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Abstract: Equations of a heavy rotating body with one fixed point can be deduced starting from a
variational problem with holonomic constraints. When applying this formalism to the particular
case of a Lagrange top, in the formulation with a diagonal inertia tensor the potential energy has
a more complicated form as compared with that assumed in the literature on dynamics of a rigid
body. This implies the corresponding improvements in equations of motion. Therefore, we revised
this case, presenting several examples of analytical solutions to the improved equations. The case of
precession without nutation has a surprisingly rich relationship between the rotation and precession
rates, which is discussed in detail.
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1. Introduction

Recent work [1] was devoted to a systematic exposition of the dynamics of a free
rigid body, considered as a system with holonomic (velocity-independent) constraints. The
constraints in the action functional have been taken into account with the use of Lagrangian
multipliers. Having accepted this expression, we no longer need any additional postulates
or assumptions about the behaviour of the rigid body. As was shown in [1], all the basic
quantities and characteristics of a rigid body, as well as the equations of motion and
integrals of motion, are obtained from the variational problem by direct and unequivocal
calculations within the framework of standard methods of classical mechanics applied in
the laboratory system. Here we follow the same scheme to deduce equations of motion of a
rigid body with a fixed point in the gravity field. The analysis is similar to that presented
in Sections 2–4 of [1], so we only outline it in Sections 2 and 3 below, without going into
the details.

Then we concentrate on the case of a Lagrange top. This is an axially symmetric
heavy body with one point of an axial axis fixed. To be specific, imagine a conical top
whose point of base is fixed in space. The Lagrange top is one of the oldest problems
of mathematical physics, which has always been considered as the classical example of
the integrable system according to Liouville which, moreover, admits a relatively simple
qualitative description on the base of effective potential [2–10]. However, when formulating
its variational problem with the diagonal inertia tensor, we observed that potential energy
has a more complicated form as compared with that assumed in the literature on dynamics
of a rigid body. This implies the corresponding improvements in equations of motion.
Because this is a somewhat surprising observation, its validity and comparison with the
literature are carried out in detail at the end of Section II and in Section IV. Being one of the
classical problems of nonlinear dynamics and integrable systems, this issue, however, is of
interest in the modern studies related with construction and behaviour of spinning particles
and rotating bodies in external fields beyond the pole-dipole approximation [11–19].

Using Liouville’s theorem, integration of improved equations can be reduced to the
calculation of four elliptic integrals [20]. Of course, the answer in the form of elliptic
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integrals is not very illuminating. Therefore, in Sections 5–8, we present several examples
of solutions to the improved equations in terms of elementary functions: sleeping top,
horizontally precessing top, as well as the inclined top precessing without nutation. For
the latter case, the solution turned out to be two-frequency motion with a surprising reach
relationship between the frequencies; that, besides the inclination, depends also on the
top’s geometry. We also discussed the case of an awakened top, for which there is no longer
a solution in elementary functions. The qualitative and numerical analysis of this case is
based on the study of effective potential.

2. Rigid Body with a Fixed Point

In this section we confirm that equations of motion for the rotational degrees of
freedom of a rigid body with a fixed point formally coincide with those of a free rigid body
(see Equation (10) below). The only difference is that all quantities, including the inertia
tensor, its eigenvalues, and eigenvectors, should be calculated in the laboratory system
with the origin in the fixed point instead of the centre of mass.

We use the notation adopted in [1]. In particular, the notation for the scalar product
is (a, b) = aibi. Notation for the vector product is [a, b]i = ϵijkajbk, where ϵijk is the
Levi-Chivita symbol in three dimensions, with ϵ123 = +1.

A rigid body is considered as a system, composed of n points with the coordinates yi
N, and

masses mN, N = 1, 2, . . . , n, i = 1, 2, 3. To the constraints (yN(t)− yK(t), yP(t)− yM(t)) =
const, determining a free rigid body, we add more constraints: |yN(t)− y0| = const, where
y0 ∈ R3 is some selected point; therefore, we have a body with the fixed point [2–10]. We
place the origin of the laboratory system at the point y0 and denote the resulting coordinates
xN(t). Then the constraints are (xN(t)− xK(t), xP(t)− xM(t)) = const, |xN(t)| = const; this
implies (xN(t), xK(t)) = const. From this setwe separate 3(N − 1) independent constraints
as follows. Let us take three linearly independent vectors xA = (x1, x2, x3) among xN, and
denote others by xα, α = 4, 5, . . . , n. Let us consider all the constraints which involve xA:

(xA, xB) = aAB = const, (xA, xα) = aAα = const. (1)

They imply that the body has three degrees of freedom; that is, the configuration space
is the three-dimensional surface S3 ⊂ R3n specified by the Equation (1). The Lagrangian
action that takes these constraints into account is as follows (the matrix λAB was chosen to
be the symmetric matrix):

S =
∫

dt
1
2

n

∑
N=1

mN ẋ2
N +

1
2

3

∑
A,B=1

λAB[(xA, xB)− aAB] +
3

∑
A=1

n

∑
β=4

λAβ

[
(xA, xβ)− aAβ

]
. (2)

Variation of this action with respect to λAN implies the constraints (1), while the
variation with respect to xN(t) gives the dynamical equations

mAẍA =
3

∑
B=1

λABxB +
n

∑
β=4

λAβxβ, mαẍα =
3

∑
A=1

λAαxA. (3)

