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Abstract


I propose a data-driven surrogate model for the In-Medium Similarity Renormalization Group (IMSRG) method using Dynamic Mode Decomposition (DMD). First, the Magnus formulation of the IMSRG is leveraged to represent the unitary transformation of many-body operators of interest. Then, snapshots of these operators at different flow parameters are decomposed by DMD to approximate the IMSRG flow in a latent space. The resulting emulator accurately reproduces the asymptotic flow behavior while lowering computational costs. I demonstrate that the DMD-based emulator results in a three to five times speedup compared to the full IMSRG calculation in a few test cases based on the ground state properties of 56Ni, 16O, and 40Ca in realistic nuclear interactions. While this is still not an acceleration that is significant enough to enable us to fully quantify, e.g., statistical uncertainties using Bayesian methods, this work offers a starting point for constructing efficient surrogate models for the IMSRG.
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1. Introduction


Surrogate models, also known as emulators or reduced models, have been widely used in various fields of science to reduce the computational cost of solving complex problems. In the context of quantum many-body systems, surrogate models can provide significant speedups by approximating the behavior of the system without or with minimal need for full-scale high-fidelity simulations. This is particularly important in nuclear physics, where the nuclear interactions are complex and the many-body problem is challenging to solve exactly.



A prominent example of a surrogate model along these lines is the Eigenvector Continuation (EC) model [1,2]. EC gives a method to solve the quantum many-body problem in a reduced subspace spanned by several exact eigenvectors of the Hamiltonian. Soon after its broad applications to various systems, including nuclear physics [3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18], condensed matter physics [19], and quantum chemistry [20], the community realized that the EC method belongs to a broader class of methods called reduced basis methods [21].



In this work, I focus on the In-Medium Similarity Renormalization Group (IMSRG) method [22,23,24]. The IMSRG method is a powerful tool for solving quantum many-body problems by decoupling certain degrees of freedom to simplify the problem. It has been successfully applied to various systems in nuclear physics as a method to study the ground state properties of atomic nuclei and as a framework to derive effective interactions and operators for open-shell systems [23,25,26].



However, the computational cost of solving the IMSRG flow equations can be prohibitive for large systems or when repeated calculations are required with fully quantified uncertainties. To address this issue, I propose an approach to construct an emulator for the IMSRG using dynamic mode decomposition (DMD) [27,28,29,30]. DMD is a data-driven technique that decomposes time series data into dynamic modes, making it well suited for approximating the IMSRG flow. The results demonstrate that the DMD-based emulator can accurately reproduce the asymptotic behavior of the IMSRG flow and provide about three to five times speedup compared to full IMSRG calculations.




2. Basics


In this section, I briefly introduce the In-Medium Similarity Renormalization Group (IMSRG) method, and some basics relevant to the emulator for the IMSRG method.



2.1. In-Medium Similarity Renormalization Group


The IMSRG method [22] can be considered a method for solving the quantum many-body problem by decoupling a certain degree of freedom from the problem in order to simplify or renormalize it. One typical example is the decoupling of the particle–hole excitations from the reference state.



Starting from a normal-ordered Hamiltonian on a reference state, we utilize the unitary transformation   U ( s )   to decouple particle–hole excitations from the reference state as follows:


     H  ( s )  = U  ( s )  H  ( 0 )   U †   ( s )  ,     



(1)




where s is the flow parameter and   H ( s = 0 )   corresponds to the initial normal ordered Hamiltonian with respect to a reference state. This gives the following IMSRG-flow equation:


       d H ( s )   d s       =  η ( s ) , H ( s )  ,     



(2)






     η ( s )     ≡    d U ( s )   d s     U †   ( s )  = −  η †   ( s )  ,     



(3)




where   η ( s )   is the generator of the flow. After solving the flow equation, one can obtain the evolved Hamiltonian   H ( s )   and evaluate the expectation values of the evolved Hamiltonian with respect to the reference state. This procedure is naturally extended to other observables of interest. In addition to the ground state properties, the IMSRG method has been successfully applied to derive effective interactions and effective operators for open-shell systems by taking a suitable reference state and by decoupling excitations from or out of the specified model space; see, e.g., Refs. [23,25,26].



