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1. Introduction

The observation of the processes γγ→ hadrons (including γγ→ π0π0 by the Crystal
Ball [1] and Belle [2,3]) is rather interesting since they involve an immediate transfor-
mation of energy to the masses of strongly interacting particles. The importance of this
phenomenon is obvious. Therefore, when analyzing data on energy spectrum of cross
section of process γγ → π0π0 in addition to determination of dipole and quadrupole
polarizabilities of pions (see, e.g., Ref. [4]), it is extremely interesting to study the coupled-
channels contributions, including interference phenomena, and also the role of individual
resonances in saturation of the energy spectrum of this process.

Generally processes γγ→ π+π−, π0π0 were already studied earlier (see, e.g., Refs. [5–9]
and references therein), especially after appearance of the experimental data on these
reactions [1–3]. In these works one considers productions of pion pairs in annihilation of
both real and virtual photons in the dispersion relation approach with imposing various
constraints, such as a Mandelstam analyticity and chiral constraints.

For the observed two-photon annihilation the π0π0 pairs are produced in the S- and
D-wave states with isospins I = 0 and 2. The isoscalar parts dominate significantly.
Earlier we have shown [10] that physical resonances, as the scalar and tensor ones, can
be considered correctly only in approaches where the S-matrix is determined on the
multi-sheeted Riemann surface (the isoscalar-scalar resonances on an 8-sheeted surface,
isoscalar-tensor ones on a 16-sheeted one). One should keep in mind that the dispersion
relations are written on the 2-sheeted Riemann surface. Therefore, we consider this process
by allowing for coupled channels. For the process γγ → ππ with rescattering in the
final state the coupled channels are γγ → (ππ, KK, ηη) → ππ. The amplitudes for
the isoscalar S-wave three-channel ππ scattering are taken from our model-independent
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analysis of data for ππ → ππ, KK, ηη [11]. Our approach is based on analyticity and
unitarity by using a uniformization procedure (for detailed review of this method see,
e.g., Refs. [12–14]). For physical applications see Refs. [10–18]. This method allows to
study the S-matrix elements in multichannel hadron scattering processes with taking
into account a structure of the corresponding Riemann surface. In particular, in the two-
and three-channel cases the corresponding S-matrices are determined on the 4- and 8-
sheeted Riemann surfaces, respectively, which are transformed onto the uniformization
plane by corresponding conformal mappings. Then we have a possibility to represent
correctly multichannel resonances by poles (and by corresponding zeros) on all sheets of
the Riemann surface.

Our previous combined description of data on the decays of charmonia—J/ψ →
φ(ππ, KK), ψ(2S)→ J/ψ ππ, and X(4260)→ J/ψ π+π−—and of bottomonia – Υ(mS)→
Υ(nS)ππ (m > n, m = 2, 3, 4, 5, n = 1, 2, 3) [15] (where the contributing amplitude of
isoscalar S-wave three-channel ππ scattering was directly taken from the analysis of the
processes ππ → ππ, KK, ηη [11])—implied a confirmation of all our earlier results on the
scalar mesons. Therefore, when considering the cross section of the process γγ→ π0π0,
we will keep the parameters of the S-wave three-channel ππ scattering amplitude [11]
unchanged, hoping to obtain an additional confirmation of our results on the scalar mesons.

For the D-wave of multi-channel ππ-scattering in γγ → ππ we will use the results
of our 4-channel analysis of the processes ππ → ππ, (2π)(2π), KK, ηη, where we also
considered the (2π)(2π) channel [16] explicitly. As in the case of the S-wave 3-channel
ππ-scattering, here the resonances are represented by poles on the 16-sheeted Riemann
surface. The resonance poles are generated by some 4-channel Breit–Wigner forms with a
Blatt–Weisskopf barrier factor due to the meson spins.

In the PDG issue 2020 [19] twelve resonances in the isoscalar-tensor meson sector
are discussed, f2(1270), f2(1430)∗, f ′2(1525), f2(1565)∗, f2(1640)∗, f2(1810)∗, f2(1910)∗,
f2(1950), f2(2010), f2(2150)∗, f2(2300), and f2(2340). The resonances denoted with asterisk
were omitted from the summary table as they still need an experimental confirmation.
There is considered also the state f J(2220) (JPC = 2++ or 4++) which was omitted from
the summary table. In our previous analysis of the multichannel ππ scattering with
eleven states, performed in 2010 [16], we have not considered the states f2(1640), f2(1910),
f2(2150), f2(2300), and f2(2340) but have included the states f2(1730), f2(2020), f2(2240),
and f2(2410). Considering these eleven resonances we obtained a satisfactory combined
description of data on the D-wave processes ππ → ππ, KK, ηη, explicitly allowing for the
(2π)(2π) channel. The state f2(2020) practically did not change the description of data but
it allowed the interpretation of the f2(2000) state as a glueball as it was done in Ref. [20]
using an approach based on the 1/Nc-expansion. In the presented analysis we use these
eleven resonances for the isoscalar-tensor meson sector.