In turn, they imply the conservation of energy and angular momentum

dE
dt

= 0, where E =
1
2

n

∑
N=1

mN ẋ2
N , (4)

dm
dt

= 0, where m =
n

∑
N=1

mN [xN , ẋN ]. (5)
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Similar to Section 3 of the work [1], the constraints (1) imply that any solution xN(t),
N = 1, 2, . . . , n to the equations of motion is of the form

xN(t) = R(t)xN(0); this implies Rij(0) = δij, (6)

with the same orthogonal matrix Rij(t) for all N. Both columns and rows of the matrix
Rij have a geometric interpretation. The columns R(t) = (R1(t), R2(t), R3(t)) form an
orthonormal basis rigidly connected to the body. The initial data for Rij(t), pointed out in
(6), imply that at t = 0 these columns coincide with the basis vectors ei of the laboratory
system. The rows, RT(t) = (G1(t), G2(t), G3(t)), represent the laboratory basis vectors
ei in the body-fixed basis. For example, the functions G3(t) = (R31(t), R32(t), R33(t)) are
components of e3 in the basis Ri(t).

Assuming that xN(t), N = 1, 2, . . . , n is a solution to the equations of motion (3), we
can introduce the same basic characteristics that were used for the description of a free
body. They are as follows: angular velocity ωk ≡ − 1

2 ϵkij(ṘRT)ij, angular velocity in the
body Ωi defined by ω(t) = ωi(t)ei = Ωi(t)Ri(t), angular momentum mi, and angular
momentum in the body Mi. The relationships among them are as follows:

Ω = RTω = I−1RTm = I−1M. (7)

Furthermore, the kinetic energy (the first term in Equation (2)) can be presented
through these quantities:

E =
1
2

n

∑
N=1

mN ẋ2
N =

1
2

gijṘiṘj =
1
2
(ω, m) =

1
2
(RIRT)ijωiωj =

1
2

IijΩiΩj =
1
2
(RI−1RT)ijmimj =

1
2

I−1
ij Mi Mj. (8)

The mass matrix gij and the tensor of inertia Iij in these expressions should be calcu-
lated in the laboratory system with the origin at the fixed point instead of the centre of
mass point.

Further, substituting the anzatz (6) into the equations of motion (3) and analysing them,
we arrive at the second-order equations of motion for the rotational degrees of freedom Rij:
R̈ikgkj = −Rikλkj(λAN(t)). They follow from its own Lagrangian action

S =
∫

dt
1
2

gijṘkiṘkj −
1
2

λij

[
RkiRkj − δij

]
. (9)

Following the procedure of Section 6 of [1], we rewrite the second-order equations in
the first-order form and exclude the auxiliary variables λij. In the result, the evolution of a
rigid body with a fixed point can be described by 3+ 9 equations for mutually independent
variables Rij and Ωk:

IΩ̇ = [IΩ, Ω], Ṙij = −ϵjkmΩkRim. (10)

They should be resolved with the universal initial data Rij(0) = δij and Ω(0) = Ω0,
implied by Equation (6). By construction, the solutions to these equations with other initial
data for Rij are not related to the motions of a rigid body.

The rotation matrix Rij turns out to be the basic quantity of the formalism since it
contains all the information about time evolution of the body in the laboratory system; see
Equation (6).

The I in Equation (10) denotes the inertia tensor. This is a numeric 3× 3 matrix defined
as follows:

Iij ≡
n

∑
N=1

mN

[
x2

N(0)δ
ij − xi

N(0)xj
N(0)

]
. (11)
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Generally, Iij is a symmetric matrix

I =

 I11 I12 I13
I12 I22 I23
I13 I23 I33

, (12)

transforming as the second-rank tensor under rotations of the laboratory system. So, the
explicit form of the numeric matrix that appears in Equation (10) depends on the initial
position of the body. Equivalently, it can be said that it changes when we pass from one
laboratory basis to another, related by some rotation. Let us consider two orthonormal
bases related by rotation with the help of a numeric orthogonal matrix UTU = 1: e′i = ekUT

ki.
Coordinates of the body’s particles in these bases are related as follows: x′i = Uijxj. Then
Equation (11) implies that the matrices I′ij and Iij, computed in these bases, are related by

I′ij =
n

∑
N=1

mN

[
x′2N(0)δ

ij − x′iN(0)x′jN(0)
]
= Uia

[
∑
N

x2
N(0)δ

ab − mN xa
N(0)xb

N(0)

]
Ujb = Uia IabUjb, or I′ = UIUT . (13)

Adapting the laboratory system with the position of the body at t = 0, we can
simplify Equation (10). Indeed, assume that at the instant t = 0 the laboratory axes ei have
been chosen in the direction of eigenvectors of the matrix Iij. Then the inertia tensor in
Equation (10) acquires diagonal form [21]

I =

 I1 0 0
0 I2 0
0 0 I3

. (14)

As we saw above, due to initial data Rij(0) = δij, the axes Ri(t) of body-fixed basis
at t = 0 coincide with the laboratory axes ei, and therefore also coincide with the inertia
axes. Since the axes Ri(t) and the inertia axes are rigidly connected with the body, they will
coincide in all future moments in time.

Let us consider an asymmetric rigid body, (I1 ̸= I2 ̸= I3), and suppose that we describe
it using Equation (10), in which the inertia tensor is chosen to be diagonal. This implies that
the position of the laboratory system is completely fixed, as described above. If for some
reason we want to choose a different coordinate system, we will be forced to use Equation
(10) with the symmetric matrix (12) containing non-zero off-diagonal elements instead of a
diagonal matrix (14). Notice that the failure to take this circumstance into account leads to
a lot of confusion; see [22].

