gDy Il !

Using the matrices B;(8) and [A;(J)]~, the variance matrix V;(J) of § can be com-
puted using the sandwich formula (6).

We now explicitly derive linking errors for > and fl,. First, the standard deviation o>
at T3 1is given as 0y = h(Jd) = exp(s1) exp(sz). We derive the variance by applying the delta
method to the nonlinear transformation & and using the variance matrix V;. The first-order
partial derivatives of h are given by

ul = (%‘?) - ( exp(s1)exp(s2) 0 exp(sy)exp(s2) 0 ) : (55)

Hence, the linking error of the estimated standard deviation 0, can be determined as

LE(&,) = \/uTVi(§)u. (56)

The algebraic derivation for the linking error formula was somewhat more intricate, which
is why the R package rSymPy package [47] as a wrapper to the SymPy computer algebra
system [48] was used. The square of the linking error for &, (i.e., the quantity LE(6,)?) is
computed using (56)

2 2
LE(&z)z — i [0%0%] + l [U%U%] _ Telfz DlKOO%UZZ]
I K1 I K2 I K1K2
(57)
_Tefs Dy0103 _ The Dako0105 4 Thf, | 200705
I K2 I K1Ko I KKy |

The linking error for the estimated mean i, can be determined as a derived parameter
using the transformation py = h(8) = exp(s2) 1 + my. The first-order partial derivatives
of h are given by

ul = (aayﬁz) =(0 exp(s2) exp(sy)pr 1). (58)

The linking error for fI; can be computed by using (56)

2
) = h|Hi%-Daar| | T |GG, T |14 Danoy
LE(‘uz) = + +
I K I | I K07
Te, f, | Dakoon — 2K0H10‘22 I Terf, | D2 — 2p102 + P‘1‘72D§ - DZV%‘Tzz) (59)
I K1K2 I K207
The, | Dikooa + D1Dakopao3 | Tpi D Kop103
I K1K201 I ! K1K2 .
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In chain linking in the 1PL model, the linking error for fi, substantially simplifies by
setting oy = 0o = 1, D> = 0 (see also [49])

2 2
2o ] Tl
s 3[E] 3 2]

Note that all DIF effects referring to item discriminations vanish in this case.

5.4. Linking Error for Trend Estimates in Educational Large-Scale Assessment Studies

We now turn to the important application of linking errors for trend estimates [13,15,50,51]
in educational LSA studies such as PISA [16,52]. The main goal is to compute a linking
error for a trend estimate in country means or country standard deviations between two
successive assessments. Again, we rely on the 2PL model and use log-mean-mean linking
for the derivation of the linking errors. Previous research derived closed formulas for
linking errors in the 1PL model [17]. It was stated in official PISA publications that there
does not exist a simple generalization to the 2PL model [52]. However, this section provides
a closed formula for the 2PL model.

Figure 2 illustrates the problem of trend estimation in LSA studies. The label “NAT”
refers to a nation (i.e., a country) c. The label “INT” refers to the international metric that is
defined as a pooled sample comprising all students of participating countries in the LSA
study. A trend estimate for a country between two LSA assessments can involve means
and standard deviations at T1 and T2 (i.e., it compares NAT2 and NAT1). The first linking
step NAT1<+INT1 maps country-specific results onto an international metric at T1. This
step allows a cross-sectional comparison of countries on an international reference metric.
The second linking step INT1<+INT2 links results of two LSA studies at T1 and T2 at the
international metric. The third linking step NAT2+INT2 maps country-specific results to
the international metric at T2.

I, unique
items
I, link I, link
items items
I, unique

items
INT1 ¢ > INT2

Y I

W
NAT1 NAT2

Figure 2. Trend estimation for country means and standard deviations at two time points in an
international large-scale assessment study.