The paper is organized as follows. In Section 2 we derive the formalism for tak-
ing into account effects of multi-channel ππ scattering in the decay mode γγ → π0π0.
First we present some general basic formulas and a model for the process γγ → π0π0,
which is a development of the one proposed in Refs. [21,22], however, with allowing for
our previous results on the multichannel ππ scattering, that for obtaining correct values
for the f0-resonance parameters in the analysis of multichannel ππ scattering data it is
needed, as minimum, the tree-coupled channel analysis, namely the combined analy-
sis of the data on S-wave processes ππ → ππ, KK, ηη [17]. Analogously, to obtain the
f2-resonance parameters, it is needed the four-channel analysis of the data on D-wave
processes ππ → ππ, (2π)(2π), KK, ηη [16]. Further we outline our model-independent
S-matrix approach based on first principles, such as analyticity and unitarity [16]. It was
used in calculating the S- and D-wave amplitudes of the above-indicated coupled processes,
which are applied in the model for the process γγ→ π0π0. Note that for the present it is
reasonable not to consider the channel with isospin I = 2 because the Born approximation
is equal to zero and there are no mesonic resonances with I = 2. Taking into account
the format of this paper, we avoid the excessive details of formalism, dispatching to the
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corresponding references. In Section 3 we show the results of calculations of the cross
section energy spectrum of the γγ→ π0π0 in the presented model when comparing with
the experimental data [1–3]. There are investigated separately contributions of the S- and
D-waves, of the individual channels to the energy spectrum. Also we show the calculated
energy spectra of the γγ→ π0π0 when switching off the individual f2 resonances, grouped
around the energy interval 1.5–1.73 GeV, where our calculations diverge with the data.
Since our approach of principle consists in the combined description of this process and of
the above-indicated processes of the S- and D-wave multichannel ππ scattering, we carry
out and show the results of the combined analysis (for each case of switching off the individ-
ual f2 resonances) of γγ→ π0π0, of the isoscalar S-wave processes ππ → ππ, KK, ηη and
of the isoscalar D-wave processes ππ → ππ, (2π)(2π), KK, ηη. Finally, Section 4 contains
our conclusions.

2. Effect of Multi-Channel ππ Scattering in γγ → π0π0

When studying the process γγ→ π0π0 we have to include the effect of intermediate
states. Since photons couple to charged objects production of π0π0 pairs can only occur
through the formation of π+π− and K+K− pairs in the intermediate states of the final-state
rescattering processes. We describe the coupling of photon with charged pseudoscalar
mesons based on the vector meson dominance (VMD) model. According to the VMD
model, the hadron electromagnetic current is given by the linear combination of individual
contributions of vector meson fields [23]:

Jµ(x) = −
[

m2
ρ

2γρ
ρ0

µ(x) +
m2

ω

2γω
ω0

µ(x) +
m2

φ

2γφ
φ0

µ(x)

]
, (1)

where mV is the mass of vector mesons (V = ρ0, ω, φ). The coupling constants of the photon
with vector mesons are determined by the normalization conditions of vector fields:

< 0|Jµ(0)|V >= −
m2

V
2γV

Vµ.

In the SU3-symmetry scheme with ideal ω− φ meson mixing one has the relations:

γρ : γω : γφ = 1 : 3 :
(
− 3√

2

)
. (2)

For the constants γV there are found the following values [24]:

γ2
ρ

4π
= 0.64± 0.05 ,

γ2
ω

4π
= 4.8± 0.5,

γ2
φ

4π
= 2.8± 0.2. (3)

The use of the VMD model permits us to understand how the intermediate states are
formed in the process γγ → π0π0. According to the VMD hypothesis, one can consider
the γ-quant state as a superposition of the ρ0-, ω- and φ-meson states [25]:

|γ〉 =
√

απ
(

γ−1
ρ

∣∣∣ρ0
〉
+ γ−1

ω |ω〉 − γ−1
φ |φ〉

)
. (4)

It is seen that in the γγ annihilation the ρ0ρ0 components are responsible for produc-
tion of two pairs of charged pions (π+π−), the φφ for (K+K−), and ωω for two triplets
(π+π−π0). At that, it is assumed that two opposite-charge mesons (each from the differ-
ent pairs/triplets of particles, produced by different photons) are paired into t-channel
propagator, giving the nearest mesons, exchanged in the crossing-channels. Then in the
intermediate states we have two/four pseudoscalar mesons. The VMD relations [see
Equations (2) and (3)] are used to define the coupling which is attached to the correspond-
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ing diagrams describing the processes γ + γ → ρ0 + ρ0 → π+ + π−, γ + γ → φ + φ →
K+ + K−, γ + γ→ ω + ω → 2π+ + 2π−, and γ + γ→ ω + ω → π+ + π− + 2π0.