It is typically computationally expensive to solve the flow equation given in Equation (2) for each operator of interest. Thus, a more general and efficient method to solve the flow equation, the so-called Magnus formulation of the IMSRG, was proposed in Ref. [31]. Within the Magnus formulation of the IMSRG, the unitary transformation in Equation (1) is explicitly constructed as


     U ( s )     =  e  Ω ( s )   ,     



(4)




with the anti-Hermitian Magnus operator   Ω ( s )  . Under the Magnus formulation, the evolved operator   O ( s )   is given by


     O  ( s )  =  e  Ω ( s )   O  ( 0 )   e  − Ω ( s )   .     



(5)







The flow equation, Equation (2), is reformulated into the ordinary differential equation for   Ω ( s )   and the adjoint of   η ( s )   as follows:


       d Ω   d s       =  ∑  k = 0  ∞     B k   k !    a  d Ω  ( k )    ( η )  ,     



(6)






     a  d Ω  ( k )    ( η )      =  Ω , a  d Ω  ( k − 1 )    ( η )   ,     



(7)






     a  d Ω  ( 0 )    ( η )      = η ,     



(8)




where we omit the explicit dependence of  Ω  and  η  on the flow parameter s, and   B k   is the k-th Bernoulli number.




2.2. Emulator for the IMSRG


The IMSRG method is a powerful method for solving the quantum many-body problem. Although the computational scaling of the IMSRG is polynomial, as is the case with other post-HF methods, it is still computationally expensive for large systems and requires repeated calculations to quantify associated uncertainties. To overcome this issue, it is crucial to construct an emulator for the IMSRG.



One previous attempt to construct an emulator for the IMSRG was carried out by the author of [32], where a Physics-Informed Neural Network (PINN) was used to emulate the IMSRG flow of Magnus operators. The PINN is a neural network that is trained to satisfy the physical constraints of the problem by incorporating the relevant physical laws of the system through, e.g., partial differential equations (PDEs) on the loss function of the neural network [33,34]. During the training of the PINN, it is not guaranteed that the emulator will learn the physical constraints of the system, but at least some soft constraints are imposed on the emulator. A certain amount of acceleration of the IMSRG calculations, a few tenths of a percent, is achieved by this idea, but it is still computationally expensive to train the network itself because of the large dimensionality of the output of the network.



As another possible approach for constructing a faster emulator for the IMSRG, I propose using dynamic mode decomposition (DMD) to construct an emulator for the IMSRG. As we will see in the following sections, DMD is a data-driven method for decomposing time series data into dynamical modes. It can be applied naturally to emulate the IMSRG flow of the Magnus operators as a function of the flow parameter. It should be noted that the pioneering work using DMD for the IMSRG method was carried out by a group at Michigan State University [35]. They used DMD to estimate the flow of the Hamiltonian and demonstrated the feasibility of DMD for sensitivity analysis on chiral potentials. However, as in ordinary IMSRG calculations, it is computationally expensive to consider the IMSRG flow for each operator of interest. In this work, I propose applying DMD to the IMSRG flow of the Magnus operators instead of the Hamiltonian. This enables one to consider the IMSRG flow for any desired operators simultaneously and efficiently.




2.3. Dynamic Mode Decomposition


Dynamic mode decomposition (DMD) is a data-driven method that is used to decompose time series data into dynamical modes. DMD was originally developed in the context of fluid dynamics [27,28,29,30]. The essential idea of DMD is to approximate the time evolution operator of the system with a linear operator, which is obtained by singular value decomposition (SVD) of the data matrix. With its simplicity and efficiency, DMD has gained much attention in a wide range of research fields, and has been successfully applied to various systems beyond fluid dynamics such as in the fields of neurobiology, finance, and so on [36]. In recent years, it has been also applied to quantum many-body systems [37,38,39,40,41] and quantum algorithms [42,43,44]. Additionally, a quantum algorithm for DMD was proposed very recently [45]. In the following, I briefly introduce this DMD algorithm and its application to the IMSRG method.



Let us consider the time series data    x 1  ,  x 2  , ⋯ ,  x N   , where    x i  ∈  R D   , and define the data matrix  X  and  Y  as


  X ≡     |   |      |      x 1     x 2    ⋯    x N      |   |      |     , Y ≡     |   |      |      x 2     x 3    ⋯    x  N + 1       |   |      |     .  