The set of administered items typically differs across assessments [53]. There are Ij link
items that are administered at both time points. A set of I; unique items is only administered
at T1, while a set of I unique items is only administered at T2. For identification reasons,
we assume that the 6 ability variable has zero mean and a standard deviation of one at
T1. Then, we can identify the mean y; and the standard deviation o, of country c at
T1. Furthermore, we assume that the mean at the international metric at T2 is yg and the
standard deviation is 0. We can also identify the mean y, and the standard deviation o,
of country c at T2.
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The first linking step NAT1<INT1 in log-mean-mean linking estimates ., and
5.1 = logon. The second linking step INT1<+INT2 estimates po and s9 = logop. The
third linking step NAT2<+INT2 estimates linking constants 1.y and s, to put the results of
country c at the international metric at T2.

The country mean and standard deviation of country c at T2 are derived functions of
the estimated linking parameters

teo = exp(so)po + me and o = exp(sq2) exp(so) (61)
The linking constants for the link INT2<+NAT?2 are recomputed using (61) as

Mg = Uz — exp(sp) o and sep = log o —sp (62)

The main idea is to apply the M-estimation theory and the sandwich formula for
deriving linking errors for trend estimates. The three-step linking procedure can also be
written as a simultaneous estimation problem involving six estimating equations for the
vector of unknown linking parameters § = (sc1, Hc1, So, Mo, Sc2, M2). The trend estimate in
means is given as

Ape = pea — per = exp(so) po + Me2 — Het - (63)

The trend estimate in standard deviations is given as

Ao, = 03 — 07 = exp(sg + 5c2) —exp(se) - (64)

The source of linking errors in trend estimates is the presence of DIF effects. We now
present a data-generating model for DIF effects in item parameters in the 2PL model. Let a;.;
and bj; for t = 1,2 be item discriminations and item difficulties for country c. These item
parameters are referred to as national item parameters [17]. International item parameters
that result from item response models at the international metric that involves students
from all countries are denoted by «;; and p;;. We use the same random effects model as
in [17] for item difficulties

bic = bi+ep+ei+ei

65
Bit = bitey (65)

The variance component Var(e;;) = sz’IPD refers to item parameter drift (IPD; [54]). The
variance Var(e;.) = Tl%,DIF is referred to as cross-sectional country DIF, and the variance
Var(e;.;) = TbZ,DIFXn)D refers to time-point-specific country DIF. All DIF effects are uncorre-
lated with each other.

We now extend the random effects model in [17] to item discriminations

logajr = loga;+ fit + fic + fict (66)
logotier = logai + fir
All DIF effects for logarithmized item discriminations are uncorrelated, but DIF effects
e and f can be correlated for the same type of heterogeneity (i.e., Cov(ejt, fit) = Tap 1D,
Cov(eic, fic) = Tav,p1r, and Cov (€ict, fict) = Tab,DIFx1PD)-
Identified national item parameters are given as d;.; = a;;0,+ and bioy = Oy 1 (Dict — phet)
for t = 1,2. Moreover, for international item parameters, it holds that &; = oy and
Bi = Bi at T1, and &; = apoy and Py = 0 H(Bia — po)-
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We now apply the M-estimation theory to the estimation of linking errors. The three
log-mean-mean linking steps can be formalized as the following six estimating equations:

I I
Y 81(6; X)) Y din(logdjq — log &y — s1)
i—1 i—1
1 I 1 ; A )
Y %(8;X)) Y din(exp(s1)bict — Bin + 1)
iz i=1 0
I I
Y 83(8; X)) Y dio(log &p — log &1 — so) 0
i=1 _ | =t 10 67)
I - I . . - 0
) 84(8; X)) Y dio(exp(so)Bi2 — Bbir + o) 0
i=1 i=1
I I 0
Y ¢5(6; X)) Y din(logdic — log &ip — s7)
= -1
lI 1 I . )
) 86(8; X)) Y din(exp(s2)bico — Bin + m2)

I
—

i=1
The estimating equations in (67) define an estimate of the parameter of interest
0 = (Sc1, pet, S0, Mo, Sc2, M2 ). We now use the sandwich formula to derive the asymptotic
variance of & by means of the sandwich Formula (6).