The cross section of process γγ → π0π0 is written via the helicity amplitudes M++

and M+− (the subscripts label the helicities of the incoming photons) [26,27] as follows

dσ

dΩ
=

1
256π2s

√
s− 4m2

π

s

(
|M++|2 + |M+−|2

)
, (5)

where s = (k1 + k2)
2 with k1 and k2 being the 4-momenta of the photons. These helicity

amplitudes are decomposed into partial waves:

M++(s, θ, φ) = e2
√

16π ∑
J≥0

FJ0(s)YJ0(θ, φ), (6)

M+−(s, θ, φ) = e2
√

16π ∑
J≥2

FJ2(s)YJ2(θ, φ). (7)

The partial wave amplitudes FJλ (helicity λ = 0, 2) must be determined in the analysis.
In the following we do the truncation of the partial wave expansion in Equation (6) by
including only the first leading term following the idea proposed in Ref. [22]. This is related
to the fact, that in the final state ππ interaction, contributing to the process γγ → π0π0,
the S- and D-wave dominate.

In Refs. [21,22] it is argued that the partial amplitudes are approximated in the follow-
ing form:

FI=0
Jλ (γγ→ ππ) = ∑

n
aI=0

Jλ (γγ→ n)T I=0
J (n→ ππ), (8)

where the aI=0
Jλ (γγ→ n) approximate transitions from γγ to the intermediate states; they

are functions of s and real above the ππ threshold. Note that it is reasonable in the case
of process γγ → π0π0 not to consider the channel with isospin I = 2 because the Born
approximation is equal to zero and there are no mesonic resonances with I = 2. The
T I

J (n→ ππ), describing transitions from the intermediate states into pion pair, satisfy the
unitarity conditions:

ImT I
J (n→ ππ) = ∑

n′
ρnT I

J (n→ n′)∗T I
J (n
′ → ππ), (9)

where the sum is over the hadronic intermediate states n′, kinematically admitted; ρn is
the corresponding phase space factor for each channel. When using this relation, one can
see, that the expression (8) satisfies the unitarity condition for the amplitude FI

Jλ(γγ →
ππ) [21,22]:

ImFI
Jλ(γγ→ ππ) = ∑

n
ρnFI

Jλ(γγ→ n)∗T I
J (n→ ππ), (10)

Considering S-wave multichannel ππ scattering in the final π0π0 state, we shall deal
with the 3-channel case, i.e. with the reactions ππ → ππ, KK, ηη. In Ref. [17] it was shown
that this is a minimal number of coupled channels needed to obtain correct values for
the f0-resonance parameters in the analysis of multichannel ππ scattering data. For the
D-wave multichannel ππ scattering one ought to consider, as minimum, four coupled
channels: ππ → ππ, (2π)(2π), KK, ηη [16]. We use the following relation between the
T-matrix and S-matrix (T0

0 )ij =
√

s/(4ik) [(S0
0)ij − 1]. Therefore, redenoting in Equation (8)

aI=0
J=0λ=0(γγ→ n) ≡ a(γγ→ n) and aI=0

J=2λ=2(γγ→ n) ≡ b(γγ→ n), we write the S- and
D-wave amplitudes as
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FI=0
00 (γγ→ π0π0) = a(γγ→ π+π−)T I=0

0 (π+π− → π0π0)

+ a(γγ→ K+K−)T I=0
0 (K+K− → π0π0)

+ a(γγ→ ηη)T I=0
0 (ηη → π0π0) , (11)

FI=0
22 (γγ→ π0π0) = b(γγ→ π+π−)T I=0

2 (π+π− → π0π0)

+ b(γγ→ 2π+2π−)T I=0
2 (2π+2π− → π0π0)

+ b(γγ→ K+K−)T I=0
2 (K+K− → π0π0)

+ b(γγ→ ηη)T I=0
2 (ηη → π0π0) , (12)

where

a(γγ→ π+π−) =
α10

(s− γ1)2 + α11 + α12s,

a(γγ→ K+K−) =
β20

(s− γ2)2 + β21 + β22s,

a(γγ→ ηη) = β31 + β32s,

b(γγ→ π+π−) =
δ10

(s− ρ1)2 + δ11 + δ12s, (13)

b(γγ→ 2π+2π−) =
δ20

(s− ρ2)2 + δ21 + δ22s,

b(γγ→ K+K−) = δ31 + δ32s,

b(γγ→ ηη) = δ41 + δ42s

with an obvious notation. These parameters must be determined, on the whole, in a
combined fit to data on γγ→ π0π0 [1–3] and on isoscalar S- and D-wave multi-channel
ππ-scattering. Note that the VMD couplings are absorbed into the parameters α11, α12,
β21, β22, δij, in Equation (13) and the latter are fitted to data to guarantee that the obtained
corresponding values of these couplings approximately satisfy to the relations (2) and (3).
Let us explain the pole terms in the coefficients a and b. Whereas in the direct channel of
process γγ→ ππ the isoscalar-scalar and isoscalar-tensor meson resonances contribute, in
the crossing-channels (the Compton scattering γπ → γπ) other resonances contribute: from
the nearest – exchanges of the ρ(770), ω(782), φ(1020), b1(1235), a1(1260) and a2(1320).
We approximate these exchanges effectively by the pole term determined in the analysis.
Also the pole term in a(γγ→ K+K−) approximates the K-meson exchange in the K+K−

intermediate state between the γK+ and γK− vertices; the pole terms in b(γγ→ π+π−)
and in b(γγ → 2π+2π−) arise from pion exchanges in the π+π− and 4π intermediate
states, respectively, between the γπ+ and γπ− vertices and between the γ2π vertices. Note
that the appearance of the 2nd-order poles is related with the fact that both channels, being
crossing with respect to the direct channels, coincide with each other.