(9)







 Y  is a data matrix consisting of the snapshots shifted forward by one time step compared to the data matrix  X . In general, the evolution of the system, i.e., the relation between  X  and  Y , is nonlinear and can be written as


     Y = F ( X ) ,     



(10)




with a non-linear operator  F . This may correspond to the nested commutators of the operators in the IMSRG flow equation. Since the bottleneck of IMSRG calculations is evaluating  F  through nested commutators, it would be beneficial if it could be replaced by a cheaper operation.



The main idea of DMD is to approximate the nonlinear operator  F  by the linear operator  A :


     Y ≈ A X .     



(11)




At first glance, this seems too strong an approximation to replace  F  by  A . However, DMD has been shown to be successful in many applications.



The concrete algorithm of the DMD is as follows:




	
Construct the data matrix  X  by taking snapshots of the system as in Equation (9).



	
Compute the singular value decomposition (SVD) of the data matrix  X :


  X = U Σ   V  *  ,  



(12)




where   U ∈  C  D × N    ,   Σ ∈  C  N × N    , and   V ∈  C  N × N    . This is usually achieved by the truncated SVD—i.e., we keep only the first r singular values and the corresponding singular vectors using a Krylov subspace method:


  X ≈  U r   Σ r   V r †  ,  



(13)




where    U r  ∈  C  D × r    ,    Σ r  ∈  C  r × r    , and    V r  ∈  C  N × r    .



	
Compute the matrix  A  using Moore–Penrose inverse of  X :


  A = Y   X  +  ≈ Y  (  V r   Σ r  − 1     U  r †  )   



(14)







	
Obtain the time evolution in a latent space as follows:


   A ˜  =   U  r †  A  U r  ≈   U  r †  Y  V r   Σ r  − 1    



(15)







	
Compute the eigenvalues   λ i   and the eigenvectors   w i   of the matrix   A ˜  .



	
Compute the DMD modes   ϕ i   via


   ϕ i  = Y  V r   Σ r  − 1    w i  .  



(16)












For the applications shown below, we will use the procedure up to step 4, which gives the time evolution operator in the latent space for the snapshots. With   A ˜  , we can replace the k-times time evolution    A  k   by    U r    A ˜  k   U r †   . The left singular vectors of the truncated SVD,   U r   and its adjoint, can be regarded as the encoder and decoder of the latent space, respectively.




2.4. Target Systems and Settings


In this work, we consider the following systems and settings for the IMSRG method:




	
The ground state of 56Ni for the so-called EM500 NN + 3NF (lnl) interaction is given by V. Somà et al. [46]: The adopted Hamiltonian is known to give reasonable binding energies and radii for 4He – 68Ni. The NN part is softened using the similarity renormalization group (SRG) transformation with   λ = 2.0   fm−1, and the 3NF is consistently SRG-evolved with   λ = 2.0   fm−1. Interested readers are referred to Ref. [46] for details concerning the Hamiltonian.



	
For 16O and 40Ca, the chiral NN interaction at N3LO by Entem and Machleidt [47] is used. The setting is the same as in Ref. [32], where the Hamiltonian is SRG-evolved with   λ = 2.0   fm−1.








Throughout this work, we include up to normal-ordered two-body operators, which is usually called IMSRG(2) truncation. However, one can naturally extend the DMD-based emulator to higher truncation levels.



All the many-body operators used as snapshots in this work—in this case, Magnus operators represented by  Ω —are vectorized as in Ref. [32]. With the help of the (anti-)Hermitian property of the operators, the dimension of the snapshots can be reduced by about half compared to the full dimension of the operators. The dimensions of the snapshots are determined by the truncation of the single-particle basis, which is denoted by   e max  , i.e., the maximum value of   e ≡ 2 n + l   with harmonic oscillator quanta n and l. Taking    e max  = 12   as an example, the dimension of a vectorized snapshot is 73,842,358 and it takes about 282 (564) MB memory for single (double) precision. It should be noted that the typical number of snapshots required for the DMD emulator may be up to a few tens; hence, it is still manageable on a single node.



In this work, I sampled snapshots at constant time intervals as in standard DMD algorithms. For this reason, I discretized the IMSRG flow with a fixed step size as in IMSRG-Net [32]. It should be noted that in cutting-edge applications of IMSRG, one may use an adaptive scheme to choose the step size so that one can efficiently evaluate the IMSRG flow.