As will be seen further, it is precisely this circumstance that is not taken into account
in textbooks when formulating the equations of heavy symmetric top and solving them.

3. Heavy Body with a Fixed Point

Consider a body with a fixed point subjected to the force of gravity, with the ac-
celeration of gravity equal to a > 0 and directed opposite to the constant unit vector
k; see Figure 1a. Then the potential energy of the body’s particle xN(t) is amN(k, xN(t)).
Summing up the potential energies of the body’s points, we obtain the total energy

U =
N

∑
N=1

amN(k, xN(t)) = b(k, z(t)) = b(k, R(t)z(0)), b ≡ aLµ. (15)

Here L is the distance from the centre of mass to the fixed point, µ is the total mass
of the body, and z(0) is the unit vector in the direction of the centre of mass at t = 0.
Accounting for the potential energy in the action (2), we obtain the variational problem for
the heavy body. This implies the equations of motion
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mAẍA =
3

∑
B=1

λABxB +
n

∑
β=4

λAβxβ − amAk, mαẍα =
3

∑
A=1

λAαxA − amαk. (16)

Contrary to the free equations, we now have only two integrals of motion. Due to
torque of gravity, the components of angular momentum are not conserved as follows:

ṁ = b[k, z(t)]. (17)

So, the only conserved quantities are the energy and projection of angular momentum
on the direction of constant vector k

dE
dt

= 0, where E =
1
2

n

∑
N=1

mN ẋ2
N + b(k, z(t)), (18)

d
dt
(k, m) = 0, where m =

n

∑
N=1

mN [xN , ẋN ]. (19)

Accounting for the potential energy in the action (9), we obtain the variational problem
for the rotational degrees of freedom

S =
∫

dt
1
2

gijṘkiṘkj −
1
2

λij

[
RkiRkj − δij

]
− bRij(t)kizj(0). (20)

This implies second-order dynamical equations

R̈ikgkj = −Rikλkj − bkizj(0). (21)

k

e
2

3

22

e

e

R

1

1 1

3 3

R

R k R

R

R(0)

(0)

(0)

(0)

(0)

(0)

-a -akk

=

=
(a) (b)

=

Figure 1. (a) Initial position of a heavy body with orthogonal inertia axes R1(0), R2(0), R3(0). (b) For
the symmetric body, due to the freedom in the choice of R1(0) and R2(0), the vector k can be taken
in the form k = (0, k2, k3).

Let the initial position of the inertia axes Ri(0) of the body be as shown in Figure 1a.
Assuming that the laboratory axes ei have been chosen in the direction of the inertia axes
at t = 0, the matrices gij and Iij in all equations acquire the diagonal form.

Performing the calculations similar to those of Section V of the work in [1], we can
exclude the auxiliary variables λij

λij =
2gigj

gi + gj
(Ṙi, Ṙi)−

gi(Ri, Fj) + gj(Rj, Fi)

gi + gj
, where (Fj)i ≡ bkizj(0), (22)
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and write second-order closed equations for Rij. The equivalent first-order system is given
then by 3 + 9 equations

IΩ̇ = [IΩ, Ω] + b[RTk, z(0)], (23)

Ṙij = −ϵjkmΩkRim, or Ġi = −[Ω, Gi], (24)

whereby Gi denote the rows of rotation matrix (Gi)j = Rij. From the line k = (k1, k2, k3)
T =

eiki = eiRij(RTk)j = Rj(RTk)j, we conclude that the functions Kj(t) ≡ (RTk)j in
Equation (23) are components of the vector k in the body-fixed basis.

For the latter use we mention the identities

RTk = kiGi, [RTk, z(0)]i = (Ri[k, z(t)]). (25)

They can be used to represent the torque of gravity in various equivalent forms.
Similar to a free body, the Euler Equation (23) is equivalent to Equation (17). Indeed,

for the angular momentum in the body M = RTm, Equation (17) implies

Ṁ = −[I−1M, M] + b[RTk, z(0)]. (26)

Since M = IΩ, these are just the Euler equations.
Hamiltonian character of Euler–Poisson equations. Equations (23) and (24) represent

a Hamiltonian system [23–25]. This can be confirmed by constructing the Hamiltonian for-
mulation of the Lagrangian theory (20) with the help of intermediate formalism developed
in [26]. This gives the Hamiltonian

H =
1
2

IijΩiΩj + bRijkizj(0), (27)

where Ωj are Hamiltonian counterparts of angular velocity in the body. The corresponding
symplectic structure on phase space with the coordinates Rij, Ωk reads as follows:

{Rij, Rkn} = 0, {Ωi, Ωj} = − Ik
Ii Ij

ϵijkΩk, {Ωi, Rjk} = − 1
Ii

ϵikmRjm. (28)

They coincide with the brackets suggested by Chetaev [27,28] as a symplectic struc-
ture of the theory (23) and (24); see [1] for the details. By construction, the brackets are
degenerate, and (RRT)ij are their Casimir functions. In the Hamiltonian formalism, the
Euler–Poisson equations acquire the form q̇A = {qA, H}, where qA is the set of phase-space
variables Rij, Ωk.