We further complement our previous satisfactory combined description of data on the
decays of charmonia – J/ψ → φ(ππ, KK), ψ(2S) → J/ψ ππ and X(4260) → J/ψ π+π−,
of bottomonia – Υ(mS) → Υ(nS)ππ (m > n, m = 2, 3, 4, 5, n = 1, 2, 3) and of isoscalar
S-wave processes ππ → ππ, KK, ηη [15] also by the description of γγ → π0π0 and of
isoscalar D-wave four-channel ππ scattering (ππ → ππ, (2π)(2π), KK, ηη). Therefore,
the parameters of isoscalar-scalar and isoscalar-tensor resonances, obtained in our earlier
analyses [16], remain unchanged. We also intend to investigate the role of individual
resonances (in the first turn the isoscalar-tensor mesons) in the saturation of the energy
spectrum of γγ→ π0π0.

We first outline our model-independent S-matrix approach based on first principles,
such as analyticity and unitarity [16]. It was used in our analysis of isoscalar S- and D-wave
ππ scattering. This approach had the most success for the S-wave scattering in the two-
and three-channel cases, because 4- and 8-sheeted Riemann surfaces, on which the corre-
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sponding S-matrices are determined, respectively, are transformed onto the uniformization
plane by a conformal mapping (in three-channel case by neglecting the ππ-threshold
branch point [18]). With S = SbgrSres, where Sbgr is the background part, Sres represents the
contribution of resonances which is parameterized on the uniformization plane by poles
and corresponding zeros without additional assumptions [13]. For the parameterisation of
Sres by poles and zeros it is convenient to use the Le Couteur-Newton relations [28]:

Sii =
d(k1, · · · , ki−1,−ki, ki+1, · · · , kN)

d(k1, · · · , kN)
, (14)

SiiSjj − S2
ij =

d(k1, · · · , ki−1,−ki, ki+1, · · · , k j−1,−k j, k j+1, · · · , kN)

d(k1, · · · , kN)
.

The Jost matrix determinant d(k1, · · · , kN), being a real analytic function (i.e., d(s∗) =
d∗(s) for all s), has the only square-root branch-points at the channel momenta ki = 0.

For S-wave ππ scattering, when using the uniformizing variable [18]:

w =

√
(s− s2)s3 +

√
(s− s3)s2√

s(s3 − s2)
(s2 = 4m2

K and s3 = 4m2
η) (15)

where we have neglected the ππ-threshold branch point and allowed for the KK- and
ηη-threshold branch points and left-hand branch point at s = 0 related to the crossed
channels, – the Jost matrix determinant d(k1, k2, k3) is transformed into the branch-point-
free function d(w). Parametrization of the d(w) by poles and zeros, representing resonances,
and the analysis of three-channel ππ scattering (the result has χ2/ndf ≈ 1.16) can be
found in Refs. [17,18]. Also note, that with the uniformizing variable (15) it is impossible,
in principle, to describe a small near-ππ-threshold region in the phase shift of the ππ-
scattering amplitude. Therefore, to allow for 10 high-statistics data points for the ππ phase
shift in this region from the NA48/2 Collaboration [29], we have continued the phase shift
to the ππ-threshold as follows

δ11(s) = ArcSin
[
2
√

1− 4m2
π+/s

(
aππ + bππ

s− 4m2
π+

4m2
π+

)]
θ(m2

0 − s) + δ11(s)θ(s−m2
0). (16)

We use the following set of the parameters. The parameters aππ and bππ are fixed as
aππ = 0.282 and bππ = 0.222. m0 = 0.4115 GeV is the scale parameter splitting the regions
of the s variable into two parts: (1) small near-ππ threshold region and (2) region where
the phase shift of the ππ-scattering amplitude δ11(s) was obtained in our earlier model-
independent analysis [17,18] without allowing for the near-ππ-threshold data [29]; then
m0 is determined by the smooth sewing of the indicated parts of the phase shift. With the
phase shift (16) the satisfactory description of the isoscalar S-wave ππ-scattering (modulus
and phase shift of the amplitude) is with χ2/n.d.f. ≈ 1.08, and of the isoscalar S-wave
three-channel ππ-scattering, i.e. of three coupled S-wave channels ππ → ππ, KK, ηη, with
χ2/n.d.f. ≈ 1.12.