The entries of the meat matrix B;(§) in the sandwich formula are denoted by

Byt B 0 0 Bsi Bg
By B 0 0 Bsy Bg
0 0 Bsz By O 0

BiO)=1 "9 o Bys By 0 0 (68)
Bs; B 0 0 Bss Bes
Bgg Bex 0 0 Bes Bes
The non-zero entries in B;(J) are given as
Bii = Ixi(Topr + Topirsarp)
By = Ir1(Tap,DIF + Tab,DIFXIPD)
By = In (TIiDIF + TIiDIFxIPD)
Bz = 2Ik0Tipp
By = 2Ik0T% pp
By = 2Ix0Typp
Bs; = IKOT,IZ,DIF (69)
Bs, = IxoTa,piF
Bst = Ixoexp(so) ' TappriF
Ber» = Ixpexp(so) _1T§’DIF
Bss = Ik2(Topr + TopmExiep)
Bes = Irzexp(so) ' (Tap,pIF + Tab,DIFxIPD)

Bes = Ix2exp(so) (T b + T piexiep)
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Moreover, we can determine the bread matrix A;(J) as
Iy 0 0 0 0 0
IKl Dl IKl 0 0 0 0
0 0 —-Ixp O 0 0
Ap(d) = , where (70)
0 0 IK() D[) IKO 0 0

0 0 0 0 —Ixp, O

0 0 0 0 IkpDy Ixp

I
Dy = I 'Y da(bi—m)
i=1
I
Dy = I'xy'Y dig(bi — o) (71)
i1
i
Dy = I'iY dp(bi—my)

i=1

The inverse of A;(J) can be computed as

—I7 k! 0 0 0 0 0
Dy gt 0 0 0 0
0 0 —I7 1kt 0 0 0
(A1(8)) " = (72)
0 0 I'wy'Dy Ilxy? 0 0
0 0 0 0 —I7 Tkt 0
0 0 0 0 I Dy 17!

Using (69) and (72), the variance matrix Vj can be computed.
We now derive the linking error of the trend estimate in standard deviations that is a
nonlinear function of § = (sc1, pc1, S0, Mo, Sc2, M2)

Ao, = h(8) = 03 — 07 = exp(so + 5c2) — exp(se1) - (73)

The first-order partial derivatives of / are given by

(55) = (~oxplsa) 0 ewplso)eplsia) 0 explso)explsa) 0).  (74)

Using (56), we can determine the square of the linking error LE(Ac.)? by using com-
puter algebra software [47,48] as

2 2 2 2 2 2 2 2
LE(Ay)? = TDIF |01 | 05  20102Kp Ta,iPD | 207 Lo DIExIPD |01 | 03
I K1 Ko K1K2 I Ko I K1 Ko
2 2 2
 TabDIF | Dacioako | Dioiooko Diof  Dyoy | Tapipp | 2Dy 75)
I K1K200 K1K2 K1 K200 I Ko

_ Tab,DIFXIPD
I

2 2
Dyoy Dyo5
+

K1 K200
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We now compute the linking error for the trend estimate in the mean in the 2PL model.
The country mean difference can be computed as

Ape = h(8) = peo — pe1 = exp(so) o + M — fet - (76)

The first-order partial derivatives are given as

<§Z_> =(0 —1 exp(so)uo exp(so) 0 1). (77)

The linking error for the trend estimate in means is given by

LE(Auc)? = — — e
( ,’l/lc) I K1 KQO'(‘;' OpK1K2 I K1 0’8‘1(2

Toor | 1 1 20
I Ko

TbZ,IPD [203(1 + Dopio)

2
T 1 1
. _bDIEXIPD [ 1

+

(78)

