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Abstract: By adopting the deformed relativistic Hartree-Bogoliubov theory in continuum
(DRHBc) with the point-coupling density functional PC-PK1, we investigate the shell
structure evolution of even—even U, Pu, and Cm isotopic chains from the proton drip
line to the neutron drip line. The Fermi energy A,, two-neutron separation energy Sy,
two-neutron shell gap dy,, and quadrupole deformation j, all indicate the major shell
closures at N = 126, 184, and 258. The emergence of sudden drops between U and Pu
isotopic chains in the proton Fermi energies A, around these neutron shell closures is a
consequence of the designation convention when the pairing collapse at the spurious shell
closure Z = 92 occurs. The fine structure in the two-neutron shell gap, like negative doy,
may be related to the ground-state shape transition. Finally, the subshells indicated by the
small-scale peaks in the two-neutron shell gaps can be well understood by the deformed
gaps in the single-neutron levels obtained by DRHBc theory.
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1. Introduction

The shell structure evolution of nuclei has been extensively studied in many efforts,
playing an important role in nuclear physics and astrophysics [1,2]. Currently, many nuclear
experimental facilities aiming at the exploration of exotic nuclei away from the S-stability
valley are in use or under construction, such as the High-Intensity Heavy Ion Accelerator
Facility (HIAF) in China [3], the Radioactive Ion Beam Factory (RIBF) in Japan [4], and the
Facility for Rare Isotope Beams (FRIB) in the United States [5]. Over the years, experiments
have led to a series of discoveries concerning the occurrence of new magic numbers and
the disappearance of traditional magic numbers, for instance, evidence for shell closures
at N = 32, 34 in ®*Ti [6] and %*Ga [7], and the local N = 40 shell closure in the magic Ni
isotopic chain [8].

Theoretically, the density functional theory provides a microscopic and self-consistent
way to globally study the structure of atomic nuclei across the nuclear landscape [9,10].
For non-relativistic approaches, the calculation mass table has been conducted using
Skyrme [11-14] or Gogny [15-17] Hartree—-Fock-Bogoliubov density functional theories.
For relativistic approaches, covariant density functional theory (CDFT) can provide a
self-consistent description and has made significant advances as well [10,18-24].

Based on CDFT, considering pairing correlations, continuum effects, and axial defor-
mation degrees of freedom simultaneously, the deformed relativistic Hartree-Bogoliubov
theory in continuum (DRHBc) was developed [25,26]. Currently, DRHBc theory, grounded
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on the point-coupling density functional PC-PK1 [27], has evolved strategies and technolo-
gies for even-Z nuclei [28,29]. It has recently been applied to construct mass tables for
even-Z nuclei in Refs. [30,31], and mass tables for odd-Z nuclei are currently in develop-
ment. Many interesting topics have been discussed along this line. Specifically, DRHBc
theory has been used to study the ground state properties of Z = 6 isotopic chains, with a
particular focus on the study of the neutron halo phenomenon [32]. In addition, DRHBc
theory has been applied to the research of the neutron drip line nuclei of superheavy
nuclear regions with Z = 106, 108, 110; even—even neutron-rich regions with Z = 8 to Z = 20;
and the position of neutron drip line nuclei for isotopic chains with Z = 50 to Z = 70 [33-35].
Moreover, DRHBc theory has successfully described the odd-even staggering and the kink
structure in the charge radii of mercury isotopic chains [36]. It is worth noting that DRHBc
theory has also been used to explore changes in quadrupole deformation with neutron
number in Te, Xe, and Ba isotopic chains, and an interesting phenomenon is that as the
neutron increases, all these isotopic chains exhibit a common characteristic of prolate-shape
dominance [37]. Additionally, DRHBc theory has been used for a systematic study of shell
structures. It not only successfully reproduces experimental data [38] and verifies the magic
numbers but also reproduces the disappearance of traditional magic numbers and the
emergence of new magic numbers [39]. The inner fission barriers of even—even uranium
isotopes are studied studies using DRHBc theory, and a periodic-like behavior is exhibited:
peaks at the shell closures and valleys in the mid-shells [40]. These research achievements
fully demonstrate the wide applicability and accuracy of DRHBc theory in nuclear physics
and astrophysics research.

