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Abstract

We investigate dark photon emission from the final state leptons in the rare decay
DY — eTe~ A’ within a point-like description of the parent transition. The physical electron
mass and exact three-body kinematics are retained throughout the complete phase space
for each dark photon mass in the interval 1 MeV < m 4, < 1.80 GeV. By normalizing the ra-
diative width to the corresponding non-radiative width, we obtain dimensionless radiation
factors that are independent of the unknown normalization of the effective D® — e*e~ am-
plitude. This formulation allows the mass dependence, polarization content, and spectral
shape to be studied without fixing the poorly constrained kinetic mixing parameter. A co-
variant decomposition separates the transverse and longitudinal dark photon contributions,
while normalized dilepton invariant mass spectra describe the event kinematics. Across
the scanned mass interval, the mixing-independent pseudoscalar radiation factor decreases
by more than nine orders of magnitude and approaches zero at the kinematic endpoint.
The transverse modes dominate throughout the scanned interval, while the longitudinal
fraction remains approximately 11% to 20%. The normalized dilepton invariant mass
spectrum shifts toward lower masses as 1 4: increases. After normalization, the scalar and
pseudoscalar radiation factors differ only through finite electron mass effects. These results
provide a quantitative polarization-resolved benchmark for the point-like lepton final-state
radiation component and can serve as baseline input for more complete phenomenological
studies of rare charm decays.

Keywords: dark photon; rare charm decay; leptonic FSR

1. Introduction

The search for physics beyond the Standard Model increasingly includes light states
with weak couplings, since such particles may evade direct production at high energies
while remaining accessible to precision and intensity measurements. A simple realization
is an additional Abelian gauge field that couples weakly to the electromagnetic current
through kinetic mixing [1-3]. This mechanism motivates a hidden vector boson A’ that can
mediate weak interactions between the visible and secluded sectors below the electroweak
scale [4]. Subsequent theoretical developments established the phenomenology of dark
photons, proposed dedicated production strategies for electron fixed target experiments
and electron-positron colliders, and summarized the expected experimental sensitivities
over a broad range of m 4 and search channels [5-8]. The resulting experimental program
now covers several complementary signatures. Electron beam experiments constrain
visible production at low masses [9,10]. Electron-positron colliders and neutral meson
decay measurements test narrow visible resonances [11-14]. Missing energy measurements
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and proton collision data probe invisible decays and muon states [15-17]. More recent
searches have further broadened this experimental program. NA64 has set stronger missing
energy constraints on light dark matter production mediated by A’, while NA62 has
searched for visible leptonic decays of dark photons with long lifetimes using beam dump
data [18,19]. Dedicated accelerator projects have also extended the future discovery reach
through projected sensitivity studies for SHiP [20], the DarkSHINE missing momentum
experiment [21], direct searches at FASER [22], and the proposed Lohengrin electron fixed-
target experiment [23]. Taken together, these theoretical and experimental developments
show that dark photon signals depend sensitively on the mixing interaction, m 4/, the
available phase space, and the accessible decay channels. Consequently, the finite mass of
an on-shell A’ must be treated explicitly, and its emission cannot be obtained through a
simple reinterpretation of real photon radiation.

Final state radiation (FSR) from charged leptons provides a clean framework for
studying these finite mass effects separately from additional dynamical contributions.
In D — e*e~ A/, the dark photon can be emitted from either outgoing lepton. The two
emission diagrams cannot be treated as independent contributions to the decay probability.
Their amplitudes must be summed coherently to construct the complete radiation current
before the squared matrix element is evaluated. The resulting current satisfies the Ward
identity, and the associated interference term is an essential part of the physical decay
rate. The classic analyses by Bloch and Nordsieck and by Yennie, Frautschi, and Suura
established the treatment of infrared singularities in quantum electrodynamics [24,25].
Kinoshita, Lee, and Nauenberg showed how mass singularities cancel when physically
degenerate final states are combined [26,27]. Weinberg further exposed the universal
structure of soft radiation [28]. Those results control the massless limit, but the problem
considered here has an on-shell vector with nonzero m 4/. Its mass changes the regions
associated with soft and collinear enhancement, reduces the allowed three-body phase
space, and introduces a physical longitudinal polarization. These effects require an exact
finite-mass calculation rather than a soft vector or collinear approximation.