2 2
Tl D1 Dy Dokg  Dikg Ta1pD | 205 po(#o — Do)
I K1 Ogka  KiKp  OpK1Kp I )

Tab,IPD
I

Ko I K1 0pKo

2Dg0 + 2o D§og — 2Doog i — 4#0‘7(%] . TabDIFxIPD [Dl 4 D2 ]

The linking error formula for the 1PL model derived in [17] can be obtained from the
terms in (78) that involve the variance components T2, T2 pp, and T2 pp. pp PY setting

03 =1and Dy = 0:

K1 K2 K1K2

Ko

2 2 2
T 1 1 2K T, 2 T 1 1
_ TyDIF { 0 } b,IPD [ } b,DIF X IPD [ n ] (79)
K1 K2

2
All other components in (78) vanish in the case of the 1PL model.

5.5. Linking Error in Fixed Item Parameter Calibration

In this subsection, linking errors for the estimated mean and the estimated standard
deviations under fixed item parameter calibration (FIPC) are derived. It is assumed that
one uses fixed item parameters a;; and b;;, but the true item parameters a;, and b;; have
DIF effects and follow the data-generating model (2).

The FIPC is typically applied using marginal maximum likelihood estimation [55].
However, we derive the linking error for a diagonally weighted least squares (DWLS)
estimation that approximates the former estimation method [56]. The DWLS minimizes the
weighted sums of the differences between the estimated and model-implied item thresholds
as well as the tetrachoric correlations. For the simplicity of exposition in this subsection,
we assume that there are only DIF effects in item difficulties (i.e., uniform DIF). Hence, we
can assume that the standard deviation o can be estimated without bias.

The item-specific weights in the DWLS estimation are precision weights w that are
defined as the inverse of the variance in thresholds 7. When omitting a factor that involves
the sample size, precision weights w are determined by

o(1)?
B()(1- (1)) (50)

Equation (80) is displayed in Figure 3. It can be seen that extreme thresholds are downweighted.

w=w(T)=
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0.6

0.5

(1)
0.2 0.3 0.4
| |

0.1

Figure 3. Precision weights w as a function of the threshold 7 (see Equation (80)).

The optimization function for y in DWLS is given by

I
H(p) = Y wi(tn — t(p)?, (81)
i=1

where 7, is the identified threshold of item i and T;; is the model-implied threshold. Now,

define a; = a,0(a?0% + L) 71/2, where L is the logistic variance that is the byproduct of
using the logistic instead of the probit link function in the 2PL model. Then, (81) can be
rewritten as

I I 2
- 2 ~
H(p) =) wini(bp — (n—b))" =Y w; (bi2 —(n— bil)) , (82)
i=1 i=1
where w; = Cw;a; (C is an appropriate scaling constant) and by = ai_li'iz. Note that

bi» = po — bjp = po — bjy — e; for a data-generating true mean .
The minimization of (82) leads to a weighted mean

I ~ I
Y wi(bip — bir)
n o i=1 L i=
where W = 25:1 w;, and g in (83) denotes the true mean.

Hence, one can determine the linking error as the variance in the second term on the
right-hand side in (83). We then obtain the linking error in fixed item parameter calibration

wie;
1

(83)

LE(p) = + =L (84)
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By the Cauchy-Schwarz inequality, it holds that

I
W=)Yw<VI (85)
i=1
Hence, we get from (84) by using (85)
LE(7) > ! T . (86)

Vi
Hence, the linking error has a lower bound in which all item-specific weights were set
equal to one. This case corresponds to the linking error in the Rasch model obtained for
mean-mean linking [15,17]
- T
LE(fi) = —=. 87
W=7 (87)
This linking error is also obtained in FIPC of the 1PL model using unweighted least squares
(ULS) estimation.