2.5. On the Stability of the DMD-Emulated IMSRG


The stability of the emulator is crucial for practical applications and to guarantee the reliability of the emulator. DMD is based on a linear approximation of the nonlinear operator via singular value decomposition (SVD). Hence, the stability of the DMD emulator is primarily determined by the threshold of the singular values. As can be expected from Equation (15), the emulator will be unstable if one includes singular values that are too small in the truncated SVD. For the sake of simplicity, I use a fixed threshold of   10  − 7    for the singular values; this threshold does not give divergent behavior in the current applications. To make the emulator more robust, the threshold can be a fraction of the largest singular value, or one can think of an adaptive scheme to choose the threshold by monitoring the eigenvalues of   A ˜  .



Another point, which is substantially related to the threshold of the singular values, is that distributions of eigenvalues of   A ˜   are important factors when it comes to determining the behavior of the emulator. If all the eigenvalues are located inside the unit circle in the complex plane, the emulator is expected to give a finite result, at least for the elements of Magnus operators. This is not necessarily the case for estimated observables since the Magnus operator must be exponentiated to construct the unitary transformation (Equation (4)). These eigenvalues can be used as a partial diagnostic for the divergence of the emulator.





3. Results


In this section, I present the results of the DMD-based emulator for the IMSRG method. As described in Section 2, we will consider some ground state properties of 56Ni, 16O, and 40Ca.



3.1. Results for 56Ni


Here, I focus on the IMSRG results of ground state energy for 56Ni with the EM500 NN + 3NF (lnl) interaction [46]. In Figure 1, the difference from the converged ground state energy for 56Ni is shown as a function of the flow parameter s. The green dots represent the exact results of the IMSRG calculations, and the red solid lines correspond to the results of the DMD-based emulator. If the emulator is perfect, the red solid lines become identical to the green dots. The snapshots used to train the emulator are plotted as blue dashed lines with stars at the edges. The upper panel shows the results for the snapshots taken from   s = 1.0   to   s = 10.0   with a step size of   0.25  , and the lower panel shows the results for the snapshots taken from   s = 15.0   to   s = 20.0   with the same step size.



Obviously, the emulator trained with smaller s values failed to extrapolate the results for larger s values, even for rather short distances. The results begin to deviate from the exact results around   s ≈ 15  . This may originate from the fact that the early snapshots behave non-linearly and DMD is not flexible enough to capture the behavior.



This can be seen more clearly in Figure 2, where plots are given for components of the DMD-emulated Magnus operator   Ω ( s )   for 56Ni. The black, red, and blue solid lines represent the exact values of the Magnus operator for the one-body, two-body proton–proton, and two-body neutron–neutron components, respectively. The dashed lines with similar colors represent the corresponding predictions by the DMD-based emulator. Since the number of full components of the Magnus operator is too large to plot, 73,842,358, only a few tens of components are plotted; these were randomly chosen and had absolute values larger than   10  − 7   . The components smaller than   10  − 7   –  10  − 8    are almost irrelevant to the IMSRG flow in the current case. This observation can be partly understood from the fact that the previous study using the PINN-based emulator [32] successfully emulated the ground state energies and charge radii of 16O and 40Ca. In neural network applications, data are usually stored in single precision to benefit from GPU acceleration. In the previous study, this convention was followed and single-precision floating-point numbers were used for the snapshots and predictions of Magnus operators, while the IMSRG flow was performed in double precision. Most of the components having larger absolute values correspond to the term between hole and particle channels—e.g.,   〈 h h | Ω | p p  〉  J P  T z      for the two-body components, where J, P, and   T z   are the total angular momentum, parity, and isospin projection, respectively. It should also be noted that, as one can see from the plot of   Ω ( s )   values in Figure 2, some components that are initially zero in single precision gain some finite amplitude through the IMSRG flow. Thus, it is generally non-trivial to determine a priori which components are irrelevant to the final results.



Looking at the early stage of the IMSRG flow, we can see that each element of the Magnus operator behaves smoothly but non-linearly. After a certain flow parameter is reached, the behavior becomes more stable and monotonic. The reason why one can see kinks in the results is that we are monitoring the absolute value of the Magnus operator, which sometimes crosses zero during the flow. The difference between solid and dashed lines is not so prominent at this scale, but this level of agreement is not enough to guarantee the reliability of the emulator. This is because the Magnus operators are exponentiated to construct the IMSRG transformation, as in Equation (5). The results would imply that the simple DMD-based emulator is not enough to capture the non-linear behavior of the IMSRG flow at the early stage of the flow.