Partial separation of variables in basic equations and the Euler–Poisson equations.
Assuming k3 ̸= 0, consider the change of variables

(Ω, G1, G2, G3) → (Ω, G1, G2, K), where K = kiGi = RTk. (29)

Using the identities (25) we can separate 3 + 3 Euler–Poisson equations of the system
(23) and (24)

IΩ̇ = [IΩ, Ω] + b[K, z(0)], (30)

K̇ = −[Ω, K], (31)

from the remaining 3 + 3 equations

Ġ1 = −[Ω, G1], Ġ2 = −[Ω, G2]. (32)
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Using (7), the integrals of motion (18), (19) can be rewritten as the integrals of motion
of the system (30) and (31) as follows:

E =
1
2

IiΩ2
i + b(K, z(0)), (k, m) = (K, IΩ), K2 = 1. (33)

The Equations (30) and (31) also form a Hamiltonian system with the Hamiltonian
and brackets defined as follows:

H =
1
2

IijΩiΩj + b(K, z(0)), (34)

{Ki, Kj} = 0, {Ωi, Ωj} = − Ik
Ii Ij

ϵijkΩk, {Ωi, Kk} = − 1
Ii

ϵikmKm. (35)

Here K2 turns out to be the Casimir function of the brackets.
We emphasize once again that for asymmetric body I1 ̸= I2 ̸= I3 there is no more a

freedom to simplify the equations using a rotation of the laboratory frame. In particular,
the torque in Equation (30) generally contains all three components of the vector K. In
component form, the equations (30) and (31) read as follows:

Ω̇1 =
I2 − I3

I1
Ω2Ω3 +

b
I1
(K2z3 − K3z2),

Ω̇2 =
I3 − I1

I2
Ω1Ω3 +

b
I2
(K3z1 − K1z3),

Ω̇3 =
I1 − I2

I3
Ω1Ω2 +

b
I3
(K1z2 − K2z1), (36)

K̇1 = Ω3K2 − Ω2K3, K̇2 = −Ω3K1 + Ω1K3, K̇3 = Ω2K1 − Ω1K2. (37)

Their formal solution can be written in terms of the exponential of the Hamiltonian
vector field; see [26]. For the centre of mass vector z(0) in a general position, the solution to
these equations in quadratures is not known. There are two special cases when the solution
can be found in quadratures: Lagrange and Kovalevskaya tops. The Lagrange top will be
discussed in the next section. The discussion of the Kovalevskaya top [29] in modern form
can be found in [30].

4. Lagrange Top

Let us take a symmetric body, that is, I1 = I2 ̸= I3. Then the Euler Equation (23)
can be simplified as follows: without loss of generality, we can assume that the vector k
has the following form: k = (0, k2, k3). Indeed, the eigenvectors and eigenvalues of the
inertia tensor I obey the relations IRi(0) = IiRi(0). With I1 = I2 we have IR1(0) = I2R1(0)
and IR2(0) = I2R2(0), then any linear combination αR1(0) + βR2(0) also represents an
eigenvector with eigenvalue I2. This means that we are free to choose any two orthogonal
axes on the plane R1(0), R2(0) as the inertia axes. Hence, in the case I1 = I2 we can rotate
the laboratory axes in the plane (x1, x2) without breaking the diagonal form of the inertia
tensor. Using this freedom, we can assume that k1 = 0 for our problem; see Figure 1b.

Moving to the case of the Lagrange top, we further assume that the fixed point of the
symmetric body was chosen such that the centre of mass lies on the third axis of inertia.
Then at the initial instant of time we have z(0) = (0, 0, 1)T . Substituting k = (0, k2, k3)

T

and z(0) = (0, 0, 1)T into the Euler Equation (23), we obtain

Ω̇1 = ϕΩ2 +
b
I2
(k2R22 + k3R32), Ω̇2 = −ϕΩ1 −

b
I2
(k2R21 + k3R31), Ω̇3 = 0, (38)

where ϕ = I2−I3
I2

Ω3 = const. Together with (24), they represent equations of motion of the
Lagrange top. The last equation from (38) implies that besides the integrals of motion (18)
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and (19), there is one more: Ω3 = const. This can also be seen from Equation (26). Indeed,
the third component of this equation reads as follows:

Ṁ3 =

(
1
I2

− 1
I1

)
M1M2 − b(k, [R3(t), z(t)]). (39)

For the Lagrange top we have I1 = I2 and z(t) = R3(t), so Ṁ3 = I3Ω̇3 = 0.
Variational problem for the Lagrange top in terms of Euler angles. Let us write the

Lagrangian (20) as follows:

L =
1
2

Ii(Ωi)
2 − 1

2
λij

[
RkiRkj − δij

]
− bRij(t)kizj(0), (40)

where Ωi ≡ − 1
2 ϵijk(RT Ṙ)jk. Let us substitute the expression for Rij in terms of Euler angles

R =

 cos ψ cos φ − sin ψ cos θ sin φ − sin ψ cos φ − cos ψ cos θ sin φ sin θ sin φ
cos ψ sin φ + sin ψ cos θ cos φ − sin ψ sin φ + cos ψ cos θ cos φ − sin θ cos φ

sin ψ sin θ cos ψ sin θ cos θ

 (41)

into Equation (40). According to classical mechanics (see Section 17 in [10] or Section 1.6 in
[25]), this gives an equivalent variational problem. Since the rotation matrix in terms of
Euler angles automatically obeys the constraint RT R = 1, the second term of the action (40)
vanishes, and we obtain

L =
1
2

I2[θ̇
2 + φ̇2 sin2 θ] +

1
2

I3[ψ̇ + φ̇ cos θ]2 − bRij(θ, φ, ψ)kizj(0). (42)