Interestingly, the finding in (86) illustrates that using incorrect item parameters in
the FIPC in the presence of DIF effects results in a precision loss. Hence, the maximum
likelihood estimation can only achieve the most efficient estimates under correctly specified
models. Because it is almost always expected that there are some intentionally unmodeled
DIF effects in real datasets, the dominance of the maximum likelihood estimation in LSA
practice can be questioned.

5.6. Linking Error in Concurrent Calibration

In this subsection, we derive the linking error for the estimation of the 2PL model in
two groups. The mean and the standard deviation of the ability variable 6 are fixed to 0 and
1, respectively. The mean p and the standard deviation ¢ of the second group are estimated.

Like in Section 5.5, we assume that there are only DIF effects ¢; in item difficulties
and no DIF effects in item discriminations. We assume that ¢ can be estimated without
bias and derive the linking error under concurrent calibration using DWLS. DIF effects
e; with zero means follow bj; = b;; + ¢;. The identified parameters are given by b = by
and bj, = bj, — . The estimation of the vector of common item difficulties b = (by, ..., by)
and the mean y is conducted using a weighted square loss of differences in estimated and
model-implied item thresholds. By simplifying the setting while assuming known item
discriminations and standard deviation, the optimization function is given by

I I

H(p,b) = Y win(bn —b:)* + Y wip(bp + pu — b;)?, (88)
i=1 i=1

where weights w;, are allowed to be group specific (¢ = 1,2). The estimating equations for

u and b are given as

wi1(3i1 - Bl) + wl‘Q(lA?l‘z + ﬁ — El) =0and (89)
I ~ ~
Y wip(bp+p—b;)=0. (90)
i=1

By inserting (89) into (90), we obtain

I i I 2 5 .
5 N wirbjy + wpbp + wipfl

Y wipbip + ) wppt — Y wpp =0. 91)

i=1 i=1 i=1 Wit + Wi
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Equation (91) can be further simplified to

I I I
Wi1W; S Wi1W; R wWi1W; N
Z 152 bi2 Z 152 n— 11Wi2 bil 0. (92)
i=1 Wi1 T Wiz o1 Wil +Wip = win + wpp

By defining w} = (wj;; + W) " wjw;, we obtain from (92)

I I
Z w; (b — bj1) Z w;e;
p=—— = (93)
i=1 i=1

Hence, we obtain the linking error for fi

I
| o)
LE(f) = 55 94)

T
where W* = Y-I_| w?. Again, one can conclude LE(f1) > 7,/+/I. Hence, using the linking
error 7,/+/1 that does not take item-specific weights into account provides a lower bound
of the true linking error.
If the weights w;; and w;; would be equal across both groups, we obtain the same
linking error like under fixed item parameter calibration.

5.7. Linking Error for Derived Parameters

In previous sections of this paper, we derived the linking error for y and o for dif-
ferent applications of the 2PL model. Sometimes, other distribution parameters might
be estimated. In this subsection, we assume that the ability variable 6 is approximately
normally distributed and derive the linking error for nonlinear functions % of 1 and ¢. Let
v = h(8) = h(p, o) be a nonlinear function of the mean y and the standard deviation o. Let
V denote the variance matrix of § regarding item choice (i.e., quantifying linking errors).
The linking error estimate ¥ = h(f1,0) is given as

oh  oh 2
LE(?) = VuTVu, whereu' = ( — > andV = ( G 0”2‘7 ) . (95)
o do Vyo Vg
We now illustrate the computation in two examples.

5.7.1. Proportions

First, we are interested in computing the probability p

p=hno)=POcla,c)=@( e-n) - @-n).  ©6

The partial derivatives of / are given as

h

@ = ¢! [4)((7*1(02 — y)) — ¢<a*1(c1 — y))} = —aild(‘u,a,cl,cz) and 97)

% =—0? {4’(‘771(02 - V)) - 4’(‘771(C1 — y))] = —02d(y,0,c1,02), (98)
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i=1

where d(u,0,c1,02) = 4)((7’1(02 —u)) — ¢(c (1 — 1)) Hence, we can determine the
linking error of p = g(fi, &) using (95) as

LE(p) = 07 d(,6,¢1,¢2) /%, + 07263 +20 100, 99)

where vy, v[,, and 0y, are estimated linking variances and covariances.