When we look at the results for the emulator trained with larger s values, from   s = 15.0   to   s = 20.0  , in Figure 1b, one can see that the emulator successfully extrapolated the results for the larger s values. The results suggest that the DMD-based emulator can capture the asymptotic behavior of the IMSRG flow, and it is feasible to use the emulator to replace the latter part of the IMSRG flow if one admits errors less than 0.1 keV. In the bottom panel, we can see a kink around   s ≈ 40  . Again, this originates from the fact that we are now plotting the absolute energy difference.




3.2. Results for 16O and 40Ca in Comparison with IMSRG-Net


Next, we consider the results of the DMD-based emulator for 16O and 40Ca for the chiral NN interaction at N3LO by Entem and Machleidt [47]. In [32], the author constructed another type of emulator for the IMSRG using Physics-Informed Neural Networks (PINNs) [33,34], which is called IMSRG-Net. In this subsection, we will compare the results of the DMD-based emulator with IMSRG-Net for 16O and 40Ca, and discuss their similarities and differences.



In Table 1 and Table 2, the results with the DMD-based emulator are summarized for 16O and 40Ca and compared with the results of IMSRG-Net [32] using the same snapshots, which range from   s = 17.75   to   s = 20.0   with a step size of   0.25  . Note that the exact results for    e max  = 10   in Ref. [32] were evaluated with slightly different settings, such as the denominator delta and treatment of the center of mass motion. Hence, reevaluated the results are reevaluated with the same settings as the DMD-based emulator. Since the flow parameters (s) giving us convergent IMSRG(2) results are around 100 for these systems under the adopted interactions, about a five times speedup was achieved compared to the full IMSRG calculations with the DMD-based emulator.



We have seen that both the DMD-based emulator and IMSRG-Net can emulate the asymptotic behavior of the IMSRG flow. Now, let us focus on differences between them. One of the main differences between the DMD-based emulator and IMSRG-Net is the stability of the emulator. As mentioned in Section 2.5, DMD is based on singular value decomposition (SVD) and the pseudo-inverse of the data matrix. Hence, the stability of the emulator is primarily determined by the threshold of the singular values and the domain for taking the snapshots. If there is an eigenvalue of   A ˜   in Equation (15) outside the unit circle in the complex plane, the emulated results will be divergent for long-term extrapolations.



On the other hand, IMSRG-Net is based on a neural network with a loss function on both the Magnus operator  Ω  and  η  corresponding to the leading term of the derivatives of the Magnus operator. Its asymptotic behavior under a large-s limit is controlled by the smooth and bounded activation functions of the neural network. Regarding the activation functions of IMSRG-Net [32], the sigmoid and tanh functions are used instead of the ReLU family of activation functions. In numerous applications of neural networks, the ReLU family of activation functions is known to have advantages in terms of training. This is because the ReLU family of activation functions is not bounded from above, and it is more robust for the training of neural networks than the bounded family of activation functions, leading to the vanishing gradient problem, especially in deeper networks. However, the smooth family of activation functions is more suitable for emulators for Magnus operators. The leading term of the derivatives of the Magnus operator   η ( s )  , which is the generator of the IMSRG flow, must be asymptotically zero as the flow parameter s goes to infinity. This condition is naturally satisfied by smooth and bounded activation functions such as sigmoid and tanh. In that sense, IMSRG-Net is more rigorously controlled in the large-s limit than the DMD-based emulator.





4. Summary


One of the hottest topics this decade in the nuclear physics community is constructing emulators or surrogate models for high-fidelity nuclear many-body methods. Such emulators are indispensable for quantifying uncertainties in nuclear potentials, model predictions, truncation errors, and so on. As one example of such many-body methods, the In-Medium Similarity Renormalization Group (IMSRG) is of great interest due to its systematic truncations and flexibility. It was proposed as a post-Hartree–Fock method for (sub-)shell-closed nuclei, and it has been naturally extended to derive the effective Hamiltonians and other operators of open-shell systems. Recent advances in chiral potentials and improvements in its quantitative description have led to the widespread application of ab initio methods to medium-mass and other heavier nuclei. The IMSRG method is one example; it has been extensively applied to a variety of systems and compared with experimental measurements, and it has shed light on the connections between nuclear properties and the underlying nuclear force.