When considering isoscalar D-wave multichannel ππ-scattering, we are forced to
deal at least with four coupled channels ππ → ππ, (2π)(2π), KK, ηη, therefore, our
method of the uniformizing variable cannot be applied. Here we generated the reso-
nance poles by some four-channel Breit-Wigner forms in the Jost matrix determinant
d(k1, k2, k3, k4) = dBdres, where the resonance part is

dres(s) = ∏
r

[
M2

r − s− i
4

∑
j=1

ρ5
rjRrj f 2

rj

]
. (17)

Here ρrj = 2k j/
√

M2
r − 4m2

j , f 2
rj/Mr is the partial width and k j =

√
s− 4m2

j /2 is the
j-channel momentum with the channel mass mj, where j = 1, 2, 3, and 4 denotes the ππ,
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(2π)(2π), KK, and ηη channels, respectively. More datails can be found in Ref. [16]. For
detailed description of the Breit-Wigner method we refer to paper [30].

The Blatt–Weisskopf barrier factor for a tensor particle is

Rrj =
9 + 3

4

(√
M2

r − 4m2
j rrj

)2
+ 1

16

(√
M2

r − 4m2
j rrj

)4

9 + 3
4

(√
s− 4m2

j rrj

)2
+ 1

16

(√
s− 4m2

j rrj

)4 , (18)

with radii rrj of 0.943 fm for all resonances in all channels except for f2(1270) and f2(1960).
In particular, for f2(1270): 1.498, 0.708, and 0.606 fm in the channels ππ, KK, and ηη,
respectively; for f2(1960): 0.296 fm in the channel KK). The description of the accessible
data on isoscalar D-wave four-channel ππ scattering (ππ → ππ, (2π)(2π), KK, ηη) [31,32]
results in χ2/n.d.f. ≈ 1.58.

3. Numerical Results

With the obtained amplitudes of isoscalar S- and D-wave multi-channel ππ-scattering
of Equations (11) and (12) we also obtain a satisfactory description of the cross sections for
γγ→ π0π0. The fit to the data from the Crystal Ball [1] and Belle [2,3] Collaborations in
the energy region from the ππ threshold to ≈2.23 GeV has a χ2, averaged on the number
of experimental points, of χ2/n.p. ≈ 1.30.

The free parameters in Equations (13) are found to be α10 = −4.39948, γ1 = −2.414,
α20 = 56.97042, α30 = −13.64394; β20 = 0.33308, γ2 = 0.02913, β21 = −150.47327,
β22 = 148.66336; β31 = −121.01348, β32 = 93.55851; δ10 = 320.91310, ρ1 = 0.075394,
δ11 = 720.63174, δ12 = −166.62981; δ20 = 35.65701, ρ2 = 0.075394, δ21 = 182.68994,
δ22 = −42.44117; δ31 = 31.15567, δ32 = −6.46263; δ41 = 783.32892, δ42 = −200.53452.
Note that, e.g., the parameters δ10 = 320.91310 and δ20 = 35.65701, related to isovector
and isoscalar components of the hadron electromagnetic current (1), respectively, satisfy
approximately the corresponding relation (2).

Considering (with the determined parameters) the quantities a(γγ→ n) and b(γγ→ n),
which describe transitions to the final π0π0 state through the corresponding intermediate
states n = π+π−, 2π+2π−, K+K−, ηη, one can conclude, that the contribution of isoscalar
D-wave multi-channel ππ scattering is dominant in comparison to the S-wave one. This
could be expected when considering the data for the energy spectrum with a large enhance-
ment in the f2(1270) region.

In Figure 1 we present our description of data on the energy spectrum of cross section
of γγ → π0π0 from the Crystal Ball [1] and Belle [2,3] Collaborations. In Figure 1a
we compare full results (solid line) with separate contributions from the S (long-dashed
line)- and D (dotted line)-waves. Note, the energy spectrum of γγ → π0π0 from the
ππ-threshold to the KK-threshold is almost completely determined by the S-wave and
above the KK-threshold (and especially above ≈1.3 GeV) by the D-wave contribution. The
observed bell-shaped behaviour of the energy spectrum in the near-ππ-threshold region is
related to the S-wave contribution, whereas dips and structures above 1.3 GeV are due to
the f2-resonances contributing to the D-wave including their interference. In Figure 1b we
display the comparison of full result (solid line) with contributions of the individual coupled
channels — ππ channel (long-dashed line), KK channel (dotted line), ηη channel (short-
dashed line). One should stress that the bell-shaped behaviour of the near-ππ-threshold
energy spectrum is mainly related to the S-wave KK intermediate state contribution. We
also observe a sizable contribution of the D-wave process γγ → π+π− → π0π0. Above
≈0.85 GeV we also get a noticeable contribution of the D-wave process γγ→ ηη → π0π0