In this paper, we will focus on the shell structure evolution in the even—even U, Pu,
and Cm isotopic chains by adopting DRHBc theory. It is interesting to note that in a very
recent experimental work [41], the proton drip line of their odd-Z neighboring element Np
has been determined to be 2!Np, which marks the heaviest proton drip line ever reached.
The established x-decay systematics suggested the robustness of the N = 126 shell closure
even in the vicinity of the proton drip line [41]. Besides, it is fascinating to explore the
possible shell closures, subshell structures, and their evolution in the neutron-rich region.

2. Theoretical Framework

The details of DRHBc theory can be found in Refs. [26,28,30,42]. Here, we only briefly
introduce its formalism. In DRHBc theory, the relativistic Hartree-Bogoliubov (RHB)
equation that self-consistently describes mean field potentials and pairing correlations

hp —Ar A Uy Uy
N . =EF , 1
< _A* —hj—j)+/\T> <vk> "<vk @

where /1p is the Dirac Hamiltonian, A; (T = 7, p) is the Fermi energy for neutron or proton,

reads

A is the pairing potential, Uy and Vj are the quasiparticle wave functions, and Ey is the
quasiparticle energy. In the coordinate space, the Dirac Hamiltonian is

hp(r) =a-p+V(r)+ BM+S(r)], )

where M is the nucleon mass, S(r) and V(r) are the scalar and vector potentials. The
pairing potential is

A(ry,1r2) = VFPP(ry,12)K(r1,12), (3)
where « is the pairing tensor and V*? is the pairing force of a density-dependent zero-
range type,

V(1) = Vo3 (1= P3(r =) (1 E1)), @
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with Vj as the pairing strength, (1 — P”)/2 as the projector for the spin S = 0 component
in the pairing channel, and ps,; as the saturation density of nuclear matter.

For an axially deformed nucleus with spatial reflection symmetry, the potentials and
densities can be expanded in terms of Legendre polynomials,

f(r)=Y fa(r)Pr(cosB), A=0,2,4,..., Amax (5)
A

Finally, in DRHBc theory, the RHB equations are solved using the basis expansion
method with the Dirac WS basis [25,43,44], which can properly describe the large spatial
extension of weakly bound nuclei.

3. Results and Discussion

Upon the efforts of the DRHBc mass table collaboration, the mass table for even-Z
nuclei in DRHBc with the PC-PK1 density functional [27] has been constructed [29-31]. The
numerical details adopted here for the U, Pu, and Cm isotopic chains follow the DRHBc
mass table calculations for the nuclear region 72 < Z < 100 [28,30]. That is, the box size
Rpox = 20 fm and the energy cutoff E.,+ = 300 MeV for the Dirac WS basis have been
chosen. The pairing strength Vy = —325 MeV - fm> and the pairing window 100 MeV are
used in DRHBc theory calculations. The Legendre expansion truncation order Amax = 8
and the angular momentum cutoff |max = 23/2% are taken.

First of all, for these three isotopic chains, the proton and neutron drip line nuclei
will be determined by the Fermi energies and the two nucleon separation energies. The
Fermi energy represents the change in total energy with the change in the number of
particles [45]. A negative Fermi energy usually corresponds to a positive separation energy
of a bound nucleus, and a positive Fermi energy implies an unbound nucleus in the mean
field level [28]. The nucleon separation energy can provide direct information on whether
the nucleus is able to emit nucleons or not.

Figure 1 shows the calculated neutron Fermi energies A, and proton Fermi energy Ap
for the even—even U, Pu, and Cm isotopic chains in DRHBc theory calculations. For the
convention where the pairing energy is zero, the Fermi energy is chosen to be the energy of
the last occupied single-particle state, which is the same strategy adopted in Refs. [28,29].
In Figure 1a, it is seen that the A, almost continuously increases with the neutron number
for a whole isotopic chain and finally becomes positive when going beyond the neutron
drip-line. The neutron drip-line nuclei for these isotopic chains are 350y, 352py, and 3%4Cm,
respectively, all corresponding to the neutron number N = 258. In Figure 1b, it is seen
that the A, starts from a positive value and almost continuously decreases with the proton
number for a whole isotopic chain. The first nucleus with negative A, corresponds to the
proton drip line, which is 22U with N =120 (A, = —0.16 MeV) for U isotopes, 2’Pu with
N =126 (A, = —0.07 MeV) for Pu isotopes, and 2°Cm with N =130 (A, = —0.36 MeV) for
Cm isotopes. Corresponding, the three nuclei are the proton drip-line nuclei. Note that
these neutron and proton drip-line nuclei determined by the Fermi energies are consistent
with the results by the two-neutron separation energies So,.