In this work, I proposed an emulator for the IMSRG method using dynamic mode decomposition (DMD) to facilitate such research workflows based on IMSRG methods. To go beyond the pioneering work of using DMD for the IMSRG method [35], I focused on the Magnus operators instead of the Hamiltonian of the system, allowing for considering the IMSRG flow for any desired operators simultaneously and efficiently.



Our results demonstrate that the DMD-based emulator can accurately reproduce the asymptotic behavior of the IMSRG flow. The accuracy of the emulator is comparable to a previous work using the Physics-Informed Neural Network (PINN) based emulator IMSRG-Net [32]. The main differences between the DMD-based emulator and IMSRG-Net lie in the computational costs for constructing the emulators and their stability. The computational cost to construct the DMD-based emulator is almost negligible compared to that of IMSRG-Net; the emulator thereby provides about a three to five times speedup compared to full IMSRG calculations. However, the stability of the DMD-based emulator may be worse than that of IMSRG-Net for general cases.



One possible extension of the current work would be to mix the full and emulated IMSRG flows during the evolution. If one could achieve good accuracy for short-term extrapolation even in the early stage of IMSRG flows, this strategy would provide further acceleration. This is left as a direction for future work. It is still challenging to achieve the order-of-magnitude speedup needed to quantify uncertainty with statistical methods, but it may be a promising direction to construct an emulator for the IMSRG method using a certain dimensionality reduction technique such as DMD and to impose the physical constraints of the system as in the PINN-based emulator. These surrogate models are complementary to each other, and it is worth investigating the combination of these two approaches as well as exploring other possibilities to construct an emulator for the IMSRG method.
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Figure 1. Results of the DMD-based emulator for the ground state energy of 56Ni under the EM500 NN + 3NF (lnl) interaction. The green dots represent the exact results of the IMSRG calculations. The red solid lines correspond to the emulated results by the DMD, and the blue dashed lines with stars are the snapshots used to train the emulator. For the upper panel (a), the snapshots are taken from   s = 1.0   to   s = 10.0   with a step size of   0.25  , and for the lower panel (b), the snapshots are taken from   s = 15.0   to   s = 20.0   with the same step size. 
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Figure 2. A plot of randomly selected components of the DMD-emulated Magnus operator   Ω ( s )   for 56Ni. The black, red, and blue solid lines represent the exact results of the IMSRG calculations for one-body, two-body proton–neutron, and two-body proton–proton components of the Magnus operator, respectively. The dashed lines with similar colors represent the corresponding emulated results by DMD. The blue hatch shows the domain of the snapshots used to train the emulator. 
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Table 1. Comparison of energy emulated using DMD and IMSRG-Net [32]. To denote difference between results, bold-faced digits are used; asterisk (*) denotes reevaluated results.
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Target

	
    e max    

	
Energy (MeV)




	
DMD

	
IMSRG-Net

	
IMSRG(2)






	
16O

	
4

	
−156.9608

	
−156.9607

	
−156.9611




	

	
6

	
−163.4151

	
−163.4150

	
−163.4153




	

	
8

	
−165.1932

	
−165.1927

	
−165.1932




	

	
10

	
−165.5343

	
−165.5341 *

	
−165.5343 *




	
40Ca

	
4

	
−555.6881

	
−555.6879

	
−555.6884




	

	
6

	
−582.4351

	
−582.4351

	
−582.4350




	

	
8

	
−591.5821

	
−591.5821

	
−591.5822




	

	
10

	
−594.0059

	
−594.0263 *

	
−594.0060 *











 





Table 2. Counterpart of Table 1 for charge radius   R ch   (fm). To denote difference between results, bold-faced digits are used.
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Target

	
    e max    

	
   R ch    (fm)




	
DMD

	
IMSRG-Net

	
IMSRG(2)






	
16O

	
4

	
2.2613

	
2.2610

	
2.2612




	

	
6

	
2.2548

	
2.2546

	
2.2547




	

	
8

	
2.2500

	
2.2497

	
2.2499




	

	
10

	
2.2486

	
2.2484

	
2.2485




	
40Ca

	
4

	
2.5959

	
2.5958

	
2.5959




	

	
6

	
2.5967

	
2.5967

	
2.5967




	

	
8

	
2.5921

	
2.5920

	
2.5920




	

	
10

	
2.5895

	
2.5895

	
2.5894
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