Rare charm decays provide a useful environment for studying this radiation compo-
nent because flavor-changing neutral currents in the charm sector are strongly suppressed
at short distance within the Standard Model. General analyses of rare D decays show that
long-distance hadronic dynamics can dominate exclusive rates even when the underlying
short-distance transition is small [29,30]. The radiative leptonic modes DY — eTe "y and
D® — u*u~v have already been examined with both Standard Model and new physics
contributions [31]. Correlations between D?-D? mixing and DO — ¢+¢~ also demonstrate
how rare leptonic decays can test interactions that are difficult to isolate elsewhere [32].
Related studies of inclusive and exclusive dilepton channels identify observables that may
still retain sensitivity to short-distance physics and new interactions [33,34]. Experimentally,
Belle obtained B(DY — ete™) < 7.9 x 1078 at 90% confidence level [35]. The additional
particle in D° — e*e~ A’ enlarges the kinematic information but also allows several distinct
radiation sources. In contrast, radiation from the final electron and positron defines a
gauge-invariant point-like contribution whose mass dependence and polarization content
can be studied without specifying additional hadronic amplitudes. Isolating this contri-
bution provides a controlled baseline for more complete treatments of the decay. These
considerations motivate a finite mass benchmark for the point-like lepton radiation compo-
nent that resolves the physical polarizations and removes dependence on the unknown
normalization of the underlying D — e*e~ amplitude.

It is worth noting that the mass interval considered here includes the region around
17 MeV associated with the X17 anomaly [36,37]. For a hypothetical spin-1 X17 state with
a vector coupling to electrons, the present calculation may provide a useful benchmark
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for the point-like lepton FSR component near this mass scale. Since X17 interpretations
can involve additional model-dependent couplings and hadronic dynamics, a dedicated
phenomenological analysis of the X17 hypothesis is beyond the scope of this work.

In this work, we calculate the point-like FSR contribution to DY — ete— A/, retaining
the exact three-body kinematics and the full dependence on the physical electron and
dark photon masses. No soft vector or collinear approximation is employed. We explicitly
resolve the transverse and longitudinal physical polarizations of the on-shell massive
vector and construct normalized observables for local pseudoscalar and scalar leptonic
vertices. By normalizing the radiative widths to the corresponding non-radiative widths,
the unknown normalization of the underlying D° — e*e~ amplitude is eliminated. The
resulting radiation factors, polarization fractions, and normalized spectra therefore define
a gauge-invariant benchmark for the point-like lepton radiation component, rather than a
complete prediction including structure-dependent or long-distance charm contributions.
The numerical implementation is described in Section 3.

2. Interaction Model and Decay Kinematics

We consider the on-shell decay of a neutral spin-zero meson into an electron, a positron,
and a massive dark photon. The four-momenta of the parent meson, electron, positron, and
dark photon are denoted by p, p—, p+, and k, respectively. Their masses are denoted by
mpo, Me, and m 41, where m 4 is the dark photon mass. Four-momentum conservation and
the on-shell conditions are

DOp) = e (p-)+et(py)+ A'(k), .

)
p=p +pi+k  pP=md, pi

= K =m>,.

Only final-state radiation from the outgoing electron and positron is retained. The
dark photon can therefore be emitted from either of the two outgoing lepton lines, as
shown in Figure 1. Both diagrams contribute to the same physical final state, and their
amplitudes must be summed coherently before the squared matrix element is evaluated.
The non-radiative transition D° — e*e~ is represented by a local momentum-independent
vertex. Consequently, the two lepton emission diagrams constitute the complete radiation
current within the present point-like model. Radiation associated with hadronic structure,
long-distance charm dynamics, and interference with omitted amplitudes is not included.

Natural units 71 = ¢ = 1 and the metric g¢"” = diag(1, —1, —1, —1) are used throughout.

A0 e ()

D (p) D°(p)

et (p+) A'(k) et (p+)

Figure 1. Final state radiation (FSR) contributions to D%(p) — e~ (p—)e* (p+) A’ (k), with the dark
photon emitted from the electron line (left) or the positron line (right). The two amplitudes are
summed coherently.
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To leading order in the kinetic mixing parameter €, the dark photon interaction with
the electron current and the parent decay amplitude are written as

Lint = —€€A;ﬂl33’Y”lPe,

_ . ()
Mox = a(p-)Txo(p+), I'p =igp7s, I's = gs.

where 1. denotes the electron field, e is the magnitude of the electron charge, and
a = a(0) = €?/(4n) is the on-shell fine-structure constant. The label X € {P,S} dis-
tinguishes the pseudoscalar and scalar leptonic structures of the effective D? — eTe™
transition amplitude, with gp and g5 denoting the corresponding effective couplings. The
pseudoscalar structure is adopted as the reference case, while the scalar structure provides
an independent test of the Dirac structure of the effective interaction. The corresponding
two-body width is

Mmp

4m?
ro,xzs—;ﬁmx, Bo=[1— ¢

my,’ (3)

Np =[gp[>,  Ns=p2lgs|*.