As we saw above, the Lagrange top corresponds to the choice z(0) = (0, 0, 1) and
k = (0, k2, k3). With these z(0) and k, the potential energy acquires the form b(k2R23 +
k3R33), and we obtain the variational problem for the Lagrange top in terms of Euler angles

L =
1
2

I2[θ̇
2 + φ̇2 sin2 θ] +

1
2

I3[ψ̇ + φ̇ cos θ]2 − b[k3 cos θ − k2 sin θ cos φ]. (43)

This gives the following equations of motion:

I3[ψ̇ + φ̇ cos θ] = mψ = const, (44)
d
dt
[I2 φ̇ sin2 θ + mψ cos θ] + bk2 sin θ sin φ = 0, (45)

−I2θ̈ + I2 φ̇2 sin θ cos θ − mψ sin θφ̇ + b[k3 sin θ + k2 cos θ cos φ] = 0. (46)

In many textbooks [3–8], authors considered other equations following from a different
Lagrangian [9,10]; the latter does not contain the term proportional to k2:

LA =
1
2

I2[θ̇
2 + φ̇2 sin2 θ] +

1
2

I3[ψ̇ + φ̇ cos θ]2 − b cos θ. (47)

This term is discarded on the basis of the following reasoning: to simplify the anal-
ysis, choose the laboratory axis e3 in the direction of gravity vector k. However, this
reasoning does not take into account the presence in the equations of moments of iner-
tia, which have the tensor law of transformation under rotations. Indeed, going back
to Equations (23) and (24), select e3 in Figure 1b in the direction of k, and calculate the
components of the inertia tensor. Since the axis of inertia R3(0) does not coincide with
e3, we obtain a symmetric matrix with non-zero off-diagonal elements (12) instead of (14).
This symmetric matrix should now be used to construct the kinetic part of Lagrangian and
hence, it appears in the equations of motion. That is, the attempt to simplify the potential
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energy will lead to a Lagrangian with a complicated expression for the kinetic energy,
rather than to (47).

Does a rotating body have motions that could be described using the equations
following from an incomplete Lagrangian (47)? The answer is yes: these are solutions with
special initial data, for which the R3(t) axis coincides with k at some (finite) instant in time.
These are the solutions of an awakened top and its limiting case of a sleeping top; see below.
In the general case, to look for the solutions with R3(t) that do not pass through k, one
should use the equations following from (43).

Probably for the first time in the monographic literature, the equations following
from incomplete Lagrangian (47) were discussed in detail by MacMillan in [4]. In the
absence of an analytical solution in elementary functions, MacMillan performed an analysis
of integrals of motion and effective potential, reducing the problem to the study of a
polynomial of degree 3. The results of this qualitative analysis are summarized in Figures
60–62 of his book, and then reproduced in many other textbooks. In this respect we
point out that a similar analysis of the improved Lagrangian (43) leads to the study of a
polynomial of degree 6; see [20].

5. Sleeping Lagrange Top

Consider the Lagrange top that at t = 0 has its centre of mass vector in the direction
of gravity vector k, and was launched with initial angular velocity Ω0 = const around the
axis k. In accordance with this, we use z(0) = k = (0, 0, 1)T and Ω(0) = (0, 0, Ω0) in
Equations (23) and (24). The equations for Ω(t) and R3(t) read as follows:

Ω̇1 = ϕΩ2 +
b
I2

R32, Ω̇2 = −ϕΩ1 −
b
I2

R31, Ω̇3 = 0;

Ṙ31 = R32Ω3 − R33Ω2, Ṙ32 = R33Ω1 − R31Ω3, Ṙ33 = R31Ω2 − R32Ω1, (48)

where ϕ = I2−I3
I2

Ω3. They are satisfied by the functions Ω(t) = (0, 0, Ω0), R31(t) =

R32(t) = 0 and R33(t) = 1. Then the remaining equations from (23) and (24) are

Ṙ11 = R12Ω0, Ṙ12 = −R11Ω0, Ṙ13 = 0;
Ṙ21 = R22Ω0, Ṙ22 = −R21Ω0, Ṙ23 = 0. (49)

Their general solution is

R11 = A cos Ω0t + B sin Ω0t, R12 = −A sin Ω0t + B cos Ω0t, R13 = F;
R21 = C cos Ω0t + D sin Ω0t, R22 = −C sin Ω0t + D cos Ω0t, R23 = G. (50)

Taking into account the initial data Rij(0) = δij, we obtain A = D = 1, B = C = F =
G = 0, and the solution is the stationary rotation around the vector of gravity k:

Rij(t) =

 cos Ω0t − sin Ω0t 0
sin Ω0t cos Ω0t 0

0 0 1

. (51)

6. Awakened Lagrange Top

Consider the Lagrange top that at t = 0 has its centre of mass vector in the direction of
gravity vector k, so z(0) = k = (0, 0, 1)T . Substituting these values into Equation (40) we
obtain the following variational problem in terms of Euler angles

L =
1
2

I2[θ̇
2 + φ̇2 sin2 θ] +

1
2

I3[ψ̇ + φ̇ cos θ]2 − b cos θ. (52)