(in comparison with the ones of the other coupled processes γγ → K+K− → π0π0 and
γγ→ (π+π−)(π+π−)→ π0π0). The large contribution of the one-pion exchange to the
crossing channel of the D-wave process γγ → ππ → ππ is expected. The intermediate
state ηη in the reaction γγ→ π0π0 implies, of course, a preceding pair of charged particles
(π+π−) in the intermediate state, that is, the process γγ → π+π− → ηη → π0π0 and
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the one-pion exchange between the γπ+ and γπ− vertices. In any case, this explains the
noticeable contribution of the D-wave process γγ→ ηη → π0π0.
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Figure 1. Description of the cross section of the γγ→ π0π0 process. The experimental data are taken
from the Crystal Ball [1] and Belle [2,3] Collaborations. (a): Full result for the cross section (solid line)
is compared with contributions of the S-wave (long-dashed line) and D-wave (dotted line). (b): Full
result for the cross section (solid line) is compared with contributions of the coupled channels to
the calculated energy spectrum by the ππ channel (long-dashed line); KK channel (dotted line); ηη

channel (short-dashed line).

From Figure 1 it is evident that data of the Crystal Ball [1] and Belle [2,3] Collaborations
are quite consistent. Though the Belle Collaboration data are only available from 0.73 to
1.49 GeV, the Crystal Ball data reside in the energy range from the ππ threshold up to
≈2.22 GeV, however they have rather big statistical errors. It is also seen that there is some
discrepancy between our calculations and the experimental energy spectrum in interval
from ≈1.5 to ≈1.73 GeV. Therefore, keeping in mind the uncertain status of a number of
isoscalar-tensor mesons (six among twelve mesons, indicated in the PDG issue [19], need
confirmation), it is worth considering the role of individual resonances (being situated in
the interval from 1.5 to 1.73 GeV) in the saturation of the energy spectrum of γγ→ π0π0.
These are the resonances f2(1534.7), f2(1601.5), f2(1719.8), and f2(1760).

We would like to stress, that the obtained quite satisfactory description of data on
the energy spectrum of γγ → π0π0 cross section jointly with the satisfactory combined
description of data on the isoscalar S-wave three-channel ππ scattering (ππ → ππ, KK, ηη),
on the isoscalar D-wave four-channel ππ scattering (ππ → ππ, (2π)(2π), KK, ηη) and on
the above-indicated decays of charmonia and bottomonia [15] successfully confirms all our
preceding results on scalar mesons obtained in Ref. [11].

Next we consider the role of individual isoscalar-tensor mesonic resonances in sat-
uration of the energy spectrum of the process γγ → π0π0. It is worth making, because
interval 1.5–1.73 GeV, where our calculations diverge with the data [see Figure 1b], are in
the region described mainly by the D-wave.

Further, switching off the f2 resonances, grouped around the energy interval 1.5–1.73 GeV,
we have performed a combined analysis (for each case) of γγ → π0π0, of the isoscalar
S-wave processes ππ → ππ, KK, ηη, and of the isoscalar D-wave processes ππ → ππ,
(2π)(2π), KK, ηη. In Table 1 we make correspondence of the omitted resonances in the
Particle Data Group (PDG) [19] with our predictions. In the following we use the notations
for the resonances f J(Mour), where Mour is our prediction for the mass of the corresponding
state. In Table 2 we list χ2/n.p., for the former description of decay processes and the total
χ2/n.d.f., calculated for the combined analyses also for each case.
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Table 1. Correspondence of the omitted f2 resonances in the PDG [19] with our predictions.

PDG [19] f2(1430) f2(1565) f2(1640) f2(1810) f2(1910) f2(2150)

Our
predictions f2(1450.5) f2(1534.7) f2(1601.5) f2(1719.8) f2(1760.0) f2(2202.0)

Table 2. χ2 analysis.

Omitted State – f2(1450.5) f2(1534.7) f2(1601.5) f2(1719.8) f2(1760.0) f2(2202.0)

χ2/n.p. 1.30 1.50 1.51 1.47 1.53 1.51 1.52

total χ2/n.d.f. 1.32 1.51 1.36 1.51 1.58 1.48 1.44

Omitted f2(1430) & f2(1534.7) & f2(1534.7) & f2(1534.7) & f2(1601.5) & f2(1601.5) & f2(1719.8) &
states f2(1534.7) f2(1601.5) f2(1719.8) f2(1760) f2(1719.8) f2(1760) f2(1760)