No initial spin average is required because the parent meson is spinless. For either choice
of X, the same effective coupling appears in the radiative and non-radiative widths and
therefore cancels in their ratio.

The three-body phase space is conveniently described by the Lorentz invariants

s=(p-+p)=mi,, t=(p-+k?  u=(ps+k?
st u = mpg + mb, +2m}.

(4)

where m,+,- is the electron pair invariant mass. Only s and t are independent. The exact
physical region is

4m? < s < (mpo —mar)?, t(s) <t <ty(s),

2 2
m2, —s—m
te(s) = m2+m% + —2 > 4
(5)
\//\(s, m2, m2)A(mz,s,m3, )
2s ’

Ax,y,z) = X2+ yz + 2% — 2xy — 2xz — 2yz.

The allowed Dalitz region closes at both endpoints of the s interval. In particular, it
collapses when m 4, approaches mpo — 2m,, which requires the integrated three-body
width to vanish continuously.

After summing over final lepton spins and the three physical dark photon polariza-
tions, the differential and integrated FSR widths are

A 2
o Z |MFSR,X
d rFSR,X __ spins,A
ds dt 256783 m3, (6)
(mDO _mA/)z fy (5) dZFFSR X
Trsrx = | ds [ ar TR,
FSR,X a2 b (s) ds dt

Equation (6) is the starting point for all numerical observables discussed below. The limit
m 4 — 0 is meaningful at the amplitude and differential levels, but the cut-free real photon
width is infrared singular. The numerical scan therefore begins at a finite dark photon mass.
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3. Radiative Amplitude and Numerical Implementation
The electron and positron emission diagrams contain the propagator denominators
D_=(p_+k?—m?=2p_-k+m? =t—m3,

7
Dy = (py+k)?—m2=2ps k+m’ =u—ms @

With the momentum assignments of Equation (1) and the invariants of Equation (4), the
complete FSR amplitude is

Mty x = eeei™ (k) a(p-) Tho(p-),

p_+Kk+m —p, —Kk+m (®)
= ’YFTEFX +FX+D—+E’YV-

The relative structure and sign of the two contributions are fixed by the opposite elec-
tric charges of the outgoing electron and positron. Using the external Dirac equations,
contraction of the complete current with the emitted momentum gives

kuit(p—)Jio(py) = 0. 9)

This Ward identity holds at every physical phase space point for both effective vertex
structures. Current conservation eliminates contributions proportional to k*, while leaving
the physical longitudinal polarization of the massive vector intact.

A covariant separation of the longitudinal and transverse contributions is obtained from

(p - k)kt — m3, p*

H _
e (pk) = /
mA/\/(p k)2 — mZ,m?,
P =€, (10)
kHkY
PR = —gh + - p".
A/

Here P%V represents the sum over the two transverse helicities, while P{l " isolates the
single longitudinal helicity. Defining J% = 7°(J%)"7?, the spin-summed tensor and the
polarization-resolved widths are

HY =Tl (p_+me) I (p, —mo)Tk),
dzl"a,X . e%e?

dsdt — 25673m3,

HY Payw, ac{T, L}, (11)

I'esgx =T'rx + T x.

Equations (9)—(11) provide complementary analytic checks. Equation (9) verifies current
conservation, Equation (10) resolves the physical polarization content, and Equation (11)
requires the independently integrated transverse and longitudinal contributions to repro-
duce the total rate. These covariant expressions are evaluated numerically over the exact
three-body phase space defined in Equation (5).

All dimensional quantities are converted to GeV in the numerical evaluation, al-
though selected masses are reported in MeV where convenient. The numerical inputs are
mpo = 1.86484 GeV, m, = 0.00051099895069 GeV, and a~! = 137.035999178 [38], with
e = V/4ma. The parent lifetime enters only when an absolute width is converted into a
branching fraction and does not affect the normalized radiation factors. The electron mass
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is retained exactly throughout the calculation, and no soft vector or collinear approximation
is employed.