5.7.2. Percentiles

Second, the linking error of the pth percentile Q, should be computed. The pth
percentile is defined by

PO < Q) = (0 (Qp—m) =p. (100)
Hence, we can solve (100) for Q, and obtain

Qp=h(p,0)=p+oz, (101)

where z, = ®~1(p) is the pth percentile for the standard normal distribution.
Now, we can compute the linking error of Qp. We obtain

oh oh _
i and 2~ =2z, . (102)

The linking error of the percentile Q, using (95) is given by

\/vz + 22 &+ 22040 (103)

It can be seen that for more extreme percentlles, the absolute value of z;, gets larger and the
linking error for o (i.e., 9 in (103)) becomes more relevant.

5.8. Computation of Total Error and Sampling Error Correction for Linking Error Estimates

In practical applications, the sampling error SE due to the sampling of persons must
also be taken into account to quantify the uncertainty in the o and y estimates. The total

error (TE) is given by (see [18,19])
TE = {/SE? + LE?. (104)

A critical issue might be that estimated linking errors also include a portion of vari-
ability that can be attributed to the sampling error of persons. We illustrate an analytical
bias correction method for the case of log-mean-mean linking. The issue in the sandwich
estimate is the variance matrix (i.e., the meat matrix) B; (see (31) for the computation). The
identified item parameters also include a sampling error variance that can be estimated
by fitting an item response model. Let v}, be the variance of log 4, — logd;; due to person
sampling (i.e., v}, = Var(log d;; — logd;;). Then, we can determine a corresponding entry
in the meat matrix B; by modifying (31) into

I I I I
Y Var(g1(8;ai1, b, fi,ei)) = )_ Var(log i — logdj — s) Z (Var(f;) +0f) = Itz + Y _ o} . (105)
i=1 i=1

i=1
In the derivation of (105), we relied on the property that item parameters of different
items are approximately uncorrelated in sufficiently long tests [57]. The other entries in
B; can be similarly determined. By defining v}, = Var(bj, — b;1) and v}, = Cov(loga, —
log 41, by — Eil), Equations (16) and (17) can be modified to

I I
Y Cov(g1(d; a1, bir, firei), 82(5;an, bin, firei)) = Ity + Y, vfyy, , and (106)
i=1 i=1
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I I
ZVar(gz(é; a1, b, fiei)) = ITg + Z v} - (107)
i=1 i=1
Hence, the originally obtained meat matrix B; can be removed from sampling error
contributions by defining a bias-corrected estimate

I I
* *
Z Via iab
i=1

i=1

I 1
Z (G Z Vi
i=1 i=1

This approach was implemented in the simplified setting in the 1PL model [17].
We now show how to generalize the bias-corrected estimate of the meat matrix B;. We
can rewrite the estimate from Equation (9) as

B;(8) = B(d) — V*, where V* = (108)

I
Bi(6) = )_8(d:9)8(8:%:) ", (109)

where 4; = (851, b, din, Eiz)- The estimate ; includes the sampling error, and the sampling
variance is denoted as

V; = Var(%;) =E[(4i —7) (3 — %) "] - (110)

The estimating function g in (109) can be viewed as a function g = g(J, ). Denote by
gy = (9g)/(97) the matrix of partial derivatives with respect to . We can now apply a
Taylor expansion and obtain

8(3,49:) = g(8,7i) + 8y (8, vi) (4 — i) - (111)

Using E(4;) = 7, we can obtain a bias-corrected estimate of the bread matrix as

1
Bi(8) =B1(8) — Y_g,(8, 7)Vigy (6, 1) " . (112)
i=1

6. Discussion

In this article, we have shown that the sandwich formula from the M-estimation theory
can be successfully employed for computing the linking error in the 2PL model in a variety
of situations. It was shown in a simulation study for the log-mean-mean linking of two
groups that the expected sandwich estimate of the linking error produced satisfactory
coverage rates. Interestingly, it had a comparable performance to the jackknife linking error
in the 2PL model.