χ2/n.p. 1.56 1.35 1.51 1.53 1.17 1.47 1.22

total χ2/n.d.f. 1.52 1.54 1.58 1.48 1.81 1.61 1.60

In Figure 2 we show our predictions for the cross section of the γγ→ π0π0 process for
different scenarios, when relevant tensor mesons ( f2-resonances) are switched off from the
analysis. In particular, in Figure 2a we present the comparison of the following scenarios:
(1) full result with taking into account of all involved f0- and f2-resonances (solid line);
(2) f2(1450.5) state is excluded (dotted line); (3) f2(1601.5) state is excluded (short-dashed
line); (4) f2(1534.7) state is excluded (long-dashed line). In Figure 2b we make comparison
of the scenarios: (1) full result with taking into account of all involved f0- and f2-resonances
(solid line); (2) f2(1719.8) state is excluded (dotted line); (3) f2(2202) state is excluded (short-
dashed line); (4) f2(1760) state is excluded (long-dashed line). Then, in Figure 2c we display
the results for the scenarios: (1) f2(1450.5) and f2(1534.7) states are excluded (solid line);
(2) f2(1534.7) and f2(1719.8) states are excluded (dotted line); (3) f2(1534.7) and f2(1601.5)
states are excluded (short-dashed line); (4) f2(1534.7) and f2(1760) states are excluded
(long-dashed line). Finally, in Figure 2d we compare our predictions for the following
scenarios: (1) full result with taking into account of all involved f0- and f2-resonances
(solid line); (2) f2(1601.5) and f2(1719.8) states are excluded (dotted line); (3) f2(1601.5)
and f2(1760) states are excluded (short-dashed line); (4) f2(1719.8) and f2(1760) states are
excluded (long-dashed line).

The description of data in the energy region from ππ threshold to about 1.45 GeV
(and in a short region above 2.04 GeV) is almost the same when turning off the different f2
contributions. The main differences of the calculated energy dependencies of these variants
are situated in the interval from 1.45 to 2.04 GeV.

In Figure 2 we see that in the interval 1.5–1.73 GeV, where the experimental energy
spectrum of the process γγ → π0π0 differs considerably from our calculations, the data
have rather big experimental errors. Therefore, the coupled-channel method described here
is promising for exclusion of particular f2 mesons once more data are available.

The results in Table 2 show that if the pairs of resonances f2(1601.5)& f2(1719.8) and
f2(1719.8)& f2(1760) are omitted a better fit to the γγ → π0π0 data is obtained (χ2/n.p.
is smaller: 1.17 and 1.22, respectively) which indicates that these resonances are not im-
portant in describing the energy spectra of γγ → π0π0. However, omitting these states
results in an unsatisfactory description of the coupled-channel scattering ππ → KK, ηη
(χ2/n.d.f. is much larger) and therefore the indicated states cannot be excluded in the
combined analysis.
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Figure 2. Results for the cross section of the γγ→ π0π0 for different scenarios when relevant tensor
mesons ( f2-resonances) are switched off from the analysis. (a): Comparison of the scenarios: (1) full
result with taking into account of all involved f0- and f2-resonances (solid line); (2) f2(1450.5) state
is excluded (dotted line); (3) f2(1601.5) state is excluded (short-dashed line); (4) f2(1534.7) state
is excluded (long-dashed line). (b): Comparison of the scenarios: (1) full result with taking into
account of all involved f0- and f2-resonances (solid line); (2) f2(1719.8) state is excluded (dotted
line); (3) f2(2202) state is excluded (short-dashed line); (4) f2(1760) state is excluded (long-dashed
line). (c): Comparison of the scenarios: (1) f2(1450.5) and f2(1534.7) states are excluded (solid line);
(2) f2(1534.7) and f2(1719.8) states are excluded (dotted line); (3) f2(1534.7) and f2(1601.5) states
are excluded (short-dashed line); (4) f2(1534.7) and f2(1760) states are excluded (long-dashed line).
(d): Comparison of the scenarios: (1) full result with taking into account of all involved f0- and
f2-resonances (solid line); (2) f2(1601.5) and f2(1719.8) states are excluded (dotted line); (3) f2(1601.5)
and f2(1760) states are excluded (short-dashed line); (4) f2(1719.8) and f2(1760) states are excluded
(long-dashed line).