For numerical stability, the physical Dalitz region is mapped onto the unit square
according to

(x) = Smin + (Smax - Smil’l)xl

toxy) =t-[s()] + (e [s()] —t-[s(x)])y, 0<xy<1,

1 1 4r X
T.x = — Smi / d / dy (tp —t ) x —= )
2X = (Smax = Smin) o o y (£ ) dsdt |s—s(x), =t(xy)

(12)

where smin = 4m2 and smax = (mpo — m)?. This transformation prevents sampling
outside the physical region and remains well conditioned when the available phase space
becomes narrow near the endpoint.

The unknown normalization of the non-radiative amplitude is removed by forming
dimensionless ratios. The observables used in the numerical analysis are

I
Rax = FH’X, Rx = Rrx + Rrx,
0,X
_ R _ R R
Ra,X = ;éX/ RX = 672(/ fL,X == IQL;(X/ (13)

pX(meﬂz*) dme*e* =1

1 dl"FSR,X mpo =M 4/
Px (meJre* ) o /2

- 7
IwFSR,X dme*e* e

Each radiation amplitude contains one factor of €, so every radiative width is proportional
to €2. The calculation may therefore be performed at € = 1, after which the physical result
is recovered by multiplication by €2. The normalized spectrum py isolates the spectral
shape from the rapidly changing total rate.

The two-dimensional phase space integrals in Equation (12) were evaluated using
nested adaptive Gauss—Kronrod quadrature on the unit square. The Ward identity, electron-
positron exchange symmetry, and polarization closure were used as internal checks of the
numerical implementation. The unit normalization of px and the vanishing of the width at
the kinematic endpoint were also checked.

4. Numerical Results and Benchmark Implications

The numerical scan covers 1 MeV < m s, < 1.80 GeV, with the upper end remaining
below the exact kinematic endpoint mpo — 2m, = 1.863818 GeV. The my = 1 MeV
benchmark lies below the A" — ete™ threshold and should therefore be interpreted as a
production-level result rather than a visible dielectron signal benchmark. We first examine
the mass dependence of the total radiation factor and its polarization composition, shown
in Figure 2. We then assess the sensitivity to the effective leptonic vertex structure and
the associated branching fraction envelope, and finally discuss the dilepton invariant
mass spectrum.

The mixing-independent pseudoscalar radiation factor Rp decreases monotonically
by more than nine orders of magnitude across the scanned mass range. At small m,/,
configurations in which the emitted vector carries little energy retain the enhancement
associated with real photon radiation. As m 4/ increases, this enhancement weakens while
the available three-body phase space contracts. These two effects account for the rapid
suppression of the radiation factor and drive the total width continuously toward zero at
the kinematic endpoint.
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Figure 2. Mixing independent pseudoscalar radiation factors for D — e*e™ A’ as functions of the
dark photon mass. The black solid curve shows the total factor Rp, while the blue dashed and red
dash-dotted curves show the transverse and longitudinal contributions, RT, p and Ry p, respectively.

The polarization decomposition provides complementary information about the struc-
ture of the signal. The transverse modes dominate throughout the scanned interval, while
the longitudinal fraction remains approximately between 11% and 20% and develops a
broad maximum at intermediate masses. This nonmonotonic behavior reflects the competi-
tion between the mass dependence of the longitudinal polarization vector and the reduction
of the recoil phase space. It also clarifies the role of current conservation. The Ward identity
removes the unphysical component parallel to k¥, but it does not eliminate the physical
longitudinal helicity of a massive vector particle. The longitudinal contribution should
therefore be retained in signal modeling over the full mass range considered here.

To assess the dependence on the effective leptonic vertex structure and to connect
the normalized radiation rate with the experimental constraint on the two body decay,

we define 2 2
Asp = = R L,
- P (14)
Elg:gR,P = FES'?’P — BgO(DO N €+€7) RP-

where B (DY — ¢*e~) denotes the 90% confidence level upper limit reported by Belle [35].
This relation defines a benchmark envelope under the assumption that the point-like
D% — ete~ amplitude saturates the experimental upper limit and is not reduced by de-
structive interference with additional non-radiative amplitudes. Representative values of
all four quantities are collected in Table 1.