The initial data should be formulated now for the Euler angles. Let the top be launched
from a vertical position with some linear velocity Ṙ3(0). This vector is parallel to the plane
of the laboratory vectors e1 and e2. Using the freedom to rotate the laboratory system
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in the plane of these vectors without spoiling the diagonal form of the inertia tensor, we
can assume that Ṙ3(0) is antiparallel to e2. With these agreements, consider the top with
the initial position θ(0) = φ(0) = ψ(0) = 0, and with the initial nutation θ̇(0) = θ̇0 and
rotation ψ̇(0) = ψ̇0, where θ̇0 << ψ̇0. We do not fix the speed of precession φ̇(0) of the
azimuth plane because it is determined by ψ̇0; see Equation (57) below. The Lagrangian
(52) does not depend on ψ and φ, so the equations of motion δS/δψ = 0 and δS/δφ = 0
give the integrals of motion mψ and mφ:

I3[ψ̇ + φ̇ cos θ] = mψ = const, then mψ = I3[ψ̇0 + φ̇0], (53)

I2 φ̇ sin2 θ + mψ cos θ = mφ = const. (54)

Substituting the initial data θ(0) = 0 into the last equation, we conclude that the
integrals of motion are not independent:

mφ = mψ. (55)

Taking this into account, Equation (54) reads

φ̇ =
mψ

I2(1 + cos θ)
. (56)

This implies that φ̇ is a non-negative function, so the azimuth plane cannot change its
direction of rotation during the motion of the top. In addition, from the above expressions
we obtain the initial speed φ̇0 and then the integral of motion mψ through the initial
rotation ψ̇0:

φ̇0 =
I3

2I2 − I3
ψ̇0, mψ =

2I2 I3

2I2 − I3
ψ̇0. (57)

Variation of the Lagrangian (52) with respect to θ gives the second-order equation

−I2θ̈ + I2 φ̇2 sin θ cos θ − I3[ψ̇ + φ̇ cos θ]φ̇ sin θ + b sin θ = 0. (58)

Using Equations (53) and (57), we exclude the variables φ and ψ, obtaining closed
equation for θ:

−I2θ̈ −
m2

ψ

I2

sin θ

(1 + cos θ)2 + b sin θ = 0. (59)

This equation follows from the effective Lagrangian

Le f f =
I2

2
θ̇2 −

m2
ψ

I2(1 + cos θ)
− b cos θ. (60)

The energy of this effective one-dimensional problem is an integral of motion

I2

2
θ̇2 +

m2
ψ

I2(1 + cos θ)
+ b cos θ = E = const, then E =

1
2
[I2θ̇2

0 +
m2

ψ

I2
] + b. (61)

This allows us to write the first-order equation for θ:

θ̇ =

√
2
I2

√
(E − b cos θ)(1 + cos θ)− γ

1 + cos θ
, where γ ≡

m2
ψ

I2
, (62)
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that can be immediately integrated as follows:

∫ dx√
x[(E − b + bx)(2 − x)− γ]

=

√
2
I2

∫
dt, where x ≡ 1 − cos θ. (63)

So, the problem was reduced to the elliptic integral, which appeared in the last
expression.

In the absence of an analytic solution in elementary functions, we can use the effective
one-dimensional problem (60) for qualitative analysis of the motion. Consider a top of
mass µ = 0.1 kg, in the form of a cone of height h = 0.12 m and radius r = 0.06 m. As the
fixed point, we take the vertex of the cone. Then the distance to the centre of mass and the
inertia moments are as follows [9]:

L =
3h
4

= 0.09m, I1 = I2 =
3
5

µ(
r2

4
+ h2) = 918 × 10−6, I3 =

3
10

µr2 = 108 × 10−6. (64)

As the initial velocities of rotation and nutation we take ψ̇0 = 2πn rad/s and
θ̇0 = 0.2 rad/s∼ 11◦/s, where n is the number of revolutions per second. The poten-
tial energy of the effective problem (60) reads

Ue f f (θ) =
γ

1 + cos θ
+ b cos θ, where γ ≡

m2
ψ

I2
= 0.565694455 × 10−3, b = aµL = 0.0882. (65)

Typical graphs of the function Ue f f (θ) are drawn in Figure 2.

n=1

n=10
n=20
n=25

θU (   )

π
θmax

Figure 2. Effective potential energy of awakened Lagrange top with initial nutation rate θ̇0 = 11◦/s.

The potential energy of a slow top has a minimum at the point cos θ = −1 +
√

γ/b,
which shifts to the left with increasing rotational speed ψ̇0, so that for velocities greater
than 24 revolutions per second, the point of minimum becomes θ = 0. The graphs show
that the awakened top first deviates from the vertical position, and then returns.

The maximum deviation θmax of the axis R3(t) from the vertical can be found in
analytical form from Equation (61), in which we should put θ̇(t) = 0. Then

cos θmax =
γ + σ

4b
−

√
(1 +

γ + σ

4b
)2 − γ

b
, where δ = I2θ̇2

0 = 0.3672 × 10−4. (66)

Furthermore, with the use of Equations (56) and (57) we can estimate the character
of rotation of the azimuth plane by calculating the precession speed φ̇0 and φ̇(θmax). The
results of these calculations are presented in Table 1. The initial precession speed φ̇0 of the
azimuth plane grows with ψ̇0, while the precession speed φ̇(θmax) at the point of maximum
deviation first decreases but then begins to increase, starting from 25 revolutions per second.
The precession rate of a fast top changes slowly with time. The typical trajectory of the
third axis R3(t) is drawn in Figure 3. This should be compared with Figures 60–62 of
MacMillan’s book [4].
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Table 1. Maximum deviation and precession rates of awakened Lagrange top with initial nutation
rate θ̇0 = 11◦/s.