The sudden changes in the Fermi energies may suggest the possible shell closures. In
Figure 1a, the A, increases rapidly at certain neutron numbers, such as the well-known
magic number N =126 in U and Pu isotopic chains and N = 184 and 258 in U, Pu, and Cm
isotopic chains. The latter indicates new shell closures at N = 184 and 258. In Figure 1b, in
contrast to the Pu and Cm isotopic chains, the proton Fermi energy A, in the U isotopic
chain shows sudden drops when approaching the possible neutron shell closures N = 126,
184 and 258. As interpreted below, these sudden drops can be attributed to the proton
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pairing collapse originating from the spurious shell closure at Z = 92 in the single-proton
energy levels.
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Figure 1. Neutron (a) and proton (b) Fermi energies of even—even U, Pu, and Cm isotopic chains in
DRHBc theory calculations.

Taking the nuclei 27°U, 278Pu, 22Cm with N = 184 as an example, Figure 2 shows the
single-proton levels near the Fermi energy as a function of the deformation parameter .
In this subfigure (a), there is a significant spherical shell gap of Z = 92 around 3.816 MeV
between the degenerate spherical orbitals 2f;/, and 1hg,,, which is even larger than the
traditional spherical shell of Z = 82, as shown below. Due to the existence of this proton
shell Z = 92, the U isotopes with neutron number not far away from shell closures tend to
be spherical, and the corresponding proton pairing energy tends to be zero. This pairing
collapse leads the proton Fermi energies around N = 184 for these Uranium isotopes located
at the designated spherical orbital 149 ,,. For the neighboring uranium isotopes away from
N = 184, the ground states are deformed with Fermi energies above 1hg,,. As a result, in
Figure 1b, focusing the neutron numbers around the possible shell closure N = 184, there is
one sudden drop from 174 to 176, jumping from Fermi energies above 1hy/, in deformed
nuclei to exactly 1hg,, when pairing collapse occurs, together with one sudden rise from
196 to 198 when shape transition from spherical to deformed occurs. The shape evolution
will be further discussed with quadrupole deformation later. For Pu and Cm isotopes with
two or four more protons, in Figure 2b,c, the Fermi energies just stay between these two
orbitals 1hg/, and 27,5, both for spherical ground states close to N = 184 and for deformed
ground states away from 184. Consequently, the Fermi energies around N = 184 for Pu and
Cm isotopes displayed continuous behavior without abrupt changes as shown in Figure 1b.
This spurious shell closure Z = 92, which is commonly found in the CDFT calculations,
is expected to be cured or mitigated by the presence of tensor interaction [46] or localized
Fock term [47].

From the binding energies, the two-neutron separation energies Sy, can be calcu-
lated as

S2n(Z1N) :EB(Z/N)_EB(Z/N_Z)' (6)

In Figure 3a, the Sy, values in the U, Pu, and Cm isotopic chains obtained from the
DRHBc calculations are shown, in comparison with the RCHB results [48] and the available
experimental data [38]. Around the shell closure N = 126, the results of the DRHBc and the
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RCHB are consistent and reproduce its robustness in the vicinity of proton drip line [41].
Away from the shell-closure region, compared to the RCHB results, the DRHBc calculations
reproduce the experimental values better. When the Sy, reaches a negative value, the
nucleus is unbound against two-neutron emission. The last nucleus with the positive Sy, is
determined as the two-neutron drip line nucleus. In the even—even U, Pu, and Cm isotopic
chains, the last positive values are 1.41 MeV of 3507, 1.73 MeV of 352Py, and 2.00 MeV of
354Cm; thus, these three nuclei are at the two-neutron drip line N = 258. This is consistent
with the position of the neutron drip line determined by the A, in Figure 1a.

-8

Eean (MeV)

Figure 2. Single—proton energies in the canonical basis of 27U (a), 278Pu (b) , 2°Cm (c) as a function
of the deformation parameter B, in DRHBc theory calculations. The Fermi energy as a function of
quadrupole deformation is also displayed by a green dash—dot line. The single-particle levels with
positive (negative) parity are displayed as red solid (blue dashed) lines. The proton number obtained
by filling all the lower levels is shown with a circle at several energy gaps.