After normalization to their respective two-body widths, the scalar and pseudoscalar
radiation factors remain nearly identical, with relative differences below the per mille
level throughout the tabulated range. Within the present point-like model, this small
residual difference can be attributed to finite electron mass effects. The last column of
Table 1 combines Rp with the experimental upper limit on D? — eTe™ to give a mixing-
independent branching fraction envelope. For a specified value of the kinetic mixing
parameter, the corresponding physical envelope is obtained by multiplying this column
by €2. Its rapid decrease with m 4/ follows directly from the suppression of Rp, indicating
that the point-like FSR contribution is largest at low dark photon masses. The resulting
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envelopes apply only to this contribution and do not include other possible contributions

to DO — ete™ A’

Table 1. Representative values of the pseudoscalar radiation factor, longitudinal fraction, relative

scalar and pseudoscalar difference, and mixing-independent branching fraction envelope.

=590

myr [MeV] Rp fLp Agp Brgsr p

1 2.1296 x 1071 0.1138 219 x 1078 1.7 x 1078
10 9.3688 x 102 0.1497 351 x 108 7.4 x107°
100 2.2552 x 1072 0.1934 7.64 x 1078 1.8 x 107°
250 7.9868 x 1073 0.1999 1.42 x 1077 6.3 x 10710
500 21218 x 1073 0.1882 3.26 x 1077 1.7 x 10710
1000 1.3050 x 104 0.1550 1.62 x 10°© 1.0x 10711
1500 1.2727 x 10~ 0.1272 1.48 x 107> 1.0 x 10713
1800 1.9431 x 1010 0.1137 592 x 104 1.5 x 10717

Finally, the normalized dilepton invariant mass spectrum defined in Equation (13)
complements the integrated radiation factor by describing how events are distributed
within the allowed phase space. Figure 3 shows the normalized pseudoscalar spectra for
the representative dark photon masses m 4 = 10, 500, and 1500 MeV. As m 4/ increases,
less energy remains available to the dilepton system, and the spectral maximum moves
systematically toward lower invariant masses. This behavior provides a characteristic
kinematic signature of the dark photon mass hypothesis. The resulting spectral maxima
should not be interpreted as resonances in m,+,-, because the on-shell dark photon is
emitted as the third external particle rather than appearing as an intermediate state in
the dilepton channel. A prediction for an experimentally observable signal additionally
requires the relevant A’ decay branching fraction and lifetime, together with detector
acceptance, selection efficiency, and background estimates.

7 T T T T T T T T T T T T T T
my =10 MeV

----- my =500 MeV

—-—- my =1500 MeV

pP(me‘Le‘) [GeV_l]

-
P e
-

-t 1

1 n s | o s |
0.00 025 050 075 100 125 150 1.75

m.+.- [GeV]

Figure 3. Normalized dilepton invariant mass spectra pp(n,+,-) for D® — e*e~ A’ in the pseu-
doscalar benchmark. The black solid, blue dashed, and red dash-dotted curves correspond to
my = 10, 500, and 1500 MeV, respectively.

5. Conclusions

We have presented a polarization-resolved calculation of the point-like final-state
radiation contribution to D® — e*e~ A’, retaining the physical electron mass and exact
three-body kinematics throughout the scanned dark photon mass interval. Normaliz-
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ing the radiative width to the corresponding non-radiative width removes the unknown
normalization of the underlying D? — ¢*e~ amplitude and yields dimensionless radia-
tion factors. The resulting mass dependence provides a quantitative benchmark for the
point-like dark photon radiation contribution. The longitudinal contribution remains
nonnegligible throughout the scanned interval and should therefore be retained in sig-
nal modeling. The normalized dilepton invariant mass spectrum also shifts systemati-
cally toward lower values as m 4/ increases, reflecting the reduced energy available to the
dilepton system.

These results provide a finite mass benchmark for the point-like final state radiation
contribution from leptons in rare D° decays. The radiation factors, polarization fractions,
and normalized spectra can be used to validate independent calculations and as baseline
inputs for more complete phenomenological analyses. The branching fraction envelopes
apply only to the point-like lepton radiation contribution and do not constitute a complete
prediction for D? — eTe~ A’. In particular, structure-dependent radiation, long-distance
charm dynamics, and their possible interference with the lepton line contribution are
beyond the scope of the present calculation. These effects may be incorporated in future
extensions of the present framework.
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