As with any simulation study, some limitations of our study can be stated. More
comprehensive studies could involve a different range of standard deviations of the DIF
effects, different test lengths, or other linking approaches. It might be interesting to compare
the performance of the M-estimation approach with the jackknife linking error for the more
complex linking problems of chain linking and trend estimation.

In the simulation study, we only considered uncertainty in distribution parameters due
to DIF effects (i.e., linking errors). In practical applications, there will also be a sampling of
persons, and the simultaneous assessment of sampling errors and linking errors would be
an exciting extension of this study.

In most of the applications involving instruments with cognitive and noncognitive
items, linking errors are not reported even if linking approaches were utilized [43,58,59].
There might be two reasons why this is the case. First, simulation studies typically pre-
suppose that the IRT model perfectly fits the data. That is, the DIF is absent, and the
IRT model is correctly specified. Second, items could be treated as fixed, and the model
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misspecification is taken for granted but is not included in the uncertainty quantification of
the linking approach. In our view, linking errors provide additional information about the
impact of heterogeneous item functioning on parameters of interest and should, therefore,
(almost always) be additionally reported. In general, we do not think that the presence of
DIF or IPD threatens the validity of group differences or trend estimates.

It should be emphasized that our proposed linking error for the trend estimates in
the 2PL model differs from a newly proposed linking error estimate since PISA 2015 [4].
The latter relies on a recalibration approach of the item response data from the first time
point [34,60]. The new PISA linking error rather assesses the extent of the assumed nonin-
variant item parameters across the two PISA studies instead of quantifying the variability
due to heterogeneous item functioning.

The derived linking errors rely on the assumption that item parameters are identified.
In LSA studies such as PISA, balanced incomplete block designs are employed in which only
a subset of items is administered to each student [61]. If item parameters can be identified
in such test designs, linking error formulas would not change because country means and
standard deviations are based on all the items administered in the test, irrespective of the
proportion of items administered to each student.

As argued by an anonymous reviewer, the computation of linking errors relies on
the assumption of a representative item sample from an item population. Notably, the
identification of item parameters in the joint maximum likelihood estimation also requires
asymptotic regimes regarding the sample size and the number of items [62-64] but does
not require that items are a random sample from an item population. However, the main
difference in the computation of linking errors is that linking errors reflect the variability in
the distribution parameter estimates due to the DIF. Infinite item samples are not required
for model identification; they are only used as a statistical tool for justifying the statistical
inference with respect to modeled or unmodeled DIF.

Finally, we assumed that DIF effects had zero means throughout this paper. However,
this assumption is not essential in deriving linking errors because the M-estimation theory
does not require that estimated parameters converge to true parameters. The M-estimation
theory will nevertheless provide the asymptotic variance in a potentially biased estimator.
However, DIF effects could also result in a mean that is different from zero. For example,
Ref. [28] assumes that the median of the DIF effects equals zero. In this case, log-mean-mean
linking in the 2PL model could be replaced by an alternative robust linking method in which
the mean is substituted with the median. Notably, the choice of an adequate estimating
function to provide unbiased distribution parameters depending on the distribution of DIF
effects is a different topic though [18].
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Abbreviations

The following abbreviations are used in this manuscript:
1PL one-parameter logistic

2PL two-parameter logistic

DIF differential item functioning
DWLS diagonally weighted least squares
FIPC fixed item parameter calibration
IPD item parameter drift

IRT item response theory

JK jackknife

LE linking error

LSA large-scale assessment studies

PIRLS  progress in international reading literacy study
PISA  programme for international student assessment
ULS unweighted least squares
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