ψ̇0 = n rev./s θmax
◦ φ̇0 rev./s φ̇(θmax) rev./s

1 175 0.0625 39
10 131 0.625 3.9
13 117 0.8 3.0
16 103 1 2.44
20 74 1.25 1.95
23 46 1.43 1.7
25 11 1.56 1.58
26 4 1.62 1.62

Figure 3. Trajectory of the axis R3(t) (from vertical to the maximum deviation position) of awakened
Lagrange top with initial nutation rate θ̇0 = 11◦/s.

7. Horizontal Precession around Gravity Vector

Consider the Lagrange top that at t = 0 has its third axis R3(0) orthogonal to the
gravity vector k; see Figure 4.

e

e

e

1

2

3

R (t)3

R (t)1

R (0)

k = 2= R (0)

z(0) 3

R (t)

=R (0)=

= 1

2

θ(t)

Figure 4. Horizontal precession of the Lagrange top around gravity vector.

Using the freedom of rotation of the laboratory axes in the plane e1, e2, we can assume
that k = e2 = (0, 1, 0)T . Substituting these values together with z(0) = (0, 0, 1)T into the
Lagrangian (42), we obtain

L =
1
2

I2[θ̇
2 + φ̇2 sin2 θ] +

1
2

I3[ψ̇ + φ̇ cos θ]2 + b sin θ cos φ. (67)

This implies the equations

I3[ψ̇ + φ̇ cos θ] = mψ = const,
d
dt
[I2 φ̇ sin2 θ + mψ cos θ] + b sin θ sin φ = 0,

−I2θ̈ + I2 φ̇2 sin θ cos θ − mψ sin θφ̇ + b cos θ cos φ = 0. (68)
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We assume that our top has some initial rotation and precession rates ψ̇(0) = ψ̇0 and
θ̇(0) = θ̇0. Then the initial position of the top is θ(0) = 0, φ(0) = π

2 , ψ(0) = 3π
2 . Let us look

for a solution of the form θ(t), φ(t) = π
2 , ψ(t), then the equations of motion read

ψ̇ = ψ̇0, θ̇ =
b

I3ψ̇0
, θ̈ = 0, (69)

and we obtain the solution θ(t) = b
I3ψ̇0

t, φ(t) = π
2 , ψ(t) = ψ̇0t + 3π

2 . Substituting these
functions into Equation (41), we obtain the rotation matrix which turns out to be the
composition of two rotations: counterclockwise around the e2 axis and clockwise around
the e3 axes

R(t) =

 cos ψ̇0t cos θ̇0t − sin ψ̇0t cos θ̇0t sin θ̇0t
sin ψ̇0t cos ψ̇0t 0

− cos ψ̇0t sin θ̇0t sin ψ̇0t sin θ̇0t cos αt

 =

 cos θ̇0t 0 sin θ̇0t
0 1 0

− sin θ̇0t 0 cos θ̇0t

×

 cos ψ̇0t − sin ψ̇0t 0
sin ψ̇0t cos ψ̇0t 0

0 0 1

, (70)

where

θ̇0 =
b

I3ψ̇0
. (71)

Thus, the Lagrange top launched with the rotation rate ψ̇0 and precession rate θ̇0 = b
I3ψ̇0

will precess around k in the horizontal plane. A slow spinning top must precess at high
speed to stay on this plane. A fast spinning top precesses slowly. The relationship between
frequencies of rotation and precession does not depend on the geometry of the top.

8. Inclined Lagrange Top: Precession around Gravity Vector without Nutation

Without loss of generality, we can choose the initial position of the inclined Lagrange
top (and hence the laboratory system) as shown in Figure 5.

k

e 22

e

e1 1

3 3R

R

R (0)

(0)

(0)

=

=

=

=z(0)

Figure 5. Precession without nutation of inclined Lagrange top.

According to (38) and (24), the equations of motion are

Ω̇1 = ϕΩ2 +
b
I2
(k2R22 + k3R32), Ω̇2 = −ϕΩ1 −

b
I2
(k2R21 + k3R31), Ω3 = const; (72)

Ṙij = −ϵjkmΩkRim, (73)

where ϕ = I2−I3
I2

Ω3 = const. We look for the solution that represents precession around k
without nutation; that is, (R3(t), k) = const for any t. It can be expected that this motion be
described by a rotation matrix consisting of the product of rotations around the axes k and
e3: R(t, α, γ) = Rk(t, γ)× Re3(t, α). Therefore, we will look for a solution in the following
form (see [1] for the details):
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Rij =


cos γt cos αt − k3 sin γt sin αt − cos γt sin αt − k3 sin γt cos αt k2 sin γt

k3 sin γt cos αt + (k2
2 + k2

3 cos γt) sin αt −k3 sin γt sin αt + (k2
2 + k2

3 cos γt) cos αt k2k3(1 − cos γt)

−k2 sin γt cos αt + k2k3(1 − cos γt) sin αt k2 sin γt sin αt + k2k3(1 − cos γt) cos αt k2
3 + k2

2 cos γt

 (74)

with some frequencies of rotation α and precession γ. For the positive values of the
frequencies, Re3(t, α) is in a clockwise rotation while Rk(t, γ) is in a counterclockwise one.
Substituting this matrix into Equation (72), we obtain

Ω̇1 = ϕΩ2 +
bk2

I2
cos αt, Ω̇2 = −ϕΩ1 −

bk2

I2
sin αt. (75)