Our original aim was to obtain a satisfactory combined description of the reaction
γγ→ π0π0, of previously investigated decays of charmonia – J/ψ→ φ(ππ, KK), ψ(2S)→
J/ψ ππ, and X(4260) → J/ψ π+π− – of bottomonia – Υ(mS) → Υ(nS)ππ (m > n,
m = 2, 3, 4, 5, n = 1, 2, 3) [15], and the isoscalar S- and D-wave multi-channel ππ-scattering
processes [11]. With respect to the last cases we also carried out calculations for the D-wave
processes ππ → ππ, (2π)(2π), KK, ηη studying the various variants of the f2-resonances.
Results are shown in Figures 3–6. In these figures it is seen that the phase shifts of D-wave
ππ-scattering are almost the same in all the considered scenarios. All differences in the
description of data are encoded in the moduli of the amplitudes of studied processes.
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Figure 3. Scattering properties of the ππ → ππ, KK̄, ηη processes for four scenarios: (1) full result
with inclusion of all relevant f2-resonances (solid lines); (2) f2(1450.5) state is excluded (dotted line);
(3) f2(1601.5) state is excluded (short-dashed line); (4) f2(1534.7) state is excluded (long-dashed
line). (a): Phase shift and in the D-wave ππ-scattering. The experimental data are from Refs. [31,32].
(b): Modulus of the S-matrix element in the D-wave ππ-scattering. (c): Squared moduli of the
S-matrix element in the D-wave ππ → KK̄ process. (d): Squared moduli of the S-matrix element in
the D-wave ππ → ηη process.
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Figure 4. Scattering properties of the ππ → ππ, KK̄, ηη processes for four scenarios: (1) full result
with inclusion of all relevant f2-resonances (solid lines); (2) f2(1719.8) state is excluded (dotted
line); (3) f2(2202) state is excluded (short-dashed line); (4) f2(1760) state is excluded (long-dashed
line). The experimental data are from Refs. [31,32]. (a): Phase shift and in the D-wave ππ-scattering.
(b): Modulus of the S-matrix element in the D-wave ππ-scattering. (c): Squared moduli of the
S-matrix element in the D-wave ππ → KK̄ process. (d): Squared moduli of the S-matrix element in
the D-wave ππ → ηη process.
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Figure 5. Scattering properties of the ππ → ππ, KK̄, ηη processes for four scenarios: (1) f2(1450.5)
and f2(1534.7) states are excluded (solid line); (2) f2(1534.7) and f2(1719.8) states are excluded
(dotted line); (3) f2(1534.7) and f2(1601.5) states are excluded (short-dashed line); (4) f2(1534.7)
and f2(1760) states are excluded (long-dashed line). The experimental data are from Refs. [31,32].
(a): Phase shift and in the D-wave ππ-scattering. (b): Modulus of the S-matrix element in the D-
wave ππ-scattering. (c): Squared moduli of the S-matrix element in the D-wave ππ → KK̄ process.
(d): Squared moduli of the S-matrix element in the D-wave ππ → ηη process.
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Figure 6. Scattering properties of the ππ → ππ, KK̄, ηη processes for four scenarios: (1) full result
with inclusion of all relevant f2-resonances (solid lines); (2) f2(1601.5) and f2(1719.8) states are
excluded (dotted line); (3) f2(1601.5) and f2(1760) states are excluded (short-dashed line); (4) f2(1760)
and f2(1719.8) states are excluded (long-dashed line). The experimental data are from Refs. [31,32].
(a): Phase shift and in the D-wave ππ-scattering. (b): Modulus of the S-matrix element in the
D-wave ππ-scattering. (c): Squared moduli of the S-matrix element in the D-wave ππ → KK̄ process.
(d): Squared moduli of the S-matrix element in the D-wave ππ → ηη process.
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4. Conclusions

We studied the process γγ→ π0π0 and obtained a quite satisfactory description of the
data [1–3] on the cross section from the ππ threshold up to ≈2.5 GeV with a χ2/n.p. ≈1.30.

The energy spectrum of γγ → π0π0 from the ππ-threshold to the KK-threshold is
almost completely determined by the S-wave contribution and above the KK-threshold
(and especially above ≈1.3 GeV) by the D-wave contribution. Therefore, the observed
bell-shaped behaviour of the energy spectrum in the near-ππ-threshold region is related
to the S-wave contribution, whereas the structures above 1.3 GeV to the f2-resonances
contributing to the D-wave including their interference (see Figure 1a. From the calculated
contributions of individual coupled channels to the energy spectrum of γγ → π0π0

(Figure 1b) we conclude that the bell-shaped behaviour of the near-ππ-threshold energy
spectrum is mainly related to the S-wave KK intermediate state contribution. There are also
large contributions by the D-wave process γγ→ π+π− → π0π0 and above ≈0.85 GeV by
the D-wave process γγ→ ηη → π0π0. We also notice a sizable contribution by one-pion
exchange to the crossing channel of the D-wave process γγ→ ππ → ππ. The intermediate
state ηη in the reaction γγ→ π0π0 implies, of course, a preceding pair of charged particles
(π+π−) in the intermediate state, that is, the process γγ → π+π− → ηη → π0π0 and
the one-pion exchange between the γπ+ and γπ− vertices. This explains the noticeable
contribution of the D-wave process γγ→ ηη → π0π0.

For investigating the role of individual f2-resonances in γγ → π0π0 we switched
off the different isoscalar-tensor resonances and performed for each case the combined
analysis of γγ → π0π0, of the isoscalar S-wave processes ππ → ππ, KK, ηη and of the
isoscalar D-wave processes ππ → ππ, (2π)(2π), KK, ηη. Results of the analyses are shown
in Table 2 and Figures 3–6. The best two variants with the f2(1601.5) and f2(1719.8) and
the f2(1601.5) and f2(1760), switched off, do not give, however, a satisfactory description
of the processes ππ → KK, ηη.

We finally completed (including previous work) a combined description of the isoscalar
S-wave processes ππ → ππ, KK, ηη, the isoscalar D-wave processes ππ → ππ, (2π)(2π),
KK, ηη, the decays of charmonia – J/ψ→ φ(ππ, KK), ψ(2S)→ J/ψ ππ, and X(4260)→
J/ψ π+π−, of bottomonia – Υ(mS)→ Υ(nS)ππ (m > n, m = 2, 3, 4, 5, n = 1, 2, 3), and of
the process γγ→ π0π0. In future we plan to include in our analysis data on the differential
cross sections of the γγ→ π+π− process.
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