DRHBc RCHB Exp. E
———0— @ U -
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Figure 3. Two—neutron separation energies (a) and two—neutron shell gaps (b) of even—even U, Pu
(shifted up 4 MeV), and Cm (shifted up 8 MeV) isotopic chains in DRHBc theory calculations. The
RCHB results [48] and the available experimental data [38] are shown for comparison.
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In Figure 3a, between the traditional shell closure N =126 and two possible ones
N =184 and 258, comparing with the RCHB results, the Sy, from DRHBc theory exhibits
systematic behavior. When the neutron number increases from the shell closure to the
middle shell, Sy, from DRHBc theory is higher than that of RCHB calculation, while from
the mid-shell to the next shell closure, Sy, from DRHBc theory is lower than that of RCHB
calculation. It is noteworthy that the RCHB theory is spherical, while DRHBc theory takes
the quadrupole deformation into account. Such behavior should be associated with the
evolution of the ground state deformation.

It is further noted that some bound nuclei beyond the neutron drip line have been
predicted in the DRHBc mass table calculations [30,31], such as in the 50 < Z < 70 [35]
and 106 < Z < 112 [33,49,50] regions, which form the peninsulas of stability in the nuclear
landscape. However, for the current region, after examining the neutron Fermi energies
and the two-neutron separation energies for nuclei beyond the neutron drip line, this
phenomenon of entrant stability is not found.

Besides the information of drip line, the Sy, contains detailed information about the
shell closure. For example, as shown in Figure 3a, the Sy, in the U, Pu, and Cm isotopic
chains show sudden drops at the traditional magic number N = 126 and possible magic
numbers N = 184 and 258. Away from the shell closures, as the number of neutrons
increases, the Sy, drops almost smoothly. However, near N = 134 and N =198, the Sy,
calculated using DRHBc theory shows a slight increase with the neutron number, whereas
the Sy, obtained from RCHB theory does not exhibit the increasing behavior. Similar
increases of Sy, are also observed in the DRHBc results at positions such as near N = 174,
248 in the U isotopic chain; N = 174, 178, 192, 236 in the Pu isotopic chain; and N = 170,
190 in the Cm isotopic chain. It is noteworthy that RCHB theory is spherical, while DRHBc
theory takes the quadrupole deformation into account. Thus the quadrupole deformation
may lead to the occurrence of these phenomena.

In order to more clearly demonstrate the shell closures and the fine structure of Sy, in
the U, Pu, and Cm isotopic chains, the two-neutron shell gaps dp,, which are the difference
of Sy, between two neighboring nuclei

52n(Zf N) = SZn(Zr N) - SZn(ZIN + 2)/ 7)

are analyzed. Figure 3b shows the dy, of the even—even U, Pu, and Cm isotopic chains
calculated by DRHBc theory with the neutron number together with the RCHB results [48]
and the available experimental data [38]. Comparing with the RCHB results, DRHBc
theory better reproduces the available experimental data. At the shell closures or possible
shell closures N = 126, 184 and 258, the J,, obtained from both the DRHBc and RCHB
calculations always exhibits pronounced peaks in the U, Pu, and Cm isotopic chains. As
shown in Figure 3b, most dy,, values, whether from the RCHB calculations or the DRHBc
calculations, are non-negative, reflecting the globally declining behavior of S,,, with the
increase in neutron number. The few negative J,, values appear only in the DRHBc results,
the positions of which are around N = 134 and 198 for the three isotopic chains and also at
N = 174,248 for U, N = 174, 178, 192, 236 for Pu, and N = 170, 190 for Cm. In comparison,
the 6,, is always greater than zero for the RCHB results, which does not consider the
quadrupole deformation degree of freedom. Therefore, it is necessary to examine the
quadrupole deformation evolutions in these isotopic chains.