The general solution to this system with two integration constants c and ϕ0 is
Ω1 = c sin(αt + ϕ0), Ω2 = c cos(αt + ϕ0), where

α = ϕ +
bk2

I2c
=

I2 − I3

I2
Ω3 +

bk2

I2c
. (76)

The initial conditions Rij(0) = δij imply ϕ0 = 0, so finally

Ω1 = c sin αt, Ω2 = c cos αt. (77)

The functions (77) and (74) with α given in (76) satisfy the Euler Equation (72) for
arbitrary values of the constants Ω3, c, and γ. Let us try to choose them so that our
functions also satisfy the Poisson Equation (73). At t = 0 the Equation (73) turns into
Ωk(0) = − 1

2 ϵkijṘij(0). Substituting our functions (77) and (74) into these equalities we
obtain the numbers c and Ω3 through γ as follows:

c = k2γ, Ω3 =
b

I3γ
+

I2k3

I3
γ. (78)

Together with Equation (76), these expressions give the following relationship between
the two frequencies of our problem:

α =
A
γ
+ Ck3γ, where A ≡ b

I3
=

aµL
I3

> 0, C ≡ I2 − I3

I3
. (79)

It is verified by direct calculations that the functions (77) and (74) with these values of
c, Ω3, and α satisfy the Poisson Equation (73) for any value of the precession frequency γ.
Hence, the rotation matrix (74) with the rotation and precession frequencies related accord-
ing to Equation (79) describes the precession without nutation of an inclined Lagrange top.
Note that for the horizontal top, k2 = 1 and k3 = 0, the solution obtained turns into (70).

The function α(γ) depends on the top’s configuration C and inclination k3. To discuss
this function, consider a conical top of height h, radius r, and the precession frequency
γ > 0. We obtain (see Equation (64)) I2 − I3 = 3µ

20 [4h2 − r2]. So, C > 0 when h > r/2 (high
top), C = 0 when h = r/2 (totally symmetric top, I1 = I2 = I3 ), and C < 0 when h < r/2
(low top).

Then the following cases arise.
A. The low top located above the horizon, that is

2h < r, then C < 0; k3 > 0. (80)

The graph of the function α(γ) is drawn in Figure 6a and implies the following
behaviour of the top.
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Figure 6. The relationship between two frequencies. (a) Low top located above the horizon, (b) High
top located above the horizon.

A1. Slow precession without nutation, γ < γcrit =
√
−b/(I2 − I3)k3, implies a clockwise

rotation of the top around R3(t).
A2. When γ = γcrit, the centripetal acceleration balances the force of gravity, and the top

precesses without rotation around R3(t).
A3. Rapid precession, γ > γcrit, implies counterclockwise rotation around R3(t). In the

limit γ → ∞ the rotation frequency |α| grows linearly with γ.

B. The high top located below the horizon

2h > r, then C > 0; k3 < 0, (81)

has similar behaviour.
C. The high top located above the horizon

2h > r, then C > 0; k3 > 0. (82)

The graph of the function α(γ) is drawn in Figure 6b and implies the following
behaviour of the top.

C1. The top rotating around R3(t) with the frequency less than α(γcrit) = 2
√
(I2 − I3)bk3/I3

cannot precess without a nutation.
C2. There is only one rotation frequency α(γcrit) at which the top’s precession frequency

is γcrit =
√

b/(I2 − I3)k3.
C3. For each α > α(γcrit), there are two possible precession frequencies for the movement

without nutation

γ =
α ±

√
α2 − 4ACk3

2Ck3
. (83)

D. The low top located below the horizon

2h < r, then C < 0; k3 < 0, (84)

has similar behaviour.
E. The totally symmetrical conical top

2h = r, then I1 = I2 = I3, C = 0, α =
b

I3γ
, (85)

has behaviour similar to the horizontal top. The relationship between two frequencies does
not depend on the top’s inclination k3.
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9. Conclusions

When formulating and solving the equations of motion of a rigid body with the
inertia tensor chosen in the diagonal form, one should keep in mind the tensor law of
transformation of the moments of inertia I1, I2, I3 under rotations. We observed that for the
Lagrange top, this leads to the potential energy that depends on the Euler angles φ and θ.
The potential energy (see the last term in (43)) is different from that assumed in textbooks
(see the last term in (47)). To the best of our knowledge, this drawback has not yet been
noticed and corrected in the literature. We therefore revised the problem of the motion of a
Lagrange top and corrected this drawback. It should be noted that similar inaccuracies also
exist when discussing a free asymmetric body; see Appendix in the recent work [31]. This
work thereby shows that in the case of a body subject to constraints, their careful analysis
is required when deriving the equations of motion. There are other interesting cases that
we intend to consider in the future: the equations of a top, wheel, and cylinder, with one
point restricted to move on a plane without friction.

The problem of finding a general solution to the improved Equations (44)–(46) can be
reduced to the calculation of four elliptic integrals [20]. However, under some special initial
conditions, one can either find analytical solutions in elementary functions or perform a
qualitative analysis of the motion. We have found such solutions to the improved equations.
The motions of awakened and horizontally precessing Lagrange tops were analysed with
the use of unconstrained variables (Euler angles). The sleeping and inclined Lagrange tops
were analysed in terms of original variables (rotation matrix Rij and angular velocity in the
body Ωi). Perhaps somewhat unexpected is the motion of a high inclined top (case C3): for
a given rotation frequency greater than the critical one, it can precess without nutation at
two different precession frequencies.
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