Figure 4 presents the ground state deformation evolutions of the U, Pu, and Cm
isotopic chains obtained from the DRHBc calculations, in comparison with the available
empirical data extracted from the observed B(E2,0{ — 2) [38]. DRHBc theory can
reproduce the available data. As seen in Figure 4, the deformation evolutions of the
even—even U, Pu, and Cm isotopic chains show similar evolutionary patterns: near the
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well-known shell closure at N = 126, the ground state shapes are spherical or nearly
spherical. Before reaching the next shell closure at N = 184, B, reaches a peak in the
mid-shell. As the neutron number increases to N = 172, 268Cm is the first to transit from
prolate to oblate shape, followed by 28Pu at N = 174 and 28U at N = 176. From N = 184
to possible shell closure at N = 258, they all first experience a transition from spherical
to prolate, with 8, reaching a peak around N = 214. The U, Pu, and Cm isotopic chains
experience transitions from prolate to oblate shape at N = 236, N = 238, and N = 238§,
respectively. After that, the ground state shape becomes less oblate with increasing neutron
number, and finally becomes spherical at N = 258.

04 —r-—r—1T—1r—Tr+Trr—TTrr-rrr-r—T—TTT T T 1T T T T TTTT7

0.3 [
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Figure 4. Quadrupole deformation of even—even U, Pu, and Cm isotopic chains in DRHBc theory
calculations, and the available experimental data [38] are shown for comparison. The inset gives a
detailed comparison between the calculated results and the available experimental data [38].

One may notice that the increase in Sy, in Figure 3a and the negative d,, in Figure 3b
appear where the quadrupole deformation transition happens in Figure 4. For example,
the negative dp, occurs at N = 134 for U and Pu isotopes, and N = 132 for Cm isotopes;
correspondingly the shape transition from spherical to prolate occurs synchronically in
Figure 4.

Besides the pronounced peaks of dy, that show the major shells at N = 126, 184, and
258, in Figure 3b, one can also find some small-scale peaks in the DRHBc results. The
amplitudes of these peaks are about 1 MeV or less, and their positions are not strictly
aligned for different isotopic chains. For uranium, these small peaks appear at N = 144, 150,
and 160; for plutonium, at N = 142, 150, and 160; and for curium, at N = 142, 148, and 162.
Note that these peaks do not appear in the RCHB results, but instead another small peak at
N = 138 appears.

To understand the origins of these small peaks in Figure 3b, by comparing the U,
Pu, and Cm isotones, Figure 5 shows the canonical single-neutron energies of 234242252,
236244254py and 238246256 Cm as a function of the deformation parameter B, obtained by
DRHBc theory. When the nucleus is spherical at , = 0, the neutron single particle levels
with the same quantum numbers nlj are degenerate due to the spherical symmetry, leading
to several energy gaps between two neighboring spherical orbitals. The energy gap between
the spherical orbitals 1717 /» and 2gg /» is around 2 MeV. With the 1i1; /, orbital fully occupied
by 12 neutrons lying above the shell closure N = 126, a spherical gap at N = 138 is formed.
This can be used to interpret the small peak of é,,, at N = 138 shown by the spherical RCHB
results in Figure 3.
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Figure 5. Single—neutron energies in the canonical basis for uranium, plutonium and curium isotopes
with N =142, 150 and 160, namely 234,242,521 (a—c), 236244254py (d—f), and 238:246.256Cm (g—1i), as
functions of the deformation parameter 8, in DRHBc theory. The Fermi energy is also displayed by a
green dash—dot line. The single—particle levels with positive (negative) parity are displayed as red
solid (blue dashed) lines. The neutron numbers obtained by filling all the lower levels are shown

in a circle at several energy gaps. The ground states are indicated by gray lines at corresponding
deformation positions.
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When the spherical symmetry is broken and a nucleus undergoes axial deformation,
the total angular momentum j is no longer a good quantum number while its projection
on the symmetry axis K remains a good quantum number. Normally, one spherical j-shell
splits into (2j 4+ 1)/2 orbitals. As a result, the traditional spherical shell closure breaks
down and new deformed subshells may emerge. As shown in Figure 5, comparing panels
(a), (d), and (g), a shell gap at 142 appears obviously for the N = 142 isotones 2*Pu and
238Cm but not so distinctly for N = 142 isotone 23*U. Instead, for 2*U, a gap slightly larger
appears at N = 144, just above 142. This gap change effectively explains the subtle peak
shift from N = 144 for U to N = 142 for Cm in Figure 3b. Similarly, a gap at 160 emerges for
N = 160 isotones 22U and %**Pu in panel (c) and (f), while a gap at 162 is seen for 256Cm in
panel (i), corresponding to the peak shift from N = 160 for U and Pu to N = 162 for Cm
in Figure 3b. For panels (b) ,(e), and (h), a relatively robust subshell gap at N = 150 can
be found for 242U, 2#4Py, and 2*Cm, which generally agrees with the peak at N = 150 for
U, Pu in Figure 3b. Based on the analysis, the small peak of two neutron gap J, strongly
correlates with the deformed subshell structure near the Fermi surface, and some subshells
may be quenched with different isotopic chains.

Another important indicator of shell closure is the average pairing gap, as discussed
in Ref. [51], which allows us to obtain direct information about the impact of pairing
correlations and shows the arch structures that vanish at shell closures and have additional
deeps at subshell closures. Figure 6a shows the A, as a function of the number of neutrons
for even—even U, Pu, and Cm isotopic chains calculated by DRHBc theory. As shown in
Figure 6a, most A, values transition smoothly with the neutron number and are greater
than zero. However, near the magic number N = 126 and the possible magic numbers
N =184 and 258, A, values exhibit a sharp decrease and become zero. Additionally, we
observe that a few A, values also show a decrease at the following positions: for the U
isotopic chain, N = 144, 150, and 160; for the Pu isotopic chain, N = 142, 150, and 160;
and for the Cm isotopic chain, N = 142, 148, and 162. These positions correspond to the
small-scale peaks in Figure 3b.

126 184 258
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Figure 6. Neutron average pairing gap A, (a) and proton average pairing gap A, (b) of even—even
U, Pu, and Cm isotopic chains in DRHBc theory calculations.

Figure 6b shows the A, as a function of the number of protons for even—even U, Pu,
and Cm isotopic chains calculated by DRHBc theory. Similarly, in Figure 6b, most A, values
exceed zero. It is observed that for the U isotopic chain, A, values drop to zero near the
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magic number N = 126 and the possible magic numbers N = 184 and 258. In contrast, the
Ap values for Pu and Cm isotopic chains remain positive. This indicates that due to the
existence of the pseudo shell Z = 92, a pairing collapse occurs in the U isotopic chain within
these regions, resulting in a sudden decrease in the A, value in the U isotopic chain shown
in Figure 1.

Very recently, Ref. [52] proposed a new binding-energy indicator, single-particle neu-
tron energy Ae, , to catalog the subshell closures in nuclear landscape. This indicator
behaves in a similar way as dn. The subshell closures at N = 152 and 162 are found for dif-
ferent mass models SkM*, SLy4, UNEDF1, UNEDEFE2, and FRDM-2012. These two subshells
are very close to our results presented here.

4. Conclusions

In summary, we have performed systematic studies of DRHBc theory with the PC-PK1
density functional for the shell structure evolution of even—even U, Pu, and Cm isotopic
chains from the proton drip line to the neutron drip line. By analyzing the Fermi energies
and the two-neutron separation energies, we predicted the proton drip line for the U, Pu,
and Cm isotopic chains to be at 21215, 220py, and 22°Cm and the neutron drip line to be
at 350U, 32Py, and 3°*Cm, respectively. In comparison with spherical RCHB calculations,
the inclusion of axial deformation degree of freedom does not change these drip line
boundaries. The phenomenon of entrant stability beyond the neutron drip line is not
found for the current region. The shell closures at N = 126, 184, and 258 in U, Pu, and
Cm isotopic chains can be clearly seen by the Fermi energy A;, two-neutron separation
energy Son, and two-neutron shell gap d»,. The emergence of sudden drops between U
and Pu isotopic chains in the proton Fermi energies A, around some neutron shell closures
N =126, 184, and 258 is a consequence of designation convention when the pairing collapse
at the spurious shell closure Z = 92 occurs.

The fine structure in the two-neutron separation energy and the two-neutron shell gap,
like decrease of Son, and negative dp,, may be related to the ground state shape transition.

Finally, the small-scale peaks in the two-neutron shell gaps J», indicate some subshells,
namely, N = 144, 150, and 160 for uranium, N = 142, 150, and 160 for plutonium, and
N =142, 148, and 162 for curium. These subshells can be well understood by the deformed
gaps in the single-neutron levels obtained by DRHBc theory.
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